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Abstract 

Rocking analysis is a powerful tool to assess the seismic vulnerability assessment of masonry 

walls subjected to out-of-plane modes, especially when in view of checking the efficiency of 

traditional retrofitting solutions, such as steel tie-rods restraining rocking blocks. The study 

focuses on a probabilistic approach for the seismic assessment of the out-of-plane behavior of 

masonry walls, mainly aiming to reliably predict fragility and seismic demand hazard curves in 

case steel tie rods are used as anti-seismic device. To identify the most appropriate steel tie-rod 

device, more than thousand multistripe analyses have been performed considering the Italian 

site with highest seismic hazard (Carlentini, Sicily), duly modifying ductility and strength of 

the tie rods themselves. The resulting fragility curves and seismic demand hazard curves are 

critically discussed, so allowing the definition of the most efficient and proficient intensity 

measures referring to five relevant limit states. As expected, remarkable changes in the response 

are recorded by passing from a brittle to a ductile tie-rod, but when the ultimate strain is bigger 

than 2%, an increased tie-rod ductility does not sensitively improve the response even for high-

intensity earthquakes. The probabilistic approaches show that even low-ductility tie-rods can 

sensibly reduce the probability of exceedance of limited and moderate rocking limit states, up 

to an order of magnitude. As for the influence of the tie-rod strength, even low-medium values 

produce a remarkable reduction of annual exceedance rate. For instance, a severe rocking limit 

state occurs for the unrestrained monumental wall every 450 years and every 2000 years for the 

wall restrained by a tie rod of strength just fitting the minimum required design value. 
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1 INTRODUCTION 

Masonry structures can be seen as an assembly of macro-elements. Independently on the 

masonry type [1] and mechanical properties [2], these macro-elements that can be considered 

as a rigid system, provided that the masonry is monolithic. The rocking analysis of rigid blocks 

is a non-linear dynamic analysis capable of simulating the behavior of masonry walls rocking 

out-of-plane. The out-of-plane behavior is undesired for masonry buildings but unfortunately 

very common for the lack of proper connections between walls and between walls and horizon-

tal diaphragms. Owing the fact that many types of such connections were developed over the 

centuries, ad hoc detailed studies are necessary to understand their effectiveness [3].  

Nowadays, a wide literature is available on rocking analyses of free-standing walls as well 

as vertically/horizontally restrained walls, including analytical formulations [4]–[9], experi-

mental outcomes [10]–[13] and numerical approaches [5], [14]–[18]. All these contributions 

are aimed at reliably representing the dynamic behavior of a masonry wall rocking out-of-plane 

during an earthquake.  

Horizontal restraints are often provided by steel tie-rods, traditionally used in historic ma-

sonry buildings [19]–[21]. The response of free-standing blocks is strongly influenced by the 

size and slenderness ratio of the wall, besides the frequency content and numerous intensity 

measures associated to the seismic input. In addition to these parameters, the dynamic response 

of blocks restrained by horizontal tie-rods depends on the position and on the mechanical prop-

erties of the tie-rods themselves, as discussed in [22]. In [22] it was demonstrated on one hand 

that, as expected, tie-rods reduce the maxima amplitude rotations, but on the other hand that 

tied walls behavior is not significantly dependent on the aspect ratio of two walls of comparable 

size. The latter remark is still valid for walls restrained by tie-rods at different heights; more 

generally, it can be observed that the influence of tie-rod length as well as of normalized pre-

stress is very limited. As for the influence of the mechanical properties, the role of the axial 

stiffness appears to be negligible. The yield strength was the most relevant parameter that in-

fluences the response, besides the brittle or ductile behavior of the tie-rod. 

This contribution takes inspiration from the cited work but it considers different geometries 

and assumptions for the tie-rods. Moreover, this paper adopts a full stochastic approach for the 

seismic vulnerability assessment [23]–[26], whereas in [22] a semi-probabilistic approach is 

considered. After the presentation of the analytical formulation (Section 2) and the assumptions 

(Section 3) taken into account in the analysis, the work discusses the results in terms of fragility 

curves (Section 4) and seismic hazard curves (Section 5), which is a new frontier in the proba-

bilistic assessment of seismic vulnerability [27].  

2 ANALYTICAL FORMULATION  

2.1 Mechanical model and equation of motion 

The out-of-plane behavior of existing masonry structures can be investigated through non-

linear dynamic analyses also called rocking analyses. This section describes the model consid-

ered for analyzing the one-sided motion of masonry walls restrained by steel tie-rods, displayed 

in Figure 1. In it, the wall is assumed as single degree of freedom rigid block of mass 𝑚 and of 

perpendicular shape. Its size and slenderness are respectively given by 𝑅 and 𝛼 = arctan (
ℎ

𝑏
). 

The equation of motion, found in previous works of the Authors [14], [15], [17], is the following: 

𝐼0�̈� + 𝑠𝑔𝑛(𝜗)𝑚𝑔𝑅 sin 𝐴𝜗 + 𝑇𝑡 + 𝑇𝐿  = 𝑚 �̈�𝑔𝑅 𝑐𝑜𝑠 𝐴𝜗 (1) 
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The right hand side contains the seismic input term as acceleration time history �̈�𝑔(𝑡) of the 

earthquake. The terms on the left hand side are related to the inertia forces, the self-weight 

stabilizing the response up to a rotation threshold equal to 𝛼, the tie-rod of stiffness 𝐾 (𝑇𝑡) and 

the transverse walls simulated by a spring bed of unitary stiffness  𝐾𝑐
′ (𝑇𝐿). As for the symbols,  

𝐼0 is the polar inertia moment with respect to the pivot point O or O’ equal to 
4

3
𝑚𝑅2, whereas 

𝐴𝜗 = 𝛼 − 𝑠𝑔𝑛(𝜗)𝜗.  

 

Figure 1: schematics of the model considered in the rocking analyses. 

The term 𝑇𝑡 assumes the form: 

𝑇𝑡 = s𝑔𝑛(𝜗) 𝐾𝛽2𝑅2 cos 𝐴𝑟,𝜗  [𝑠𝑖𝑛 𝛼𝑟 − sin 𝐴𝑟,𝜗] (2) 

in which 𝐴𝑟,𝜗 = 𝛼𝑟 − 𝑠𝑔𝑛(𝜗)𝜗 where 𝛼𝑟 is a position angle dependent on the position co-

efficient 𝛽 = 𝑅𝑟/𝑅 (Figure 1). The tie-rod can behave either as elastic or as plasticized. If the 

tie-rod is in the elastic field, the corresponding term can be simply calculated from the external 

work made by it, obtaining: 

𝑇𝑡,𝑒 = [s𝑔𝑛(𝜗)𝐾𝑅𝑟  (sin 𝛼𝑟  −  sin 𝐴𝑟,𝜗 ) + 𝐹0] 𝑅𝑟 cos 𝐴𝑟,𝜗 (3) 

𝑇𝑡,𝑒 is considered in the equation of motion if the tie-rod displacement 𝑑𝑡 is in the range of 

0 ≤ 𝑑𝑡 ≤ 𝑑𝑦  (the sub-index 𝑦  stands for yielding) or 𝑑𝑟 ≤ 𝑑𝑡 ≤ 𝑑𝑚𝑎𝑥  (the sub-index 𝑚𝑎𝑥 

stands for ultimate displacement). The tie-rod can be subjected to a prestress 𝐹0. Once yielding 

is attained, 𝑑𝑡 > 𝑑𝑚𝑎𝑥 or equivalently 𝑑𝑡 > 𝑑𝑚𝑎𝑥, the spring exerts the constant yielding force 

𝐹𝑦. The term related to the plastic tie-rod contribution is then: 

𝑇𝑡,𝑝 = s𝑔𝑛(𝜗)𝐹𝑦 𝑅𝑟 cos 𝐴𝑟,𝜗 (4) 

As usual, a compressed tie-rod is considered inactive. In case of unloading, the constitutive 

law follows the elastic branch. Anyway, the constitutive model is fully described in [28]. The 

tie-rod influence can be controlled through the following parameters: stiffness, yielding, duc-

tility and strength associated to it.  

𝑇𝐿 is different from zero only for counterclockwise rotations (spring bed in compression, 

Figure 1). In that case it is expressed by[29]: 
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𝑇𝐿 = s𝑔𝑛(𝜗) 𝐾𝑐
′ ℎ′ (𝐴 +

𝐵ℎ′

2
+

𝐶ℎ′2

3
), 

(5) 

where: 

𝐴 = 𝑠𝑔𝑛(𝜗) 4𝑏2 sin 𝜗 cos 𝜗 (1 − cos 𝜗); 

𝐵 = 2𝑏 (sin2 𝜗 cos 𝜗 − cos3 𝜗 + cos2 𝜗); 

𝐶 = 𝑠𝑔𝑛(𝜗) sin 𝜗 cos2 𝜗. 

(6) 

ℎ′ is the extension of the spring bed, 2𝑏 t is the wall thickness and 𝐾𝑐
′ is the stiffness of the 

spring bed.  𝐾𝑐
′ can be calculated as function of the horizontal elastic modulus of masonry 𝐸𝑥, 

actual transverse wall length 𝐿𝐿,𝑒𝑓𝑓  and transverse wall thickness 𝑡𝑡  according to the multi-

struts model presented in [29].  

The solution of the equation of motion (Eq. (1)) gives the rotation time history 𝜗(𝑡) of the 

block and all the other parameters (acceleration, velocity, displacement) related to the center of 

mass and to the other significant points of the wall. The solution of the differential equation is 

performed by means of the ODE45 solver available in MATLAB [30], which uses a 4th-5th 

order Runge-Kutta integration technique.  

2.2 Probabilistic model for the determination of fragility curves and seismic hazard 

curves 

The probabilistic model employed for calculating the fragility curves is extensively de-

scribed in [31] and that for obtaining the seismic hazard curves is illustrated in [23]. To be 

concise, only a general description of them is given in the following. The fragility curves are 

plotted by calculating the conditional probability of exceedance of specific limit states defined 

by the engineering demand parameter EDP 𝜗/𝛼. The EDPs, taken as maximum normalized 

rotation of each response time-history, clearly depend on the seismic input, in turn defined by 

specific intensity measures IMs. The conditional probability 𝑃(𝐸𝐷𝑃 > 𝐶|𝐼𝑀) that the EDP 

overcomes a capacity threshold 𝐶 conditioned to an IM is expressed by:  

𝑃𝑒𝑥(𝐸𝐷𝑃 > 𝐶|𝐼𝑀) = 𝛷 (
ln 𝐷−ln 𝐶

𝛽𝐷|𝐼𝑀
). 

(7) 

The capacity thresholds 𝐶 considered for the corresponding limit states are: 

1. LS0, rocking initiation, 𝐸𝐷𝑃 > 0.0; 

2. LS1, limited rocking, 𝐸𝐷𝑃 = 0.1;  

3. LS2, moderate rocking, 𝐸𝐷𝑃 = 0.4; 

4. LS3, severe rocking, 𝐸𝐷𝑃 = 1.0. 

5. LS4, near-collapse rocking, 𝐸𝐷𝑃 = 1.5. 

𝛷 is the standard cumulative distribution function 𝛷, 𝛽𝐷|𝐼𝑀 is the logarithmic standard devi-

ation, or dispersion, of the demand conditioned on the 𝐼𝑀 level. 𝐷 is the median structural de-

mand which for univariate fragility curves is equal to: 

𝐷 = 𝑎 𝐼𝑀𝑏. (8) 
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𝐷 coincides with the EDP coming from the rocking analyses, while 𝑎 and 𝑏 are the two cor-

relation coefficients which derive from the post-processing of the results expressing 𝐷 in loga-

rithmic terms.   

Preliminarily, the results of a set of rocking analyses with variable seismic inputs should be 

obtained. Each output of the rocking analysis, for a fixed geometry and fixed boundary condi-

tions (mechanical properties of the tie-rods) is a single realization. These realizations are then 

elaborated to obtain the correlation coefficients. The larger is the correlation coefficient 𝑏, the 

more practical is the correlation with the intensity measure. The lower the dispersion coefficient 

𝛽𝐷|𝐼𝑀, the more efficient is the correlation. A third correlation coefficient is 𝜁 = 𝛽𝐷|𝐼𝑀/𝑏 to 

assess proficiency. The realizations are then used for calculating the fragility as conditional 

probability of failure [32], where the demand 𝐷 is represented by the EDPs calculated from the 

rocking analyses and the capacity 𝐶 is defined by the five limit states also expressed in [31], 

[33]. Different fragility curves can be plotted, depending on the fact that the case is categorical 

(rocking-non rocking) or a specific limit state is exceeded. In this paper the so-called “final 

probability” 𝑃𝑓  is plotted combining the probability of exceedance 𝑃𝑒𝑥  to the probability of 

overturning 𝑃𝑅𝑂. The complete procedure is described in [34]. 

3 ASSUMPTIONS OF THE ANALYSIS 

This section illustrates the assumptions of the analysis in terms of choice of geometries, 

seismic inputs and mechanical properties of tie-rods. Indeed, all these parameters have an im-

pact on the dynamic response. 

3.1 Wall geometries 

Two wall geometries are selected to give a first glimpse of their influence on the response. 

A medium-high slenderness ratio of 𝛼 = 0.1  is chosen, corresponding to a ratio of wall 

height/thickness (conventional slenderness) equal to 10. Upper limit values of conventional 

slenderness are fixed to 12 for unreinforced brick masonry (10 for stone masonry). These limit 

values are valid for earthquake resistant walls [35]. For what concerns the wall size, two thick-

ness values are considered: 30 cm and 60 cm. Consequently, being 𝛼 = 0.1, the two respective 

heights are 300 cm and 600 cm. The walls have unit width and specific weight of 19 kN/m3. 

For the sake of clarity, one can define the first wall as ordinary wall, and the second one as 

monumental wall, since its greater size is similar to that of the main façades of historic or mon-

umental buildings. 

3.2 Mechanical properties of the tie-rods and transverse walls 

This paper is mainly aimed at assessing the influence of the tie-rods in the dynamic response. 

The variability of mechanical properties is taken into account in terms of: 

- Yield stress 𝑓𝑦 (which assumes the values 142-235-294 MPa); 

- Area 𝐴 (calculated according to the procedures of kinematic linear analyses [35] assum-

ing PGA=0.278g); 

- Yielding force 𝐹𝑦 = 𝑓𝑦 ∙ 𝐴; 

- Ultimate strain 𝜀𝑢 (which assumes the values 0-2-10%). 

The yielding strength is that typical of existing tie-rods in unreinforced masonry structures, 

also historical [36]. The last parameter is related to the ductility of the tie-rod. This investigation 

has the purpose of analyzing its effect on the response depending on the level of ductility of the 
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tie-rod material. It is physically expectable that a brittle tie-rod behaves differently from a duc-

tile tie-rod, but the quantitative difference can be assessed only through a comparison of non-

linear dynamic analyses. Moreover, deterministic analyses are not fully reliable due to the fact 

that the response is input-dependent.  

The response is reported in terms of a dimensionless parameter called restraining efficiency 

coefficient 𝜌𝑀,𝑒. This parameter reads as ratio of a resisting moment 𝑀𝑟 to a seismic demand 

moment 𝑀𝑑. In particular, the resisting moment can be expressed as: 

𝑀𝑟 = 𝐹𝑦 ∙ ℎ𝑟 (9) 

where ℎ𝑟 is the lever arm of the tie-rod, that is the distance of the tie-rod from the rocking hinge 

on the wall foundation. The seismic demand moment is calculated assuming an acceleration 

variable with the block height based on its first modal shape, whose maximum acceleration 

𝑎𝑑 is assumed to be equal to the gravity acceleration: 

𝑎𝑑 = �̈�(𝑧 = 2ℎ) ∙ 𝑧 =
𝑔

2ℎ
𝑧 

(10) 

 Considering the distance 𝑧 of the mass per unit of length 𝜇 from the rocking base hinge, the 

corresponding force is: 

𝑑𝐹𝑑 = 𝜇 ∙ 𝑎𝑑 𝑑𝑧 (11) 

The seismic demand moment reads, considering Eq. (11) and Eq. (12): 

𝑀𝑑 = ∫ 𝑑𝐹𝑑 ∙ 𝑧 =
2ℎ

0
∫ 𝜇

𝑔

2ℎ
∙ 𝑧2𝑑𝑧

2ℎ

0
. (12) 

In the present case, being 𝜇 constant, it results: 

𝑀𝑑 =
4

3
𝑊ℎ 

(13) 

where 𝑊 is the wall weight. Finally, when the tie is installed at the top of the wall, namely ℎ𝑟 =
2ℎ, the restraining efficiency coefficient 𝜌𝑀,𝑒 assumes the following expression: 

𝜌𝑀,𝑒 =
𝑀𝑟

𝑀𝑑
=

3

2

𝐹𝑦

𝑊
  

(14) 

In the present case, since the diameter of the tie-rod is calculated from the design criterion 

of the kinematic linear analysis [35], 𝜌𝑀,𝑒 is constant for both cases (Table 1). By contrast, the 

consequent tie-rod diameter 𝜑 varies as reported in Table 2, because the yielding strength 

changes.  

 𝑊 [kN] 𝐹𝑦 [kN] 𝜌𝑀,𝑒 [-] 

ordinary wall 17.1 5.7 0.5 

monumental wall 68.4 22.9 0.5 

Table 1: Weight of the analyzed walls, yielding force and restraining efficiency coefficient of the tied config-

uration. 

𝒇𝒚 [MPa] 142 235 294 

ordinary wall 7.2 5.6 5 

monumental wall 14 11 10 

Table 2: Variation of tie-rod diameter (in mm) with the yielding strength. 
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As for the transverse walls, the following parameters are considered: extension of the spring 

bed ℎ′ = 2ℎ,  horizontal elastic modulus of masonry 𝐸𝑥 = 690 𝑀𝑃𝑎 , actual transverse wall 

length 𝐿𝐿,𝑒𝑓𝑓 = 1.2 𝑚 and transverse wall thickness 𝑡𝑡 = 2𝑏. By substituting the values for the 

two wall cases, one has  𝐾𝑐
′ = 172.5 MN/m2 and  𝐾𝑐

′ = 345.0 MN/m2 respectively for the or-

dinary wall and for the monumental wall.  

3.3 Seismic inputs  

A number of 48+48 seismic records, taken from the ESM database [37], has been considered 

for the stochastic analyses. The number is doubled because each of the 48 seismic records has 

been also changed in sign and used as second set of inputs. Among the 48 accelerograms, 24 

were registered in Central Italy, whereas 24 were taken from [31]. Several significant intensity 

measures (IMs) can be associated to each accelerogram. It is important to point out that numer-

ous IMs - acceleration, velocity and energy based - can be calculated for each of them. Never-

theless, in this contribution the focus is on peak ground acceleration (PGA), on Arias intensity 

(Ia) and on peak ground velocity (PGV), the most common IMs referred to in seismic vulnera-

bility analysis. PGV is in particular an IM very significant for rocking blocks. The seismic 

inputs considered in the analysis are listed in Table 3.  

 

 

Table 3: Seismic inputs used in the analysis. 
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3.4 Single realizations of the non-linear dynamic analyses and correlation coefficients 

The single realizations coming from the rocking analyses are performed for both geometries 

and for the ten cases (free-standing and nine types of tie-rods as described in 3.2). A multistripe 

analysis [23] is carried out considering six values of PGA (hazard site: Carlentini, Italy [38], 

[39]). For each PGA value 1920 analyses have been performed, so that 11520 runs resulted in 

total. An extract of the graphs for the free-standing and tied case of the monumental façade (𝑓𝑦= 

235, 𝜑 = 11 mm, 𝜀𝑢=10%) is reported in Figure 2. In the vertical axis of the graphs the maxi-

mum engineering demand parameter is reported for each rocking analysis with fixed seismic 

input. Each circle represents the maximum response of single realization obtained from each 

seismic input. Each accelerogram has a corresponding pair of PGA and PGV displayed in the 

abscissa axes; each one is scaled for six values of PGA corresponding to specific return periods 

of the selected construction site. It is evident that when the wall is not restrained by any tie-rod 

the normalized rotation is greater, and overturning frequently attained (Figure 2a). In case the 

wall is horizontally restrained by a ductile tie-rod of medium strength (𝜀𝑢=10%, 𝑓𝑦= 235 MPa, 

𝜑 = 11 mm), the non-rocking cases are more numerous and the number of overturning cases 

is only three. Analyzing the results, the correlations coefficients can be easily calculated.  

The best correlation is always obtained considering the PGA, with the exception of the mon-

umental unrestrained wall, for which the best IM is the Arias Intensity Ia. 

For the same cases displayed in Figure 2, Figure 3 reports the estimated curve with the cor-

relation coefficients: 

- 𝑏-coefficient (Eq. (8)), for the practicality; 

- dispersion coefficient 𝛽𝐷|𝐼𝑀, for the efficiency; 

- 𝜁 = 𝛽𝐷|𝐼𝑀/𝑏, for the proficiency; 

- Coefficient of determination 𝑅2, defined as 1 −
∑(ln D −  ln SD)2

∑(ln D − mean(ln D))
2; 

The correlation is made only for the cases of safe rocking, namely for 1e-4 < 𝜗/𝛼 < 1.5. That 

is the reason why Figure 3b shows only two values of PGA for multistripe analysis (see also 

for comparison the blue circles in Figure 2b). Therefore, the probability of exceedance of a 

specific limit state is calculated only for the safe-rocking cases. 

 

(a) 

 

(b) 

Figure 2: Realizations of the rocking analysis for specific values of PGA and PGV for unrestrained (a) and 

tied (b) monumental wall. 
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Looking at the results, it is possible to observe that, when the correlation is made towards 

the PGA (Figure 3a, b), the unrestrained case is worse correlated than the tied case in terms of 

efficiency and proficiency. As for practicality, the unrestrained case is better correlated. The 

results in terms of Arias Intensity, for which the correlation is the most efficient for the unre-

strained case,  are scattered because this intensity measure is calculated after that the PGA of 

each accelerogram is scaled according to the formula given in [31]. the unrestrained case is 

worse correlated than the tied case in terms of efficiency and proficiency (Figure 3c, d). Con-

cerning practicality – and also proficiency – the unrestrained case is again better correlated than 

the restrained case. Since the dispersion coefficient for the unrestrained case is slightly greater 

than that for the tied case, the correlation of the first one is more efficient. The maximum coef-

ficient of determination is observed for the correlation of PGA (restrained case) and of Ia (un-

restrained case) and is equal to 0.57 for both scenarios (Figure 3b, c).  

 
(a) 

 

(b) 

 

 

(c) 

  

(d) 

 

Figure 3: Structural demand and correlation coefficients for unrestrained (a, c) and tied (b,d) monumental 

wall.  

4 FRAGILITY CURVES 

This section discusses the fragility curves obtained for all the cases with the calculation pro-

cess described in section 2.2. A first comparison can be made between the ordinary and the 

monumental wall. Their slenderness value is the same (height to thickness = 10) but the size of 
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the ordinary wall is half of that monumental. The fragility curves representing the conditional 

probability of the EDP conditioned to PGA are reported in Figure 4 for all the five limit states. 

The probability of occurrence of the rocking initiation state is much less for the ordinary wall 

rather than that of the monumental wall. For the ordinary wall, of small size, there is a narrower 

difference between probability of occurrence of the limit states, from the rocking initiation to 

the near-collapse. The ordinary wall appears more stable than the monumental wall, although 

the slenderness values are the same. In this case, therefore, the common scale effect usually 

exhibited by free rocking blocks is not observed. 

 

(a)  

 

(b)  

Figure 4: Fragility curves for the unrestrained monumental (a) and ordinary (b) wall. 

Considering the monumental wall, the fragility curves considering again the five limit states 

but with different values of ductility capacity of the tie-rod are displayed in Figure 5. The sub-

figures respectively indicate the response for the unrestrained wall (a), the wall restrained by a 

brittle tie-rod with 𝜀𝑢=0% (b), by a low ductility tie-rod with 𝜀𝑢=2% (c), by a high ductility tie-

rod with  𝜀𝑢=10% (d). It is evident that a more ductile tie-rod reduces the probability of over-

coming the attainment of an EDP threshold. The case with the most ductile tie-rod results in 

flatter fragility curves which lose their typical s-shape, which indicate greater uncertainty. 

For the medium steel axial strength (235 MPa, , 𝜑 = 11 mm), the probability of exceedance 

for the limited rocking state (LS1) is reported in Figure 6a: the most dangerous case is the brittle 

tie-rod, as expected. The probability of exceedance of the limited rocking state is respectively 

by 85%, 30%, 8% and 3% for unrestrained wall, wall restrained by brittle, ductile and low-

ductile tie rod for PGA=0.8 g. PGA values lower than it, no remarkable difference is observed 

in terms of probability of exceedance, since the tie-rod impedes a considerable wall rocking. 

The trend of reduction of probability of exceedance above mentioned, not fully expected for 

ductile and low-ductile tie-rod, depends on the higher uncertainty that affects the probability of 

exceedance of a ductile tie-rod. So, even though the curve related to the ductile tie-rod is not 

considered, the reduction of probability of exceedance is sensitively strong being an order of 

magnitude lower for the low-ductile tie-rod (Figure 6a). Therefore, it is extremely beneficial to 

restrain the wall even with a low-ductile (but also a brittle) tie-rod. The choice will depend on 

the assumed probability of exceedance depending on the return periods established by the stand-

ards.  
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 5: Fragility curves for the monumental wall: unrestrained (a); brittle (b); low ductility (c) and ductile 

(d) tie-rod. 

 

 

(a) 

 

(b) 

Figure 6: Fragility curves for monumental wall: parametric analyses in terms of (a) steel ductility and (b) ax-

ial strength for the limited rocking state (LS1). 
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As for the variation of steel strength, keeping constant the tie-rod ultimate strain to 10%, the 

weaker material has an increased probability of exceedance that anyway remains low (about 

10% for PGA=0.6 g) even for medium-high intensity earthquakes. As a consequence, in many 

cases even a weak tie steel can be really beneficial for the reduction of the probability of ex-

ceedance of the limited rocking state. The cases of medium-high strength ties (235 MPa, 𝜑 =
11 mm and 294 MPa, 𝜑 = 10 mm) give coincident fragility curves since the stress of 235 MPa 

is never overcome. 

5 SEISMIC DEMAND HAZARD CURVES 

The seismic demand hazard curves are obtained by following the procedure described in 

[23]. The output is readable as annual exceedance rate 𝜆𝐸𝐷𝑃(𝑒𝑑𝑝) for the five limit states indi-

cated in the abscissa axis (𝜗/𝛼 =1E-4, 0.1, 0.4, 1.0, 1.5). This information is more complete 

than the mere fragility curves, as the demand hazard is considered in the probabilistic assess-

ment. The seismic demand hazard curve is much more conservative in case of restrained con-

dition than for the unrestrained monumental wall (Figure 7a). Considering the same steel 

strength (235 MPa, , 𝜑 = 11 mm) and varying the ultimate strain of the tie-rod (Figure 7b), it 

is clear that the annual exceedance rate is the lowest in case of low ductile tie-rod behavior than 

in case of brittle behavior. Moreover, a brittle behavior of the tie-rod could lead to unexpected 

performance of the tie-rod especially in case of historical ties, where localized failures can occur 

[36]. Thus, it is recommended to prefer even a low-ductile behavior that strongly reduces the 

seismic demand hazard curves. Indeed, for instance considering the moderate rocking limit state 

(𝜗/𝛼 = 0.4), the annual exceedance rate decreases by over 60% passing from a brittle to a low-

ductile tie rod. Again the red curve, related to a highly ductile tie-rod, for same ranges of EDP 

exhibits unexpected performance. In any case, such a behavior can be neglected being the cor-

responding fragility curves characterized by greater uncertainties.  

 

(a) 

 

(b) 

Figure 7: Seismic hazard curves for the monumental wall: parametric analyses in terms of steel ductility (a) 

with a detail for the restrained case (b). 

Discussing how the tie-rod strength influences the seismic risk, it is evident that, as observed 

for the fragility curves, there is not a sensitive change in the annual rate of exceedance whether 

a high-strength tie-rod is assumed or a medium strength is considered (Figure 8).  

Referring to the moderate rocking limit state (𝜗/𝛼 = 0.4), the annual exceedance rates are: 

- 1.8e-5 for the strength values of 294 MPa, 𝜑 = 10 mm; 
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- 7.7 e-5 for 235 MPa; 

- 2.7e-4 for 142 MPa; 

- 2.9e-3 for the unrestrained case. 

They respectively correspond to the fact that this limit state is exceeded once every 56000 

years (high tie-rod strength) 13000 (medium), 3700 (low) and 345 years. Therefore, even with 

a low-strength tie-rod, the rate of occurrence is reduced.  

 

(a) 

 

(b) 

Figure 8: Seismic hazard curves for the monumental wall: parametric analyses in terms of steel strength (a) 

with a detail for the restrained case (b). 

Taking into account the severe rocking (𝜗/𝛼 = 1.0), the annual exceedance rates are: 

- 8e-6 for the strength value of 294 MPa, 𝜑 = 10 mm (one occurrence every 125000 

years); 

- 4.5e-5 for 235 MPa (22000 years); 

- 1.5e-4 for 142 MPa (2000 years); 

- 2.2e-3 for the unrestrained case (450 years). 

Obviously, the two latter cases are over-conservative considering the life cycle of a masonry 

building, therefore even small strength values are sufficient to guarantee a remarkable increase 

of safety. For the severe rocking limit state, the reduction of annual exceedance rate is less 

evident than that for the moderate rocking limit state.  

6 CONCLUSIONS 

This paper discussed the role of tie-rods in the dynamic response of restrained masonry walls 

subjected to earthquakes. The analysis was performed by following a fully probabilistic ap-

proach with a multi-stripe analysis obtaining seismic fragility and hazard curves. Two typical 

masonry wall, one ordinary and the other of monumental type, were taken into account as un-

restrained and restrained by tie-rods of different mechanical properties. Considering the results 

of over 11500 analyses, the best correlated intensity measures were observed to be peak ground 

acceleration and Arias Intensity.  

Observing the fragility curves, the most dangerous case is the brittle tie-rod, as expected. 

The probability of exceedance of the limited rocking state is respectively by 85%, 30%, 8% and 

3% for unrestrained wall, wall restrained by brittle, ductile and low-ductile tie rod for PGA=0.8 
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g. The reduction of probability of exceedance is significant being an order of magnitude lower 

for the case of low-ductile tie-rod with respect to the case of brittle tie-rod. Therefore, it is 

extremely beneficial to restrain the wall even with a low-ductile (but also a brittle, in compari-

son with an unrestrained wall) tie-rod. The choice of a specific tie-rod will depend on the ad-

missible probability of exceedance depending on the return periods established by the standards.  

As for the variation of steel strength, keeping constant the tie rod ultimate strain to 10%, the 

weaker material has an increased probability of exceedance that anyway keeps low (about 10% 

for PGA=0.6 g) even for medium-high intensity earthquakes. As a consequence, in many cases 

even a weak steel can be really beneficial for the reduction of the probability of exceedance of 

the limited rocking state.  

For what concerns the seismic hazard demand curves, it is preferable for the tie-rod a low-

ductile rather than a brittle behavior that strongly reduces the seismic demand hazard curves. A 

highly ductile performance could cause more uncertainties in the results. Considering the mod-

erate rocking limit state, the annual exceedance rate decreases by over 60% passing from a 

brittle to a low-ductile tie rod. As for the influence of the tie-rod strength, even a low-medium 

values produce a remarkable reduction of annual exceedance rate. For instance, a sever rocking 

limit state occurs for the unrestrained monumental wall every 450 years and every 2000 years 

for the wall restrained by a tie rod of strength 142 MPa and a diameter of 14 mm. The return 

period of the same event increases to 22000 years for a strength of 235 MPa (and diameter 11 

mm) and to 125000 years for 292 MPa (diameter 10 mm). Obviously, the two latter cases are 

over-conservative considering the life cycle of a masonry building, therefore even small 

strength values are sufficient to guarantee a remarkable increase of safety.  

Finally, the probabilistic approach described here for the seismic assessment of the out-of-

plane of masonry walls is able to reliably predict the seismic demand hazard curves to define 

the most appropriate type of steel tie rod to use as anti-seismic device. 
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