BLOWING-UP SOLUTIONS FOR SUPERCRITICAL YAMABE
PROBLEMS ON MANIFOLDS WITH UMBILIC BOUNDARY

MARCO G. GHIMENTI AND ANNA MARIA MICHELETTI

ABsTrRACT. We build blowing-up solutions for a supercritical perturbation of
the Yamabe problem on manifolds with umbilic boundary provided the dimen-
sion of the manifold is » > 8 and that the Weyl tensor Wy is not vanishing on
OM.

1. INTRODUCTION

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3 with
a smooth boundary M. A well known problem in differential geometry is whether
(M, g) can be conformally deformed to a constant scalar manifold with boundary of
constant mean curvature. When the boundary is empty this is called the Yamabe
problem (see [5, 34]) which has been completely solved by Aubin [5], Schoen [31],
and Trundinger [33]. In 1992, Escobar [16] studied the problem in the context
of manifolds with boundary, when the background metric is scalar flat, and gave
an affirmative solution to the question in some cases. The remaining cases were
studied by Marques [27], Almaraz [1], Brendle and Chen [7], Mayer and Ndiaye [29].
Another branch of literature studies when both the scalar and the mean curvature
of the target metric are constant and non zero. An exhaustive list of works in the
field is beyond the scope of this introduction: we limit ourselves to cite [23, 4, 9]
and the references therein.

The context of scalar flat metrics is particularly interesting since it leads to the
study of a linear equation in the interior with a critical nonlinear Neumann-type
boundary condition

) —Agu+ gy Ryu =0 . on M,
Zu+22hou=(n—2ur2 ondM,

where R, is the scalar curvature of M, h, is the mean curvature on 0M, and v
is the outward normal to the boundary. The geometric meaning of (1) is that if
u is a positive solution of (1), the scalar curvature of the conformal metric § =
uw? g is zero and the mean curvature of g on the boundary of M is n — 2. The
boundary Yamabe problem in the case of scalar flat metrics can be also seen as the
multidimensional version of the Riemann Mapping Theorem.

Once it is known that the Yamabe problem admits a solution, a natural question
arises about the compactness of the full set of solutions. Concerning manifolds
without boundary, a necessary condition is that the manifold is not conformally
equivalent to the standard sphere S™, since the set of conformal transformation of
the round sphere is not compact. The problem of compactness has been studied
by Schoen in 1988 [32], then by Li and Zhu [24], Druet [10], Li and Zhang |25, 26],
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Marques [28], Brendle [6], Brendle and Marques [8], Khuri Marques and Schoen
[15] in the last years.

When the boundary of the manifold is not empty, a necessary condition is that
M is not conformally equivalent to the standard ball B”. Compactness for the
boundary Yamabe problem has been studied firstly by Felli and Ould Ahmedou
[12], Han and Li [22], and Almaraz [3]. These papers produce a large offspring of
works concerning the compactness of solutions for boundary Yamabe problems.

Felli and Ould Ahmedou, in the cited paper [12], have proved compactness for
solutions of (1), when M is locally conformally flat and the boundary is umbilic,
and Almaraz in [3] has proved compactness when n > 7 and the trace free second
fundamental form is non zero everywhere on 0M, that is any point of the boundary
is non umbilic. In [14], Kim Musso and Wei showed that compactness continues to
hold when n = 4 and when n = 6,7 and the trace free second fundamental form is
non zero everywhere on the boundary.

Very recently, compactness has been proved by the authors in [17] for manifolds
with umbilic boundary when n > 8 and the Weyl tensor of M is everywhere non
zero on the boundary M. In [19], the authors extend the compactness result to
manifolds of dimension n = 6,7,8, when the boundary is umbilic and the Weyl
tensor of M is everywhere non zero on oM.

An example of non compactness is given for n > 25 and manifold with umbilic
boundary in [2]. We recall that the boundary of M is called umbilic if the trace
free second fundamental form of OM is zero everywhere on M. The problem of
compactness of solutions for manifolds with umbilic boundary when n < 25 and
the Weyl tensor vanishes on the boundary is still open, both for the scalar flat and
scalar constant manifolds (see [22])

One can ask, also, whether or not the compactness property is preserved under
perturbation of the equation. This is called in literature stability of the problem
(see [10]). The problem is equivalent to having or not uniform a priori estimates
for solutions of the perturbed problem.

In the following, we consider the problem

—Agu+ 4&7:21)]%911 =0 i on M,
Tu+22hou=(n—2um2"  ondM.
This equation can be recast, using the conformal Laplacian L, := A, — 4&7:21)1%9
and the conformal boundary operator By := —% — ”gzhg, in the compact form
) Lsv=0 on M,
B+ (n—2wi2t =0 on dM.
In the following we often use a(z) := 4&7:21)]%9 to simplify the notation.

We study the question of stability of the problem (1), for perturbation from
above of the exponent. It is clear that the problem is not stable with respect to
supercritical perturbation of the nonlinearity if we are able to build solutions v,
of the perturbed problem (2) which blow up at one point of the manifold as the
parameter € goes to zero.

Our main result is the following

Theorem 1. Let M be a n-dimensional manifold of positive type with umbilic
boundary OM . Suppose n > 8 and that the Weyl tensor Wy is not vanishing on
oM.

Then there exists a family of solutions v, of (2) such that v. blows up at a point
on OM when ¢ — 0.
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Here M of positive type means that there exists C > 0 such that

Ik (|Vu|2 + #fl)Rqu) dvg + [ 252hgudoy
Qu) =Y oM > C for any u € H*(M)~{0}.

3
n— n—1
(Bf |u|2%2”dog)
M

We remark that this assumption on the positivity of () is natural when we address to

compactness questions in Yamabe problems since if —oo < inf Qu) <0,
u€H' (M)~{0}

then the solution of the Yamabe problem is unique.

The stability of problem (1) with respect to the principal quantity of the bound-
ary term has been studied in a series of papers by the authors and by Pistoia, both
in the case of non umbilic boundary and in the case of umbilic boundary with Weyl
tensor non vanishing on the boundary. Firstly, they studied what happens linearly
perturbing the mean curvature term. This problem present a strong analogy to
the classical Yamabe problem when perturbing the scalar curvature term (see, on
this topic, [10, 11] and the references therein). In fact, we have that the set of
solutions is compact -and hence (1) is stable- perturbing the mean curvature from
below while we construct a blowing up sequence when the perturbation is every-
where positive on the boundary, and for a class of perturbation which are positive
in at least one point on the boundary. The result of compactness is dealt with in
[18] both in umbilic and non umbilic cases, while for the construction of blowing
up sequences for umbilic boundary manifold we refer to [21].

Concerning the exponent of the nonlinearity, all the compactness results hold for
p < %5, so the boundary Yamabe problem is stable for perturbations from below
of the critical exponent. In the present paper we have that small perturbations
above the critical exponent imply blowing up solutions when n > 8, the boundary
OM is umbilic and the Weyl tensor is non vanishing on dM, so problem (1) is not
stable for perturbation from above of the critical exponent.

As a final remark, we notice that in [21] we assumed that the manifold is umbilic,
the Weyl tensor is never vanishing and that n > 11, in order to construct a blowing
up sequence. The assumption on the dimension in that paper is technical, since
we required some integrability condition when performing the Ljapounov Schmidt
procedure. Indeed, in the present paper we perform more effective computations
in Lemma 6: this method could be applied verbatim in the cited paper, so it is
possible to reformulate Theorem 1 of [21] with the assumption n > 8, instead of
n > 11.

Theorem 1 is obtained by the widely used Ljapounov Schmidt reduction. Firstly,
we reduce the problem to a finite dimensional one, then we solve the finite dimen-
sional problem evaluating a functional which depends on the point on the boundary
and on a rescaling parameter. The finite dimensional reduction is usually based on
the approximation of a rescaled solution around an isolated simple blowup point
by the standard bubble. In the context of umbilic boundary manifold, this approx-
imation is not sufficient, and a crucial step is the introduction of a sharp correction
term to the usual approximation. This term is a solution of a suitable linear dif-
ferential equation (17), whose right hand side is determined by the particular form
of the expansion of the metric when the boundary is umbilic. To calculate the
expansion with regards to e of the reduced functional, we need the fine estimate
obtained in Proposition 7 via fixed point theorem. This estimate is a consequence
of the evaluation given in Lemma 6, and this computation strongly depends on the
definition of the mentioned correction term (see (31)). Notice that (31) contains
the second order expansion of the metric tensor: this determines the right hand
side terms of (17).
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Once performed the finite dimensional reduction, we look for a critical point of
the finite dimensional functional I. (), q) defined in (40). This functional has as a
leading term the function I(\,q) = A¢(q) + Clog A with (X, q) € (0,+00) x OM
(see Proposition 9). Theorem 1 is proved by finding a maximum point (Ag, o) of
I(\ q). Also, in the theorem we prove that the solutions v. that we have found
blow up at the point g € OM, which is a critical point of ¢. This function depends
on the aforementioned correction. Since we do not have an explicit expression of
the correction term, also we lack an explicit expression for the critical point gp.

2. PRELIMINARIES

We recall here a series of preliminary result which are useful for our result.
Since the manifold is of positive type, then

-2
((u,v)), = /M(Vguvgv + auv)dpg + nT hguvdog

oM
is an equivalent scalar product in H}, which induces to the equivalent norm | - ||.
We define the exponent
2(n—1)
Se = ——— +ne
n—2

and the Banach space H, := H*(M)NL* (OM) endowed with norm ||ullz, = [lull4+
|[ulLs= (aar)-By trace theorems, we have the following inclusion WL (M) c LY (OM)
fort < TZ:}_.

We recall the following result, by Nittka [30, Th. 3.14]

Remark 2. Let n2f2 < q < 5,7 > 0. Then there exists a constant c¢ such that if

fo € LY7(Q), B bounded and measurable and f € L
is the unique weak solution of
Lu = fy on {2
a%“ + Bu=f ondf

where L is an uniformly strict elliptic second order operator, then

(n

f—liq”(aQ) and u € H'(Q)

(n—1)g

we L5 (Q), uly L 720 (99) and

|ul

n n— < - n— .
ety e < (Uolawiniy 101 e, )

With this remark, chosen suitably r and ¢, we have the necessary estimates to

work in the functional space H,. We consider i : H*(M) — L“%”(aM) and its
adjoint with respect to ((-, -))g

2(n—1)

in: L7 (OM) — H'(M)

defined by
(i), = [ pfdoy forall g e
oM
so that v = 7} (f) is the weak solution of the problem

3) Lyv=0 on M
B+ f=0 ondM
By [30, Th. 3.14] (see Remark 2), we can recast Problem (2) using 4. In fact,

if v € H' is a solution of (3), then for f—fQ <q< 5 and r > 0 it holds

4 V| (ne = |7 ne <c n )
“) | ‘L(n—ézzq OM) |g<f)‘L(n—§zzq M) ~ |f‘L(n—lq>q”(aM)
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By this result, we can choose ¢, r such that

(n—1)g 2(n—1) (n—1)q _2(n—1)+n(n—2)e

5) n—2¢  n—2 e and n—gq = n+(n—2)e

that is

‘= 2n+n2<2—:f)e andr—2(n_1)+n(n_2)5—2(n_1)+n(n_2)€
n+2+2n(2—:?>6 n+(n—2)e n+(n—2)<%)5

n 2(n—1) n
Set f.(v) = (n—2) (v)™ 2", we have that, if v € L," * * “(OM), then f.(v) €

2(n—1D)4n(n—2)e 2n=1) 4,
Lg "7"7% (M) and, in light of (4), also i} (fo(v)) € L™ (OM).
Thus we can recast then Problem (2) as

(6) v=i% (fo(v)), v € Hy.

The problem has also a variational structure: we can associate to Problem (2)
the following functional, which is well defined on H,,.

1 n—2
(7) Je g(v) =3 / |V | + av’dp, + 1 / hgyv*do,
M oM

LS R S
2(n—1)+e(n—2) Jour (v") doy:

Notation. We collect here our main notation. We will use the indices 1 < 4, 5, k, [, s <
n—1and 1 < a,b,c,d < n. Moreover we use the Einstein convention on re-
peated indices. We denote by g the Riemannian metric, by Rgpeq the full Rie-
mannian curvature tensor, by R, the Ricci tensor and by R, the scalar curvature
of (M, g); moreover the Weyl tensor of (M, g) will be denoted by W,. The bar
over an object (e.g. W,) will means the restriction to this object to the metric of
OM. Finally, on the half space R = {y = (y1,...,Yn—1,¥n) € R", y, > 0} we set
Br(yo) = {y € R", |y —yo| < r} and B (yo) = B (yo) N {yn > 0}. When yo = 0
we will use simply B, = B,(yo) and B, = B;'(yo). On the half ball B;" we set
d'Bf = Bf noR" = B} N{y, =0} and 07 B} = 0B;f N {y, > 0}. On R? we will
use the following decomposition of coordinates: (y1,...,Yn—1,Yn) = (T, yn) = (2,1)
where 7,z € R*! and y,,,t > 0.

Finally, fixed a point ¢ € M, we denote by 1, : B — M the Fermi coordinates
centered at g. We denote by B;r (g,7) the image of 1,(B;). When no ambiguity is
possible, we will denote B (¢,7) simply by B, omitting the chart ;.

Remark 3. Since OM is umbilic for any ¢ € OM, there exists a metric g, = g,

_a_
conformal to g, g = A¢ g4 such that

(8) [detgq (y)] = 1+ O(ly|™),

9) i ()] = olly*1),
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~ij L 2

(10)  gY(y) =di; + *Rikjlykyl + Rninjn,

Rzk]l mYkYiYm + ann] kynyk + ann] nyn

+

20 zk]l mp + Rzkis]msp) YY1YmYp

+

1
iRYLZTL],kl + Sym (Rikisnsnj)> yiykyl
R

1
12 (Rninj,nn + 8RninsRnsnj) yﬁ + O(|y|5),

+

ning, nkynyk + —=

"5
1
3
(11) Ry, (y) = O(ly|*) and 95 R;, (q) = —%\W(Q)IQ,

(12) Rkl(Q) = Rnn(Q) = Rnk(Q) =0,
uniformly with respect to ¢ € OM and y € T,(M). Also, we have A,(¢) = 1 and
VA4(g) = 0. These results are contained in [27, 13]. Here h;; is the tensor of the
second fundamental form referred to the metric g.

The conformal Laplacian and the conformal boundary operator transform as

i
follows under the change of metric g, = Ay~ * gq:
_nt2
L, p = Ag "> Lg(Agp)
By, ¢ = Ay "2 By(Agp).

By these transformations we have that v := Agu is a positive solution of (2), if and
only if w is a positive solution of

Lgu=0 in M

(13) { Bj,u+ (n—2)Asuv2% =0 on oM

From now on we set f.(u) = (n — 2)A5 (uﬂﬁﬁ.
Furthermore we have
((Aqu, Agu))y = ((u, )5
and, consequently,
[Agully = llullg-
In addition, we have that Aqu € Lgs if and only if u € Lgs, so Aqu € H,4 if and only
if w € Hz. Finally, we can define the functional J. ; associated to (13), as

1 N n—2
:5 / |V§U|2 + aquug + 74 hg’UQdO'g
M oM

(n - 2)2 / + 2n=D 4 e
_ A n—2 do-
=D r e ), ) 79

R , and we get
Je g(Aqu) = J¢ 5(u).

so we can always switch between metrics ¢ and g , and this will be useful in the
next. In the Section 3 we emphasize other equivalences of the same kind. As a last
remark, we notice also that a solution of (13) can be expressed by means of 47, in
fact u solves (13) if and only if

~ __ n—2
where a = =D
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3. THE FINITE DIMENSIONAL REDUCTION.

Given ¢ € OM and ¢f? : R} — M the Fermi coordinates in a neighborhood of ¢;
we define

Waa(&) = Us ((9) 7€) x (0) 7 () =

1 Y 1
= = — 5
pe=al (5) x(y) = U (z) x(6x)
where y = (z,t), with 2 e R* !t and t > 0, dz =y = (wg)_l (€) and x is a radial

cut off function, with support in ball of radius R.

Here Us(y) = = U (%) is the one parameter family of solution of the problem
2

=
—AUs =0 on R”;
(14) Us _ weg J;
S = —(n—2)Us on OR% .
1
and U(z,t) := ——7 is the standard bubble in R}.

[(T+8)2+[27] 7

Now, let us consider the linearized problem

—Ap=0 on R,

_2 n

(15) 2 4 nUln—2¢ =0 on JR?,
¢ € H'(R?).

and it is well know that every solution of (15) is a linear combination of the functions
J1y---,Jn defined by .

n

ou n—2 ou
1 =t i=1,..n—1 o= Ml
(16) Ji = Gar n j 5 U+;y6yi
Given ¢ € OM we define, for b=1,...,n

1 /1 -1 -1
230 = i (5007 ©) x (607 @),
2
we decompose H'(M) in the direct sum of the following two subspaces

Ks,q=Span(AZ5 ... N Z3 )

Ki, = {4,0 e HY(M) : <<¢,Aqu;’q>>g =0, b= 1,.._77@}
and we define the projections
1= H'(M) - Ky and TI* = H' (M) — K.

In order to give a good ansatz on the shape of the solution we need to introduce
the function v, : R — R which is a solution of the linear problem

{ —Avyy = [%Rijkl(Q)ykfyl +sznj(Q)yTQL] 8112jU on R}

vy 2 n
oy = Uy, on OR"

(17)

This function is a key tool for several estimates in what follows. In fact, a good
choice of v, will allow us to get the correct size of the remainder term in the finite
dimensional reduction (Lemma 6).

Remark 4. There exists a unique v, : R — R solution of the problem (17) L?(R%)-

orthogonal to j, for all b=1,...,n. Moreover it holds
(18) [V7ug(y)] < COL+ [y~ for 7=0,1,2,
(19) / U3 (¢, 2)uq (£, 2)dz = 0

OR™

+
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and
(20) / vg(t, 2)Avy(t, z)dz < 0,
OR?

where y € R}, y = (¢,2) with ¢ > 0 and z € R"~*. In addition, the map ¢ — v is
in C?(0M). The proof of this remark can be found in [21, Lemma 3] and will be
omitted.

At this point, given ¢ € M we define, similarly to Ws 4, the function
1

Vaal®) =~ ((15 ()" (5)) (007 ©)

and .
(Uq)g (y) = (Sn?% (%) )

where v, is chosen as in Remark 4.
We look for solution of (6) having the form

v=ANgu=W;s4+08Vsq+ ¢ with ¢ € K, N'H.
where we used the intuitive notation
W‘;’q = A Wsq %,q = A,Vs,4 and ¢ = Aqo

We can rewrite, in light of the previous orthogonal decomposition, Problem (6)
(and so Problem (2)) as

(21) T Wag + 02Vaq + & — iy [ f-(Wag + 625+ 0)| } =0
(22) I+ {Wg,q + Vs + b — i3 [ Fo(Wsg + 62Vs0 + é)} } —0.

We stress than we can proceed in analogous way in the manifold (M, §). In this
case we should define

Ksq=Span(Zs ..., Z3,)
K, ={o e HOM) - ((9.20,)), =0, b=1,..,n},

and we should ask that u = Wy, + §°Vs, + ¢, recasting (13) as the couple of
equations

(23) I {WM + 0%V + b — i [ Fo(Wsg+62Vsq + ¢)} } —0

(24) 4 {Way + 6%Vag o 6 = i | (W +8%Vsy + 9)] =0

Roughly speaking, we are allowed to move the tilde symbol from solutions to prob-
lems and vice versa, so in any moment we can choose in which metric and with
which functional it is more convenient to work.

Coming back to problem (22), we define the linear operator L : f(éq NHy —

K’g:qﬁ'}-lg as

(25) L(3) =T {& — iy (F(Wiy +02V5,)01) }.
a nonlinear term N (<i>) and a remainder term R as
(26)

N((/B) =11+ {@Z (fs(Wé,q + 52‘75,11 + @ - fa(W&q + 52‘7641) - fe/(W&q + 52‘7641)[(/3})}
(27)
R =TT {iy (f-(Wa + 62Vs0)) = Waq — 0%V }
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so equation (22) becomes

The rest of the section is devoted to show that, for any choice of 9, ¢, a solution ¢~>
of (22) exists.

Lemma 5. Let § = i)\, For a,b € R, 0 < a < b there exists a positive constant
Co = Cy(a, b) such that, for e small, for any ¢ € IM, for any X € [a,b] and for any
o€ Kéq N H there holds

1L6.q(0) 1 = Coll |-

Proof. The proof of this Lemma is very similar to the proof of [20, Lemma 2] and
will be omitted. (|

Lemma 6. It holds

IRl = 5797 {0 (8%log8) + O(elogd) + O(e)}  ifn=8
Ho = 0 (6%) +67°7@{O(clogs) + O(e)}  ifn>8

where 0 < OF(g) < Ce for some positive constant C. In addition, with the choice
§ = 3\ we have that

(0] (6% logs) ifn=28
1Bl =16 (g%) ifn>8

Proof. Step 1. It holds

(28) IRy = { O (6°logd) + O(clogd) +O(e) ifn=8

O (6%) 4+ O(elogd) + O(e) if n>8
We have

1Bl <

iy (fs(Wa,q + 52‘7:541)) — g (fO(W‘s’q + 52%*‘7)) H

o |Jis (FoWWag +82754)) = Wag = 6%Va|

g

)
g

and we start by estimating the second term. By definition of i} there exists I' =
iy (fO(VNV&q + 621757(1)), that is a function I" solving
(29)

—AJL +a(z)[ =0 on M
AT+ 22 hg ()T = fo(Wsq +02Vsq) on OM



10 MARCO G. GHIMENTI AND ANNA MARIA MICHELETTI
So we have

~ - ~ ~ 2 ~ ~
Jis (2o +8%Va) = Wiy = 620 | = I = Wy = Vs

- /M {—Ag(r — Wy — 0%Vsy) +a(l' = Wy, — 62‘75,(;)} (T = Ws,q — 6°Vs.q)dig
+ / (T — Wi g — 62V5 4)2dor,
OM
+ / { 88” (T — Ws, 52175,(,)} (T — Ws,q — 62V54)doy,
- /M {Ag(WM +02Vs,4) — a(Wsq + 62175@)} (T — We,q — 0%V q)dpg

- hg(W&q + 52%@)@ - W&q - 52‘7541)‘&79
oM

. . 9 . - . _
+ / [fO(Wé,q + 52V5,q) - af(Wé,q + 52V«iq)] (F - Wé,q - 52V5,q)d‘79
OM v
== .[1 + IQ + .[3
We have
I, = / hg(Wsq + 0°Vsq) (A, ' R)dog
oM
< O|h§(W6,q + 52V6,q)| 2(n—-1) \\AglR|\§
L, ™ (M)

Set BI‘/_(;l ={zeR"!, |2] <1/6}, we have

\hg(Ws.q + 62 Vs )| 20-1) = 0(6) |hg(02)(U(z) — 6%vq(2))] 20-1)
Lg n (BM) L (Bl/(s

Since z < 1/§ we have that 6(1 + |z]|) = O(1). We recall that |V7v,(y)] < C(1 +
ly)*="~" by (18) and that |[V"U(y)| < C(1 + |y|)?2~ "™ for 7 = 0,1,2. By 9 we
have also that hg, (q) = hg,.i(q) = hg,.ix(q) = 0, so,

|h§(W57q+52V;iq)| 2(n—1) —O |h 52 1+|Z| 2 n| 2(n=1)
L, ™ (0M)

(BIL/(SI
= 3 1 T
O [I2P(1+ [)* ™" 20n Ao s
[ O(8%logé) ifn=38
(30) = { 0% ifn>8
since |2[2(14]2])27™ < (14]2])* ™™ and |(1 + |2[)*~ "| 200 sy is bounded when
175
n>8or |(1+ |z])*"] 2n=1) = O(log d) when n = 8. Thus
L (By5Y)
_ O(8logd)||R|l, ifn=28
— O(83 1p(. — , 9
O(0”) A, Rl { O(%)|R|l,  ifn>8
For I; we proceed in a similar way, having
I = / [AQ(W&q + 52%4]) - &(W&q + 52%4])] (Aq_lR)d,ué
M
< |A§(W6,q+52vé,q) (W6q+5 Véq)| || qu”g-

(M



BLOWING-UP SOLUTIONS FOR SUPERCRITICAL BOUNDARY YAMABE PROBLEMS 11
Set BY,s = {z € R", |2[ <1/6}. By [27, page 1609], we have R;(0) = 0, so we get

|a(Ws,q + 52%,q)|Ln%(M) = 0(6%) | Ry (52)(U () + 5zvq(x))|L%(Bn )
g g 1/8
O(8%logd) ifn=28

3 2—n —
O(8%) [[ae] (1 + Ja]) Ly { o)  ifn>8

since | (1 + |z[)3~"| 2n is bounded when n > 8 and |(1 + |a[)* ™"
L;+ (By5)

O(logd) when n = 8.
For the Laplacian term, in local charts we have

2n
nt2
Lg (BIL/(;)

Az, = Deue + 37 (y) — 655105
39 ()04134]2 ()
13412 ()

. 015012
a_gzg(y)+ ng;‘ (y)an
|9al% (v)

+ |90 9 +

Thus by the expansion of the metric given in (8), (10) and since v, solves (17) and
AcucU = 0, we have that

(31)  |A§(Wsq+6°Vsg)

2 =0(1)[Ag(U + %0y

2n
172 () L7 By )

= O(1)|AU + [§7 (6z) — 6i;105,U + 6° Acucvg + 6°[35 () — 04510704

g G (52)0;|G4]2 (6 i3
0,31 (62) + 4 ( 9«:) lng\ (dz) 6n~|gql| (dz)
19412 (62) 94|12 (62) L By,

=0(1) |8°|z>0;,U + 64|x\28i2jvq + 631220;(U + 6*vy) + 683|220, (U + 6%vy)

+ 05 (U~+6v,)+ On(U+62v,)

L%(B;LM)
=O0M)[8° (L + [P~ + 6 (1 + |2])* "],

w2 (By,)
O(8%logd) ifn=38

=0(8) (1 + Ix\)37"|Lf—$Z(3w = { 0%  ifn>8 "

and we conclude that

;. _f 0@ logo)|Rl, ifn=8
L= O0@)|Rll,  ifn>8

For the last integral Is we have

o0
I3 <C|(n—-2) ((Wﬁ,q + §2V5,q)+> n - E(Wé,q + 52V5,q) 2(n—1) ||R||g
L, ™ (9M)
—n 0
<C(n-2) ’((WM F0%V5) )" — (W)™ 2 — 5251/5,(1 n 1) 1zl
L, ™ (aM)
n 0
(32) +C|(n=2)(Wsq)™? = 5 Wisq| 2wy IR,
L, ™ (9M)
Since U is a solution of (14) one can easily obtain
2 9 2

(33) (n=2) (Wa)™? = 5-Wsa| s = 0(0%).

L, ™ (oM)
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n

Finally we have, using (17), and expanding ((U + 6%vs 4)") "2 near U,
0
B0 |(Woq + 5™ = (W) ™2 = Vi) o
L, ™ (aM)
— o) ’((U O R A N I
Li(B;‘/gl)

_2 n
- 0(8?) ‘((U +00%05,0) ) "7 vy = UTF0,| sy
(31/5 )

By the decay estimates (18) we have that U + 6dvy > 0 in B"/(s provided § small
enough. So, expanding again we have

(35) 062 |(U +08%030)") ™7 vg = U0y | 200 oo
1/6

IS

—-n

= 0(53) ) ((U + 91(52v5,q)+) n=2 Ug 2n) .
(BY/5)
= 006" 51+ Iy)* ™| st
0(8°) [0 (1 + lyl) G 1)(31/5 )
=0 |+ 1y)* | sy, =0
n ( 1/6 )
since n > 8 and we get I3 = O(63) |R||, and, consequently,
. i 277 7 2t |2 3
s (fo(Wa + 02Va) = Way = 82a4|| = OG-
g
To conclude the first part of the proof we estimate the term
i (f-(Waq +0%Vs0)) — it ( fo(Ws,q + 6%V H
H g (fs( 5.a 5,q)) g (fo( 5.4 a,q)) ,
It is useful to recall the following Taylor expansions with respect to &
1
(36) Us = 1+51nU+§521n2U+0(52)
_ _ 92
(37) S =1 5"72 Iné + 82% In%§ + o(2 In2 6)
We have that, recalling that A,4(0) = 0,
(38) |7 (1= (Wi +0°Viq) =iy (folWWiq +8°Vig) |
= it (FeWaq +62Va) = i3 (fo(Waq + 62 v(;q)H
< O (Wag +82Va0) 7275 = (Way + 8Vs) ™2 | sty
L, ™ (dM)
= O(1) [A5(8y) (U +8%0g) "2 = (U +8%0) 7| aan) o
1/5
A (y n
—ow| (SR W ruy 1) w s
(SET L (B1/5 )
_9 n
<0(1) K— elnd +eln(U + §%v,) + O(? lné)) Un—2 )
(B3

— O(clog ) + O(e),
and we have proved (28).
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Step 2. It holds

(39) |R6,5’q

_ [ 6797 {0 (5*10g8) + Oc10g8) + O(e)} it n =8
Lse (M) 0 (53) + 5—0*(6) {O(E log 5) + 0(5)} ifn>8

As in the previous case we consider

|R

Ly (om) < ]z’; (fs(lfv(;,q + 52‘75,4)) — iy (fo(V*VM - 52%,,,))

Ly (M)

iy (fo(Wag +02Vsg)) = Wig(@) = 625

and we start estimating the second term. Taking again I' = i (fo(Ws,q + 0Vsq) the
solution of (29), the function I — Ws , — V5, solves the problem

ng(Finq 52V6q)+a( )(F Wéq*év&q)

Z—Ag(W(s,q—F(S Vg,q)—Fa( )(W§q+5 V(sq) on M
(%(F - W&,q Vsq) = fO(WzS,q + 52‘76@) - a@y(Wé,q + 52‘76,(1) on OM
We choose ¢ = 2:;:271((" 2)2 and r = ¢, so, by Remark 2, we get

T — Wsy — 6%Vs,

Le (OM) <[- Ag(VT/zi,q + 52‘76,11) + a(x)(WtS,q + 52‘75,11)‘%“(”[)

~ N 0 -~ .
+ | fo(Wsq + 52V5,q> - 5(W5,q + 52V5,q) (n=1)q , :
Ly""% " (aM)

We remark that with our choice we can write ¢ = % +07(e), quE =22 _ Ot (e)

and % +e= % + O™ () where 0 < O (g) < Ce for some positive constant

We proceed as in the first part, obtaining

; i Cohe
a(@)(Waq + 62Vs0)| greary = O (5707 @) |(

O+ (e)

2n
+
n+2
Lé ( 1/5)

At this point we have that, i

‘)3_n‘ n+2+0+(5) B = O(1), while,

( 1/5)
ifn =8, |(1+|z])* "! 2tevore =0 (5—0% 1og5). So we get
B

1/68

0 (8307 1ogs) ifn=38

a\x W +52‘7 q+e = p
| ( )( 4,9 57‘1)|Lg+ (M) { O (53) ifn>8

In the same spirit one can check that

. - 0 (8307 1ogs) ifn=38
— Ay(Ws.q 4+ 62Vs.o)| yate iy =
| 9( 8,9 5711)|LgJr (M) { 1) (53) ifn>8
~ ~ o - ~ O<53*0+(5)log5> ifn=8
FfoWsq+6%Vsq) — = Wsg +62Vse)| (nn =
O( 8,q 5q) (‘31/( 3.9 5q) Lg("fq) (M) 0(63) ifn>38

To finish the proof we estimate

iy (£-(Woa + 62V50)) = i (foWag + 0°75) )

L3 (OM)
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Again, by Remark 2, we have

iy (f-Waq +02Vs)) = iy (fo(Wag +%Viy))

Lg® (0M)

< fe(Wé,q + 52‘76&) - fO(Wé,q + 52‘7641)

2(n=1) 54
LY o

and, proceeding as in (38) we obtain

fa(Wé,q + 52V6,q) - fO(Wé,q + (52‘757(1) 2(n=1) L 5+ (e)
Ly ™ (0M)

— 5797 {O(|In6]) + O(e)},

and we have proved (39).
The last claim follows by direct computation. O

Proposition 7. Leté = A\ed For a,beR,0 < a < b there exists a positive constant
C = C(a,b) such that, for € small, for any ¢ € OM and for any \ € [a,b] there
exists a unique ¢4 which solves (21) with

O(agloga) ifn=38
ll¢s.qll2, = s .
0 (5) ifn>8
Moreover the map q — ¢s,4 is a C*(OM,H,) map.

Proof. First we prove that the nonlinear operator N defined (26) is a contraction
on a suitable ball of H. Recalling that

[N(¢1) = N(p2)lln = [[N(#1) — N(¢2)l|zr + [N (1) — N(¢2)

we estimate the two right hand side terms separately.

Lse (M)

By the continuity of ¢* : L2 (OM) — H, and by Lagrange theorem we have

[N (#1) — N(¢2)llm
<N(fL(Ws g+ 01+ (1 —0)pa + 6Vsq) — fL(Wsq + Vi) [d1 — P2]

HL%LJI) (OM)

2(n—1 2(n—1)
7

and, since ¢ — ¢2|T) € L72(OM) and |f.(-)] "+ € L% (M), we have

[N(¢1) = N(é2)llu
<N(fL(Wes,qg + 001+ (1 — 0)p2 + Vs q) — fL(Ws,q) + 0Vsq)

s

=7||p1 — d2|lu

2ol oy lp1—d2|lm

where we can choose

1= N (W + 001+ (1= 0)62 + 0Vi) = FLWag + 0Vsa)| sy <1,
provided ||¢1]| g and ||¢2|| g sufficiently small.
For the second term we argue in a similar way and, recalling that, by (4),

i*(9)| Lo (oar) < 19l 20-v)4nn-2  , we have
L n+(n—2)e (8M)
IN(¢1) — N(¢2)|Ls- (anr)
<|(fL(We,g+0h1 + (1= 0)p2 + Vs q) — fL(Ws,q + 0V5,q)) 61 — ¢>2]\L2<n—1>+n<n—2>a

n+(n—2)e

(oM

)
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: 2(n—1)+n(n—2)e n+(n—2)e
Since ¢1, o, Ws,qVs,q € L we have that |¢p1 — ¢o| »F0-2= € L™ »n—2  (9M)
2(n—1)+n(n—2)e n+(n—2)e
and |f'(-)|” »Fm=2= € L2¥0=2= (OM). So, as above, we can choose |¢1];.. (OM):

|2 Lae (0M) sufficiently small in order to get

[N (¢1) = N(¢2)

Le=(om) < V101 — D2l o) -

So
[N(¢1) = N(p2)lln < vllP1 — b2lln

with v < 1, provided ||¢1 %, ||¢2|% small enough.

With the same strategy it is possible to prove that if ||¢||3 is sufficiently small
there exists ¥ < 1 such that [|[N(¢)||x < 7||d%-

At this point, recalling Lemma 5 and Lemma 6, it is not difficult to prove that
there exists a constant C' > 0 such that, if n > 8 and ||¢||s < Ce¥ then the map

T(¢) == L7 (N(¢) + R)

is a contraction from the ball ||¢|jz < Ce in itself. We proceed analogously for
n = 8 and we get the first claim by the Contraction Mapping Theorem. The
regularity claim can be proven via the Implicit Function Theorem. O

4. THE REDUCED PROBLEM

For any choice of (4, ¢), Proposition 7 states the we can solve the infinite dimen-
sional problem (22). Now, set § = )\5%, we look for a critical point for the functional

Je,y having the form WAE%,q + )\25%\7/\6%7(] + QE/\E%7q.We define the function
- i 237 %

(40) L) i =deg (W, 4 +X20 4 44, 4 )

(41) I :[a,b] x OM — R

Which will be useful in the next

Lemma 8. Assumen > 8 and § = A\ei. It holds

L(A\g) — Jey (Vv L A2V iq)

j{ +C (6|loge\ +5%> Hd)

g9

= o(e)

i H
Aed g Hy
C:—umformly f07' qc OM and X\ in a compact set of (07 —I—OO).

The proof of this result is similar to prove of [21, Lemma 6] and will be postponed
in the Appendix.
At this point we can prove the main result of this section.

Proposition 9. Assumen > 8 and § = Xei. It holds

Tog(W, 1 +X7V, ) )= A+ B(e) +ed*p(q) + Celn A+ o(e),

1)
Aed g €d.,q

C°-uniformly for ¢ € OM and X\ in a compact set of (0,+00), where
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1 (n—2)2 2(n—1)
A - / VU t, z thdz _ / U O, z) (n—=2) dZ
2 Jax VU 2) 2= 1) Jgus 002
(n—2)3 / 2(n-1) (n—2)? / 2(n-1)
B = S EEE——— n—2 -~ n—2 1
(€) =¢ [2(71 = Jons U (2,0)dz 2= 1) Jyus U (2,0)InU(z,0)dz
(n — 2)3 / 2(n—1)
—¢llneg|——— =
gl lne| 1600 = 1) Jons U (2,0)dz

1 -2 -
olg) = / v Avydtdz — 2| (q)? / 2PU(t, 2)dtd>

8, L
e T [ s e

(n—2)3 / 2(n—1)
= — n—2 d .
Sy s ) z>0

n—1
R2i5(@) =Runinj (@) Rning (q) = Z R} (q)

ij=1
Proof. We write

J&Q(W&q + 52‘7541) = JO,g(Wé,q + 52‘76@)

(n —2)? / - S
2n—1)+e(n—2) Jous ((W‘*q +07Vs) ) dog
(n — 2)2 / ~ 27 n 2(::21)
2= Jou ((W“’q +07Voa) ) dog,

where

1 n—2
Jo,g(v) ::5/ |V | + av?du, + T/ hgv?do,
M oM

(n—2)2/ gy Hosh
A ) o,
2 1) Jopy )
(n=2)? (=2 _ _(n-2)°

Since S Tem= = 2D ~ f3t-D T o(g) we have

Je,g(W&q + 52‘75,11) = JO,g(Wﬁ,q + 52‘75&)

_ (”_2)2/ T 217, \+ =2
2n—1) Jour ((W‘;’q +07Vi) )

2] [ ()
(o2 #1507) 5
+ |:€2(7’L Y + o(e) . (Wsq+6“Vsq) Og
For Jy 4, we proceed as in [21, Lemma 8] (see also [17]) obtaining that

Jo,g(Ws,q +62Vs,4) = A+ 8*0(q) + o(6%)

2(n—1)
n—2

- ((Wé,q + 52%,q)+) dog

+e

where
1 (n —2)? 2(n=1)
A== U(t, z)Pdtdz — ~———— U(0,2) =2 d
3 [, VUi = [ vt e
1 n—2 52 2772
»(q) == Vg Av dtdz — ——|W (q)| |2|*U*(t, z)dtd=

=n-8) 2]z )
a2 1) nini (@) L. (IEDEENFDR
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Using again (36) and (37), proceeding similarly to (38), and recalling that § = Aet
we have

2(nn 21) te %

/BM <(W5,q + (52%@) ) ((Wé,q + 52‘76’(1)4-) 2 do,
2(n—1)

2(n-1)
:/ A (Wag + 02V ) ™) "2 5 (Wag + 0%V ) ™) "2 do
oM
AS(S
= (o [ S0
lz|<}
2(n—1)

:/ (n;QEhlsn;Qsln/\Jrsln(U) ())U =2 dz

2(n—1)

(U 4 6%vq)° = 1) (U + 6%vg) 72 dz

2(n—1) 1)

-2 2(n—1)
= el lne| U =2 dz—i—s/ U= In(U)dz
6 Rr—1 Rr—1

—2 n
P W U 21)dz—i—o( ).
Rr—1

Finally, with the same technique,

2(n—1)

{€M+O(E)} /aM ((Wé,q+52%,q)+) I
{€M+o(6)}/ A(é)(U §vg) =2 (U + 8v,)°d + o(6%)

(n_l) ‘<1 )=
_ (”—2)3/ 201
=) fe U O

O

5. PROOF OF THEOREM 1.

By the following result we prove that once we have a critical point of the reduced
functional I (), q), we solve Problem (2). The proof of this result is very similar to
the proof of [20, Claim (i) of Prop. 5|, and we will omit it for the sake of brevity.

Lemma 10. If (), q) € (0, +oo) x OM is a critical point for the reduced functional
I.(\, q), then the function Wfal + 222V 3+ @, 1 s a solution of (2). Here

Aed g

.p

(ZS/\ 1 s defined in Proposition 7.

€d.,q

Lemma 11. Assume n > 8 and that the Weyl tensor Wy is not vanishing on OM .
Then the function p(q) defined in Proposition 9 is strictly negative on OM.

Proof. By Proposition 9 we have that

o) = 5 [ vugdtdz = CW (@) = (1= 8)Ca 050
+

where C4, Cy are positive constants. We recall (see [27, page 1618|) that when the
boundary is umbilic W(g) = 0 if and only if W(q) and R,,;(q) are both zero, so,
by our assumption, we have that at least one among |W(gq)| and R?,,.;(q) which is
strictly positive. This, combined with (20), implies that, ¢(q) is strictly negative

for n > 8.
When n = 8 the same strategy leads only to the weak inequality ¢(g¢) < 0. To
overcome this difficulty, a delicate analysis of the term fRi vqAvgdtdz is needed.

An improvement of the estimate (20) is performed in [19], where the authors give
a more precise description of the function v, as a sum of an harmonic function
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with explicit rational functions. This description, for n = 8, leads to the inequality,
proved in [19, Lemma 19],

/ vgAvgdy < —C3R3;5,(q),
RS

3
where C5 > 0. Thus for n = 8 we have

p(q) < —C1IW(q)|* — C3Rgis(a) <0,
which completes the proof. O

Proof of Theorem 1. By Lemma 11 we have that the function ¢(q) defined in
Proposition 9 is strictly negative on M. We recall as well, that the number C
defined in the same proposition is positive. Defined

I:[a,b] xOM — R
I\ q) = Xp(q) + Clog A

we notice that maxgns I(A,-) tends to —oo as A — 0 or A — +o0. It follows that
there exist 0 < a < b < +00 such that the function I admits a absolute maximum
on (a,b) x M. This maximum is also C%stable. in other words, if (Ao, qo) is the
maximum point for I, for any function f € C([a,b] x M) with || f||co sufficiently
small, then the function I + f on [a,b] x M admits a maximum point (), §) close
to ()\0, q0>-

Then, taken an e sufficiently small, in light of Lemma 8 and Proposition 9,
there exists a pair (\¢, ¢-) maximum point for I (), ¢). Thus, by Lemma 10, v, :=

2.1 e g Q ; s ; 5
WS\E%@ + A\ez V)\a%,q + (Z)/\E%,q € H, is a solution of (2). By construction v. blows
up at gc — qo when £ — 0. O

6. APPENDIX

Proof of Lemma 8. We have, for some 6 € (0,1)
js,éq(Wﬁ,q + 52‘/:541 + ¢5,q) - je,éq (Wé,q + 52%4}) = jé,gq (W&q + 52V5,q)[¢5,q]

1 -~
+ 5‘]!,% (W&q + 62V5,q + 9¢5,q)[¢57q7 ¢6,q]

= / (vqu‘s»q + 52vgq ‘/57(1) V§q ¢5vq + El(l') (Wévq + 52‘/57‘1) ¢6aqd'u.‘7q
M

n
n—2 +e

—(n—2) / Ag ((W&q + 52V67q)+> ¢s,qdog,
aM
n—2
2
1 9 - 9 n—2 9
+5 | Vg5 +a(x)d5 ,dpg, + —— [ hg, 85 4dog,
2 Ju 4 Jom

+ -2 ,L%Jrs
_nte(m-2) / N (Wog + 8%V +005,0) ) 63 ydorz,.
2 oA :

/ hg, Wsq + 6°Vsg) ds.q4dog,
oM

Immediately we have, by definition of || - ||,
~ n—2
S IVnsal a6 s, + | 6o = Cllal, = o)
M oM

By Holder inequality one can easily obtain

/M aWs qbs,qdpg, < Cle,qILA |¢6,q|L27n < C6%||psqllg = ole)

n+2 n—2
g g
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and
52/ @Vs,095.q0115, < C6°|Vsqlrz|ds.qlr: < C8%l|¢sqllg = ole)-
M

2(n—1)+n(n—2)e

wiste
In addition, notice that ((W&q + 62V + 9¢57q)+> belongsto L. **""¢ and

g
2n—1)+n(n—2)e\’ _  4(n—1)+2n(n—2)e
that2( 2+ (n—2)e )_2(n72)+(n71)(n72)

-~ <S¢, S0, again by Holder inequality
we have

2

?4_
/6 MA;((Wg,q+52ms,q+9¢a,q>+) T 03 o,

_2
< 0 (Wag + 02V + 005, 7 ) 105l = (o),

and by(30)
/ hg,(Wsq + 52V5,q)¢6,qdaéq
oM
<|hg(Wog +0°Vsg)| 2w-n  ds4llg = O0%)|d5,4]l5 = ole)-
L, ™ (9M)
By integration by parts we have
(42)
/ (Va,Wsq +0°V5,Vsq) Va,bs.4duz, = */ Ag, (Wsq +82Vs,q) ds.4dpg,
M M

) , 0
+ /BM <8I/W5,q +6 ay%,q) ¢6,qd0gq-

and, as in (31), we get

/ Ag, (W&q + 52V6,q) Gs,qdHg,
M
S ‘Aéq(W&q + 52%@)&% ”(156,«1”5 = 0(52)H¢6,q

g = 0(6)7
and for the boundary term in (42), we have, in light of (32), (33), (34) and (35),
that

0 4 +\ n=z
/BM {<31/W§’q - 6251/VM> ~n-2 ((Wa,q +0%Vsq) ) } $s.4d0g,

9
ov

(n=2) (Waq+6Vs0) ) = 5 Wag

2(n—1) ‘¢5,q| 2(n—1)
L_ n L_’VL*Z
g g

= 0(6%)|¢s.4

5 =o(e).

At this point it remains to estimate

/BM [Aé ((W5,q + 621/57q)+) wate n]

- ((W‘s»q + 52‘/:57q)+) " (b(;,quQQ
and we proceed as in (38) to get

/6 i {A; ((Waq+02Vs) ") L ((Waq+02Vs)") } $5,4d0;,

iz te

- ((Wé,q + 52V5,q)+) B 2(n—1) ||¢6,q||§ = 0(5)7

g

< ‘AZ ((Wsg+62V50)")

L

ending the proof. O
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