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Abstract—The Multiple Input Multiple Output (MIMO) tech-
nique in fiber optical networks is a promising technology for
up scaling networks’ capabilities. Therefore, effective bounds on
the error probability of finite length codewords are increasingly
important. In this paper, we use random matrix techniques to
obtain an analytic result for the Gallager bound error exponent
for the fiber optical MIMO channel in the limit that the size
of the codeword increases to infinity at a fixed ratio with the
transmitter array dimensions. We assume zero backscattering
inside the fiber which makes the transmission coefficients between
the modes, elements of a unitary matrix. Moreover, the channel
can be modelled a a random Haar unitary matrix between IN
transmitting and K receiving modes respectively, due to the
scattering between modes.

Index Terms—Error bound, Gallager, Large Deviation, MIMO,
Fiber Optical Communication

I. INTRODUCTION

t is almost a common practice nowadays accessing the
I internet from our handheld devices. In fact, more people are
constantly connected than ever before. Moreover, new services
such as video on demand or online gaming, and the upcoming
technologies of internet of things (IoT) [1] and the wireless 5G
[2], are adding a significant burden to the throughput demand
that the telecommunication networks struggle to meet. Thus,
a capacity crunch on the telecommunication networks, by the
year 2020 is eminent [3].

In order to avoid this event the backbone telecommunication
networks must increase their capacity capabilities fast and
cost efficiently. A candidate technology for this upgrade is the
multiple—input-multiple—output (MIMO) [4] which is already
a reality in the wireless domain and recently it was proven as a
liable option for fiber optical communications [5], [6]. For the
evaluation and the quantification of the performance of such
fiber optical systems, the error probability can be proposed as
a metric.

Gallager [7], proposed a simple bound to the probability of
error as a function of rate and codeword length 7. More re-
cently, Gallager’s idea, which addressed only single links, was
expanded to include also MIMO systems [8]-[10]. Therefore,
it is logical, since MIMO fiber optical systems are becoming a
reality, to investigate their performance using the well-known
and well-trusted Gallager bound. The main drawback in the
above methods, is that the expression of the Gallager bound
is cumbersome to be analyzed. Therefore it makes sense to
take the asymptotic limit for large length 7" of codewords
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and numbers N and K of transmitting and receiving modes
respectively.

In this paper we evaluate the error probability exponent of
the Gallager bound for large 7" and large numbers N and K
and fixed ratios, using random matrix theory. That way, the
calculation becomes simpler but the outcome is still valid:
we invoke the large deviations theory to examine the tails
of the Gallager bound which correspond to regions with low
outage probability which is the region where the fiber optical
networks operate. Our approach was first introduced in the
context of random matrix theory by Dyson [11] and recently
in [12] and [13] in the context of information theory and
communications.

A. Outline

In the next section we formulate the problem and show
that the appropriate channel matrix is a random Haar unitary
matrix, while in Section III we present the main results. In
Section IV we discuss our findings and in Section V we
conclude.

B. Notations

We use upper case letters in bold font to denote matrices,
e.g., X, with entries given by X,; and lower case letter in
bold to denote vectors. The superscript T denotes the hermitian
transpose operation and Iy represents the IN-dimensional
identity matrix.

II. PROBLEM FORMULATION
A. System Model

In this paper we consider a single-segment N;,;-channel
lossless optical fiber system, with N < N, transmitting
channels excited and K < Ny, receiving channels coherently
excited in the input (left) and output (right) side of the fiber.
The propagation through the fiber may be analyzed through
its 2Ny X 2Ny scattering matrix given by [6], [14]

s— o ¢ 1

T r, 1
Due to time-reversal symmetry, S is a complex unitary sym-
metric matrix (with S = ST) [15]. The Nyp: X Nyo: blocks
on the diagonal r;, r, represent the reflection matrices of
the left and right ingoing channels respectively. The unitary
aspects of the transmission channel have been introduced by
[14], in a somewhat ad-hoc fashion, the so called Jacobi
MIMO channel. There, the channel corresponding matrix is
rectangular submatrix from a Haar distributed random matrix
from U (Niot).



In our case we are interested only in transmission from
the left to right. We also assume no backscattering, i.e.
r, = r, = 0 and strong scattering between right-moving
channels. Therefore we may model t as a complex Haar-
distributed matrix with t't = tt" = Iy, . Particularly, we are
interested in a segment of this matrix corresponding to the NV
columns and the K rows, which are coupled to the transceiver.
We denote this K x /N matrix U and without loss of generality
we assume it is the upper left corner of t. The behaviour in
the large deviation regime of such a truncated Haar matrix has
been studied in [16]. It should be noted here that the remaining
Nior — max(K, N) “untapped” channels in t can be used to
model the loss in the fiber propagation [17], since in the limit
of large Nyo; > N, K the channel converges to a Gaussian
distributed channel where the signal loss is significant.

So, the corresponding MIMO channel for this system reads

y=Ux+z 2)

with coherent detection and channel state information only
at the receiver [18], [19]. x, y and z are the N x 1 input,
the K x 1 output signal vectors and the K x 1 unit variance
noise vector, respectively, all assumed for simplicity to be
complex Gaussian. We also assume no differential delays
between channels, which effectively leads to frequency flat
fading [6]. We also assume no mode-dependent loss. As a
result, the mutual information can be expressed as

C =logdet (Ix + p UUT), 3)

where p is the SNR. The total transmission rate is Rerq =
N7rerg where 1o-4 is the ergodic rate per transmitter. The
value of the mutual information per transmitter C(p, U)/N
converges weakly to a deterministic value in the large N limit:
the ergodic average of the mutual information [20]. In addition
it is important to note that the empirical eigenvalue density of
UUT converges weakly, almost surely so, to the well-known
Marcenko-Pastur distribution [21]

v/ (bo—z)(z—aop)
po(x) = 0 T 27

otherwise.
where ag, by = (/B £ 1)? are the endpoints of its support.

, for x € [(J,()7 bo] 4)

B. Gallager Exponent

In the infinite codeword limit, the effect of the channel
fading is captured through the optimal outage error probability
[22], which in the large N, K limit has been analyzed in
[12]. On the other hand, for finite codewords, one can use
the Gallager bound: For Maximum Likelihood (ML) decoding
for a discrete memoryless, fixed channel without feedback the
error probability P(€), is bounded by

P(£]U) < e N PHID),
1
E(R[U) = max {Eolx[U] -7} )

where Ey(x |U) is Gallager’s error exponent defined as
Eo(r[U) =
N 1+k
log [ ay [ [ x ux) [u(le,U)w]
= logdet ( 1+ —2—UUf (6)
1+k ’

where the last line follows [23], for independent Gaussian
input. So, plugging (6) in (5) we have

R|U =
— max { [logdet (1 + pUUT> — NT] } , (D
N kelo,1] 1+~
where o = N, r is the rate. P(£) is error rate when we decode

the message, therefore

P(€) = Ey [P (£|U)] < Ey (67N2E<r|u>)

= ¢~ N’Bn(r), )

In this paper, we calculate the closed form expression of the
error exponent En(r) as N, K,T — oo while 8 = % > 1
is kept constant. We further define Ny = Nyt — N — K and
ng = % the losses inside the fiber. In the case of Ny < 0,
[14] showed that we may recover the form of 3, Ny and
ng by substituting N — N;»y — K, K — Nt — N and
Niot = —Nior. Then, the mutual information becomes also
C — C + nglog(l+ p).
The joint distribution of eigenvalues of UUT is

-)\N):ZL H

N N<i<j<K
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where Zpy is the normalizing constant. We can assume that
when N, is large, then the eigenvalues will coalesce to
a smooth density p(x), which will be such that the energy
limy_y00 En(r) = E(r) will be minimum and (9) corre-
sponds to the most probable eigenvalue distribution. In this
limit, we can write the minimum energy of the eigenvalues as

Eo(r) = {sgp inf Lo, p]} (10)
Lo = max { ~ng / p(z)log(1 — )da
~(3-1) [ ple) log(z)da
// 1og|x—y|dyd:c}
e (/p(m)dw _ 1) , (11

where we have added a Lagrange multiplier ¢ to ensure that
p(x) is properly normalized, while implicitly assuming that
p(z) is continuous in =z € (0,1). In order to incorporate



the constraint on the rate r, we introduce another Lagrange
multiplier so that

E(r) = supinf £4]c, k, p] (12)
c P

Lalp, e, k] = Lolp,d] + ak </log (1 + 1’fﬁ> p(@)de —r) .

13)

It is implied in (12) that first we maximize with respect to x
and then search for the infimum in p. But this is not an easy
task because the maximization will depend on the specific
distribution of p(z). Hence, since it can be shown that £,
is continuous and convex, it is very useful to point out the
Minimax theorem ( [24]-Theorem 2) which allows in our case,
to exchange places between the max — inf. Therefore, we can
re—write

E(r) = max {supinfﬁl[c,p]} (14)

k€[0,1] c P

and continue with our calculations. It is easy to show that
the minimum of the above function is unique since we can
reach Ey(r) from E(r) by maximizing over £, while keeping
t = 0. The minimization of £; with respect to p is done by
taking the functional derivative and setting it to zero. Because
of space constraints, the calculations will be omitted. It can
be shown also that the minimum of £, is unique [12]. So,
taking the functional derivative with respect to p(x) and setting
to zero and differentiating with respect to x, gives us the
following integral equation

2PV/ PE) gy Mo BL, akp (15)
T —y 11—z T 14+ Kk+px
which gives
1
p(a:)—27r (x —a)(x —b)
noy/ (1 —a)(1—0) Vab
X[ e
L o8 (z+a)(z+b)+c,} (16)
T+ z

We search for solution among continuous, non—negative, nor-
malized functions over « € (0, c0). Continuity at 2 = b results
to the constraint that the expression in the square bracket
vanishes at x = b:

Vb—z 1—-a

e [”0\/1 ~b
_B-1)Va _anviTa ] i~

zv/b (x+2)Vz+0b
The a is obtained through the continuity condition p(a) = 0:
no _ 6—1 _ ak ’ (18)
Vol 0 va  JeratiD
and back to p(z) we have
p(z) =
(z—a)b—x) -1 akK 1+2

27r(1 — x)

wab  Eratb) s

19)

The b will be evaluated through the normalization condition
of p(z),

B-1
2\@(1—%—\/(1—@(1—1)))
_2 (Z+a)(z+b)|:z+1— (I-a)(1-0)

- (era)(erb)} =1. (20)

The value of ~ will be determined by the saddle point
equation,

b
x kT
r:/ p(x) {IOg(lJrz)l—i—mx—i—z] dx.

Therefore, we integrate (21) to obtain
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WhereAzb—a,ZZHT“and

1! log(t

,/ ,/t(l_t)wdt
T Jo

t+y
= —2y/y(1 4+ y)log

Va(l+y) +Vy( +a)
Vi+ty+/y
+ (1 + 2y) log {W] —%(\/14-10—\/5)2
(23)

G(z,y) =

ITI. RESULTS
Finally, we integrate over p(z) for 8 > 1 and ng > 0:

E(r)=—kar

L ratog (14—
g M08 z(1+ k)

f%(5+1+no)log(b—a)—ﬂi
_nilb—a)
/- a)-b

log (b)

—%log(l —b) —



1-b 1-b 1—-b z+0b
X_G<b—a’b—a> G(b—b—a)]
no(8 — 1)(b - a)
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Je(reit) e (G0
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— 8% 1og(B)

+
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G100
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2
—(B 4 1n0)*log(B + no)
+(B—

1)?log (8 — 1) — (ng + 1)*log(no + 1)
+ng log(no)} . (24)
SPECIAL CASES
We distinguish two different cases: while it is 8 = % >1

the losses inside the fiber can be either ng > 0 or ng = 0.
Therefore, for ng = 0 the density of eigenvalues becomes

(@) =
P o (x—a)(as—b)
" 7( —1\/> k+/(z+a)(z+b)
T T+ z
(25)
A 0<k<land p>1— a>0.
From the constraint p(a) = 0 we have
(z) = ve—a |[f-1 b arkvz4+b 1 26)
b Coamvb—zx | @ a Vita z+z|’

There are two options b =1 and b < 1.

1) b = 1: In the first case of b = 1, which is stable close
to x = 0, we have the additional constraint that the first term
cannot appear since it will lead to non-integrable singularity.
Hence,

VT —a ,8—1_ arvz+1
pl(“’)_zwm@\/a (z+x)\/m>’ @7)

and the normalization conditions gives

5—1 Vz+1
1-— = — . 28
Frl-ra Va ‘i ¥a (28)
To obtain x we need to solve the fixed point equation for r(k):
1 1
x K x
ri(k) = /a p1(x)log (1 + ;) dx — Trn pl(x)x n de.
29)

Sparing with the calculations, we have
1- 1-
r1:10g< a) ~ ak(l-a)
z 2\/(z+1)(z+a)
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I
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where
Is(z) = —G(x,—1). 31)

From here, following the method we saw in previous section,
the calculation of E is straight forward:

E(r) = Z—Qlog (1 + 2(11+,<;)) — kar
f% log(a) — 2 ;L L log(1 - a)
_(B-1)*(1—-a)
iva
) o)
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2¢/(2(k+1) + 1)(2(k +1) + a)
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The above expressions are valid for when p;(z) > 0 for all

1 2
a < x < 1. When p;(x) < 0, it breaks down and the upper 2 [(B +1)"log(5 +1)

limit becomes b < 1. The stability condition for that, is ) )
o - “20Iog(8) + (- D*og@ -] @D
- ) (33)
Va Ve + 1D (zk+a)
where 2z, = z(k+1). As « grows, this will not be valid at For k> ke < 1:
x = 1 and hence, there will be a breakdown. The critical
value of k = k. is the solution ofﬁ 1 Ersr(r1) = "% log (1 n Z/’) _ (5; 1) log(a’)
= 1 2, 34
Keao=FB+1+ \/EZ’C (34) _/6+110g(b/_a/)_(ﬁ_l)Q(b/_a/)
2 2 4
where a. = (éi:lgikl) . Because a < 1 we also have a’ a’
(B+1(+1 A\r—av-a
+1)(z+1
> T (35) a 1+k)+d
a—z(B+1) _G(b’a” a b’f)a’
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So, we calculate the E(r) for the two different sub—cases +7 ©8 (z(l + k‘))
< .
For k < K. < 1: (ﬂfl)(blfa/) o
log(a’d")
E (r)—ﬂlo 1—1-# —Kkar 2
rsre(l1) = —9m 108 2(1+ k) ! G z1+r)+d d
B—1 +1 8 b —a TV -—-d
T log(a) — 5 log(1 — a)
z(14+k)+d z(1+k)+d
_(6_1)2(1_@ _G( bV —a ) b — o
4/a
slo(*— >\ _ g *“ —narl—{(ﬁ—i—l) log(B +1)
l—a'l-a 1—a’
ak(B-1)(1-a) —26%10g(B) + (8 — 1) log( — 1)} . (38)

4/ (z(k+1) + 1)(2(k +1) + a)



where

!
a =

and

b =

B. k>1
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(40)

Finally, we analyse the case where x > k., so that the
support of p(x) does not extend to 1:

with the constraints

and

B

B (x—a)(x—0b) (B—-1)z
pQ(‘T)— 271_ x\/%(x+z),
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Vab 4/ (z+a)(z+b)

The evaluation of E(rs) is then straight forward:
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B

B+1

—%1 log(a) — log(1 — a)
_(ﬁ_z)j/(a}_a)[G(laa’laa>
()]

n fm(ﬂ D —a)

4/ (z(k+1) + 1)(2(k +1) + a)
ot ) o )

_B=DH(—-a

A0 o(u2) 00

(41)

(42)

(43)

(44)

(45)

(40)

ka(l —a)
z2(k+1)+a

o (')
ma —a)

2\/ (k+1) + 1) (2(k +1) + a)
X{G( (H+1)+a z(1+/<a)+a>

R

)

l1—a '’ 1—a

(e

+(G5( 1)\;1_%) {G (12(]1 ;r_ﬂ)+a’1i)
L (HEm
¢(FEre)]

P [(6 T 1)2log(8 + 1)

982 log(8) + (8 — 1) log(6 — 1)} . @

C. k=0
Another issue is the behaviour close to k = 0. We already
have seen that di—y) = k(r). At the ergodic point it is

K(rerg) = 0. Therefore, assuming that the first derivative

exists, we can write

dk(r)
dr

K(r) =

+o((r (48)

(T - rerg) - rerg)),

T=Terg

and we define

(49)

drY\

— = VergQ.

dr 10 9
Thus, by differentiating r(x) and expressing their values and
the values of their derivatives at £ = 0 and r = 7,4, we have

_ 2
B0 = C o () 50
erg

where
Verg = Vopt + %; (51)

where

2
v = —log | YLEEEVERA ] )
4/(z+1)(z+a)
zZ+a

—(B+1)<1— z+1>' (53)

Strictly speaking, the Gaussian approximation is valid for
values of 7 closer to 7¢,4, specifically for r — re,q = O(%),
there we can neglect in (50) terms of order higher than 2.



IV. ANALYSIS

We evaluated the exponent of the Gallager bound for
£ > 1 and the corresponding sub—cases. Values away from
the optimal curve, means worst behavior. We can see that as
we increase o we come closer to the optimal limit [13] which
corresponds to infinite codelength (o« — o0). In Fig. 1 we
can see the behaviour of the error exponent while there is
some loss inside the fiber (ny # 0) and in Fig. 2 we can
see the corresponding behaviour for zero loss (ng = 0). In
most of the curves we identify a phase transition which is
indicated with small, black circles. Since, x € [0,1], there
are two major regions in the analysis of the error exponent
0 < k <1 and k > 1. For these two regions, we have
respectively r,, < 7 < 7Terg and 7 < 7Tpp, Where 7. is
the ergodic r and 7, > Tepg.

—_— ()[:2
15 —o—a =10 ||
—— a =50
) —— optimal
10 8
-
&Y

O | | |
0 02 04 06 08 1 12 14 16

Normalized Throughput r

Fig. 1: The error exponent for the Gallager bound at the limit
of N — oo and for some loss inside the fiber, ng # 0. As
we increase in «, we get closer to the optimum value; 3 = 3,
p = 10,10 = 2. The small circles indicate the points of phase
transition.

V. CONCLUSION

In this paper we used the large deviation method to calculate
an analytic expression of the Gallager bound for low error rates
in the fiber optical MIMO channel. Although, this method
is very accurate in the limit of big o = %, where T' the
codeword length, N the number of transmitting modes excited,
it is also valid for smaller values of o. Moreover, we compare
our method with the optimal curve which corresponds to o« —
oo. Finally, as a future work the behavior of various error
bounds like the Massey bound [25] can be investigated and

compared with each other.

REFERENCES

[1] “Internet of Things: Vision, Applications and Research Challenges,” Ad
Hoc Networks, vol. 10, no. 7, pp. 1497 — 1516, 2012.

[2] J. G. Andrews, S. Buzzi, W. Choi, S. V. Hanly, A. Lozano, A. C. Soong,
and J. C. Zhang, “What Will 5G Be?” IEEE Journal on Selected Areas
in Communications, vol. 32, no. 6, pp. 1065-1082, 2014.

—_— =
15 —— a =10
1 —A— o =50
—a =200
< 10) .
K3
5 -
0\
0 0.5 1 1.5

Normalized Throughput r

Fig. 2: The error exponent for the Gallager bound at the limit
of N — oo and for zero loss inside the fiber, ng = 0. As we
increase in «, we get closer to the optimum value; 5 = 3,
p = 10,n¢ = 0. The small circles indicate the points of phase
transition.

[3] A. Chralyvy, “Plenary Paper: The Coming Capacity Crunch,” in 2009
35th European Conference on Optical Communication. 1EEE, 2009,
pp. 1-1.

[4] B. Shariati, J. M. Rivas-Moscoso, D. Klonidis, I. Tomkos, S. Ben-
Ezra, F. Jimynez, D. M. Marom, P. S. Khodashenas, J. Comellas, and
L. Velasco, “Options for Cost-Effective Capacity Upgrades in Backbone
Optical Networks,” in Networks and Optical Communications (NOC),
2016 21st European Conference on. 1EEE, 2016, pp. 35-40.

[5] R. W. Tkach, “Scaling Optical Communications for the Next Decade and
Beyond,” Bell Labs Technical Journal, vol. 14, no. 4, pp. 3-9, 2010.

[6] P.J. Winzer and G. J. Foschini, “MIMO Capacities and Outage Prob-
abilities in Spatially Multiplexed Optical Transport Systems,” Optics
express, vol. 19, no. 17, pp. 16 680-16 696, 2011.

[71 R. G. Gallager, Information Theory and Reliable Communication.
Springer, 1968, vol. 2.

[8] H. Shin and M. Z. Win, “Gallager’s Exponent for MIMO Channels:
A Reliability-Rate Tradeoff,” Communications, IEEE Transactions on,
vol. 57, no. 4, pp. 972-985, 2009.

[9] S. Schwarz, M. gimko, and M. Rupp, “On Performance Bounds for
MIMO OFDM Based Wireless Communication Systems,” in 2011 I[EEE
12th International Workshop on Signal Processing Advances in Wireless
Communications. 1EEE, 2011, pp. 311-315.

[10] J. Hoydis, R. Couillet, and P. Piantanida, “The Second-Order Coding
Rate of the MIMO Quasi-Static Rayleigh Fading Channel,” Information
Theory, IEEE Transactions on, vol. 61, no. 12, pp. 6591-6622, 2015.

[11] F. J. Dyson, “Statistical Theory of the Energy Levels of Complex
Systems. L” Journal of Mathematical Physics, vol. 3, no. 1, pp. 140-156,
1962.

[12] P. Kazakopoulos, P. Mertikopoulos, A. L. Moustakas, and G. Caire,
“Living at the Edge: A Large Deviations Approach to the Outage MIMO
Capacity,” Information Theory, IEEE Transactions on, vol. 57, no. 4, pp.
1984-2007, 2011.

[13] A. Karadimitrakis, A. L. Moustakas, and P. Vivo, “Outage Capacity for
the Optical MIMO Channel,” Information Theory, IEEE Transactions
on, vol. 60, no. 7, pp. 4370-4382, 2014.

[14] R. Dar, M. Feder, and M. Shtaif, “The Jacobi MIMO Channel,” CoRR,
vol. abs/1202.0305, 2012.

[15] C. W. J. Beenakker, “Random-Matrix Theory of Quantum Transport,”
Reviews of Modern Physics, vol. 69, no. 3, p. 731, jul 1997.

[16] D. Petz and J. Réfty, “Large Deviation for the Empirical Eigenvalue
Density of Truncated Haar Unitary Matrices,” Probability Theory and
Related Fields, vol. 133, no. 2, pp. 175-189, 2005.

[17] S. H. Simon and A. L. Moustakas, “Crossover from conserving to lossy
transport in circular random-matrix ensembles,” Physical review letters,
vol. 96, no. 13, p. 136805, 2006.



[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

G. J. Foschini and M. J. Gans, “On Limits of Wireless Communications
in a Fading Environment When Using Multiple Antennas,” Wireless
Personal Communications, vol. 6, pp. 311-335, 1998.

I. E. Telatar, “Capacity of Multi-Antenna Gaussian Channels,” EURO-
PEAN TRANSACTIONS ON TELECOMMUNICATIONS, vol. 10, pp.
585-595, 1999.

P. B. Rapajic and D. Popescu, “Information Capacity of a Random
Signature Multiple-Input Multiple-Output Channel,” IEEE Transactions
on Communications, vol. 48, no. 8, pp. 1245-1248, 2000.

A. M. Tulino and S. Verdd, Random Matrix Theory and Wireless
Communications. Now Publishers Inc, 2004, vol. 1.

L. H. Ozarow, S. Shamai, and A. D. Wyner, “Information Theoretic
Considerations for Cellular Mobile Radio,” IEEE transactions on Vehic-
ular Technology, vol. 43, no. 2, pp. 359-378, 1994.

R. A. Berry and R. G. Gallager, “Communication Over Fading Channels
with Delay Constraints,” IEEE Transactions on Information Theory,
vol. 48, no. 5, pp. 1135-1149, 2002.

K. Fan, “Minimax Theorems,” Proceedings of the National Academy of
Sciences, vol. 39, no. 1, pp. 42-47, 1953.

J. L. Massey, “Error Bounds for Tree Codes, Trellis Codes, and Con-
volutional Codes with Encoding and Decoding Procedures,” in Coding
and Complexity. Springer, 1975, pp. 1-57.


http://www.tcpdf.org

