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Preface

Over the years, I have taught several courses on differential topology
in the master’s degree program in mathematics at the University of Pisa.
The class was usually attended by students who had accomplished (or were
accomplishing) a first three years degree in mathematics, together with a few
peer physicists and a few beginner Ph.D. students. Considering the initial
knowledge of these students, time after time, a collection of different topics,
in different combinations, as well as a certain way to present them, has
emerged. This textbook summarizes such teaching experiences, therefore it
presents itself more as “lecture notes” than as a complete and systematic
treatise. Sometimes, in a class, a “short cut” to an interesting application
is chosen over broader generality. Similarly, in this text we will focus, for
example, on compact manifolds (especially when we consider the sources of
smooth maps), allowing simplifications in dealing, for instance, with function
spaces or with certain “globalization procedure” of maps. There are already
a lot of interesting facts concerning compact manifolds, so we will do it
without remorse.

There are several classical well-known references (such as [M1], [GP],
[H], [M2], [M3], [Mul, ...) which I used in preparing the courses and which
have strongly influenced these pages. So, why another textbook on differ-
ential topology? An important motivation came to me from the students,
looking at their notes and from their remark that “they had not been able
to find some of the topics addressed in the course anywhere”. It would be
very hard to claim any ‘originality’ in dealing with such a classical matter.
However, that remark, at least in reference to textbooks addressed mainly
to undergraduate readers, has some truth to it. Let’s make an example. A
theme of this text (similarly, for example, to [H]) is the synergy between
bordism and transversality. One of the limits imposed by the students’ pre-
sumed initial knowledge, as mentioned before, is that we can’t assume any
familiarity with algebraic topology or homological algebra (besides, perhaps,
the very basic facts about homotopy groups); on the other hand, it is very
useful and meaningful to dispose of a (co)-homology theory suited to sup-
port several differential topology constructions. We will show that (oriented
or non-oriented) bordism provides instances of so-called (covariant) “gener-
alized” homology theories for arbitrary pairs (X, A) of topological spaces,
constructed via geometric means. Then, by specializing X to be a smooth
compact manifold, and after a re-idexing of the bordism modules by the
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iv PREFACE

codimension (so that they are now called cobordism modules), transversal-
ity allows to incorporate the bordism modules into a contravariant cobordism
functor with the category of graded rings as the target; the product on cobor-
dism modules is also defined by direct geometric means. This multiplicative
structure is a substantial enhancement and it will lead to several important
and often very classical applications. For example, it is the natural context
for unavoidable topics such as the degree theory or the Poincaré-Hopf in-
dex theorem. The verification that several constructions are well-defined is
eventually reduced to the fact that the cobordism product is well-defined.
Moreover, when possible, the “invariance up to bordism” is emphasized
rather than the “invariance up to homotopy”, compared to most of the es-
tablished references. Not assuming any familiarity with algebraic topology,
this presentation could also be useful as an intuitive, geometrically based
introduction to some topics of that discipline. Overall, this book is a col-
lection of themes, in some cases advanced and of historical importance and
whose choice was certainly due in part to personal preferences, with the
common characteristic that they can be treated with “bare hands”, mean-
ing by combining specific differential-topological cut-and-paste procedures
and applications of transversality, mainly through the cobordism multiplica-
tive structure. The trait of geometric construction sets the “tone” of this
textbook, intended to be accessible and useful to motivated master under-
graduate students and Ph.D. students, but also to a more expert reader to
recognize very basic reasons for some facts already known as the result of
more advanced theories or technologies.

Dedico tutto questo ai miei nipoti Pietro(lino), Martin(in)a e Andrea
bibo-chicco
Riccardo Benedetti

Sassetta, February, 2021
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Introduction

These lecture notes were conceived with a typical class of rather good
and motivated students in mind, who have accomplished (or are accom-
plishing) a first three years degree in mathematics and whose mathematical
background is likely limited. For example, besides very basic facts about
homotopy groups, no familiarity with algebraic topology or homological al-
gebra is assumed. Concerning general topology, some knowledge is assumed
about compactness in Hausdorff second-countable topological spaces, but
not about para-compactness.

In some sense, the most natural way to read this text is from the be-
ginning to the end. Nonetheless, different reading paths and various com-
binations of subjects are also possible and meaningful. These pages have
originated from teaching experiences. Whereas not a single course has cov-
ered the whole content of the book, parts of each chapter have been treated
during some of the classes.

The text (as much as the lectures it derives from) intends to give accurate
definitions, statements, and descriptions of the main constructions; it also
aims to develop an articulated and coherent exposition. On the other hand,
proofs are intentionally not uniformly detailed (and sometimes even omit-
ted). The text is addressed to an actively involved and motivated reader.
The active participation of the reader is often required to complete some
arguments or to check some statements, especially in the last two chapters.
For this reason, we considered a list of exercises at the end of each chapter
unnecessary.

The use of figures is limited; pictures containing substantial, not only
allusive information have been introduced. Drawing pictures following geo-
metric reasoning is often useful, but this is left to the reader’s initiative.

The bibliography is far from being exhaustive; besides a few classical
references which have certainly influenced these pages (such as [M1], [GP],
[H], [M2], [M3], [Mu]), we just list the texts which have been cited.

The language of categories is moderately used, in the same way, for ex-
ample, it is used in textbooks of algebraic topology like [Hatch], [Mu2].
The few necessary notions are collected in an appendix. Differential topology
concerns the category of smooth manifolds and smooth maps; this includes
the study of smooth manifolds considered up to diffeomorphism that is the
equivalence in that category. A first necessary task is to define these objects
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and morphisms. We do it from scratch in Chapters 1, 2 and 4 by progres-
sively extending the category, from the category of open sets in Euclidean
spaces and smooth maps, through the category of embedded smooth mani-
folds in some Euclidean space and ending with the category of “abstract”
smooth manifolds defined by the abstraction of some properties of embed-
ded ones. Along with these generalizations, the notions of sub-manifold,
manifold with boundary, and (orientable) oriented manifold with oriented
boundary are developed. Basic notions such as immersion, submersion, em-
bedding, smooth homotopy, isotopy or diffeotopy between smooth maps are
also introduced.

In most applications, we will focus on compact manifolds, especially
when we consider the sources of smooth maps. We will not present the most
general version of many results; there are already a lot of interesting facts
concerning compact manifolds and the assumption of compactness simplifies
many arguments in dealing, for example, with function space topology or
with cut-and-paste constructions where one can use only finite partitions of
unity, avoiding any reference to para-compactness.

Moreover, we will show that every compact manifold is diffeomorphic to
an embedded one. Then several important facts, such as a tubular neigh-
bourhood theory, can be developed by exploiting the embedding in some
Euclidean space, but they eventually hold for arbitrary compact manifolds.

Let us describe the content of each chapter.

In Chapter 1, we assume the knowledge of basic differential calculus in
several variables and we collect some facts concerning smooth maps between
open sets of Euclidean spaces. Some of these facts (such as the inverse map
theorem and its geometric applications to the local normal forms of immer-
sions and submersions) should be familiar to the reader. Other facts are
presumably less familiar, such as Morse’s lemma, the linearization of diffeo-
morphisms of R™ up to isotopy, bump functions, and the smooth homogene-
ity of connected open sets (which later extends to arbitrary connected man-
ifolds). Two characteristic features of differential topology already emerge.
On one hand, there is a sort of “local rigidity”: up to a local change of
smooth coordinates, linear algebra provides the actual local models in many
‘generic and stable’ smooth situations. But on the other hand, smooth maps
are very “flexible”, the existence of bump functions being a typical example
of it. This will be the key for globalization procedures and cut-and-paste
constructions. Flexibility is a quality expected from a topological theory,
but this is moderated by that sort of local rigidity which allows having a
good geometric control; this moderate flexibility eliminates too “wild” phe-
nomena that occur in general topology, even dealing with merely topological
manifolds, or allows simple proofs of facts (such as the invariance of dimen-
sion up to diffeomorphism) whose topological counterparts hold as well but
are more demanding. Moreover, the homogeneity property, in particular,
indicates that the true questions in differential topology concern the global
structure of manifolds.



INTRODUCTION 3

In Chapter 2, we extend the notions of smooth maps and diffeomor-
phisms to arbitrary topological subspaces of some Euclidean spaces; then an
embedded smooth manifold M of dimension m is defined as a topological
subspace of some R™ which is locally diffeomorphic to open subsets of R™.
Although not so demanding, this extension leads to many embedded man-
ifolds beyond the open sets, including very familiar objects like the graphs
of smooth maps between open sets, which ultimately are the local models
for any embedded smooth manifold.

Chapter 3 is dedicated to a detailed presentation of two distinguished
families of manifolds, that is Stiefel and Grassmann manifolds, including
projective spaces. Stiefel manifolds are naturally embedded; we provide
embedded models also for the Grassmann manifolds. Besides the fact that
they are nontrivial examples of (embedded) smooth manifolds, they shall be
crucial in the study of vector (and frame) bundles on arbitrary manifolds.
This chapter is essentially self-contained; it can be read independently and
at a later stage when it is necessary.

Every embedded smooth manifold is naturally endowed with a maximal
atlas of smooth charts (with corresponding smooth local coordinates) and
smooth maps between embedded manifolds have natural representations in
local coordinates. These notions are the key to the final abstraction made in
Chapter 4.

After having stressed in Chapter 1 the functorial nature of the elemen-
tary chain rule, following the progressive generalizations of the concept of
manifold, we build the fundamental covariant tangent functor which asso-
ciates each manifold with its tangent bundle and each smooth map with
its tangent map. This incorporates the notion of a tangent vector space at
each point of a smooth manifold, of which we provide different interpreta-
tions. The tangent functor is an important source of invariants of smooth
manifolds. For embedded manifolds, tangent bundles and maps are con-
structed as a direct generalization of the elementary case of open sets in
Euclidean spaces. For abstract manifolds, tangent bundles and maps must
be somehow “invented”, with the constraint that they must be compatible
with what is already done in the embedded category. This is probably the
most demanding extension, passing from the embedded to the abstract cat-
egory. Eventually, this leads us, in Section 4.4 of Chapter 4, to the general
notion of principal bundle with a given structural group G and associated
fibre bundles, governed by a suitably defined G-valued cocycle, and we elab-
orate on different notions of fibred bundle equivalence. The principal frame
bundle of a smooth manifold with the associated tensor bundles (including
the tangent bundle) shall be a fundamental example (see Section 4.5).

Our typical student is probably already aware of the topology of the
uniform convergence on compact sets of continuous maps between open sets
of Euclidean spaces. This directly extends to C" maps, » > 0, in terms
of the uniform convergence on compact sets of the maps and their partial
derivatives up to the order r. These topologies restrict to the set of smooth
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maps, for which we can also consider the union topology over r € N. Using
the representation in local coordinates, the definition of these function spaces
extends to smooth maps f : M — N between smooth manifolds, giving
us the spaces E"(M, N) endowed with the so-called C" weak topology and
E(M, N) endowed with the union topology. The adjective “weak” alludes
to further function space topologies, the so-called strong topologies. These
coincide with the weak ones if the source manifold is compact; otherwise,
they are much finer and aimed to have a control ‘at infinity’. We will not
deal with the strong topology because in the relevant applications considered
in this text, the source manifold M will be compact. For example, in Section
4.11.2 we show that if M is compact, f : M — N is an embedding if and
only if it is an injective immersion and that immersions, submersions and
embeddings respectively form (possibly empty) open sets in E(M, N).

At the end of Chapter 4, we show that every abstract compact smooth
manifold can be embedded in some R™. Then, considered up to diffeomor-
phism, it is not restrictive to assume that compact manifolds are embedded.
As we are mainly concerned with compact manifolds, the abstraction of
Chapter 4 might sound a bit superfluous. However, we will point out nat-
ural constructions to build new abstract compact manifolds, starting from
given ones, even embedded. It would be artificial to force these construc-
tions in the embedded setting. It is more convenient to use the embedding
result a posteriori, to exploit the facts that we will establish for compact
embedded manifolds.

In Chapter 5, we introduce the pull-back construction on fibred bun-
dles, then we apply it to the so-called tautological (vector or frame) bundles
over the Grassmann manifolds. This construction can be compared to a
powerful machine that produces vector bundles (and the associated frame
bundles) over smooth manifolds and naturally incorporates the tangent bun-
dles of embedded manifolds and their tensorial relatives. We show that, up
to equivalence, every vector bundle over a compact manifold arises in this
way. After having constructed, via a suitable limit procedure, the infinite
Grassmannian G,y of k planes in R*°, with its limit tautological bundles,
an important result of the chapter is the classification of these vector bun-
dles over a compact manifold M, partitioned by the rank k, up to ‘strict’
equivalence. The classifying space is [M, & x]: the set of homotopy classes
of smooth maps from M to B ;. A typical way to get algebraic topologi-
cal invariants is to construct functors from some sub-category of topological
spaces to some category of algebraic structures (groups, rings, vector spaces,
etc). At the end of Chapter 5, we present a nontrivial implementation of
this idea based on this family of vector bundles. By augmenting the strict
equivalence to a suitable stable equivalence, we realize that the quotient set
Ko(M) of the whole collection of vector bundles (all ranks confused) car-
ries a natural ring structure; combined with the pull-back construction, this
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eventually builds a contravariant functor from the (sub) category of com-
pact manifolds to the category of Abelian rings which satisfies the homotopy
imvariance property.

In Chapter 6, we focus on embedded compact manifolds; that is, follow-
ing the above considerations, on compact manifolds exploiting the existence
of an embedding in some Euclidean space. We develop a theory of tubular
neighbourhoods of sub-manifolds and of collars for the boundary of a man-
ifold with boundary. We present some applications of this technology. For
simplicity, let us consider here boundaryless manifolds. If M and N are both
compact, then we prove that smooth maps are dense in C" (M, N) for every
r > 0. Primary topological invariants, as the fundamental group or higher
homotopy groups, are defined in general in terms of homotopy classes of con-
tinuous maps defined on spheres. As an application of the density theorem,
we see that they can be equivalently defined in terms of smooth homotopy
between smooth maps f : S™ — N. We use this fact to classify vector
bundles on spheres. Another important application, for every r > 1, is the
approximation of every compact C"-manifold M C R" by smooth embed-
ded manifolds and the existence and uniqueness up to diffeomorphism of
a smooth structure on each such a C"-manifold. We state the Sard-Brown
theorem, which is the base of transversality that shall be more systemati-
cally developed in Chapter 8; here, we anticipate some manifestation. By
using the restriction to M C R” of ‘generic’ linear projections of R” to lines,
we show that Morse functions form an open and dense subset of £(M,R).
We also study some instances of generic linear projections to hyperplanes
and, eventually, prove ‘easy’ Whitney’s immersion/embedding theorem: ev-
ery m-dimensional compact smooth manifold M can be immersed in R?™
and embedded in R?™*1. In the last section of the chapter, we discuss a huge
refinement of the approximation theorem by smooth manifolds. Exploiting
the fact that Grassmann manifolds are not only embedded smooth manifolds
but actually regular real algebraic sets, and that the tautological bundles are
also real algebraic, we outline Nash’s celebrated result that every embedded
smooth manifold M C R” can be approximated by a regular sheet of a real
algebraic set of R" (shortly by a Nash manifold) and that every compact
embedded smooth manifold admits a Nash manifold structure, unique up to
Nash diffeomorphism. We also discuss a version of the Sard-Brown Theo-
rem in the category of Nash manifolds. In the general setting, the result is
expressed in measure-theoretic terms, while in the Nash case it is purely a
geometric statement, as well as its proof.

Chapters 1 to 6, with the exceptions of the end of Chapter 5 about the
rings Ko(*) and the digression on Nash’s manifolds, form the strict foun-
dation part of this text. The following chapters articulate a more advanced
discourse.

In Chapter 7, we collect several constructions that produce new com-
pact manifolds by modifying given ones. At first, we prove the so-called
Thom’s lemma about the extension of any isotopy defined on a compact
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source manifold to an ambient diffeotopy; this is the main tool to prove
that such constructions are well defined up to diffeomorphism. Among cut-
and-paste procedures, we recall gluing along diffeomorphic boundary compo-
nents, connected sum with a discussion about the related notion of twisted
spheres, and attaching a p-handle (i.e. a standard handle DP x D™P of
index p to an m-manifold M via an embedding in M of the attaching tube
SP=1 x D™=P). In many cases, the immediate result is a smooth manifold
with corners. Corners also arise by taking the product of two manifolds
with nonempty boundary. We discuss a standard procedure of smoothing
the corners that produces ordinary smooth manifolds well defined up to
diffeomorphism. We also discuss the strong Whitney immersion/embedding
theorem of any m-dimensional compact manifold M in R*"~! and in R*™,
respectively. The main difference compared with the ‘easy’ Whitney the-
orems is that the strong ones are not entirely based on ‘generic position
arguments’ (i.e. transversality). The strong embedding is achieved by per-
forming a robust alteration of a ‘generic’ immersions in R?™, the strong
immersion by modifying certain ‘generic’ maps of M in R?*"~!. The proof
of the strong embedding theorem introduces the so-called Whitney’s trick
to eliminate pairs of self-intersection points in the image of a generic im-
mersion in R?™; this ‘trick’ will be considered again in Chapter 18 and in
Chapter 20. By elaborating on the strong immersion theorem, we present
Rohlin’s embedding theorem in R*™~! up to surgery. This shows that for
every orientable manifold M as above, there is M’ such that the disjoint
union M IT M’ is the boundary of a compact orientable (m + 1)-manifold
W, and M’ can be embedded in R>™~!. In the last section of the chapter,
we describe the modification obtained by blowing up a manifold M along a
smooth centre X C M this replaces X with its projectivized normal bundle
in M.

In Chapter 8, we develop the transversality concept in a more systematic
way. As usual, the source manifold M is compact, possibly with a nonempty
boundary, and for simplicity we assume here that the target manifold N is
also compact and boundaryless; Z is a boundaryless compact submanifold
of N. There are two kinds of basic transversality theorems. The first kind
concerns certain geometric tameness under the transversality hypothesis: if
f: M — N is transverse to Z, then (Y,9Y) := (f~1(2),(0f)"1(2)) is
a ‘proper sub-manifold” of (M,0M) of the same codimension of Z in N.
There is also a specialization within the category of oriented manifolds. The
second kind of basic transversality theorem states that transverse maps are
generic and stable; that is, they form an open and dense set in E(M,N).
There is also a relative version, concerning maps which coincide on OM , pro-
vided that this restriction is already transverse to Z by itself. The bridge
between the two kinds of theorems is represented by the so-called paramet-
ric transversality, whose proof is substantially based on the Sard-Brown
theorem. These basic transversality theorems suffice for most applications
later in the text. However, transversality (i.e. ‘general position’ reasoning)
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is a profound, potent and pervasive paradigm beyond such basic results.
Without any pretension of completeness, in the second part of the chap-
ter we collect a few examples of further applications (including the notion
of ‘generic immersion’, already employed while discussing Whitney’s strong
embedding theorem).

In Chapter 9, we formalize the notion of a smooth triad (M, Vy, V1),
where M is a compact smooth m-manifold and Vi and V; are unions of
connected components of M in such a way that the boundary is the dis-
joint union OM = V II Vi; M might be boundaryless, so that the triad
(M,0,0) is allowed. In some way, a triad realizes a “transition” from V} to
Vi. We define generic Morse functions f : M — [0,1] on a triad, meaning:
f71(9) =V}, 1 =0,1, f has only non-degenerate critical points placed out-
side a neighbourhood of M, and they have distinct critical values. Density
and stability of these functions are assured by the results of Chapter 8. An
important achievement of Chapter 9 is that every Morse function carries a
handle decomposition of the triad; that is, a way to reconstruct the triad
(up to diffeomorphism) from a collar of Vj in M, by attaching successively
a handle of index p for every non-degenerate critical point of index p of f.
Associated with every decomposition of a triad (M, Vp, V1), there is a dual
decomposition of the triad (M, Vi, Vi) where every p-handle is converted into
an (m — p)-handle and these are attached backward starting from a collar
of V1 in M. If the initial decomposition is carried by a Morse function f,
then the dual decomposition is carried by the function 1 — f. In a sense,
Morse functions are used as a tool to prove the existence of handle decom-
positions. Then, handle decompositions are used as they are and eventually
modified, not addressing the issue of whether the new decompositions are
carried by a Morse function. We point out two basic moves which modify
a given decomposition without changing the triad (up to diffeomorphism):
the so-called sliding handles (which is nothing other than the possibility of
modifying any attaching map up to isotopy, already treated in Chapter 7)
and the elimination/insertion of pairs of complementary handles. We show
some elementary specialization (‘reordering’) or simplification (‘elimination
of 0- and m-handles’) of handle decompositions obtained by using the basic
moves. As a simple but important application, we get the classification up
to diffeomorphism of compact 1-dimensional manifolds, confirming the in-
tuition: a connected compact 1-manifold is diffeomorphic either to S' or to
the 1-disk [—1, 1].

In Chapter 10, we develop bordism. There is an unoriented version and
an oriented one. Two (unoriented) compact boundaryless m-manifold My
and M; are bordant manifolds if My II M7 is the boundary of a compact
(m + 1)-manifold W. In the oriented case, the manifolds My, M; and W
are oriented and My IT —Mj is the oriented boundary of W. Case by case,
the quotient set of the relation generated by ‘being bordant’ and (oriented)
diffeomorphisms is denoted by {2, in the oriented case and is a Z-module,
while it is denoted by 7,,, in the nonoriented case and is a Z/2Z-vector space.
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The operation is induced by the disjoint union. If X is any topological space,
a continuous map f : M — X is called a singular smooth m-manifold in
X and we can extend the definition of bordism to such singular manifolds
and, consequently, define the modules €2,,,(X) or 7,,(X), sometimes denoted
by B (X;R), R =7,Z/27Z. When X consists of a single point, we recover
the earlier modules because the maps f are immaterial in this case. We
can also define relative versions B,, (X, A; R) for topological pairs (X, A) (X
being, as usual, identified with (X, ()). We prove that in this way we define
a covariant functor from the category of topological pairs to the category of
R-modules, which turns out to be a generalized homology theory. This means
that all Filenberg-Steenrod axioms are satisfied with the possible exception
of ‘dimension’; its failure depends on the nontriviality of B,,(X; R), m > 1,
when X consists of a single point. This issue will be considered along the rest
of the text. We discuss some relationships between bordism and homotopy
group functors.

In Chapter 11, we specialize bordism assuming that X is a compact
boundaryless smooth manifold. Alike the homotopy groups, thanks to the
approximation theorems of Chapter 6, it is not restrictive to deal only with
smooth maps f : M — X. The bordism modules B,,(X;Z/2Z) are in-
dexed over Z, by postulating that they are the trivial module 0 if m < 0.
We formally re-index them by the codimension, by setting B"(X;Z/27) =
B (X;Z/2Z), r = dim X — m, so that they are trivial if » > dim X and
are now called cobordism modules. The key point is that by combining a
slight extension of the basic transversality theorems of Chapter 8 with vari-
ations on the pull-back construction, we incorporate X = @&,B"(X;7Z/27Z)
into a contravariant functor from the (sub)category of compact boundary-
less smooth manifolds to the category of graded rings; this means that
@, B"(X;7Z/27Z) is endowed with a multiplicative structure which distributes
itself in a family of Z/2Z-bilinear maps

U B (X;Z/2Z) x BY(X; Z/2Z) — B™+(X; Z/2Z)

defined geometrically via transversality and implementation of the pull-back
construction. If X is oriented we can perform all the construction within the
oriented category, using the Z-modules B"(X;Z). If o = [M;] and 5 = [My]
are represented by sub-manifolds of X, then « LI 8 is represented by any
transverse intersection Mj N Mj; where M is a suitable small perturbation
of Mj, j =1,2. Over both R = Z/27,7, the product satisfies the relation

alp=(-1)"FUa

which can be checked in a geometric way. If X consists of a single point,
then the product reduces to [M]U[N] = [M x N]. If r+s = dim X = n and
X is connected (possibly oriented), then B"(X; R) = R and the product LI
induces a linear map ¢" : B"(X; R) — Hom(B,(X; R), R); in many situations
it is convenient to consider the quotient module

H'(X;R) := B"(X; R)/ ker(¢")
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with the induced linear injection

¢" : H'(X; R) — Hom(H,.(X;R),R) .
In particular, if X is oriented, then H"(X;Z) is torsion free. If X is con-
nected (possibly oriented) and dim X = 2m, then we have the intersection
form
U:H™(X;R) x H™(X;R) — R
which is symmetric if either R = Z/2Z or R = Z and m is even; it is
antisymmetric otherwise. Sometimes it is expressed as

o Hupu(X;R) X Hip(X;R) = R .

The cobordism multiplicative structure is a substantial enhancement of
the theory. In Chapter 12, we collect a few classical applications: the fun-
damental class [X] € H°(X; R) when X is connected and possibly oriented;
Brouwer’s fixed point theorem for continuous maps f: D" — D" ,n>1; a
separation theorem for hypersurfaces in S™, n > 1; intersection and linking
numbers; the R-degree of continuous maps f : M — N between (possibly
oriented) compact, connected, boundaryless smooth manifolds of the same
dimension; a proof of the fundamental theorem of algebra; Borsuk-Ulam
theorem. We also define the Euler class w(€¢) € B¥(X; R) of a rank-k vec-
tor bundle £ over X (everything possibly suitably oriented), defined by the
transverse self-intersection of the zero section of £ in its total space. A non-
vanishing Euler class is a primary obstruction to the existence of a nowhere
vanishing section of &.

In Chapter 13, we focus on line (i.e. rank-1) bundles on X, on ori-
ented rank-2 vector bundles (provided that also X is oriented), and on their
Euler classes in BY(X;Z/27Z), BY(X;Z) or B2(X;Z). A key point here is
that P> (R) is a K(1,7Z/2Z) space, S! is a K(1,Z) space, and P>®(C) is a
K(2,Z) space. This eventually gives precise information, case by case, about
HY(X; R) and H2(X;Z). For example, every class in H!(X; R) is the Euler
class of a line bundle over X (oriented if R = Z). It can be represented by
an embedded hypersurface S of X (oriented if R = Z); moreover, [Sp] = [S1]
(in the appropriate bordism module) is equivalent to the fact that the asso-
ciated bundles are strictly equivalent, and is also equivalent to the fact that
a bordism between Sy and Sy is realized through a triad (W, Sy, S1) properly
embedded in X x [0,1] (all manifolds being oriented if R = Z). Similarly
for B2(X;7Z).

In Chapter 14, we focus on the Euler class in B™(M;Z) = Z of the
tangent bundle of a compact oriented connected boundaryless smooth m-
manifold M. This integer is denoted by x (M) and called the Euler-Poincaré
characteristic of M. Essentially by definition, it can be computed using any
section of T'(M) transverse to the zero section, that is, using any tangent
vector field on M with only non-degenerate zeros. This can be extended
to any tangent vector field on M with only isolated (not necessarily non-
degenerate) zeros. This is the content of the Index Theorem; the key point
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is the reformulation of the sign of a non-degenerate zero in terms of the Z-
degree of a suitably map f : ™! — S™~1 defined locally at the zero using
the vector field; this reformulation by the degree makes sense also for any
isolated zero and well defines its indez. Then x (M) is eventually equal to the
sum of such indices. Invariance of the degree up to bordism plays a crucial
role in this achievement. The Euler-Poicaré characteristic is multiplicative
with regards to the product of compact boundaryless manifolds. The value
of x(X) does not depend on the choice of the orientation of X; eventually
X(M) = %X(]\Zf ) is well defined also if M is not orientable, M — M being
the orientation 2-to-1 covering map. We extend the index formula to define
the relative characteristic x(M,Vp) of a triad (M, Vp, V1) by using suitable
tangent vector fields on M, transverse to the boundary and with only iso-
lated zeros. The characteristic has certain homotopy invariance properties so
that, for example, if B is the total space of a disk bundle over a boundaryless
M, then x(M) = x(B,0,0B). In the special case when M is embedded in
R" and B is a tubular neighbourhood of M in R”, this leads to the classical
fact that x (M) coincides with the degree of the Gauss map 0B — S"~1. The
extended characteristic also has remarkable additive properties concerning
the composition of triads. Moreover, x(M, V) can be computed using any
gradient vector field of any Morse function f : M — [0, 1] on the triad. By
combining these facts, we obtain, for example, that if M is boundaryless and
odd-dimensional, then x(M) = 0 (use both f and 1 — f to compute x (M)
in two ways); if V is even-dimensional and it is the boundary of some M,
then x (V) = 0 mod (2). It follows that for every even m, 7, is nontrivial
because x(P™(R)) = 1. At the end of the chapter, we shortly discuss other
ways (combinatorial or algebraic/topological) to recover the Euler-Poincaré
characteristic.

In Chapter 15, we apply several tools developed in the previous Chap-
ters to classify compact surfaces (i.e. compact smooth 2-manifolds) up to
diffeomorphism and also to determine both bordism moduli 7 and €. If
M is a connected boundaryless compact surface, we show that n (M) is
a finite-dimensional Z/2Z-vector space and that the symmetric intersection
form e : ny (M) xn1 (M) — Z/2Z is non-degenerate. We focus on its isometry
class as the main invariant up to diffeomorphism. After having established
the abstract algebraic classification, up to isometry, of non-degenerate sym-
metric bilinear forms on finite-dimensional Z/2Z-spaces, we show, step by
step, that there is a perfect 2D topological counterpart. Finally, every isom-
etry class can be realized as the intersection form of some surface M, and
two surfaces are diffeomorphic if and only if they have isometric intersection
forms. In particular, from that isometry class, we can derive whether M is
orientable or not and the value of x(M). If M is orientable, then it is the
connected sum of S? with g copies of S' x S, where x(M) = 2 —2g; if M is
not orientable, then M is a connected sum of copies of P?(R) whose num-
ber is determined by x(M). As for the bordism, Q9 = 0, while 1y, = Z/27Z
generated by [P2?(R)]. We also discuss some aspect of the stable equivalence
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generated by diffeomorphisms and the elementary stabilization that consists
of performing the connected sum with P2(R); in particular, we refer to the
relationship with the so-called Nash’s rational model question in dimension
2. The theme of the quadratic enhancements of the intersection form associ-
ated with the immersion of a surface in a higher-dimensional manifold will
emerge later in the text. At the end of Chapter 15, we develop the abstract
theory of these quadratic enhancements, including the introduction of the
Arf and the Arf-Brown invariants.

The Euler-Poincaré characteristic mod(2) is a first example of charac-
teristic number for the nonoriented bordism modules 7,,; that is, for every
m > 0, it defines a homomorphism X9y : 7 — Z/2Z which is surjec-
tive for each even m. Pontryagin remarked that a huge family of charac-
teristic numbers can be produced using the cohomology ring with Z/27Z-
coefficients of the infinite Grassmann manifolds .. and the classifying
map M — G i1 of the stable tangent bundle T'(M) @ €' of each compact
boundaryless m-manifold M. These are called SW -characteristic numbers
as they are incorporated in the theory of (cohomological) Stiefel-Whitney
characteristic classes. We do not dispose of cohomology, but in Chapter 16,
it is easy to reformulate the definition using the cobordism rings, which we
have defined from scratch, instead of the cohomology rings. We call (sta-
ble) n-characteristic numbers the ones obtained in this way. In [T], Thom
determined the ring n°®, using the Pontryagin-Thom construction (that we
treat in Chapter 17) and combining geometric tools and homotopy theory.
A byproduct of Thom’s work is the completeness of the SW- characteristic
numbers: 8 € n,, is equal to zero if and only if every SW - characteristic
number vanishes on (. Later, the authors obtained in [BH] a nice geomet-
ric proof of this remarkable result, ultimately based on transversality and
simple cohomological computations. In Chapter 16, we show that this proof
can be entirely performed using the cobordism rings and eventually get the
completeness of the n-characteristic numbers. At the end of the chapter,
we extend n to {2-characteristic numbers and we briefly discuss why they
are not sufficient to completely detect the oriented boundaries. Cohomol-
ogy cannot be avoided to deal with the oriented bordism. However, any
characteristic number for €,, whatever it is defined, should vanish on [M]
if the m-manifold M is parallelizable. At least in this special case we prove
that [M] = 0 € §,, for any choice of the orientation of M, using similar
geometric tools.

Chapter 17 is dedicated to the Pontryagin- Thom construction. The orig-
inal Pontryagin construction was invented to rephrase the homotopy groups
of spheres m,4,(S™), k > 0, n > 1, in terms of a certain more geometric
(therefore presumably more accessible at that time, around 1938) codimen-
sion n embedded oriented bordism theory with target S™t*. This so-called
framed bordism makes sense for arbitrary compact target M of dimension
n+ k and recovers [M, S™]. Viceversa, Thom’s extension of Pontryagin con-
struction was mainly intended as a way to rephrase the cobordism rings
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n® or Q° in terms of the homotopy groups (more accessible at that time,
around 1954, after the impressive progress in homotopy theory since Serre’s
Thesis [Se]) of the so-called Thom’s spaces. Concerning the determination
of m,4%(S™), Pontryagin succeeded for k& < 2; in Chapter 17, we outline
these results. For k = 0, the Z-degree establishes an isomorphism between
T, (S™) and Z. As a corollary, we show that a compact connected bound-
aryless manifold M is combable (i.e. it admits a nowhere vanishing tangent
vector field) if and only if x(M) = 0; in particular, every odd-dimensional
M is combable. Difficulty increases by k. For k = 2, a key ingredient is the
Arf invariant of the quadratic enhancement of the intersection form of every
framed orientable surface in S®. The hardest application of this geometric
way is for k = 3 and is due to Rohlin. We limit to state the result. This is
of major importance for its consequences in the theory of 4-manifolds and
will be considered again in Chapter 20.

In differential topology, there is a precise distinction between ‘high’ (6
or greater) dimensions and ‘low’ (4 or fewer) dimensions, 5 being on the
border. The main reason is that for d > 6, Smale’s (simply connected)
h-cobordism theorem holds; moreover there is a “stable proof” that works
uniformly for all high dimensions. This is an important application of han-
dle decomposition theory. This proof does not apply to lower dimensions.
In some cases the theorem fails, and in some cases it is still an open ques-
tion. In Chapter 18, we briefly discuss this issue. We do not prove the
whole stable h-cobordism theorem; rather we focus on an important step
(the cancellation of algebraically complementary handles) where the high
dimension assumption is crucial. This is related to the possibility of apply-
ing Whitney’s trick (firstly introduced for the strong embedding theorem)
to eliminate pairs of intersection points of opposite sign between transverse
sub-manifolds of complementary dimension of a simply connected manifold
of dimension greater or equal to 5.

For ‘very low’ dimensions 0 < d < 2, we have achieved a complete
classification of compact manifolds up to diffeomorphism. This is essentially
‘hopeless’ for d > 2, even for d = 3,4. In Chapters 19 and 20, we address
some aspects of these low-dimensional theories. We stress that, in both
cases, we do not touch the mainstream themes of the last decades (the
geometrization conjecture - now a theorem - of 3-manifolds or the use of
powerful gauge theories applied to the study of 4-manifolds). We limit to
develop a few primary differential topological results, combining several tools
established in the previous chapters.

In Chapter 19, we present a few elementary and self-contained proofs
that compact orientable boundaryless 3-manifolds are parallelizable and we
study combing and framing. An important amount of the chapter is devoted
to several proofs of “Q23 = 0” and of the equivalent Lickorish-Wallace theo-
rem about 3-manifolds considered up to ‘longitudinal’ Dehn surgery equiv-
alence. Each proof will enlighten different facets of the subject. The last
two sections of the chapter are more advanced. We determine the bordism
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semigroup (which turns out to be a group) of immersions of surfaces in a
given compact connected boundaryless 3-manifold M. If M is orientable,
a key ingredient will be the Arf-Brown invariant of the quadratic enhance-
ment of the intersection form associated with every immersion of a surface
in M (endowed with an auxiliary framing). We also classify compact bound-
aryless 3-manifolds up to certain equivalence relations generated by diffeo-
morphisms and blow-up-down along smooth centers (a notion introduced in
Chapter 7). The subtler so-called ‘tear’ equivalence, in the nonorientable
case, also involves instances of quadratic enhancement of the intersection
form of characteristic surfaces (i.e. representing the Euler class of the deter-
minant bundle of the ambient 3-manifold). We also discuss an application
to a solution of the so-called Nash’s rational model question in dimension 3.

In Chapter 20, in analogy to the case of surfaces, we focus on the isom-
etry class of the intersection form Uy : H2(M;Z) x H3(M;Z) — Z as the
main invariant of every compact connected oriented boundaryless 4-manifold
M. Tt is a symmetric unimodular Z-bilinear form on the finite rank free Z-
module H?(M;Z). We prove Rohlin’s theorem that the signature o of the
intersection form determines an isomorphism o : 24 — Z, so that €24 is gen-
erated by [P?(C)]. We follow his original geometric proof. Trying to pursue
the analogy with surfaces, we address the abstract arithmetic classification
of such symmetric unimodular forms. An important difference is that it is
complete only in the indefinite case. We try to develop, as much as possible,
a parallel 4D counterpart, at least in the indefinite case, by restricting, in
fact, to simply connected 4-manifolds. We establish a classification up to odd
stabilization, the elementary ones being the connected sum with +=P?(C).
We outline a more subtle classification up to even stabilization (i.e. up to
connected sum with S% x S2). Arithmetic tells us that there are characteris-
tic elements 3 € H?(M;7Z) such that for every o € H?(M;7Z), alla = U«
mod(2), and that o = S 8 mod(8). Every 8 can be represented by an ori-
ented surface F' embedded in M, called a characteristic surface. We prove
the congruence

o— B UpB=8a(F) mod(16) ,

where «(F) € Z/2Z is the Arf invariant of a quadratic enhancement of
the intersection form of F' which represents an obstruction to surgery F'
within M to an embedded 2-sphere. If the intersection form is even, we
can take F' = (), so that we recover the original celebrated Rohlin congru-
ence 0 = 0 mod(16) (originally obtained as a corollary of the fact that
Tnt3(S™) = Z/24Z for n big enough). This implies, in particular, that there
are unimodular symmetric forms which cannot be realized as the intersec-
tion form of any simply connected 4-manifold. We propose an elementary
proof of the congruence due to [Mat] and based on the classification up to
odd stabilization. Following [A3] and [Roh], we illustrate an application
of these four-dimensional congruences mod(16) to Hilbert’s 16th problem.
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We end the chapter with an informative and discursive section about more
recent achievements in the realm of 4-manifolds.

In conclusion, this book is a collection of themes, in some cases ad-
vanced and of historical importance, with the common characteristic that
they can be treated with “bare hands”, meaning by combining specific dif-
ferential topological cut-and- paste procedures and applications of transver-
sality, mainly through the cobordism multiplicative structure. Of course,
the choice of the topics was due in part to personal preferences. The book
is intended to be accessible and useful to motivated master undergraduate
students, and to Ph.D. students, but also to a more expert reader to recog-
nize very basic reasons for some facts already known as the result of more
advanced theories or technologies.



CHAPTER 1

The smooth category of open subsets of Euclidean
spaces

In this book, we will deal with manifolds. Roughly, a manifold is a
topological space locally modeled on a Euclidean space R™, n € N. Let’s
recall a few facts about these local models. Since many of them should be
familiar to the reader, we will at times omit the proofs or just sketch them
out.

1.1. Basic structures on R"

Every space R"”, n € N, is endowed with a variety of structures that will
be employed case by case .

R™ is the vector space of column vectors (with n rows). We stipulate
that if v € R™ occurs as a vector in any linear algebra formula, then it is
considered as a column.

The space L(R™,R™) of linear maps L : R™ — R™ coincides with the
space of m x n matrices, M (m,n,R), so that for every v € R", v — Lv via
the usual “rows by column” product. Using the lexicographic order on the
entries of any matrix L = (I )i=1,. msj=1,...n, We also fix the identification
of M(m,n,R) with R™".

As every vector space, R™ has a canonical structure of affine space over
itself determined by the map that associates to every pair of points (x,y) €
R™ x R™ the vector ﬁ/ = y — x. Every element of R can be considered
either as a point z of the space or as a vector v. For every point x and every
vector v, there is a unique point y := x 4+ v such that v = ﬁ/; for every
point x, the map v — x + v is a bijection. Consider T'(R™) := R™ x R"
where the first (second) factor consists of points (vectors), and the natural
projection onto the space factor 7, : T(R") — R", 7,(z,v) = x. For every
point z, the fibre T,R™ = 7—1(x) is a copy of the vector space R", called the
tangent vector space to the affine space at the point x. We call (T'(R™), 7,,)
the affine tangent vector bundle of the affine space R™. The space of points
R™ can be included in T'(R™) via the zero section so(x) = (x,0), so that for
every point x, 7 o so(x) = x. For every affine map f : R™ — R™, there is a
unique linear map Ly : R" — R™, called the linear part of the affine map,
such that for every point « and every vector v, f(x +v) = f(x)+ Lyv. The
map f is an affine isomorphism if and only if Ly is a linear isomorphism (in

15
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such a case, n = m). In other words, the tangent map of f,

Tf:=(f,Lf) :R" xR" = R™ xR"™, (x,v) = (f(z),Lsv) ,
verifies m,,, o T f = f om,, so that for every point x, the tangent space T,R"
goes to the tangent space T'y,)R™ via the linear map Ly.

R™ is a complete metric space endowed with the Fuclidean distance d =

d,, defined by

The standard positive definite scalar product (x,%) = (%,%), on R™ is

defined by
(2,y) =Y zjy; =a'ly
=1

with the associated norm ||z|| = \/(z,x). We note that
dQ(.Z‘,y) = (.TJ — Y, T — y)

and that the familiar formula

(@,y) = [lzl| - [[yl| cos 0

allows us to recover the measure of the angle formed by the ordered and
oriented lines spanned by two non-zero vectors x, y; in particular, they are
orthogonal iff (z,y) = 0. We see that many basic objects of elementary
geometry can be expressed analytically using the standard scalar product.

R"™ is a topological space endowed with the topology 7 = 7, induced by
the distance d,. As for any metrizable topological space, a subset U of R"
is open (i.e. it belongs to 7) if and only if for every x € U, there is r > 0
such that the “open” n-ball of centre x and radius r

B"(z,r) :={y € R"; d(z,y) <r}
is contained in U. We will denote by
D" =B"(0,1)
the closed unitary n-ball also called the unitary n-disk, and by
S = 9D" = {z € R™; d(0,z) = ||z|| = 1}
the unitary sphere. It is not hard to verify that “open” balls are indeed open
sets and that the open balls with the centre in Q™ C R™ and rational radius

form a countable basis of open sets of T (every open set is a union of such
balls). Any other scalar product

(z,y)a = 2" Ay
defined by a positive definite symmetric matrix A = A’ determines (by the

same formulas as above) a norm ||.|| 4, a distance d 4 and an associated topol-
ogy T4. All these distances are topologically equivalent; that is, every 74 = 7.
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This can be proved using the version of the elementary spectral theorem stat-
ing that there exists a basis of R™ which is simultaneously orthonormal for
(*, %) and orthogonal for (*,x*)4. Another topologically equivalent distance
on R" is defined by §(x,y) := max{|z; —y;|; j=1,...,n}.

Accordingly to general topological definitions, for every X C R", TNX =
{UNX; U € 7} is the topology on X that makes it a topological subspace of
(R™, 7); given subspaces X C R™, Y C R™, amap f: X — Y is continuous
if for every open set U C Y, the inverse image f~1(U) = {x € X; f(z) € U}
is an open set of X. A continuous map f : X — Y is a homeomorphism if
it is bijective and also the inverse map f~':Y — X is continuous.

Every subspace X C R" is metrizable (hence, in particular, Hausdorff)
by the restriction to X of the distance d (or of any distance topologically
equivalent to d); the restriction of any (countable) basis of open sets of 7 is
a (countable) basis of 7N X.

As for every Hausdorff space with a countable basis, a subspace X of
R™ is compact (i.e. every open covering of X admits a finite sub-covering)
if and only if it is sequentially compact (i.e. every sequence a,, of points of
X admits a sub-sequence a;,, converging to some point  of X'). A subspace
is compact if and only if it is closed (i.e. the complementary is open) and
bounded (i.e. it is contained in some ball B™(0,r)). R™ is locally compact (for
every © € R” the family of closed balls B" (z,7) = {y € R™; d(z,y) < r},
when r > 0 varies, is a basis of compact neighbourhoods of x). The same
holds for every subspace X which is a closed subset of R".

We recall that a nonempty open subset U C R"™ is connected if U is the
only open-and-closed nonempty subset of U; U is path-connected if for every
two points xg, x1 of U, there is a continuous path « : [0,1] — U such that
a(0) = o, a(1l) = z1. We have:

PROPOSITION 1.1. A nonempty open set U of R™ is connected if and
only if it is path-connected.

Proof : The “if” implication holds in general for arbitrary topological
spaces and it is due to the basic fact that intervals in the real line are
connected; for “only if”, note that “being connected by a continuous path”
defines an equivalence relation on U. The equivalence classes are called
the path-connected components of U. As every open ball B"(z,r) C U is
contained in the path-connected component of U which contains z € U,
then every path-connected component of U is open, hence there is only one
if U is connected.

|

1.2. Differential calculus

Another fundamental structure carried by the spaces R" is the differen-
tial calculus. Let U C R™, W C R™ be open sets. A map

=01, sfm): U—>W
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is said to be C° if it is continuous. The map is differentiable at = € U
if there is a (necessarily unique) linear map d,f € L(R",R™) that “well”
approximates g(h) = f(z+h)— f(z) in a neighbourhood of h = 0. Precisely,
for every € > 0, there is 6 > 0 such that for every h such that ||h|] < 6,
z+h e U and

lg(h) = da f(R)|| < €[|A]] .
The linear map d,f is called the differential of f at x. The map f is

(globally) differentiable if it is differentiable at every point x € U. In such a
case it is defined the differential map

df : U — M(m,n,R), df (x) :=d,f .

We say that f is C! if it is differentiable and df is continuous (being M (m,n, R),
that is £(R",R™), identified with R™" as we said above). Every C! map
is C°. By induction, for every r > 1, we say that f is C" if df is C"~'. In
practice, f is C", r > 1, if and only if it is C° and for every multi-index
J =j1...9n of order |J| := j1+ -+ + jm < 1, for every i = 1,...,m, the
partial derivative function
&’ f;

Oirgy ... Oy,
is defined and continuous. For every z € U, the partial derivatives of the
first order can be organized in an m X n matrix so that

d.f = <afi (.CC)) € M(m,n,R) .
i=1,....,m; j=1,...,n

U —R

&rj

A map f is C* or, equivalently, smooth if it is C" for every r > 0. If f
is smooth, then df is also smooth. So we can define inductively for every
r>1,d f=ddtf).

If f is (at least) C', we have the following uniform version of the above
property that defines the differentials d,f: for every x € U there exists
a neighbourhood W of = in U (we can take as W a compact closed ball
B"(x,p) C U), such that for every € > 0, there is § > 0 such that for every
y € W and for every h, ||h|| < J, we have y+ h € U and

1f(y+R) = fly) —dyf(R))]| < € ;
in other words
o 90,10 = dy ()

70 20 =0

uniformly on W.
From now on we will deal mainly with smooth maps.

Taylor polynomials. A homogeneous polynomial map of degree k > 1,
p : R® — R™, is by definition of the form p(x) = ¢(x,...,x), where ¢ :
(R™)* — R™ is a (necessarily unique) symmetric k-linear map (¢ is called the
“polarization” of p). It follows that the set Px(n, m) of these homogeneous
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polynomial maps has the natural structure of a finite-dimensional real vector
space. A polynomial map of degree d, p : R™ — R™, is of the form
P=po+p1+-+Pd

where pg € R™, p; is a homogeneous polynomial of degree j for j > 1, and
P4 1s not zero.

Let f : R® — R™ be a smooth map. Then for every k > 1 there is a
smooth map

Ti(f) : U — Pr(n,m)

such that for every k > 1, for every x € U, there is a neighbourhood W of
z in U such that for every ¢ > 0, there is § > 0 such for every y € W and
every h, ||h|| < 0, we have y + h € U and

1f(y+ 1) = (f () + Tu(F) ) (R) + -+ Te(f) () (W)]| < el[h][* .
The maps T (f) are uniquely determined by these conditions. Clearly

Ti(f)(x) = dof .
More generally, every p = (p1,...,Pm) € Pr(n,m) is of the form
pi(h) = D alhi' -kl
| T|=k

where the coefficients af € R. Then we can verify that Tj(f)(z) is uniquely
determined by the formulas

1 o7 fi
J _ = (3
%= o o, )
In other words, Tk (f)(x) is determined in terms of %d’;(f) Tr(f)(x) is the

homogeneous order-k Taylor polynomial of f at z. Setting f(x) = To(f)(x),
the polynomial map (of the variable h)

Te(f)(@) = To(f)(@) + Ta(f)(@) + - + T(f)(2)
is called the Taylor polynomial of f at x of degree < k.

1.3. An elementary division theorem

By definition, a convex subset C' of R™ has the property that for every
xg, 1 € C, the (parametric) segment v : [0,1] — R"™, v(t) = (1 — t)xo + ta;
is entirely contained in C.

THEOREM 1.2. (Elementary division theorem) Let f = (f1,..., fm) €
C>®(U,R™) where U C R™ is a conver open subset. Assume that 0 € U
and f(0) = 0. Then there are smooth maps g; = (gj1,---,gjm) : U = R™,
j=1,...,n, such that for every x € U, f(z) = Zj zjg;(x) and (necessarily)

95i(0) = §2(0).
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Proof : It is a basic property of elementary integration that for every
smooth function h : U — R, the function h : U — R defined by h(z) =

fo (tx)dt is smooth. By the fundamental theorem of elementary integration
for contlnuous functions, we have that

b df (tz) If1(tz) dfm (tz)
f(x):/o - dt:(/o - dt,...,/o S dt)

By the chain rule, for every i = 1,...,m,
dfi(tx) . ! i _ Lof;
/0 o dt_/o (Zx]%j(tx))dt_ Zx]/o 87%(15
J J

We achieve the proof by setting

L of;
0 8x]

g5i(x) := (tx))dt

The above proof still holds if we assume only that U is starred with
centre at 0.

REMARK 1.3. In the setting of the division theorem, if n = m = 1, we
have that f(z) = xg(x); that is, the coordinate function z divides f. Assume
now that m =1, f is defined on an open set of the form U = A x (—1,1) C
R"! x R, and that {f = 0} = U N {z, = 0}. Then by applying fibre by
fibre the same construction of the above proof, we get that f(x) = z,g(z).
Moreover, if f is a submersion, then g(z) is nowhere vanishing.

We will see several applications of the division theorem.

1.4. Bump functions and partitions of unity

Consider the function « : R — R defined by a(z) =0 if 2 < 0, a(z) =
e~r ifx > 0. Tt is easy to verify that « is smooth and that, for every k > 1,
%(0) = 0. We say that « is flat at 0, although « is not locally constant
at 0. This is an important feature of the “flexibility” of smooth functions
that makes them suited for topological applications. For example, analytic
functions are much more rigid: an analytic function on R which is flat at
some points is constant.

Let us fix two real numbers 0 < a < b. Define 8 = 3,5 : R = R,

B(z) =alz —a)a(b—x) .
The function f is smooth, S(z) = 0 on {z < a}U{z > b}, and it is strictly

positive on {a < x < b} with a unique maximum; /3 is flat at a and b.
Define v = 745 : R = R by
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Then ~ is smooth, y(z) = 1 if |z| < a, y(x) =0if |z] > b, 0 < y(z) <1 and
it is monotone on each connected interval of {a < |z| < b}; v is flat at +a and
+b. For every n > 1, we can define v, : R" = R, v, = 1.05(2) = vap(||2]])-
We will omit the index n whenever the dimension is clear by the context.
Such a function 74 : R™ — R is called a bump function on R™ with centre
0 and rays a,b. If 7,(z) = z — p, then

Tp,a,b = Va,b © Tp
is a bump function with centre p; the centre will also be omitted when it is
clear from the context.
Recall that the support of a function is the closure of the set where it is
not zero. Hence B (p, b) is the support of Vp.ab-
We also introduce bump functions “at infinity” as follows. Let R™ C
R"™*! as the hyperplane with equation z,,; = 0. Denote by

at 8"\ {ens1} — R”

(ent1 = (0,...,0,1)) the stereographic projection defined geometrically by
at(z) = r(x,enp1) NR"

where r(z, e,41) is the straight line passing through the two points. Simi-

larly, define the projection 7~ : S™ \ {—en+1} — R™. We easily verify by
direct computation that
p:=n"o(xT)7L:R"\ {0} = R"\ {0}
is a diffeomorphism. A bump function at infinity is, by definition, of the
form oo () = v o p(x) if € R™\ {0}, 700(0) = 0. Clearly, it is smooth.
We now extend the definition to bump functions at an arbitrary com-

pact K C R", as follows. Let K C R™ be a compact set and U an open
neighbourhood of K. Then we can find Wy := Us ., := R™" \ B"(0, as),
some W := B"(p;,b;), j =1,...,k, and some 0 < a; < bj, aoo < bss such
that:

(1) Wo NK = (;

(2) The open balls U; := B™(pj, a;) together with Uy := Usp,, make

a finite open covering U of R";

(3) The union of the above open balls that intersect K is an open
neighbourhood U’ C U of K.

Denote by 7o the bump function at infinity with support equal to W
and constantly equal to 1 on Up; by 7; the bump function at p; with rays
aj,b;. For every j =0,...,k, define the smooth function

Ajoi= RF
’ Zj Vi
By the properties of the covering U and of the bump functions, the denom-
inator is strictly positive everywhere. Clearly, for every = € R",

Z)\j(a@)zl.
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Such a family of functions {\;} is called a partition of unity subordinate to
the (finite) covering U. We define “local” constant functions ¢; : W; — R,
such that c¢; = 1 if U; N K is nonempty and c¢; = 0 otherwise. Finally set

YK = Z)\jcj .
J

By construction vy is smooth, it is constantly equal to 1 on U’ and has
compact support contained in U. Any g constructed in this way is called
a bump function at K.

Bump functions are an important device. A basic use is the following;:
let U be an open neighbourhood of a compact set K as above and f: U — R
be a smooth function locally defined at K. Sometimes, it is useful to find
a globally defined smooth function f : R” — R with compact support and
which locally agrees with f at K; that is, there is an open neighbourhood
K C U’ C U such that f(z) = f(z) for z € U’. Take any bump function
v = vk at K constructed as above; then f defined by f(x) = y(z)f(z) if

zeU, f(z) =0if z € R"\ U, does the job.

1.5. The smooth category of open sets in Euclidean spaces

Let f:U — W, g:U" — W' be smooth maps between open subsets of
some (possibly variable) Euclidean spaces. The composition g o f is defined
when W C U’. The fundamental well known chain rule for the composi-
tion of differentiable maps states that for every x € U, y = f(z), go f is
differentiable at x and

dx(gof):dygodmf-

It follows immediately that if f and g are smooth, then go f is also smooth.
We can consider the category whose objects are the open subsets of Eu-
clidean spaces and for every pair (U, W) of objects, the “arrows” (that is
the morphisms) are the smooth maps C> (U, W).

For every object U C R"”, the unit map 1y is the identity

idy: U= U, idy(z) ==
which is obviously smooth. For every x € U,
dyidy = idgn = I, € End(R") = M (n,R) .

If U' C U, then the inclusion i : U’ — U is smooth and for every
feCc>(U,W), the restriction f|yr = f o1 is smooth.

The equivalences in this category are the diffeomorphisms. Let U C R™
and W C R™ be open sets. Then f € C*°(U, W) is a diffeomorphism if it
is a homeomorphism and also the inverse map f~' : W — U is smooth. In
such a case, by applying again the chain rule, we have that for every z € U,
y= f(x), dyf Lodyf = I, dpf odyf~' = I;,. Then, by elementary linear
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algebra, both inequalities n < m and m < n hold, so that m = n; finally,
d. f € GL(n,R) is invertible and

dyf~H = (de )

In this way, we have proved the invariance of the dimension up to diffeo-
morphism, reducing it to the basic invariance of dimension up to linear
isomorphism.

Here is another consequence of these considerations based on the chain
rule:

If a smooth homeomorphism f: U — W has differentiable inverse map
1 then it is a diffeomorphism (i.e. f~! is smooth indeed).

1.6. The chain rule and the tangent functor

The chain rule can be rephrased in the language of functors between
categories. One way is to consider the category of pointed open subsets of
some Euclidean spaces and pointed smooth maps. Then, by setting

(U,z), U CR"=R"
fec>e(Uz), W,y)), UCR", WCR" =d,f € LR",R™)
we define a covariant functor from the smooth pointed category to the cat-
egory of finite-dimensional real vector spaces and linear maps.

Avoiding to deal with the pointed category, another way is by defining
the so-called tangent functor which is a covariant functor from our favourite
category to itself. Set

UCR"=TU):=UxR"CR"xR"
feC®UW)=TfeC(TU),T(W)), Tf(z,v):=(f(z),def(v)) .
The chain rule can be rewritten as
T(gof)=TgoTf
Tidy = idpy) -

If feC®(U,W) is a diffecomorphism, then T'f is also a diffeomorphism (of
a special kind indeed, see below). The map T'f is called the tangent map of
f-

To explain the meaning of this construction, we use some notions recalled
above concerning every R" considered as an affine space over itself. U is an
open set of the affine space R™. Hence, at each point x € U, we have the
tangent vector space T, U := T,R™ = R" determined by the affine structure.
Precisely, we can consider T'(U) := U xR" as an open set of T'(R"™) = R"xR"
and the restriction

7wy U XR" = U, my(x,v) ==

of the projection of R™ x R"™ onto the space factor. For every point x € U, the
fibre T, U := wl}l(x) is a copy of the vector space R™, called the tangent space
to U at the point x. Every v € T,U is a tangent vector at z. (T'(U),ny) is
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called the tangent vector bundle of U . If f : U — R™ is the restriction of
an affine map f : R” — R™, then it is smooth and its differential map is the
constant map which associates to every point x € U, d,f = Ly, the linear
part of f. Then the tangent map of an arbitrary smooth map defined so far
generalizes the tangent map of an affine map already considered. For every
smooth map f:U — W, myoT f = fomy, that is T f sends each fibre T,,U
to the fibre T'y(,)W by means of the linear map d, f which varies smoothly
when x varies in U. In particular, if f is a diffeomorphism, then T'f is
a diffeomorphism of a special type: it preserves the fibres of the tangent
bundles, the family {d, f}.cv being a smooth ‘field’ of linear isomorphisms.
We can say that the vector space structure of each tangent space T,U,
arising a priori from the affine space structure of R™, is preserved by the
tangent map of any smooth map and eventually acquires substance within
the smooth category.

1.6.1. Differential interpretations of the tangent spaces. The
tangent functor defined so far is consistent and suitable for all future appli-
cations and generalizations. However, the smooth meaning of the tangent
spaces could sound to someone too indirect. We are going to present a few
direct differential interpretations of them. Nevertheless, the reader will even-
tually realize that everything is based on the functorial nature of the chain
rule which we have already incorporated in the definition of the tangent
functor.

As usual, let U be an open set of R?, p € U. There are at least two
natural ways of thinking about the tangent vectors at p. The first one is
probably the most familiar to the reader and identifies the tangent space to U
at p as the space of punctual velocities of the parametric smooth curves in U
passing through the point p. Precisely, let v : R — U be a smooth parametric
curve in U such that v(0) = p. The differential dyy € M(n,1,R) = R™ and
this last space coincides with T),U according with the previous definition;
doy is also called the wvelocity of v at p = (0). Let us consider on the set
of all smooth curves as above, the equivalence relation such that v ~ 7 if
and only if dyy = do7. The quotient set is denoted by V,U and we have
defined a map v, : V,U — T,U. Now we list some properties of this map.
The details of the justifications are left to the reader as an exercise.

(1) The equivalence class of a curve 7 only depends on its local behaviour
at 0. Moreover, we could extend the definition of V,U by using curves defined
on any open interval (—e¢, €). However, this is not a true generalization; by
using the bump functions and the partitions of unity, we readily see that
there is a diffeomorphism ¢ : R — (—¢,¢€) such that ¢(t) = ¢ for every
t € (—€/2,€/2), hence every equivalence class admits a representative defined
on the whole real line.

(2) If dpy = v, then ~ is equivalent to a locally affine curve p : R — U
such that p(t) = p+ tv for every ¢ belonging to a small interval (—4,d) C R.
Two such locally affine curves are equivalent if and only if they locally
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coincide at 0. For every v € T,U, there is a locally affine curve p such that
dop = v. It follows that the map v, : V,U — T,U is bijective.

(3) The set V,U has the natural structure of a real vector space defined
as follows. If U = R", for every curve v : R — R" passing through p, set
Yo(t) = ~(t) — p, doyo = dpy; for every couple of curves and every scalar
A, set Y+7 :=p+ (v0 + 70), A+ ¥ = p+ Myo. By elementary properties of
the derivatives, the operations pass to the quotient set V,R" giving it the
required linear structure. In general, by composing with the inclusion of U
in R™, it is no longer true that y+7 and \-~ are curves in U. However, using
the partitions of unity as in (1), this holds for suitable representatives of the
equivalence classes and the quotient set inherits a vector space structure
as well. Once V,U is endowed with this intrinsic linear structure, the map
v, : VU — T,U becomes a linear isomorphism.

(4) If f : U — W is a smooth map such that f(p) = ¢, then we well
define a map V' f,, : V,U — V,W by associating to the class of each smooth
curve v : R — U passing through the point p, the class of the composite
curve f o~y : R — W, passing through ¢. It is a consequence of the chain
rule that the map V' f,, is linear and that v, o V f, = d,, f o v,,.

The second way of thinking about the tangent space to U at p is by
identifying each tangent vector v as the operator of derivative in the direction
of v. Consider the set of smooth functions f : U’ — R defined on some open
neighbourhood U’ of p in U. On this set, put the equivalence relation such
that (Uy, f1) ~ (Us, f2) if and only if there is (Us, f3) such that Us C Uy NUs
and for every y € Us, f3(y) = fi(y) = f2(y). Denote by &, the quotient set.
Note that U is immaterial for this purely local definition, as we would get the
same &, by taking, for instance, the whole of R™ instead of U. On the other
hand, using bump functions and partitions of unity as above, we see that
every equivalence class has representatives defined on the whole open set U.
Denote by [f] = [f]p an equivalence class. It is called the germ of f at p. The
usual sum and product defined on every C*°(U’,R) induce well-defined sum
and product on &, which make it a commutative ring as well as a real vector
space with compatible operations. The translation £ — x — p determines a
canonical isomorphism between &, and &y, so the considerations for & can
be straightforwardly transported to &, by this translation. Note also that
T, = T,U and V, = V,U do not really depend on the choice of the open
set containing the point p. Let v = (v1,...,v,)! € Ty = R™. By the usual
derivative at 0 in the direction v, we define the function

Su:&o =R, Su([f]) = of (0)v; .

— Ox;
; j

We easily verify that 4, is well defined (it does not depend on the choice of
the representative f), it is R-linear, and satisfies the Leibniz identity:

6y ([£1l9]) = F(0)du([g]) + 9(0)du([S]) -
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If we prefer the interpretation of 7y in terms of )y, the map 6, can be
obtained equivalently as follows. Let v : R — U be a curve passing through
p = 0 such that dgy = v. Let f : U — R be a representative of [f] defined on
the whole open set U. Then 6,([f]) = do(f o+); this is again a consequence
of the chain rule.

Let us call a derivation on & any map § : & — R that satisfies the
same properties as above. Set Der(&y) the set of these derivations. It has
the natural structure of a real vector space, so that the map

L : Ty — Der(&), L(v) = 0y

is R-linear. Let us prove that L is a linear isomorphism. For every deriva-
tion §, we will find a unique v € Ty such that 6 = d,. It follows immediately
from the derivation properties that, for every constant germ [f] (i.e. with
a constant representative), 6([f]) = 0. For every [f], we can take a repre-
sentative f defined on a small open ball B™(0,¢€) (which is convex). By the
division theorem, for every z in such a ball,

f(@) = 1(0) = Y g(a)a,

for some smooth functions g;. Then, by using again the derivation proper-
ties, we have

We conclude by taking v = (6([z1]), ..., 6([zn]))t.

If f:U — W is a smooth map such that f(p) = ¢, then we well define a
map df, : Der(€,) — Der(&,) by associating to every derivation § on &, the
derivation d f,(9) on &, such that 0f,(0)([g]) = 6([go f]). If §([h]) = do(ho~)
for some curve v passing through p, then 3f,(9)([g]) = do(g o f o ); again
this is a consequence of the chain rule .

1.7. Tangent vector fields, Riemannian metrics, gradient fields

A tangent vector field on U (sometimes, we will omit “tangent”) is a
smooth map of the form

X:U—=TU), X(z)=(z,vx(x))

so that 7y o X = idy. Such a map is also called a (smooth) section of the
tangent bundle. Hence X selects a family (a “field”) of vectors {vx(z) €
T,U} ey which vary smoothly with the point = € U. One could be tempted
to confuse X with the smooth map vx : U — R"™; however, they are objects
of a different nature: if ¢ : U — W is a diffeomorphim, as a map v = vy
is transported on W by the composition v o gb_l, while the vector field X
is transported to ¢,X on W by the composition T'¢ o X; that is, for every
y=0¢(x)eWw
X (y) = (y, dzp(vx (2))) -
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Denote by T'(T(U)) the set of vector fields on U. For every X,Y €
D(T(U)), every f € C*(U,R), and every z € U, set

X +Y(2) = (2,0x(2) + vy (@), fX(2) = (2, fl@)ox(z)) -

This defines on I'(T'(U)) the structure of a module over the commutative
ring C*°(U,R) which induces (by restriction to the constant functions) the
structure of an R-vector space. Let us denote by ¢;(z) = (x,¢;), i = 1,...,n,
the constant vector field on U such that e; = (0,0,...,1,...,0) is the ith-

vector of the canonical basis of R™. Sometimes, ¢; is also denoted by 8%1-'
For every X € I'(T'(U)),
X = vxei
i

that is, the fields ¢; form a basis of such a module.

The above discussion about tangent vector spaces and derivations can be
globalized by replacing T}, with the set I'(T'(U)) and &, with the commutative
ring C*°(U,R) with the induced compatible structure of an R-vector space.
For every vector field X € T'(T(U)), define

ox : C*(U,R) = C*(U,R), ox(f)(z) = 0x(x)([f]2) -

The map Jdx is linear and satisfies the Leibniz rule

ox(fg) = fox(g9) +dx(f)g
hence, by definition, it is a derivation on C*°(U,R). Finally the map
L :T(T(U)) — Der(C®(U,R)), L(X) = dx
establishes an isomorphism of C*°-modules. Note that if 4,0’ € Der(&p)
(resp. € Der(C*®(U,R))), then §¢" is not in general a derivation, while
58" — ¢§'6 is a derivation. In particular, for every couple X,Y € I'(T(U)),
there is a unique vector field [X, Y] such that
L(X, Y)) = LEX)L(Y) — L(Y)L(X) .
A Riemannian metric on U C R" is a smooth map
g:U— M(n,R)

such that for every = € U, the matrix g(z) is symmetric and positive def-
inite. Then {g(z)}zev is a smooth field of positive definite scalar products
(%, *)g(x) defined on each tangent space T,,U. Denoted by S(n,R), the space

. . . . . . n(n+1) .
of symmetric n X n matrices, it can be identified with R™ 2 . By setting

U—UxS(nR), z— (z,9(),

the Riemannian metric can be interpreted as a section of the “product bun-
dle” U x S(n,R) — U.
If g is a Riemannian metric on U and X,Y € I'(T'(U)), then

T — (UX (:C)a UY(x))g(z)

defines a smooth function on U.
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If go and g; are Riemannian metrics on U, then g = (1 — t)go + t¢1,
t € [0,1], is a path of Riemannian metrics.

An isometry ¢ : (U,g) — (W, h) (g, h being Riemannian metrics) is by
definition a diffeomorphism such that for every = € U, every v,w € T, U,

(v, w)g(a) = (dop(v), dzd(w))n(g(a)) -

Given (U, g) and a diffeomorphism ¢ : U — W, this transports g to the
Riemannian metric ¢.g on W such that ¢ is tautologically an isometry. If
y €W, set P(y) =dy¢ !, then

¢xg: W = M(n,R), y — P(y)'g(¢~" (1)) P(y) -

If f e C>®(U,R), its differential function df : U — M(1,n) can be
considered as a smooth field of linear functionals {dyf : T,U — R}zcy with
dzf belonging to the dual space T;U; in other words, it is identified with
the section x — (x,d, f) of the cotangent bundle

7 T*(U)=Ux M(1,n) > U .
Every section Q(x) = (z,w(x)) is called a differential form on U. For every
form Q and every vector field X on U,
z = w(zx)(v(z))

defines a smooth function on U. If ¢ : U — W is a diffeomorphism, 2 a
differential form on U, then ¢ transports €2 to the form ¢, on W such that
for every y € W, every w € T,,\WW, then

$:Q(y) = (y,w(dyo™" (w))) -
Denote by ¢/, j = 1,...,n, the field constantly equal to the functional e’
such that

(ei(ej))i,j =1, € M(’I’L,R) .
Then every Q € T'(T*(U)) is a unique linear combination

Q= E ajej,
J

the a; being smooth functions on U. Sometimes, we write Jz; instead of el
If g is a Riemannian metric on U, then by setting for every v,w € T, U,

y(w) := g(x)(v,w) € R
we define a smooth field of linear isomorphisms ¥q = {¥q, : T,(U) —
T (U)}gev. This transforms vector fields into differential forms. For every
f€C>®(U,R),let V4 f be the unique vector field on U such that ¥,(V,f) =
df , so that for every x € U, v € T,(U), then

d:rf(v) = (vg(x)7v)g(x) :
The field V, f is called the gradient of f with respect to the metric g . Clearly,

forevery z € U, dy. f(Vy(x)) = (Vy(7), V(7)) g(x) = 0 and is strictly positive
if and only if d, f # 0.
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Every U admits Riemannian metrics; for example, any constant one
ga(z) = A, where A is a symmetric positive definite matrix. In particular,
go = g1, is called the standard Riemannian metric. For every smooth
function f on U,

vgof(x) - da:ft .

The partitions of unity provide a very flexible way to construct Riemann-
ian metrics on R"”, hence on every U C R"™. Here we adopt the notations of
the end of Section 1.4. Fix on every U; an arbitrary Riemannian metric g;
(for instance a constant one varying with j). Then

9= g
J
is a well defined Riemannian metric on the whole of R”.

1.8. Inverse function theorem and applications

Let L € L(R™,R™) be a linear map of mazimal rank r. There are a few
possibilities and using elementary linear algebra, for every case there is a
normal form up to pre or post composition with linear isomorphisms.

o If r =n =m, then L € GL(n,R) is invertible and the normal form
is I,, obtained as

I,=LoL'=L"'oL.

e If n < m, then the rank r is equal to n and L is injective. Let us
fix a direct sum decomposition

R™ = L(R") &V

and a basis B = B’ ®B” of R™ adapted to the decomposition. This
determines a linear isomorphism ¢ : R™ — R™ x R™~" such that
for every = (11,...,2,)" € R", we have

¢poL(x) = (x1,...,2,,0,...,0)

that is the standard inclusion j = jp »m : R — R™ = R" x R™™",
This is the normal form in this case.

e If n > m, then the rank r is equal to m and L is surjective. Fix a
direct sum decomposition

R" =V @ ker(L)

and an adapted basis B = B’ @ B” of R". This determines a linear
isomorphism (in fact the inverse of the above defined ¢g) ¥ : R™ x
R ™ — R™ such that for every r = (x1,...,x,)" € R™ x R"™™
we have

Lo TzZ)B(:E) = (ml’ s 7'Tm)
that is the natural projection 7, ,, : R™ x R"™™ — R™. This is
the normal form in this case.
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Let us consider now f € C*(U,W), U C R", W C R™, and p € U.
Assume that d, f has maximal rank r. The following fundamental theorems
state that locally in a neighbourhood of p in U, the map f takes the same
normal form of the linear map d,f, up to pre or post composition with
smooth diffeomorphisms. As a first step, let us remark that the punctual
hypothesis has in fact a local valence. By a well known criterion, d,f has
maximal rank r if and only if there is an r x r submatrix A(p) of d,f such
that det A(p) # 0. By taking the same submatrix A(x) of d,f for every
x € U, we define the smooth function

det A: U — R, z — det A(x) .

Then, there exists an open neighbourhood U’ C U of p in U, such that for
every z € U, d, f has maximal rank 7.

A map f € C®(U,W) such that for every = € U, d,f is injective is
called an immersion . If d, f is surjective for every x € U, then f is called
a submersion . If n = m the two notions coincide. We can state now the
theorem mentioned in the title.

THEOREM 1.4. (Inverse function theorem) Let f € C*(U,W), U W C
R™, such that for every p € U, the differential dpf is invertible. Then f is a
local diffeomorphism, that is for every p € U there is an open neighbourhood
U of pinU such that W' = f(U’) is an open subset of W and the restriction
flor € C°(U',W') is a diffeomorphism.

COROLLARY 1.5. (Immersion local form) Let f € C*(U,W), U C R",

W C R™, n <m, be an immersion. Then for every p € U there is

e An open neighbourhood U’' of 0 in R";
e An open neighbourhood W' of ¢ = f(p) in W;
e An open neighbourhood W7 of 0 in R™ and a diffeomorphism

¢: (W q)— (W”,0)
such that for every x e U', v +p e U, f(x+p) € W and
¢o f(z+p)=jnm@) .
COROLLARY 1.6. (Submersion local form) Let f € C>*(U, W), U C R",
W C R™, n>m, be a submersion. Then for every p € U there is
e An open neighbourhood U’ of p in U;
e An open neighbourhood U” of 0 in R™ and a diffeomorphism
v (U”,0) = (U, p)
such that f(U") C W and

fo(z)— f(p) = Tam(x) .

Proof of the corollaries. In both cases, it is not restrictive to assume that
p=0and f(0) = 0. We will use the notations introduced at the beginning
of the section, by replacing L with dgyf.
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(Immersions) Given a direct sum decomposition of R™ = dy f(R™") @V,
with adapted basis B = B’ @ B” and associated linear isomorphism

Y R" x R™™"™ — R™ |
consider the smooth map
g:UxR"™ =R", g(x,h) = f(x)+¢5(0,h) .

It is easy to verify that d(g)g is invertible and we can apply the inverse
function theorem to g on a neighbourhood U’ x A of (0,0). By construction,
for every z € U', f(x) = g 0 jnm(z), so that g~ o f(z) = jn.m(2).

(Submersions) Given a direct sum decomposition R" = V & ker(dpf)
with adapted basis B = B’ @ B” and associated linear isomorphism

o R" -5 R™ x R"™™ |
set p : R™ x R"™" — R™ ™ the natural projection. Define

g:U = R" X R"™™, g(z) = (f(2),p(¢s(2))) -

The differential dyg is invertible, so we can apply the inverse function the-
orem to g on a neighbourhood U’ of 0. By construction, for every z € U’,
f(z) = mpm o g(x), and we conclude similarly to the case of immersions.

]

Corollaries 1.5 and 1.6 are examples of the following general constant
rank theorem. The proof, based again on the Inverse Function Theorem, is
left to the reader as an exercise.

THEOREM 1.7. (Constant rank theorem) Let f : U — W be a smooth
map, U C R™, W C R™ be open sets. Assume that d.f is of constant
rank k < min{n,m}. Then for every p € U, ¢ = f(p) up to pre- and post-
composition with local diffeomorphisms ) : U" — U, ¥(0) =p, ¢ : W — W,
#(0) = p we have that

p=¢tofop:U =W, plug,...,un) = (u1,...,ug) .

[ |
Strictly related to the local submersion theorem, there is another corol-

lary which is known as the implicit function theorem. A consequence of the
proof of Corollary 1.6 is that there is a diffeomorphism p : A x B — U’,
where A x B C R"™™ x R™ is an open neighbourhood of (zg,yo) = (0,0)
and U’ is an open neighbourhood of 0 in U C R", such that restriction of
g= fopto A x B satisfies:

(1) g(zo,y0) = 0;

(2) The restriction g of g to R™ = {z(} x R™ has invertible differential

dy,g at yo
We take such a situation as the hypotheses of the implicit function the-

orem.
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COROLLARY 1.8. (Implicit function theorem) Let A x B C RF x R™ be
an open set. Let g : Ax B — R™ be a smooth map and (xo,yo) € AXx B such
that g(xo,yo) = 0. Let g be the restriction of g to R™ = {xo} x R™. Assume
that dy,g is invertible. Then there exists an open neighbourhood A’ x B' of
(xo,y0) in A x B, and a smooth map h: A” — B’ such that

Graph(h) = f1(0)n A’ x B .

It follows that f(xz,h(z)) = 0 for every x € A’ and h is said to be
(locally) implicitly defined by the equation f(z,y) = 0.

Sketch of proof. Consider the smooth map
G:Ax B =R xR™, G(z,y) = (z,9(z,9)) .

It is immediate that d(,, ,,)G is invertible, so we can apply the inverse
function theorem to G in a neighbourhood A; x B’ of (zg,40), and the
inverse map is necessarily of the form

G~ (z,y) = (,U(z,y))

for a suitable smooth map
l:G(A1 x B') = B’ .

Take
A'={x e A; (z,0) € G(A; x B')}

and define h(z) = I(z,0). The reader can verify as an exercise that A" C A;
and this eventually achieves the proof.

A proof of the inverse function theorem should be known to the reader.
A current proof is based on Banach’s principle for contractions on complete
metric spaces. This is suited for generalizations to infinite-dimensional Ba-
nach spaces. We will just sketch a proof in our finite-dimensional situation,
based on elementary properties of continuous functions on compact spaces.

Sketch of a proof of the inverse function theorem. We can assume for
simplicity, and it is not restrictive, that p = 0 and f(p) = 0. Possibly by
composing f with (dof)~!, we can also assume that dof = I,,.

The proof is achieved by following the next sequence of claims.
Claim 1. There is a sufficiently small closed ball B = B"(0,¢) C U
such that

(1) For every x € B, d,f is invertible;
(2) For every x € B, x # 0, then f(x) # 0;
(3) For every z,2 € B, 2||f(z) — /()| > [l — #II.
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Assuming these facts, by the continuity of the function and the com-
pactness of B, there is 6 > 0 such that for every x € 9B, ||f(x)|| > ¢.
Consider the open ball B’ = B™(0,§/2).

Claim 2. Set A= BN f~!(B’). Then the restriction ¢ : A — B’ of f
to the open set A is bijective.

Claim 3. ¢ is a homeomorphism.
Claim 4. ¢ is a diffeomorphism.

Proof of Claim 1. The first point is evident. Assuming that the second
point fails, there would be a sequence x, in U, converging to 0, such that
f(zy) = 0 for every n. Hence H%H = 1 against the fact that do f = I,.
As for the third point, consider the function g(z) = f(x) — x, so that

|z =zl = [If(x) = FRI <lg(z) — gl -

Ogi .y _ Ofi v _ Ofi (0)
8.%']'

(93?]' N al‘j
we can take € to make | g% (z)| < # uniformly on B. Then the conclusive
J

As

99gi

inequality
1
llg(2) = g(2)I < 5llz — 2|

is obtained by applying several times the Main Value Theorem for functions
of one variable.

Proof of Claim 2. It is enough to prove that for every y € B’ there is
a unique x € U such that f(z) = y. The smooth function h(z) = ||y —
f(x)||? has a minimum point p on the compact set B and by construction
p belongs necessarily to the open ball B. A simple computation shows that
dpf(y — f(p)) =0, hence y — f(p) = 0 because dp,f is invertible. As for the
uniqueness, this follows by the inequality ||p1 — p2|| < 2||f(p1) — f(p2)||, so
that p1 = p2 if f(p1) = f(p2) = v

Proof of Claim 3. The same inequality implies that ||¢ ! (y1)—¢~ (y2)|| <
2||y1 — y2|| and the continuity of ¢~ follows.

Proof of Claim 4. As we know, it is enough to show that ¢! is differ-
entiable. By using directly the definition of the differential, you can prove
that dy¢~! = (dy¢) ™1, where y = ¢(z).

]

1.9. Topologies on spaces of smooth maps

Let U C R®, W C R™ be open sets. For every k£ > 0, we define a
topology & on C¥(U, W); we will denote by £¥(U, W) the set C(U, W) C
CF(U, W) endowed with the subspace topology. We determine d; by giving,
for every f = (fi,...,fm) € CF(U,W), a basis of open neighbourhoods
Ui (f, K, €) where the varying arguments are a compact subset K C U and
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a real € > 0. Then, by definition, g € C*(U, W) belongs to Uy (f, K, €) if and
only if
(1) For every z € K, [lg(z) — £(2)]| < &
(2) For every multi-index J such that |J| = r < k, for every i =
1,...,m, for every x € K, we have

ozt ... 0z

We omit the verification that these define bases of neighbourhoods of a
topology.

We denote by (U, W) the set C*(U, W) endowed with the union topol-
0gy 6 = UyJk.

All these are called weak topologies . There are other so-called strong
topologies, o, on the same sets of maps. By considering, for example,
E(R™ R), we can control the difference of two functions, up to an arbitrarily
prescribed order, on an arbitrarily given compact set K, but we have not
any control “at infinity”. The strong topologies o, which contain & being
heavily finer, allow instead such control at infinity. On another hand, the
weak topologies §; have nice properties; for example, we can prove that they
are metrizable, hence every f has a countable basis of open neighbourhoods.
On the contrary, this is not the case for the strong topologies; for example, if
we have a converging sequence g, — f in C¥(R",R) for the strong topology,
then there exists a compact set K in R™ such that g, definitely equals f on
the complement of K. We do not define the strong topologies. To our aims,
the control at compact sets will suffice.

(@)]| <e.

Let us recall (a particular case of) the classical Stone-Weierstrass theo-
rem (see [Stone]).

THEOREM 1.9. For every f € C¥(U,R™), for every k > 0, for every
neighbourhood U = Uy (f, K,¢€), there exists a polynomial map p : R" —
R™ such that the restriction of p to U belongs to U. In other words, the
polynomial maps are dense in C*(U,R™) for every k >0 and in E(U,W).

1.10. Stability of submersions and immersions at a compact set

Let f € C*(U, W) be as above, k > 1, K C U a compact set. We say
that f is a submersion (resp. an immersion) at K if, for every x € K, d, f
is surjective (resp. injective). This is equivalent to the fact that there exists
an open neighbourhood U’ C U of K such that the restriction of f to U’ is
a submersion (immersion). Here are the stability results.

ProprosITION 1.10. If f is either (1) a submersion, (2) an immer-
sion, or (3) an injective immersion at K, then there is a neighbourhood
U = U (f,K,e) such that every g € U shares the same properties of f,
respectively.
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Proof : If n > m (resp. n < m), then every m x n matrix A has (:1)

m x m (resp. (")) submatrices Aj; in any case define

5(A) =) (det 4;)?
J
In both cases (1) and (2) the hypothesis is equivalent to d(z) := 0(d, f) > 0
for every x € K. As d is continuous and K is compact, then

sup {d(2)} = max{d(z)} = do > 0.

It is clear that if g is close enough to f at K in C1(U, W), then §(dg) > 0
for every x € K. As for (3), assume that the thesis fails. Then there exist a
sequence g, € C'(U, W) and sequences of points z,, ¥, in the compact set
K such that:

(1) Every gy is an immersion at K (by (2) as above);

(2) gn — f and dg,, — df uniformly on K;

(3) & =z, yp >y in K, z, # Yn and gn(xn) = gn(yn) for every n;
(4)

4) vy, Hi” 2’"“ — v € S"! (by the compactness of the unitary

sphere Sn—1,

Then g, (zn) — f(x), gn(yn) — f(y), hence x = y because f is injective.
Hence

1gn(Tn) — gn(yn) — dyngn(xn = ya)I/N|2n —ynll = 0
uniformly, so that

|ldy, gn (0n)|| = [ldzf(v)[] = 0.

This is absurd because d, f is injective.

1.11. Morse lemma

Let f € C*(U,R), U an open set of R™. A point p € U is regular for
fif d,f # 0 (that is f is a submersion near p); we say that p is critical
(or also singular) otherwise. We are interested in the local behaviour of
f at p (actually to the germ [f],). Up to pre or post composition with a
translation, we can normalize the situation so that p = 0 and f(0) = 0.
Moreover, we can assume that U = B"(0, ¢y) for some ¢y > 0 and, case by
case, we can restrict f to any U, = B"(0,¢), 0 < € < ¢y. For every e, the
commutative ring C*°(U,, R) has a canonical ideal

m, = {g € C*(U,R); ¢(0) =0}

so that we are assuming that f € m.. It is an immediate corollary of
the division theorem that m,. is generated by the coordinate functions x;,
j=1,...,n. Hence we have that for z € U,

$) = Zgj(x)xja dOf = (gl(o)v s vgn(o)) .
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If 0 is a regular point for f, the particular case of Theorem 1.6 can be
rephrased by saying that, up to pre-composition with a local diffeomorphism,
f locally coincides with dpf that is its first Taylor polynomial T3 (f)(0).

If 0 is critical, then all the smooth functions g; vanish at 0, and we can
apply again to each of them the division theorem. Eventually, we get that
on U

fa@) = gs(@)’, ol =l al

|J]=2

that is, it has the form of a homogeneous polynomial of degree 2 whose
coefficients are smooth functions. Moreover,

To(f)(0) = > gs(O)af .. 2 .
J]=2
We can express T5(f)(0) in the form

1

To()(0) = o' Holf)z := Qol ) ()

where Hy(f) is the symmetric (by Schwartz Lemma) Hessian matriz of f at

0
R
Ho(f) = ( i <o>)m_1 n

7777

while Qo(f) is the associated quadratic form. We can organize the above
functions g; ; to rewrite f on U as

f(z) =2'G(x)x
where
G:U — M(n,R)

is a smooth map such that G(z) = G(x)! is symmetric for every x € U, and
G(0) = To(£)(0).

We say that the critical point x = 0 is non-degenerate if

det Ho(f) #0 .

We have the following characterization of non-degenerate critical points.
For every U, denote by J(f,¢€) the Jacobian ideal of C*(U.,R) generated
by the partial derivative functions OF .+ that is, the ideal of the C*°(U,, R)-

8$]' ’
linear combinations }, hj%fj, hj € C*(Ue,R). If 0 is a critical point, then
J(f,e) Cme.
LEMMA 1.11. The point 0 is a non-degenerate critical point of f €

C>®(U,R), f(0) = 0, if and only if there exists 0 < € < ey such that
J(f,€) = m,.
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Proof : It is enough to prove the inclusion “2”, then it is enough to
show that the generating coordinate functions x; belong to J(f,€) for some
€. As 0 is non-degenerate, the smooth map

of af

T — (a—xl(ac), e 8acn(:lc))

has invertible differential at 0, thus we can apply the inverse map theorem
locally on a neighbourhood U, of 0, so that there are smooth functions F}
such that for every j =1,...,n, F;(0) =0 and

af af

Again by the division theorem we finally get

Tj = Z Gj,i(fﬂ)gi(:ﬂ)

) .

and the lemma is proved.
|

Assume that 0 is a non-degenerate critical point for f. We are going to
prove that, up to pre-composition with local diffeomorphisms at 0, f locally
coincides with T»(f)(0). More precisely, the Hessian matrix Hy(f) has a
certain index of negativity 0 < A < n (i.e. the maximal dimension of the
linear subspaces of R™ on which the restriction of the quadratic form Qo(f)
is negative). By definition, A is the index of the non-degenerate critical point
0. This notion is stable under local diffeomorphism.

LemMA 1.12. If 0 s a non-degenerate critical point of indexr A of
feC>®U,R), f(0) =0, and ¢ : W — Ue is a diffeomorphism, ¢(0) = 0,
then 0 is a non-degenerate critical point of f' := f o ¢ of index \.

Proof : By direct computation, using the chain rule and the fact that
dof =0, we have
Ho(f") = do"Ho(f)do¢
hence the symmetric matrices Ho(f’) and Ho(f) are congruent, they are
both non-singular, and have the same signature.
|

Let 0 be a non-degenerate critical point of f of index A\. Up to compo-
sition with a linear isomorphism x = Pu, we have that

A n
Qo(f)(Pu) = =D _uf) + (Y u) =u'lu
j=1 j=A+1

where I, ) is the suitable diagonal matrix with +1 entries.

THEOREM 1.13. (Morse Lemma) Let 0 be a non-degenerate critical point
of index 0 < X\ < n of f € C*°(U,R), f(0) = 0. Then there is a local
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diffeomorphism x = ¢(u), 0 = ¢(0), such that 1 := ¢~ is defined on some
U, and
F(¢(u)) = u'In zu .

Proof : It is not restrictive to assume that Ho(f) = I,, . As above, let
us take on U an expression of f of the form

f(z) = 2'G(2)x .

If € > 0 is small enough, on U, every symmetric matrix G(x) has negativity
index A. By applying to the canonical basis of R™ the usual algorithm
producing a normalized orthogonal basis for the scalar product (*,*)g(.),
we get a smooth map
P:U. — GL(n,R)

such that:

(1) P(0) = In;

(2) For every = € U, the linear isomorphism x = P(x)u is such that

P(2)'G(2)P(x) = I, -

Consider the smooth map

Y :Uc— R, ¢(z) = P(x) 'z .
The map v has invertible differential at 0, so by the inverse map theorem,
possibly by shrinking e, u = 1 (z) is a diffeomorphism to its open image and
finally
f(z) = 2'G(x)xr = utIm)\u
as desired.
[

Let us state, without proof, an interesting generalization of Morse’s
Lemma. With the usual notation, for every k& > 1, define m* as the ideal of
C>® (U, R) generated by the monomials 27/ = 33{1 ...zl J being an arbitrary
multi-index with |J| = k. Clearly m =m! cm? c....

ProOPOSITION 1.14. Let f € C>*(U,R), f(0) = 0, be such that 0 is a
critical point, and there is k > 1 such that mF C J(f,€). Then up to pre-

composition with a local diffeomorphism at 0, f locally coincides with the
Taylor polynomial Ty(f)(0).

1.12. Homotopy, isotopy, diffeotopy

Here we fix a few notions and terminology that shall be widely employed
and developed. U and V are open sets in Euclidean spaces. A map

F:Ux[0,1] =V
is smooth if it is the restriction of a smooth map defined on the open set

U x J, J being an open interval and [0, 1] C J. For every t € [0, 1], set f; the
restriction of F' to U x {t}. Then F is called a (smooth) homotopy between
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fo and f1. It can be considered as a continuous path in £(U, V) joining fy
and fi.

We say that f : U — V is an embedding if f is an injective immersion and
is a homeomorphism between U and its image f(U). If f; is an embedding
for every t € [0, 1], then F is called an isotopy between fy and f;.

If U =V and f; is a diffeomorphism for every ¢ € [0, 1], then F is called
a diffeotopy . In this case I’ can be reconsidered as follows: consider the
map

H:Ux[0,1 — U x[0,1], Hp,t) = (fo(p), 1) .

Then G := FoH™! is a diffeotopy between idy; and f; ofo_l, and F = GoH.
This formal manipulation suggests the following specialization of homotopy.
If G:V x[0,1] — V is a diffeotopy between go = idy and g1, and ¢ :
U x[0,1] - V x [0,1] is of the form ¢(p,t) = (f(p),t) for some f: U — V,
then G o F' is called a diffeotopy between fy := f and f1 := g1 o f; sometimes
we also say that fy and f; are homotopic through an ambient isotopy.

Let f: U — U be a diffeomorphism. The support of f is the closure of
the subset of U on which f(x) # x. If F is a diffeotopy between f and idy,
the support of F'is the closure of the union of supports of the f;’s.

Homotopy and its relatives define equivalence relations on the pertinent
space of maps. Clearly, F(p,t) = (f(p),t) is a homotopy between f and
itself. If F is a homotopy between fy and fi, then F(p,t) := F(p,1 —t)
is a homotopy between f; and fy. As for the transitivity, by using the
1-dimensional bump functions, we see that there exists a smooth function
s :[0,1] — [0,1] and 1/3 > € > 0 such that s(t) = 0 on [0,¢€], s(t) = 1
on (1 —¢,1], and s is strictly increasing on [e,1 — €]. If F' is any homotopy
between fo and f;, then replace it with F(p,t) = F(p, s(t)). If a homotopy
F’ connects fo and fi, while F” connects fi and fo, then set

F(p,t)=F'(p,2t), t €[0,1/2]
F(p,t)=F"(p,2t —1), t € [1/2,1] .

It is a smooth homotopy between fy and fo. For isotopies and diffeotopies
we argue similarly.

1.13. Linearization of diffeomorphisms of R" up to isotopy

PROPOSITION 1.15. Every diffeomorphism f : R — R™, f(0) = 0, is
diffeotopic to the differential dof € GL(n,R), through diffeomorphisms f;
such that f;(0) =0 for every t € R.

Proof : Define F' : R" xR — R", by F(z,t) = f(tz)/tift # 0, F(x,0) =
dof. From the very definition of the differential, F' is continuous; clearly it
is smooth where ¢t # 0. To check that it is fully smooth we note that, by
the division theorem, F'(z,t) = >, gj(y)z; for y = tz, the g; being smooth
maps of y.

[
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We can strengthen the above proposition. Let us set GL* = GL* (n,R)
the open subsets of GL(n,R) formed by the matrices A such that either
detA > 0 or det A < 0. Take the identity I,, and the matrix I, (the
notation has been introduced in the proof of Morse’s Lemma) as base points
of the two sets, respectively.

THEOREM 1.16. Ewvery diffeomorphism f : R™ — R™, f(0) = 0, such
that dof € GL™ (resp. dof € GL™) is diffeotopic to the linear isomorphism
I, (resp. I1), through diffeomorphisms f; such that f;(0) = 0 for every
t e R.

Proof : If U is a connected open set of some R", then it follows easily
from the proof of Proposition 1.1 that any two points of U can be connected
by a piece-wise smooth path in U. Using bump functions to get a smoothing,
we can take a globally smooth path. Then it is enough to prove that both
open sets GLT are connected. In fact, it is enough to show that GL* is
connected. For if A € GL™, then I,, 14 is in GL™; if A; is a path connecting
I, 1A with I, in GL™, then I, 1A is a path connecting A and I, 1 in GL™.

Let us show first that there is a path B; in GL™ connecting any given
A = By with some B = By which belongs to

SO(n) := {P € GL(n,R); P! = P! detP =1} .

Let < *,% > be the positive definite scalar product on R™ determined by
imposing that the ordered columns of A form an orthonormal basis B of R"”
for that scalar product. Set

(o, %) = (1 =) <, % > +t(x, %)

where (%, %) is the standard Euclidean scalar product, ¢ € [0, 1]. Then (x*, *);
is a path of positive definite scalar products. For every ¢ € [0,1], apply
the usual Gram-Schmidt orthogonalization algorithm to the basis B that
produces an orthonormal basis B; for (x,x*);; by considering the ordered
vectors of B as columns of a matrix By, we eventually get a path of matrices
such that By = A and By € SO(n). It remains to show that every B € SO(n)
can be connected to I, by a path in SO(n). Let us consider B : R" — R"
as a linear isometry with respect to (x,x). By linear algebra, we know that
R™ can be decomposed as the orthogonal direct sum of B-invariant linear
subspaces V; of dimension either 1 or 2. In the first case the restriction
of B to V; is the identity; in the second case B acts on V; as a rotation.
We conclude using the elementary fact that every rotation on R? can be
connected to Is by a path of rotations.

1.14. Homogeneity

PROPOSITION 1.17. Let p,q € R™ such that ||p — q|| = d > 0. Then for
every € > 0 there is a diffeomorphism f : R™ — R" such that

(1) f(p) =q
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(2) f is diffeotopic to the identity of R™ by a diffeotopy of compact
support contained in B"(p,d + €).

Proof : In this proof we use some tools that shall be developed in Chapter
7. Without the requirement about the supports, the proof is immediate: set
v = q—p, then fi(x) := x+tv, t € R, f = f satisfy the thesis. Note
that for every z € R", f;(z) is the integral line defined on the whole real
line of the vector field on R™ constantly equal to v. Now we use a bump
function to modify this vector field making it with compact support. Let
d+¢€/3 <a<b<d+e/2, and consider the bump function v =7, 3. Take
the smooth vector field on R™ defined by «(x)v. For every x € R"™, there is
a unique maximal parametric integral curve denoted again fi(x) such that
fo(z) = z. As the field has compact support, also in this case every fi(x)
is defined on the whole real line; f;(z) for ¢t € [0, 1] realizes the required
isotopy.
[
The above proposition is a sort of a local case of the following more
general result.

THEOREM 1.18. Let U C R"™ be a connected open set. Then for every
p # q € U there is a diffeotopy F of U between fo = idy and f = f1 such
that f(p) = q, and F has compact support.

Proof : The proof is qualitatively similar to the one of Proposition 1.1.
Being ‘connected’ via a diffeotopy with compact support defines an equiva-
lence relation on U. By applying Proposition 1.17 on a chart diffeomorphic
to R™ at each p € U, we realize that every equivalence class is an open set,
hence there is only one because U is connected.






CHAPTER 2

The category of embedded smooth manifolds

In this chapter, we introduce a first generalization of the smooth category
of open sets in Euclidean spaces. This is rather straightforward as these more
general objects are also embedded in some R™ and their smooth structure
is directly derived from the one on the ambient space. As a consequence,
for example, the construction of the tangent functor extends directly. In
Chapter 4 we will consider the most general category of (abstract) smooth
manifolds by taking as definition some properties satisfied by the embedded
ones. These last will be incorporated in the general theory as being ‘sub-
manifolds’ of some Euclidean space.

Let us begin by widely extending the notions of smooth map and dif-
feomorphism to arbitrary topological subspaces of some R"™, n € N. Let
X Cc R, Y C R™ be arbitrary subspaces. Then f : X — Y is C*, k > 0,
if for every « € X, there exists an open neighbourhood U of x in R and a
map gy € C*(U,R™) such that for every y € UN X, f(y) = gu(y). Such a
map gy is called a local CF extension of f at x € X.

fis C™ (i.e. smooth) if for every z € X there are smooth local extensions
of f at x.

A map f: X — Y is a diffeomorphism if it is a homeomorphism and
both f and f~! are smooth maps.

It is easy to verify, by using the results of Chapter 1, that C* maps,
smooth maps, and diffeomorphisms are stable under the composition of
maps. By using this very general notion of diffeomorphism, we can define
embedded smooth manifolds.

DEFINITION 2.1. For every 0 < k < n, a topological subspace M C R"
is an embedded smooth k-manifold (k is called the dimension of M) if for
every p € M, there exists an open neighbourhood W of p in M, an open set
U of R* and a diffeomorphism ¢ : W — U.

Every such a (W, ¢) is called a chart of M; set 1) = ¢!, then (U, %) is
called a local parametrization of M. The family of all charts is called the
atlas A = Ajps of M. Hence, by definition, A incorporates an open covering
of M. An atlas U C A of M is any family of charts that incorporates an
open covering of M.

The category of embedded smooth manifolds has as objects the embed-
ded smooth manifolds in some R™, n € N; the morphisms are the smooth

43
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maps between embedded smooth manifolds; the diffeomorphisms are the
equivalences in the category.

2.0.1. Basic properties and examples. We are going to list a few
basic examples or properties that follow immediately from the definitions or
are a consequence of the results of Chapter 1.

e A O-manifold in R™ is a subset of isolated points. It is compact if and
only if it is finite; otherwise it is countable.

e To show that M C R™ is a smooth manifold (sometimes we will omit
to say “embedded”), it is enough to exhibit an atlas &. The whole atlas
A is implicitly determined by Y. For example, for every chart (W, ¢) € U,
for every open subset W' C W, the restriction (W', ¢’ := ¢jy) is a chart
belonging to A.

e Every open set U C R™ is an n-manifold; the inclusion j : U — R"
forms an atlas of U with only one chart. More generally, an open set in a
k-manifold M is also a k-manifold.

e Let U be an open set in R”?, f : U — R™ a smooth map. Then its
graph

G(f) ={(z,y) eUxR™; y = f(x)}
is an n-smooth manifold embedded in R**™. In fact W = G(f)N(U xR™) =
G(f),¢: W = U, ¢(x, f(x)) = = form an atlas of G(f) with only one chart;
the inverse parametrization is ¢ : U — W, ¢(z) = (x, f(x)).

e Let V be a linear (or affine) k-subspace of R™. It is a k-manifold and
the atlas A contains any linear (affine) isomorphism L : V — RF.

e Let M C R™, N C R"™ be embedded smooth manifolds. Then the
product M x N is a smooth manifold embedded in R**™, and

dim(M x N) =dim M + dim N .

In fact if (W, ¢) is a chart of M at p, (W', ¢) of N at ¢, then (W x W' ¢x ¢')
is a chart of M x N at (p,q).

o If (W, ), (W', ¢') € A are charts of a k-manifold M, and WNW' # (),
then

BVV,W/ = d)/OLZJ : U—)f]/
is a diffeomorphism between open sets of RF (that is U = (W NW') c U
and U' = ¢/ (WNW') CU’). It is called indifferently change of charts or of
local parametrizations or also of local coordinates.

o If f: M — N is a smooth map between embedded smooth manifolds,

(W, ¢) is a chart of M, (W' ¢') of N such that f(W) C W', then
fovr=¢ ofoyp U=

is a smooth map between open sets of Euclidean spaces called a representa-
tion of f in local coordinates or shortly a local representation of f.

e The dimension of embedded smooth manifolds is invariant up to dif-
feomorphism. This follows immediately from the above items and the “in-
variance of dimension” already discussed in Chapter 1.



2. THE CATEGORY OF EMBEDDED SMOOTH MANIFOLDS 45

LEMMA 2.2. (1) An embedded smooth k-manifold M C R™ is connected
if and only if it is path-connected.

(2) Every path-connected component of M is a k-manifold. M is the
disjoint union of its path-connected (equivalently, connected) components.

Proof : It is a general topological fact that a path-connected space is
connected. For the other implication, we can repeat the argument already
used for the open sets in R*. By using a chart around any point p € M,
we can argue that the path-connected component of p is open in M, hence
there is only one if M is connected. This proves (1) and also (2) indeed.

|

The definition of embedded smooth manifold M C R"™ implies some
strong local constraint on the relative configuration of the pair (R", M).

LEMMA 2.3. Let M C R"™ be an embedded smooth k-manifold; p € M.
Then there exists a chart (2, 8) of R™, p € Q, such that (2N M, Bionnr) is
chart of M and

B(Q, QN M,p) = (B"(0,1), B"(0,1) NR*, 0)

(where RF ¢ RF x R"™% = R™ as usual). Such a f3 is called a relative normal
chart of the pair (R, M).

Proof : Tt follows immediately from the definition of embedded manifold
that there exists an open neighbourhood € of p in R”, an open set U of R¥,
and an injective immersion ¢ : U — Q, such that Y»(U) = QN M :=W. By
Theorem 1.5 on the local normal form of immersions, possibly by shrinking
2, there is chart (€, 3) of R™ that satisfies the statement of the lemma.

LEMMA 2.4. Let U be an open set of R¥, ¢ : U — R™ be an injective
immersion such that v : U — ¢(U) is a homeomorphism. Then M = (U)
is a smooth manifold embedded in R™ and ¢ : U — M s a (global) smooth
parametrization of M.

Proof : By using again Theorem 1.5 and the fact that f is a homeomor-
phism to its image, we readily see that at every p € M, we can find relative
normal charts of (R™, M), and eventually ® is a diffeomorphism onto M.

|
The condition that ¢ is a homeomorphism to its image is necessary, as
shown in the following example.

ExaMpPLE 2.5. Consider the smooth map
E:R? - R*x R?, E(z,y) = (cos(2rz),sin(2rz), cos(27y), sin(27y)) .

The image of E is contained in S' x S ¢ R? x R2. For every a € R, a # 0,
consider the map

f:R—=R*xR? f(z)=E(z,azx) .
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This is an injective immersion, but if a is not a rational number then it is
not a homeomorphism to its image in S' x S'. In fact, we can verify that
f(R) is dense in S x S (every nonempty open set of S' x S intersects
f(R)), hence f(R) is not an embedded manifold in R? x R2.

2.0.2. Submanifolds. If Y C M are embedded smooth manifolds in
R™ , we say that Y is a submanifold of M . In particular both Y and M are
submanifolds of R”. By extending the argument of Lemma 2.3, we have the
following lemma.

LEMMA 2.6. Let Y be a submanifold of M C R™, with Y and M having
dimension k and m, respectively. Let p € Y. Then there exist relative
normal charts (for triples)

B:(Q,QNM,QNY,p) — (B™(0,1), B*(0,1) "R™, B"(0,1) N R¥, 0)

where as usual we consider R™ = RF x R™~F R" = R™ x R*~™,

By using the immersions, we have indicated above a way to get embedded
manifolds (endowed with global smooth parametrizations). Now we see how
embedded manifolds can be defined implicitly.

LEmMMA 2.7. If f : U — W 1is a surjective smooth submersion between
open sets of Fuclidean spaces, U C R"™, W C R™, then for every q € W,
M = f=Y(q) is a submanifold of U and dim M = n — m.

Proof : Being an embedded manifold is a local property. The lemma is an
immediate consequence of Theorem 1.6 on local normal form of submersions
or (equivalently) of the implicit function Theorem 1.8.

REMARK 2.8. In spite of the existence of relative normal charts at every
point of a submanifold, the relative position of two submanifolds of some
R™ can look stranger than one could expect. This is mainly due to the fact
that submanifolds are not necessarily closed subsets. Consider, for example,
the map f : (0, +00) — C ~ R?

€z 1T
f) = 11z
This is an immersion and a homeomorphism onto its image N. Then the
unitary circle S' and N are disjoint 1-submanifolds of R%. Nevertheless,
two points p € S' and ¢ € N cannot be separated by normal charts of S!
and N at p and ¢, respectively. In other words, the union N U S! is not an
embedded submanifold.

EXAMPLE 2.9. (Spheres) Let us show, in several ways, that the unitary
sphere S C R, n € N, is an embedded smooth n-manifold. This is trivial
for n = 0, so assume n > 1. Let R""! = R x R. Let W+ = S™\ {e,11},
¢4 : WT — R™ be the stereographic projection with centre e, 1. It is defined
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geometrically by ¢ (z) = r(x,ent1) NR™, where r(z,e,41) is the straight
line passing through the two points. Analytically we have

1

P4 (z) = 11— mn(l‘h--',xnfl) :

This is a diffeomorphism to R™ with inverse given by

et = (2 1)

L+ lyll?" [yl1* +1

Then (W™, ¢4) is a chart of S™ at every point different from e, 1. By using
the similar projection with centre —e,4+1, we get a chart (W™, ¢_) which
misses only —e,1. Hence {(W*,$+)} is an atlas of S™, formed by two
charts.

For every p € S™, let p- be the subspace of R**! orthogonal to p. By
using the projection of S™\ {p} onto p* with centre p (followed by any linear
chart of p* to R"), we obtain other charts of the atlas Agn.

Further charts are obtained as graphs of functions defined on the unitary
open disk of p with centre p. The basic example for p = e, is the function
h:B"™ — R,

n—1

=1

S" = f71(1), where f : R*™1\ {0} — R, f(x) = ||z|>. As df, =
(221,...,2x541), then f is a submersion and this implies again (implicitly)
that S™ is an n-manifold by Lemma 2.7.

S™ is a compact manifold; it is closed because S™ = f~1(1) as above,
and obviously it is bounded.

S™ is connected; given x # y € S”, let P be the 2-plane spanned by
these two vectors. Then PN S™ is a maximal circle; x,y separate it in two
arcs both connecting  and y.

Important examples of embedded smooth manifolds (widely generalizing
the spheres) are discussed in Chapter 3.

2.1. The embedded tangent functor

Let us fix a setting we will refer to all through the rest of this Chapter.

e M C R" is an embedded smooth manifold of dimension m, p € M;
N C R* is an embedded smooth manifold of dimension n, ¢ € N;

e f: M — N is a smooth map, f(p) =gq.

e ¢: W — U C R™is a chart of M at p, ¢(p) = a, with inverse local
parametrization ¢ : U — W C M.

e furr : U — U’ is a representation of f in local coordinates at p.
Recall that this is obtained as follows: we take a local chart of M
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at p, for simplicity still denoted (W, ), and a local chart (W', ¢')
of N at ¢, ¢'(q) = b, such that f(W) C W’; then

fovr=¢"ofop:U—=U
(U and U’ being open sets of R™ and R", respectively).
e Possibly by shrinking W, we can also assume that there is an open
neighbourhood € of p in R” such that QN M = W, a local smooth

extension @ : 2 — R™ of ¢, and a local smooth extension F': {2 —
R of f.

We are going to define the tangent space T,M to M C R" at each
point p € M and for every smooth f : M — N, p € M, the differential
dpf + TyM — Ty N. This is done in the following lemma. The facts
collected in the lemma are easy consequences of the definitions and of the
results of Chapter 1. The reader can justify them in detail by exercise.

LEMMA 2.10. (1) The differential d,3p is injective so it is a linear iso-
morphism to its image daip(R™), R™ = T U, which is an m-linear subspace
of R = TpRh . This image does not depend on the choice of the local
parametrization ¥ of M at p. Hence

T M = dgip(R™)
is well defined and is called the tangent space to M at the point p .
(2) The restriction of the differential d,® to T, M is the inverse isomor-

phism (da1)~t. Hence it does not depend on the choice of the local extension
® of ¢, and

dpgb = dp¢)|TpM
is a well defined linear isomorphism
dpo : T, M — T,U .
(8) The restriction of dpF' to TyM does not depend on the choice of the
local extension of f and takes values in TyN. Hence it is well defined
dpf = dpFr,m
it 1s a linear map
dpf : T,M — TyN
and it is called the differential of f at p. We have
dan7Ul = dq¢/ o dpf odgy : T,U — TbU,
and this is the representation in local coordinates of dpf.

(4) If g o f is a composition of smooth maps between embedded smooth
manifolds, f(p) = q, then
dp(go f)=dggodpf .

If f is a diffeomorphism, then d,f is a linear isomorphism and d,f~! =
(dpf)~L. If f =1id, then dpf = idz, -
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(5) If G(g) is the graph of a smooth map g : U — R® defined on an open
set U C R™, then

T(z,g(:c))G(g) = G(d:rg) :

(6) If M = g=%(q), where g : Q — R® is a submersion, p € M, then
T,M = kerd,g .

2.1.1. Interpretations of the tangent spaces. In Section 1.6.1 we
have given two intrinsic interpretations of the tangent space T),U at a point p
of an open set U C R”. These extend straightforwardly to the tangent space
T,M at a point p of an arbitrary embedded smooth m-manifold M C R".
In accordance with the first interpretation, T, M C TpRh = R" corresponds
to the subspace V, M of VpRh of the velocities at time 0 of smooth curves
in M, v:R — M, passing through p (v(0) = p). If f: (M,p) — (N,q) is
as above, then the differential d,f : T,M — T,N corresponds to the map
Vifp : VoM — V,N obtained by associating to the class of each smooth
curve v : R — M passing through the point p, the class of the composite
curve foy: R — N, passing through q. If ¢ : W — U C R™ is a chart
of M at the point p, then the map V¢, : VM — V,U = T,U = R™ is a
linear isomorphism. In accordance with the second interpretation, T,M is
identified with the space Der(&,M) of derivations on the space of germs at
p of smooth functions g : M — R. By using the interpretation of T),M as
Vp M, every derivation 0 is uniquely expressed as d([h],) = do(h o), for a
suitable [y] € V,M. A differential d,f : T,M — T,N as above corresponds
to the map df, : Der(£,M) — Der(&€,N) by associating to every derivation
d on &M the derivation df,(6) on E;N such that df,(6)([g]) = d([g o f]).
If §([h]) = do(h o ~y) for some curve v passing through p, then df,(6)([g]) =
do(go for). If¢p : U — W is a local parametrization of M at p, then
g : Der(&,) — Der(E,M) is a linear isomorphism.

2.1.2. The tangent bundle. Set
T(M) = {(z,v) eR" xR, x € M, veT,M}.

The restriction of the projection of R” x R" to the first factor R defines a
smooth projection
v T(M) — M .

ExaMPLE 2.11. The reader can check that
T(S") = {(z,v) e R""P x R"L: z e §" vezt).
As a set, T(M) = Ugzem T, M. Note that for every open set W C M,

T(W) coincides with 7,/ (W), it is naturally included in T'(M) as an open
set, and my = (WM)|T(W)
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We are going to show that T'(M) is an embedded smooth manifold of
dimension 2m, of a special nature indeed.

Every chart ¢ : W — U C R™ of M can be enhanced to a chart
To:TW)—=TU)=UxR™ To(z,v):= (¢(x),dz0(v)) .
The inverse parametrization is

Ty UxR™ = T(W), To(y,w) = (¥(y), dyp(w)) -
If wy is the natural projection onto U, it is immediate that the following
diagram denoted [¢), T] commutes

UxR™ W 7(W)
dry drw
v 4w

We say that mps : T(M) — M is locally a product over W and that the
above diagram is a local trivialization. By varying the chart (W, ¢) in the
atlas A of M, we get an atlas

TA={(T(W),T))}

of T(M). The local coordinates for T'A change in a special way as they are
of the form

TB:=T¢ oT:U x R™ — U’ x R™

Th(x,v) = (¢ o Yp(2),da(¢' 0 P)(v)) = (B(2), duB(v)) -
Hence, for every x varying in M, it is a linear isomorphism on the second
argument which “varies smoothly” with the point x. This means that the
intrinsic linear structure of every fibre T,M = 77;/[1 () of the projection myy
is respected by the changes of coordinates for the atlas T A.

We can encode the same information by lifting T'4 at the level of the
open covering {W'} of M; that is we have the locally trivializing commutative
diagrams

wxR™ X )
JﬂTW \LWW
woow
where
Ty = Tip o (¢, idgm) -
Any change of local trivialization for T'A is of the form
TB:(WAW')xR™ = (WnNW) xR™, (z,v) = (z,d8(v)) .
We summarize all these facts by saying that
ma T(M) — M
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is the tangent vector bundle of the embedded smooth manifold M and that
T A (actually and equivalently T'A) is its vector bundle atlas.

In Section 4.3.1, we will formalize these notions in a more general setting.

Now we extend the definition of the tangent map . Let f: M — N be
our smooth map between embedded smooth manifolds, then set:

Tf:T(M)—T(N), Tf(z,v)=(f(2),def(v)) -
Note that the defining inclusion T'(M) C R"* x R* = T(R") is nothing else

than Tj, j : M — R" being the inclusion. Clearly, the following diagram
denoted [f, T f] commutes

M) Hory
dmum drn

M LN

that is T'f sends every fibre T, M linearly to the fibre T, N, by a ‘smooth
field’ of linear maps.
If g o f is a composition of smooth maps between embedded smooth
manifolds, then
T(gof)=TgoTf
Tidy = idp(y -
If f is a diffeomorphism, then 7T'f is a diffeomorphism and

Tt =(TH
All verifications are local and follow immediately from Lemma 2.10 and the

properties of the tangent map in the case of open sets in Euclidean spaces.
We can summarize these considerations as follows:

The tangent category of the category of embedded smooth manifolds has
as objects the tangent vector bundles of embedded smooth manifolds and
as morphisms the tangent maps of smooth maps between embedded smooth
manifolds. Then

M = oy :T(M)— M
f:M—N = [f,Tf]

define a covariant functor from the category of embedded smooth manifolds
to its tangent category.

2.2. Immersions, submersions, embeddings, Monge charts

The notions of immersion and submersion extend immediately to maps
between embedded smooth manifolds: f : M — N is an immersion (resp.
submersion) if for every x € M, d, f is injective (surjective). We say that
f: M — N is an embedding if f is a diffeomorphism between M and its
image f(M) (in particular, the inclusion M C R” is an embedding). The
proof of the following proposition is of local nature and follows from Lemmas
4.32 and 2.7.
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PROPOSITION 2.12. (1) Let f : M — N be a surjective submersion;
then for every q € N, Y = f~(q) is a submanifold of M, dimY = dim M —
dim N.

(2) If f : M — N is an embedding then f(M) is a submanifold of N.

(8) f: M — N is an embedding if and only if f is an immersion and a
homeomorphism to its image.

(4) If f : M — N is both an immersion and a submersion, then it is a
local diffeomorphism.

We have seen in Example 2.9 a distinguished local graph chart of S™.
Here we show that such a kind of chart exists for every embedded smooth
m-manifold M C R" at every point. For every multi-index J = (j1, ..., jm),
|J| = m, let J', |J'| = h — m, be its complementary multi-index. Denote
by R, the subspace of R" generated by (ejy,-..,e;,); hence we have the
orthogonal direct sum decomposition R* = R; @ Ry and the orthogonal
projection to Ry, ms(z) = (zj,,...,2j,). For every p € M, denote by
Tip R" — R, the composition of the translation z — x — p, followed by
my. Denote by ¢, the restriction of 7, to (any suitable subset of) M.

PROPOSITION 2.13. (Monge charts) For every embedded smooth m- man-
ifold M C R", for every p € M, there exists J, |J| = m, and an open
neighbourhood W of p in M such that (W, ¢s,) is a chart of M at p. The
inverse local parametrization is of the form vy, : U — W, U C Ry,
Vip(y) = (y, f15(y)) (by using the above decomposition R" = R; @& Ry ).
Hence at every point p, M is locally a graph of a smooth function defined
on some Rj.

Proof : By elementary linear algebra, there exists J such that the re-
striction of 7y to T, M is a linear isomorphism to R;. As d,¢, coincides
with such a restriction, then ¢, is a local diffeomorphism.



CHAPTER 3

Stiefel and Grassmann manifolds

Let M C R" be an embedded smooth m-manifold. Denote by Gh,m the
set of m-dimensional linear subspaces of R”. The definition of the embedded
tangent bundle of M includes the map t : M — Gjm, t(p) = T, M. We sense
that the tangent space varies ‘smoothly’ with the point p. The natural way to
give substance to intuition is to equip the set Gy, with a natural structure
of smooth manifold so that ¢ becomes a smooth map. In this chapter, we
introduce these Grassmann and relative Stiefel manifolds. Stiefel manifolds
are naturally embedded; we provide embedded models also for Grassmann
manifolds. They will play a key role in the study of vector bundles on
smooth manifolds, beyond the tangent bundle. Considered by themselves,
they form remarkable families of nontrivial embedded smooth manifolds that
deserve to be described in detail. However, to a large extent, what we need
afterwards is the existence of such smooth structures. At first reading you
can skip these details; this chapter can be read independently at a later
stage.

3.1. Stiefel manifolds

We introduce first the Stiefel manifolds. There are two versions that we
call linear and orthogonal, respectively. For every n € N and every 0 < k <
n, the linear Stiefel manifold Ly 1, as a set, is the set of ordered k-tuples
(v1,...,vg) of linearly independent vectors in R”. By arranging each of them
in an n x k matrix A (so that v; is the j-column of A), L, C M(n,k,R).
It is an open subset: consider the smooth function ¢ : M(n,k,R) — R
defined in the proof of Proposition 1.10, then L, = M(n,k,R)\ §-1(0).
This specifies how L, is an embedded smooth manifold. As a particular
case, we have GL(n,R) = L,, ,. For every P € GL(n,R), A — PA defines
a diffeomorphism L, j — L, ;. This action is transitive; in particular, for
every A € Ly, 1, there exists P € GL(n, R) such that PI,, , = A, where I, j, is
the matrix whose columns are eq, ..., e, the first £ vectors of the canonical
basis of R™.

Now, let S, C Ly, be the closed subset defined as f ~1(I;) where
fiLpi— S(k,R)

is the smooth map f(A) = A'A with values in the space S(k,R) of k x k
symmetric matrices, which can be identified with ]Rk(k2+ 1). In other words,

53
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we require that the columns of any A € S, ;, form a system of orthonormal
vectors. As particular cases, we have S, 1 = S"=1 and Snn = O(n), the
classical (real) orthogonal group. As M(n,k,R) = (R™)¥, we see immediately
that Sy, C (S"1)*, hence S, is compact. The above action of GL(n, R)
on Ly j restricts to a transitive action of O(n) on S, j: for every A € S, 1,
there exists P € O(n) such that PA = I, ;. It follows that to prove that
S,k is an embedded smooth manifold in (R™)*, it is enough to prove that
there is a chart (W, ¢) of S,, ; at J := I,, . Hence, it is enough to prove that
dyf is surjective and conclude by applying Theorem 1.6. Let us compute
djf by the definition of the differential. Then
(J+tB)(J+tB) — I

df;(B) = lim : =

lim(J'B + B'J +1B'B) = J'B+ B'J .
_)

We have to prove that, for every symmetric matrix C' € S(k,R), there exists
B € M(n,k,R) such that J'B + B'J = C. Set B = 1JC. Then

1 1 1 1

because C = C'. Summarizing, S, j is a compact embedded smooth mani-
fold in L, x C M(n,k,R) = (R™)*, of dimension

k(k+1)
.

Snk is called an orthogonal Stiefel manifold . In particular, the orthogo-
nal group O(n) is a compact embedded smooth submanifold of (S"~1)" of
dimension

dim S,, , = nk —

dim O(n) = n? — n(n;—l) .

REMARK 3.1. The operation (4,B) — AB, and the map A — A1
that define the group structure of GL(n,R) are smooth (concerning A=,
recall the determinant formula based on Cramer’s rule). These restrict to
smooth operations giving the group structure of the manifold O(n). Hence
GL(n,R) and O(n) are basic examples of Lie groups. O(n) is a Lie subgroup
of GL(n,R), in the sense that the first is a submanifold of the second and
the smooth operations are compatible.

The Gram-Schmidt orthonormalization algorithm applied to the ordered
columns of every A € L, , defines a smooth map
Tnk - Ln,k — Sn,k

which is surjective and such that v, ;(A) = A for every A € S,, ;. The map
t, i is the canonical retraction of Ly 1 to Sy k.
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3.2. Fibrations of Stiefel manifolds by Stiefel manifolds

In Section 4.3.1 we will formalize the general notion of a locally trivial-
izable fibre bundle. Here we are going to see some concrete and motivating
examples of this notion.

For every 0 < h < k < n, L, is a submanifold (an open set) in the
product Ly, ;, X Ly —p and denote by

lep s L — L p

the restriction of the natural projection onto the first factor. This map is
equivariant for the above actions of GL(n,R) on both Stiefel manifolds (i.e.
lpn(PA) = Pl (A)), hence to study local properties such as the smoothness
of the map, it is enough to study the restriction of I, ;, on l,;,lz(Q) where (2 is a

neighbourhood of I, . Clearly, Iy ,(Inx) = Inn. The fibre Fyj, == 1, 7 (In1)
over I, 5, is made by the 2 x 2 block matrices of the form

Y(S, D) = <% g)

where (S,D) € M(h,k — h,R) X L,,_p p—p. If P € GL(n,R) is such that
PI, ) = A, then P(l,;,lz(fn,h)) = l;}L(A) and all fibres are diffeomorphic to
each other. Let €2 be the open neighbourhood of I,, ;, made by matrices of

the form
B
x=(z)

where B € GL(h,R). We define the smooth map X — P(X) € GL(n,R)

P(X) = (g In0h>

such that P(X)I, , = X. Finally, we have the following commutative dia-
gram of smooth maps

Qx Fon 5 h(9)
Irg . Lie,n
0 idg 0
such that the first row is the diffeomorphism defined by
(X,S8,D) —» P(X)Y(S,D) .

The constant section of the product on the left, X — (X,0,,—px—p) is
transformed into the section of [, 5, over )

s(X) = @ Iko_h> .

A similar construction can be performed for the orthogonal Stiefel man-
ifolds. For every 0 < h < k < n, S, is a submanifold in the product
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Sn,h X Spk—n and denote by
hin : Snk — Snn
the restriction of the natural projection onto the first factor. This map

is equivariant for the actions of O(n) on both Stiefel manifolds. Clearly
hin(Ing) = Inp. The fibre h,;}l(ln’h) over I, 5 is made by the 2 x 2 block

matrices of the form
D) - I, 0

where D € S,,_p, y—p. If P € O(n) is such that PI,, , = A, then P(h;h([n’h)) =
h;}L(A) and all fibres are diffeomorphic to each other. Let €2 be the open
neighbourhood of I,, ;, in S, ;, made by matrices of the form

(0

where B € O(h). Recall the “Gram-Schmidt” retractions v, ; defined above.
Then we define the smooth map X — P(X) € O(n)

P =l ()

such that P(X)I, , = X. Finally, we have the following commutative dia-
gram of smooth maps

QX Spngoot > By h(Q)
Ima dhgn
0 Y0
such that the first row is the diffeomorphism defined by
(X,D)— P(X)Y(D) .

The constant section of the product on the left, X — (X,0,,—px—p) is
transformed into the section of Ay over (2

s =sunl(p 10 )

In summary, all these restrictions of natural projections onto Stiefel
manifolds are locally trivializable fibrations with o transitive action of ei-
ther the group GL(n,R) or O(n), respectively, which sends fibres to fibres.
In the case of the orthogonal Stiefel manifolds, the fibre is an orthogonal
Stiefel manifold itself.

e A case of particular interest is when n = k. In the linear case we have
a fibration of the linear group GL(n,R) over L, ;, with fibre the subgroup of
GL(n,R) made by the matrices of the form

Y(S,D) := (IOh g)
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where (S, D) € M(h,n — h,R) x GL(n — h,R).

In the orthogonal case we have a fibration of the orthogonal group O(n)
over S, with fibre the orthogonal group O(n — h). Sometimes this is
summarized by writing

Sun = Om)/O(n—h) .

e Another useful fibration is Ay 1 : Spi — S"~1 with fibre Sn—1k—1-

e Recall that O(n) has two connected components and that the compo-
nent containing I, is the special orthogonal group SO(n). If h < n, also
the action of SO(n) on S, is transitive, hence we can specialize all the
discussion obtaining a fibration

shyp : SO(n) — Sph
with fibre SO(n — h), so that
Spp =850(n)/SO(n—h) .

In particular, this implies that for h < n, the Stiefel manifold S, , is con-
nected.

3.3. Grassmann manifolds

For every (n,k) as above, we are going to define now the Grassmann
manifold &,, , .

Denote by G, i the set of linear subspaces of R" of dimension k. Let
n(n+1)

&, be the closed subset of S(n,R) = R™ 2 defined by the polynomial
matrix equations
A? — A =0, trace(A) =k .

If A € S(n,R) satisfies A%2 — A, then its spectrum of eigenvalues is {0, 1}
and, by the spectral theorem for real symmetric matrices, the respective
eigenspaces provide an orthogonal direct sum decomposition of R"; the last
condition on the trace is equivalent to the fact that the eigenspace for the
eigenvalue A = 1 has dimension equal to k& and also to the fact that A has
rank equal to k.

We fix a bijection V' — Ay from G, ;, to &, 1, as follows. For every V' &
G we have the orthogonal direct sum decomposition R" = V & vt (VJ-
being the orthogonal space to V' for the standard Euclidean scalar product)
and the linear map Ay € L(R",R™) = M(n,R) such that Ay (v +v') = v.
We readily verify that Ay € &,, ;. The inverse map A — Vy is defined by
setting V4 equal to the eigenspace of A relative to the eigenvalue A = 1.

Next, we prove that &, ; is an embedded smooth manifold in S(n,R),
of dimension k(n — k). The action by smooth diffeomorphisms of O(n) on
S(n,R) given by (P, A) — P'AP, restricts to an action on &,, ;: for every
A € B, (PPAP)? — P'AP = PYA? — A)P = 0; as P! = P7!, then
trace(PAP~!) = k because the trace is invariant up to conjugation. This
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action corresponds, via the above bijection V' — Ay, to the action of O(n)
on the set Gy, ;; defined by (P, V) — PV. These actions are transitive, hence
for every A € &, there exists P € O(n) such that P'AP = H where H is
the 2 x 2 block diagonal matrix

I O
H= (0 O) |
So it is enough to find a chart of &,,; at H. First, note that the space
of symmetric matrices of rank k (denote by S(n|k,R)) is a submanifold of
S(n,R) of dimension @ +k(n—k). A local parametrization of S(n|k,R)
at H is given by

(S(k,R)NGL(k,R)) x M (k,n—k,R) - W C S(n|k,R), (D,B) — Z(D,B)
where Z(D, B) is the 2 x 2 block symmetric matrix

D B
Z(DvB):<Bt BtD—lB> .

To see that Z(D, B) is of rank k, consider the nonsingular matrix

I 0
X(DvB) = <_BtkD—1 In—k) :

Then

0 O

This last matrix has the same rank of Z(D, B) and this is equal to rank(D) =
k. The same argument shows that if we change the second block along the
diagonal of Z(D, B) to any block other than B'D~!B, then the resulting
matrix would have rank > k. Z(I,0) = H. Hence WN®&,, , is given by the
restriction to W of the matrix equation A2 — A = 0. The matrix equation
carried by the first k x k block along the diagonal reads

BB+ D>~ D=0

and by replacing BB! = D — D? in the equations carried by the other blocks,
a direct computation shows that they are automatically satisfied. We are
reduced to study the map

h:(S(k,R)NGL(k,R))x M (k,n—k,R) — S(k,R), (D,B) - BB'+D?>—-D

which is a submersion at (I, 0); hence, possibly by shrinking W, we conclude
that Z(h=1(0)) = W N &, is an embedded smooth manifold of dimension
k(n — k).

An alternative way to get the same conclusion is to provide a local
parametrization of &,,; at H. Let U be the subset of Gy, formed by the
k-linear subspaces V of R” = R* x R"™* such that V N R"* = {0}. Every
V € U is the graph of a uniquely determined linear map Ly : R¥ — R"F.
The restriction to V of the projection to R¥ is a linear isomorphism; hence
the inverse isomorphism is of the form = — (z, Ly(x)). Then U can be

X(D, B)Z(D, B) — <D B> .
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identified with M(n — k,k,R). The restriction to M(n — k,k,R) of the
above map V — Ay can be explicitly computed as follows. For every L €
M(n — k,k,R), let V =V, be the graph of L. Consider the ordered basis
of R™
Br, ={(e1,L(e1)),...,(ex, L(ek)), ert1,---,€n)}

such that the first k-vectors form a basis of V. Apply to By the Gram-
Schmidt orthogonalization algorithm which produces an orthonormal basis
Dy, of R™, whose first k£ vectors are an orthonormal basis of V' and the
last n — k of V. By organizing as usual Dy, in an n x n matrix, we get
Pr, € O(n). Finally, A, = Ay = P} HP;,. The map L — Ay, is smooth; by
a bit of direct computation, we see that it is indeed an immersion. Finally,
if Q0 is a sufficiently small neighbourhood of H in S(n,R) and W = QN®&,, 4,
then for every A € W, V4 belongs U; the restriction to W of A — Ly is a
chart of &,, ;, with values in an open neighbourhood U of 0 € M (n—k, k,R).
We have now proved again that &, ; is an embedded smooth manifold of
dimension k(n — k) in S(n,R).

3.4. Stiefel manifolds as fibre bundles over Grassmann manifolds
There are natural surjective maps
[n,k: : Ln,k — an,k

Sn.k * Sn,k — ®n,k
defined in both cases by B — A[p] where [B] denotes the linear k-subspace
of R™ generated by the columns of B.

Let us concentrate on the map s, ;. Note that [B] = [C] if and only if
there exists @@ € O(k) such that C'= BQ, and that Ajp = H if and only if

it is of the form
B— (%2) QeOolk) .

It follows that every fibre of s, is diffecomorphic to O(k) and there is a
transitive action (on the right) of O(k) itself on each fibre.

The map s, is equivariant for the actions of O(n): (P,B) — PB on
Sk, (P, A) = P'AP on &,,, respectively. Recall that ‘equivariant’ means
that for every (P, B), Ajpp) = PtA[B]P. Then it is enough to analyze the
behaviour of the restriction of the map to the inverse image Q := s;i(Q)
(which is an open neighbourhood of J in S, ;) of some open neighbourhood
Qof Hin &,, ). Forevery B € S, 1, if P is the top kxk submatrix of B, let us
express this by writing B = (P|D). Let Q be the open neighbourhood of .J in
S, » formed by the matrices B = (P|D) such that P is nonsingular. If B € Q
then [B]NR"* = {0}, hence its image (2 in &,,  is an open set. Moreover,
if [(P|D)] = [(R|S)], then there is @ € O(k) such that (P|D) = (RQ|SQ).
If P is nonsingular, then R is also necessarily nonsingular. This means
that Q = s;}c(Q) is a saturated open set of S, for the surjective map



60 3. STIEFEL AND GRASSMANN MANIFOLDS

$nk- We can make explicit s, x(B) on Q by applying to every [B] and its
orthonormal basis given by B itself the construction already used above to
construct a local parametrization of &, ; at H. This shows that s, ; is
smooth. Moreover, define ¢ : Q@ — M(k,n — k,R) by ¢((P|D)) = DP~!. If
(P|D) = (RQ|SQ) as above, then SQQ'R™! = SR™!. Then there is an
induced smooth map Q — M (k,n — k,R) whose inverse map is

’[p . M(k,n - k7R) — Qu w(Z) = A[tn,k(Ik‘Z)]

providing once again a local parametrization of &, ;, at H. We can summa-
rize this discussion by saying that there is a locally trivializing commutative
diagram at H

axok) % O
\1/770 } l/sn,k:
Q de g

where (A, Q) = (2)Q, A = (Z). Its orbit by the action of O(n) provides

a fibred atlas for the submersion s, ;. So we have proved

PROPOSITION 3.2. The map S, : Spr — Opk is a fiber bundle with
fibre O(k). Every change of trivialization

P oW(QNQ)xOk) = (2N Q) x Ok)

is of the form
(p, P) = (p, PQ(p))
where p — Q(p) defines a smooth map QN QY — O(k).

We also have the following topological corollaries.

COROLLARY 3.3. Every &,, 1. is a compact and connected embedded smooth
manifold. As a topological space it has the quotient space topology Sy, /Sn k-

e Real projective spaces. A particular case of the above discussion is
when k£ = 1. In such a case &, is also denoted by P""1(R) and is called
the (real) (n — 1)-projective space. In this case, S, 1 = S" ! and the map
s=sp1:5" 1 = P" }(R) is a smooth covering map of degree 2.

o Complex Stiefel and Grassmann manifolds. As a smooth manifold
C™ = R?", hence M(n,C) is a submanifold of M (2n,R) etc. All along with
the above discussion, let us replace:

e R" with C™. The real linear subspaces of R™ with the complex
linear subspaces of C".

e The standard positive definite scalar product on R™ with the stan-
dard positive definite Hermitian product on C*, < v, w >= v'w.

e The (real) orthogonal groups O(n) with the unitary groups

U(n):= {A € CL(n,C); At = A* .= A"} .
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e The spaces of real symmetric matrices S(n,R) with the spaces of
Hermaitian matrices

H(n,C)={Ae M(n,C); A=A"}.
e The spectral theorem for real symmetric matrices with the spectral
theorem for compler Hermitian matrices.

Then, by repeating verbatim the above constructions, for every (n,k) as
above, we realize the (unitary) complex Stiefel manifold S,, 1,(C) as a compact
embedded smooth manifold in M (n, k, C), the complex Grassmann manifold
&, 1(C) as a compact embedded smooth manifold in H(n,C) (defined by
the usual equations A2 — A = 0, trace(A) = k), the complex projective
spaces P"71(C) = &,,1(C), and so on. Although we are dealing with spaces
based on the complex numbers, we stress that in this way we have realized
them as real embedded smooth manifolds.

We understand that also the next considerations about Stiefel and Grass-
mann manifolds would have a counterpart for the complex version.

3.5. A cellular decomposition of the Grassmann manifolds

We describe a natural partition of &,, ; by a finite number of subsets,
each one diffeomorphic to some R”, 0 < h < dim & i, (i-e. an open h-cell)
and such that its closure in &, ; is a union of cells of lower dimension. Let
L € &,,;; that is, L is a k-dimensional linear subspace of R" (here we make
the abuse of identifying G,, ; and &,, ). For every i =0, ...,n, denote by

pi:R" — R"™
the projection to the first n—i coordinates, pi((x1, ..., 2n)") = (z1,..., Zp )"
The dimensions of p;(L) C R™* decrease from k to 0 in exactly k steps; that
is, there are integers
1<oi<og< - <o <n
such that for j that decreases from k to 1,
dimp,, +1(L) — dimp, (L) =1 .
We call
o(L) :=(o1,...,0k)

the Schubert symbol of L. There is a concrete, elementary way to determine
o(L):

e Fix any rank k, n x k matrix A € L, ;, which projects to L € &,, ;.

e Apply to A the Gauss algorithm via elementary operations on the
columns and get a matrix

A S Ln,k

in column echelon form which also projects to L.

e For every j = 1,...,k, the (0j,j) entry of A is equal to 1 and is a
so-called ‘pivot’ of A; the transpose of the o;th row of A is the o;th vector
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of the standard basis of R*. Beyond the pivots, for every 1 < j < k, an
(s,j) entry of Ais possibly non-zero only if 0; < s < n and s is not the row
index of any pivot row. The computation of o(L) through A is immediate
from the very definition. This means, in particular, that the initial choice
of the matrix A is immaterial to this computation of o(L); o(A) := o (L) is
the symbol of the matrix A and two matrices in column echelon form have
the same index if and only if they share the same pivot positions.

e Furthermore, we claim that the whole matrix A does not depend on
the choice of A as it is completely determined by L. Given o = o(L),
denote by p, the projection of R" to the k coordinates (z4,,...,Zs,); then
the restriction of p, to L is a linear isomorphism and the columns of A are
characterized as the vectors of L which are mapped in the order by p, to
the vectors es,, ..., eq, of the standard basis of RE.

In summary, there are (Z) Schubert symbols. For every such a symbol

o, the subset Cj; of &, ;, formed by the k-subspaces of R™ which share the
symbol o is in bijection with the subset C, of L,, . formed by the matrices
in column echelon forms which also share the symbol o. C, has a natural
base point, that is the matrix J, whose non-pivot entries are all zeros; then

Co=J,+V,
and it is easy to check that V, is a linear subspace of M (n, k,R) formed by
the matrices with a given pattern of zero entries determined by the symbol o.
The other entries contain free parameters. By counting the free parameters
column by column, we readily verify that

k
dy :=dimVy =Y (n—o0; — (k—j)) .
j=1
It follows that C; C &,,; admits a smooth parametrization
Ve R — C, .
By varying the symbols, we have obtained a partition of &,, ;, by open cells.
We claim that:
The closure of every Cy in &,y is formed by the C,’s such that for
every j, 0 > 0j.

This claim is not obvious. We omit the proof, however, next item (4)
should help the reader to reconstruct a proof.

Remarks and examples. (1) There is one top-dimensional (i.e. of
dimension k(n —k)) cell of &, ;, corresponding to the symbol (1,2,3,..., k).
This covers a chart around the image of I, in &,, ;. In general, every cell
(s has a natural base point, that is the image in &, j, of the matrix J, € C,.
There is one 0-cell corresponding to the symbol (n —k+1,n —k,...,n).
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(2) In the case of projective spaces P"(R) = &,,41 1, there are n + 1
cells, one cell for each dimension n,...,0, corresponding to the symbols
(1),(2),...,(n+ 1). The closure of each cell of dimension d is a copy of
P%(R) linearly embedded in P™(R).

(3) For example, &4 has six cells corresponding to the Schubert sym-
bols (1,2), (1,3), (1,4), (2,3), (2,4), (3,4), and these cells have dimensions
4,3,2,2,1,0, respectively.

(4) The cells of &,,; can be described also in terms of the orthogonal
Stiefel manifold Sy, . A matrix A e Sh.k is in orthogonal column echelon
form of symbol ¢ if its standard column echelon form A is of symbols o
and A may differ from A only by: (i) the pivot entries of A are non-zero
not necessarily equal to 1; (ii) the entries of a pivot row of A on the left
of the pivot are not necessarily equal to 0; (iii) the last non-zero entry of
every column is positive. We can verify that, for every L € &, j, there is
only one A € Sp.r which projects to L; in fact, if A is the unique matrix
in standard column echelon form which projects to L, then we can obtain
A by applying the Gram-Schmidt algorithm to the columns of A considered
in the backward order, normalized to also achieve the above condition (iii).
The subset C, of Sy k. formed by the matrices in echelon form of symbol o is
diffeomorphic to C, C L,, ;. and maps diffeomorphically to Cy; C &, ;. We
can prove that the closure of Cy in Sy is diffeomorphic to a closed disk of
dimension d, which maps to the closure of Cy; in &,, ;.

3.6. Stiefel and Grassmannian manifolds as real algebraic sets

For the notions and basic results of (real) algebraic geometry mentioned
in this section, we can refer, for example, to [BCR] or to [BR].

By definition, a real algebraic set Z C R™, for some m € N, is of the
form Z = F~1(0) for some polynomial map F : R™ — R". The orthogonal
Stiefel and Grassmann manifolds (even in the complex version) are examples
of real algebraic sets. We are going to outline a way to show again that they
are embedded smooth manifolds using algebraic geometry, obtaining indeed
a stronger result.

For every algebraic set Z as above,

I(Z) :={p(X) e R[Xy,..., X\n]; p(x) =0 for every x € Z}

is called the (defining) ideal of Z. By a theorem of Hilbert, I(Z) is finitely
generated; that is, there exist some polynomials pi(X),...,px(X) € I(Z)
such that I(Z) coincides with the set of linear combinations of the p;(X)’s
with polynomials coefficients in R[X7q,..., X,,]. Consider the polynomial
map
P:R™ 5 RF, P(x) = (py(2),...,pr(z)) .
For every p € Z, set
r(p) = rank d,P .
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It is not too hard to show that r(p) does not depend on the choice of the
generators pi,...,pg. S0 it is well defined

r(Z) =max{r(p); p€ Z} .

Assume, for simplicity, that Z is irreducible; that is, it cannot be ex-
pressed as Z = Z; U Zs where Z; and Zy are algebraic sets both different
from Z (you can prove that the connected Stiefel and Grassmann algebraic
sets are irreducible, except for the orthogonal groups O(n)). Then p € Z
is a regular point if r(p) = r(Z). By the definition, the set R(Z) of regular
points of Z is nonempty. A Zariski open set in R™ is of the form R™ \ Y
where Y is an algebraic set in R™. The following is a nontrivial result.

THEOREM 3.4. Let Z C R™ be an irreducible algebraic set of rank r =
r(Z). Then, for every p € R(Z), there exists a Zariski open set U of R™
and a polynomial map F = (F1,...,F.) : R™ — R" such that:

(1) peU.

(2) Fj S I(Z), j=1...,r.
(3) ZNU =UNF~1(0).
(4) For everyx e UNZ,

rank d,F =1 .

In particular, R(Z) is an embedded smooth manifold in R™ of dimension
m—r.

COROLLARY 3.5. Let Z C R™ be one of our favourite (Stiefel or Grass-
mann) algebraic sets. Then Z = R(Z). In particular, Z is an embedded
smooth manifold of dimension m —r(Z).

Proof : We know that R(Z) # (). Let p € R(Z). By using the suitable
transitive action on Z of orthogonal (unitary) groups, we realize that, for
every q € Z, there is a particularly simple diffeomorphism ¢ : R™ — R™
such that ¢(Z) = Z and ¢(p) = ¢. Although this is a particular case of
a general result on the invariance of R(Z) up to “algebraic isomorphism”,
these diffeomorphisms are so simple that we can check directly that, since p
is regular, then ¢ is also regular. Then Z = R(Z).

|

Note that the linear Stiefel manifolds are Zariski open sets of the perti-
nent matrix spaces.

REMARK 3.6. The notion of regular point is rather delicate. For ex-
ample, it can happen that there is some irreducible algebraic set X C R™
which is an embedded smooth manifold, nevertheless R(X) # X.



CHAPTER 4

The category of smooth manifolds

In this chapter, we introduce the most general category of smooth man-
ifolds considered in this text. Abstract smooth manifolds and smooth maps
between them will be introduced by taking as definitions some properties
satisfied by embedded ones. Embedded manifolds are eventually incorpo-
rated in the general theory as being submanifolds of some Euclidean space.
We will see in Section 4.34 that (abstract) compact manifolds can be em-
bedded in some R™. As we are mainly interested in compact manifolds,
considered up to diffeomorphism, this abstraction would sound a bit super-
fluous. However, there are good reasons to do so. We will point out natural
constructions to build new abstract compact manifolds, starting from given
ones, even embedded. It would be artificial to force these constructions in
the embedded setting. It is more convenient to use the embedding result a
posteriori, to exploit the facts that we will establish for compact embedded
manifolds in Chapter 6.

DEFINITION 4.1. A topological space M is an m-smooth manifold (we
will omit the adjective “abstract”) if:

e M is Hausdorff and with a countable basis of open sets.

e M admits a smooth atlas U = {Wj, ¢;}jes (J being any set of
indices); that is
(i) {Wj};jes is an open covering of M;
(ii) every chart ¢j : W; — U; C R™ is a homeomorphism to an open
set U; of R™ (¢; : Uj — W; denotes the inverse local parametriza-
tion);
(iii) for every i,j € J,

¢ 0 = (Wi NW;) — (W N W)
is a smooth diffeomorphism.

We summarize this second item by saying that M is (smoothly) locally
m-Euclidean.

REMARKS 4.2. (1) Two smooth atlantes of M are said compatible if their
union is a smooth atlas. The union of all compatible atlantes is the mazimal
smooth atlas of M. Every smooth atlas U of M implicitly determines such a
unique maximal atlas Ayy; this is identified with a specific smooth structure
on M.

65
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(2) Every embedded smooth manifold is a smooth manifold. In the
embedded case, the charts of an atlas were smooth by themselves, referring
to the smooth structure of the ambient Euclidean space. In the abstract
case, every single chart is only a homeomorphism; the smooth structure is
carried by the changes of local coordinates.

(3) Being locally Euclidean does not imply any of the global topological
requirements of the first item. For example, consider M = R™ x (R, 74)
where the second factor is endowed with the discrete topology. Then M is
Hausdorff and locally m-Euclidean, but it has no countable basis of open
sets. On another hand, consider on R x {0,1} (with the product topology)
the equivalence relation such that (z,7) ~ (y,4) if and only if either (z,j) =
(y,i) or z = y and = > 0. Let M be the quotient topological space. Then
M is 1-locally Euclidean and has a countable basis of open sets, but it is not
Hausdorff. In fact the two points [(0,0)] # [(0,1)] € M cannot be separated
by disjoint neighbourhoods. M x R* presents the same phenomenon in an
arbitrary dimension.

(4) The previous remark poses some principle question when we use
manifolds as a model of some physical space or space-time. Local obser-
vations can support the idea that phenomena live in a locally Euclidean
environment, but it is much more arbitrary to also assume those global
topological properties. For example, in some models of space-time, they
are not assumed a priori, they are derived a posteriori as a consequence of
certain global “causality assumptions” which look founded on physical (or
philosophical) considerations, see for instance [HE]. To our aims, we do
not hesitate to make these topological assumptions; as the theory is already
rich, there are no reasons to renounce, for example, the limit uniqueness or
the equivalence between compact and sequentially compact spaces.

(5) A smooth manifold M is connected if and only if it is path-connected.
In general, every path-connected component of M is a smooth manifold. We
can repeat word by word the proof of the embedded case.

DEFINITION 4.3. Let f: M — N be a continuous map between smooth
manifolds of dimension m and n, respectively. A representation in local
coordinates of f is of the form

f:qﬁ’ofow:U—)U/

where ¢ : W — U C R™ is a chart of Ay, ¢' : W — U’ C R" is a chart
of Ay, and f(W) C W'. Then f is smooth if for every p € M, there is a
local representation of f such that p € W and f is a smooth map between
open sets of Euclidean spaces. The map f is a diffeomorphism if it is a
homeomorphism and both f and f~! are smooth.

The following lemma is an easy consequence of the definitions and of
the basic fact that the composition of smooth maps between open sets of
Euclidean spaces is smooth.
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LEMMA 4.4. If f : M — N is a smooth map between smooth manifolds,
then every local representation of f in local coordinates is smooth.

REMARK 4.5. A chart ¢ : W — U of a smooth manifold M and its
inverse local parametrization ¢ : U — W are smooth diffeomorphisms as for
example, Idyy = ¢ o4 is a representation in local coordinates of ¥. Like the
embedded case, the dimension is invariant up to diffeomorphism.

DEFINITION 4.6. A smooth map f : M — N is a submersion (immer-
sion) if for every p € M, there is a local representation of f which is a
submersion (immersion).

DEFINITION 4.7. Let M be a smooth m-manifold. A subset Y C M is a
submanifold of M of dimension k, 0 < k < m, if for every p € Y, there exist
relative normal charts of the form

B (W,WNY,p) = (B™(0,1),3"(0,1) N R¥,0)

where as usual we consider R™ = RF x R™ % The restrictions of these
relative charts to Y provide a smooth atlas of Y.

Embedded manifolds as in Chapter 2 coincide with (abstract) submani-
folds of some Euclidean space. Smooth maps, diffeomorphisms, submersions
and immersions between embedded manifolds fulfill the above definitions.
The category of smooth manifolds and smooth maps extends the embedded
one.

Let us describe some constructions that naturally produce (abstract)
smooth manifolds.

(1) (Quotient manifolds) Let M be a smooth manifold. Let G be a
subgroup of the group Aut(M) of smooth automorphisms of M. Assume
that G acts freely and properly discontinuously on M. This means that for
every p € M, the identity is the only element of G that fixes p, and that for
every compact subset K of M, the set of ¢ € G such that K N g(K) #
is finite. Let M := M /G be the quotient topological space. We can prove
that M is Hausdorff and with countable basis. Moreover, the projection
m: M — M is a covering map; for every p € M, there is an open connected
neighbourhood W of p such that the restriction of © to every connected
component W of 7= (W) is a homeomorphism, and W carries a chart (W, ¢)
belonging to A ;. Then, by varying p in M, {(WV, pom~1)} is a smooth atlas
of M, such that m becomes a smooth locally diffeomorphic map.

(2) (Grassmann manifolds again) We have already defined (Chapter 3)
the projective spaces P*(R) as special instances of (embedded) Grassmann
manifolds. There is another classical way to obtain it. Consider R¥*1. The
multiplicative group R* acts on R*¥+1. Consider the quotient topological
space RF¥F1/R*. This is not Hausdorff; the only saturated open set of RF*!
containing 0 is the whole of R¥T! and this intersects any other saturated
open set. If we remove 0, and we restrict the action of R*, things go better.
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The orbits, i.e. the equivalence classes, are in bijective correspondence with
the set of 1-dimensional linear subspaces of R¥*1. Then we easily verify that
the quotient topological space P¥(R) := (R¥+1\ {0})/R* is now Hausdorff
and with a countable basis. We obtain the same quotient space if we restrict
the equivalence relation to the unit sphere S*, then the projection to the
quotient, 7 : S¥ — P¥(R), is a 2 : 1 local homeomorphism. It is the quotient
map by the action on S* of the group G of order 2 generated by the antipodal
map = — —z. Then we can endow P*(R) with a smooth manifold structure
as a particular case of point (1). We can do it also without restricting to
Sk, A finite atlas of P¥(R) is formed by {(Wj, ¢;)}j=1.. k+1, Where W is
the image of the saturated open set {z; # 0} of R¥1\ {0};

Giler, s annl) = (@1/z, - wja/wg, i /), - T /25)

is a homeomorphism of W; to Rk, Tt is immediate to check that the changes
of local coordinates are smooth (actually rational). A posteriori, we can
define, in a natural way, a diffeomorphism of this abstract model of the
projective space to the embedded model already constructed.

Every Grassmann manifold could be treated similarly. First, define it
as the quotient topological space of the associated linear Stiefel manifold
(which is an open set in some Euclidean space); prove that this quotient
is Hausdorff and with a countable basis, and finally give it a (abstract)
smooth atlas made by the image of suitable saturated open sets of the Stiefel
manifold. A posteriori, you can construct a diffeomorphism to the already
constructed embedded model of Chapter 3.

(3) This example could sound a bit artificial, but it reveals some sub-
tleties. Let M be a smooth manifold (even embedded). Let f: X — M be
any homeomorphism. Then

Z/{f = {(f—l(W)a po f)}(W,(b)GAM

is a smooth atlas on X so that f becomes tautologically a diffeomorphism.
If X = M (as a topological space), the two smooth structures carried by Uy
and Ajps are diffeomorphic to each other but they are not, in general, the
same structure (in other words idj; is not a diffeomorphism). Even if M is
embedded, in no natural way is the structure given by Uy embedded.

EXAMPLE 4.8. We are going to establish that SO(3) ~ P3(R). An
elegant way to see it is by using quaternions. Let H be the quaternion
algebra in its matrix form. That is, H is the subalgebra of the matrix
algebra M(2,C) of the matrices of the form

A— a+1ib c+id
\—c+1id a—1b

where a,b,c,d € R. Then H is generated by the matrix

Ai) = (8 g) A(j) = <_01 é) Ak) = (? é)
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which verifies the relations

By setting
A* = At
we have
(AB)* = A* + B*, (AB)* = A*B*
|A]? ;= AA* = det A
and if A#0
1
-1 _ & gpx
A = |A[2A .
Set

H, = {AcH; |4 =1}.

This is a group for the restriction of the multiplication. This group Hj is
naturally identified with the special unitary group SU(2) that, as a manifold,
is naturally identified with the unit sphere S3 in R%. Set

Hy={AecH,; A"=-A},
which is naturally identified with a Euclidean space R3. For every A € Hj,
as:Hy = Hp, X - AXA™!
acts as a rotation on Hg = R3. This gives us a degree 2 covering map
SU((2) — SO3), A— ay
such that a4 = ap if and only if B = +A. Hence finally
SO(3) ~ SU(2) 21 ~ P*(R)

as claimed.
Let us consider now for every (P, Q) € SU(2) x SU(2) = H; x Hj, the
map

apg:H - H, A PAQ™!

by identifying H ~ R*, apg € SO(4) and apg = ap ¢ if and only if
(P,Q) = £(P',Q'). Similarly as above, we get that

(SU(2) x SU(2))/ £ 1 ~ SO(4) .
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4.1. Topologies on spaces of smooth maps

Let M, N be smooth manifolds. We define the weak topology on every
set C"(M,N), r > 0, the topological spaces £"(M,N) (the subspaces of
C"(M,N) formed by the smooth maps), and the space £(M,N) (that is
C*>(M, N) equipped with the union of the £" topologies). This extends the
special case of open sets treated in Chapter 1. As in that case, we provide a
basis of open neighbourhoods of every element in the pertinent map space.
For every f € C"(M, N), we consider neighbourhoods of the form

Z/[T(fa fU,U’aKa 6)
where
e fuyr : U — U is a (necessarily C") representation of f in local
coordinates (U C R™, U’ C R™ being open sets);
e K C U is a compact set;
o c> 0.
Then g € C"(M, N) belongs to

ur(fan,U’aKae)

if and only if it admits a local representation (over the same open sets U, U’)
guu’ U — U’ such that guu’ € Z/[T(fUl]/,K, 6) C Ck(U, U/).
If M c R", N c R* are embedded manifolds, there is an equivalent way

to define these topologies. For every f € C"(M,N) we consider neighbour-
hoods of the form

uT(f? f: K? 6)

where

° f:Q—HRk is a local C" extension of fly : W — N, W =QnN M,

Q C R” being open;
e K C W is a compact set;
o c>0.
Then g € C"(M, N) belongs to U, (f, f, K, ¢) if and only if there exists a

C" extension §: Q — RF of gyw such that g € U, (f, K, €) C CT (9, RF).

4.2. Homotopy, isotopy, diffeotopy, homogeneity

These notions, already introduced in Chapter 1 in the special case of
open sets, extend wverbatim to smooth manifolds. They correspond to con-
tinuous paths in suitable map spaces and carry equivalence relations.

The proof of the homogeneity Theorem 1.18 is essentially local and ex-
tends straightforwardly.

THEOREM 4.9. Let N be a connected smooth manifold. Let p,q € N.
Then there is a diffeotopy with compact support between fo = idy and f = fi
such that f(p) = q.
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4.3. The (abstract) tangent functor

For embedded manifolds, tangent bundles and maps have been con-
structed as a direct generalization of the basic case of open sets in Euclidean
spaces. For abstract manifolds, they must be somehow “invented”, with the
constraint that they must be compatible with what is already done in the
embedded category. This will lead us in Section 4.4 to the general notion of
fibre bundle in the sense of Steenrod [Steen].

4.3.1. Fibre bundles. The tangent vector bundle of an embedded
manifold is the first fundamental example of the general notion of fibre bun-
dle. We saw other examples in Chapter 3, dealing with Grassmann and
Stiefel manifolds. As we will find many more examples, at this point it is
convenient to formalize this notion.

A smooth fibre bundle with base space X, total space E, and fibre I, is
a surjective submersion f : E — X between smooth manifolds such that
every fibre f~1(q), ¢ € X, is a submanifold of E diffeomorphic to a given
manifold F', and which is locally trivializable at every point ¢ of X. This
means that, for every ¢ € X, there is an open neighbourhood €2 in X and
trivializing commutative diagram of the form

d

OxF 5 O
Ira ' 41
o Y g

where Q := f~1(Q) and ® is a diffeomorphism (with inverse ¥). If E =
X x F and f = mx is the natural projection, then it is a trivial (also-
called ‘product’) fibre bundle. The family of all local trivializations form the
mazximal fibred atlas F of the fibre bundle. A fibred atlas is a subfamily of
F such that the Q’s form an open covering of X, hence the (s of E. Every
fibred atlas is contained in a unique maximal one, so it is enough to give
a fibred atlas to determine a fibre bundle structure. Every change of local
trivialization is of the form

PoV:(ANA)XxF— (QNY)xF

(p,y) = (. () (y))
where p(p) belongs to the group Aut(F') of the smooth automorphisms of
the fibre F'.

In many cases, the fibre F' has an additional structure which is preserved
by a subgroup G of Aut(F) (for example, FF = R", G = GL(n,R)); if the
p(p)’s as above belong to G then we have a G-fibre bundle (vector bundle,

A particular case is when dim F' = 0. In such a case, a fibration f :
E — X is also-called a covering map (of degree d if F' is compact hence
finite, and d = |F|). For every local trivialization, the restriction of f to
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every connected component of € is a diffeomorphism to 2, provided that €
is connected.

EXAMPLE 4.10. (Grassmann manifolds of oriented sub-spaces) The set
G n of oriented n-subspaces of R can be naturally endowed with a smooth
compact manifold structure &,, , such that the map

D ém,n — Gm,n
that forgets the orientation becomes a degree-2 smooth covering map
p: Q~5m7n — Gmn -

As a special case we have the natural covering map S™ — P"™(R).

A fibred map between fibre bundles is a commutative diagram of smooth
maps [g, g| of the form

E 5% g
1lr 1y
x % x

so that every fibre E, ~ F is mapped to the fibre E;(x) ~ F'. Ttis a
fibred diffeomorphism if both g and g are diffeomorphisms. In such a case,
F = F'. The diagrams [f, T f] of the tangent functor are basic examples of
fibred maps.

Fibred equivalences. Consider the set F(X, F) of fibred bundles over
a given base space X, with given fibre F'. There are two natural equivalence
relations on F(X, F):

(1) The full equivalence, generated by the fibred diffeomeorphisms [g, g]
such that g belongs to the group Aut(X) of smooth automorphisms of X.

(2) The strict equivalence (often we will omit to say “strict”), generated
by the fibred diffeomorphism of the form [idx, g].

This specializes directly to the case of G-fibred bundles.

4.3.2. Tangent spaces. Let M be a smooth m-manifold, p € M. First
we define the tangent space T),M to M at the point p. We do it by extending
Sections 1.6.1 and 2.1.1. Following the first interpretation of the tangent
spaces in the embedded case, on the set of smooth curves in M, v: R — M,
passing through the point p (v(0) = p), we consider the equivalence relation
such that v ~ 7 if and only if for every smooth function h : M — R,
do(hovy) =do(hoT): R - R. We denote by V,M the quotient set. For
every local parametrization ¢ : U — M of M at p, 1(a) = p, every [y] can
be represented in a unique way as [¢) o 7], where ¥ : R — U represents an
element of V,U ~ T,U = R™. This establishes a linear isomorphism between
R™ and V,M. Following the second interpretation of the tangent spaces,
0}y ([h]) := do(7y o h) well defines a linear isomorphism between V,, M and the
space of derivations Der(€, M) on the space of germs at p of smooth functions
h: M — R. Arguing as above we have a natural linear isomorphism between
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Der(€,M) and Der(E,U) = R™. In other words, since the tangent space
T,M is a purely local object, by using local coordinates of M at p, we can
carry on M the considerations made before for embedded manifolds. The
next more demanding task is to embody the tangent spaces in a bundle
structure.

4.3.3. Construction of the tangent bundle. Let M be an m-smooth
manifold with its maximal smooth atlas A = {(W;,#;)}jes. For every
(i,4) € J?, define the map

Kji - Wi n Wj — GL(va)a Mjl(x) = dqﬁl(:v)(gbj © (Z)z_l) .
This family of maps {15} (; j)es2 satisfies the following properties:
(1) Every pj; is smooth.
(2) For every j € J, for every x € W; N W; = W},
pj () = I -
(3) For every (j,i) € J?, for every x € W; N W; = W; N W,
pii(x) = pj ()™
(4) For every (i,j,k) € J3, for every z € W; N W; N W,
prik (@) b () i () = Ly

We summarize these properties by saying that {1} is a smooth cocycle
on the open covering A with values in the Lie group GL(m,R).

As GL(m, R) is non-commutative (if m > 1), then the order of the factors
in property 4 is not negligible.

Let us consider now the topological product M x R™ x J, where J is
endowed with the discrete topology. Let 7 be the subspace made by the
triples (x,v, j) such that x € W;. Hence T is the disjoint union of the open
sets W; x R™ x {j}, j € J, each one being canonically homeomorphic to
W; x R™. Let us put on 7 the relation (z,v,j) ~ (2/,v, k) if and only if
x =z’ and v = p;(z)v. The cocycle properties 2-4 ensure that it is an
equivalence relation. We set

T(M):=T]/~
the topological quotient space and denote by ¢ : T — T (M) the canonical
continuous projection. We have the well defined surjective map
M - T(M) - M7 WM([JJ,U,j]) =T

which is continuous. In fact, for every open set A of M, (mp0q)~!(A) is the
intersection of 7 with A x R™ x J, hence it is a satured open set, with open
image in T'(M). It is a topological exercise to show that T'(M) is Hausdorff
and with countable basis; this is left to the reader.

Local trivializations. For every j € J, set

U, W; x R = T(M), (z,v) = q(z,v,j) = [(z,v,])] -
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We verify that

(1) W, is continuous (because ¢ is continuous);

(2) U, takes values in 7wy, (W;) and mpr0¥; = pj, where p; : W;xR™ —
W; is the projection.

(3) In fact U; is a homeomorphism to wy, (W;). For if b = [x,v,k] €
T (W) , then b = W;(z, . (x)v), hence W; is surjective. If
[z,v,j] = [2/,7, j], then = 2/ and v = v’ because p;; = I,,. Hence
VU, is injective. Finally, to show that the inverse of ¥; is continuous,
it is enough to show that if A is open in W; x R™, the ¢71(¥;(A)) is
open in 7. Since the Wi x R™ x {k}’s form a open covering of T, it
is enough to prove that every ¢~ (¥, (A))N(Wy x R™ x {k}) is open.
This intersection is contained in the open set (W;NW}) x R™ x {k}
of T. On this open set ¢ = ¥, or, where r(z,v,k) = (z, ujr(x)v)
which is continuous; the thesis follows.

Changes of local trivializations. These are of the form
\I/;1 o V;(x,v) = ($7ﬂji(m)’0)
defined on (W; N W;) x R™ to itself. They are smooth, and pointwise linear
in the second argument. So we have proved that
ma T(M) — M

is a (abstract) smooth vector bundle over M with fibre R™, called the tangent
bundle of M. For every p € M, the fibre T,M := 7T]T/[1 (p) is by definition the
tangent space of M at p. T(M) is a smooth manifold because it is locally
diffeomorphic to spaces of the form W; x R™, W; being an open set in the
smooth manifold M. To be even more concrete, we can exhibit the following
special smooth atlas of T'(M) made of fibred maps:

TA={my (W)),®;)}jes
where ®; := (¢;,id) o \Ilj_l, and
(p5,id) : W; x R™ — U; x R™ C R™ x R™, (z,v) = (¢;(x),v) .
Any change of local coordinates is of the form
®j 0@ (2,0) = (g5 0 ¢ (), pjs(w)v)

which ultimately is nothing else than the tangent map of the change of co-
ordinates on M.

Tangent map. Let f: M — M’ be a smooth map between smooth
manifolds. We want to define now the tangent map
Tf:T(M)— T(M)

in such a way that [f, T f] is a vector bundle fibred map. We have constructed
the tangent bundles by patching together the product pieces. We do sim-
ilarly for Tf. Precisely, let (73, (W), ®), (7, (W’),®') be fibred charts of
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T (M) and T(M') which dominate charts (W, ¢), (W', ¢') of M and M’ re-
spectively. Assume also thftt this system of charts gives us a representation
in local coordinates of f, f = ¢ o f o ¢~!. Then we locally define

TfVV,W’ : 7'(';/11 (W) — 7T]T/11, (W/), TfW,W’ =d'o Tf ot .

Recalling the equivalence relation that we have used to build the tangent
bundles, we readily check that these locally defined T'f’s are in fact rep-
resentations in local (fibred) coordinates of a globally defined fibred map
Tf:T(M)— T(M'). For every p € M, the restriction d,f of T'f to T,M
is a linear map

dpf : TpM — Tf(p)M/
which by definition is the differential of f at p.

Tangent functor. The basic functorial properties of the chain rule
globalize so that we have:

The tangent category of the category of smooth manifolds has as objects
the tangent vector bundles of smooth manifolds and as morphisms the tan-
gent maps of smooth maps between smooth manifolds. Then

M = ay:T(M)— M, f:M— M =|[fTf]

define a covariant functor from the category of smooth manifolds to its tan-
gent category. This extends the embedded tangent functor.

Immersions, submersions and embeddings. We can reformulate
now the definition of immersions and submersions, already given in Defini-
tion 4.6 in terms of representations in local coordinates, in the same way
as for embedded manifolds. A smooth map f : M — N is an immersion
(submersion) if for every p € M, d, f is injective (surjective); it is an embed-
ding if it is an immersion and a homeomorphism to its image. The proof of
Proposition 2.12 is of local nature and extends straightforwardly.

PROPOSITION 4.11. (1) Let f : M — N be a surjective submersion;
then for every ¢ € N, Y = f~1(q) is a submanifold of M and dimY =
dim M —dim N.

(2) If f : M — N is an embedding then f(M) is a submanifold of N.

(8) If f : M — N 'is both an immersion and a submersion, then it is a
local diffeomorphism.

4.4. Principal and associated bundles with given structure group

The construction of the tangent bundles lends itself to a wide general-
ization. Let G be a Lie group (such as GL(m,R), O(m), SO(n), U(n), ...).
Assume that it acts on a smooth manifold F'. This means that there is a
group homomorphism (also-called a representation)

p:G— Aut(F) ;
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the associate action is
GxF—F, (g,2) = p(g)(z)

and sometimes we simply write gz instead of p(g)(z). We also require that
p is injective so that G is identified with its image in Aut(F') and considered
as a group of transformations of F.

REMARK 4.12. A Lie group G acts on itself by the injective homorphism
g — Lg (i.e. by left multiplication)

GxG—G, (g,h) = Lyg(h) == gh .

Let M be a smooth manifold and U = {As}sez be an open covering of
M. A principal cocycle on U with values in the structure group G is a family
of smooth maps

c={cs: AsN Ay — G}(s,t)ez2
such that
(1) For every s € Z, for every x € As,

css(x) =1€G .

(2) For every (s,t) € I2, for every x € AgN Ay,
cst(x) = ()71

(3) For every (s,t,7) € I3, for every x € A; N Ay N A,
Cor(T)ere(z)eys(x) = 1.

For every representation p : G — Aut(F') as above, we have an associated
cocycle with values in Aut(F')

{pts :=pocs: AsN Ay — Aut(F)}(&t)ep

which satisfies the same properties 1-3 (by replacing 1 € G with 1 € Aut(F)).
We can repeat word by word the above construction of the tangent bundles
and get a smooth fibre bundle over M with structure group G and fibre F.
So we have a wide family of bundles that share the basic cocycle ¢. When
F = G and G acts as above by left multiplication, we get the principal
bundle of the family; all the other bundles are said to be associated to such
a principal bundle.

4.4.1. Equivalent cocycles. The strict equivalence of fibre bundles
can be rephrased in terms of the defining cocycles. Assume that two cocycles
¢ and ¢’ with values in G are defined on the same open covering U = {As}sez
of M. Then they define strictly equivalent bundles if and only if there is a
family of maps

{)\s . As — G}SEI
such that for every (s,t), for every x € AN Ay,

cha(@) = As(@)ers(@)e(2) 7
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4.5. Tensor bundles

We are going to show that for every smooth m-manifold M, the tangent
vector bundle 7y : T(M) — M is associated with a wide family of further
vector bundles over M

{Wpaq : qu(M) — M}(p,q)EN2

called tensor bundles , such that T(M) = T}(M).

Let us recall first some elementary facts of finite-dimensional multi-linear
algebra. Every finite-dimensional real vector space V has an infinite family
of associated tensor spaces Ty (V), p,q € N, also denoted (V)®" @ (V*)®".
They consist of the multilinear forms

P q
a:HV*xHV—HR.
i=1 j=1

Hence the dual space V* = TP (V), while V is “equal” to Tg(V) via the
canonical identification of V' with its bidual space (V*)*. If dimV = m,
then

dim TP(V) = mP? .
Moreover, every basis B of V is associated in a canonical way to a basis B

of TP (V'); we can say that the basis B “propagates” to each tensor space.
The linear group GL(V) acts on 77 (V') by

(9,2) = g(a)

g(a)(wl, cee 7wp7v17 tee 7“(1) - a((gt)_l(wl)a RN <gt)—1(wp),g(v1)7 te 79(“(1)) .
By applying this to V = R™ (endowed with the canonical basis C) and to
TP (R™) (with the canonical basis C}), we get a representation
ppq : GLOM, R) — GL(TZ(R™)) ~ GL(m, R)
which is an explicit reqular rational map. The basic example is
po1(A) = (A7,
As another example, T9(R™) can be identified with M (m,R) by associating
with every matrix B the form
(v,w) = v'Bw .
Then
po2(P)(B) = P'BP .

Sometimes, it is interesting to consider subspaces W of T2 (V), dim W =
w , which are invariant for the action of GL(V') and are endowed as well with
a basis By canonically associated with B. By applying this to V' = R™, this
gives rise to other representations

pw : GL(m,R) — GL(W) ~ GL(w,R) .

For example, consider the subspace W = S2(V') C T9(V) of symmetric bilin-
ear form on V x V (i.e. the space of scalar products on V). In this case, the
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representation pyy is just the “restriction” of pp2. Another example is the
subspace A)(V) C T2(V) of alternating multilinear forms. As a particular
case, AY (R™) is 1-dimensional with canonical basis

det : M(m,R) - R, X — det(X)
considered as an m-linear function of the columns of X. This gives rise to
the representation
Om : GL(m,R) — GL(1,R), §,,(P) = det P .

We can apply the machinery developed in Section 4.4 to the cocycle
which carries the tangent bundle and to each representation p,, (and rel-
atives); this produces the required tensor bundles 7, , : T4 (M) — M such
that, for every z € M, m, t(z) = T7(T, M), and clearly T(M) = Ty (M).
The determinant representation d,, leads to the determinant bundle of M.
The principal bundle of this family is the frame bundle of M, once we have
identified the columns of any nonsingular matrix with a basis of R™.

REMARK 4.13. If M is embedded, then the tangent bundle is a very
concrete object, “embedded” by construction. This holds for every tensor
bundle on an embedded manifold.

4.6. Tensor fields, unitary tensor bundles

We can generalize the content of Section 1.7 of Chapter 1 to smooth
manifolds.

Let m : E(M) — M be any tensor vector bundle as above, with fibre
E.M over x € M of dimension r. A section of this bundle is a smooth map
o: M — E(M)
such that for every z € M, n(o(z)) = x. In other words, o determines a

smooth field of tensors of a certain type on M. Denote by
I'(E(M))
the set of these sections. As for every vector bundle, every I'( E(M)) includes
a canonical zero section
oo(x) = (x,0), x € M .
In this way, M is canonically included in E(M). Every I'(E(M)) is a module
over the commutative ring C*° (M, R), hence a real vector space.

e An element of I'(T'(M)) is called a (tangent) vector field on M. Gen-
eralizing verbatim Section 1.6.1, I'(T'(M)) is isomorphic to the vector space
of derivations on C*°(M,R), Der(C*(M,R)).

e An element in I'(T*(M)) is called a 1-differential form on M. If f :
M — R is a smooth function, then df € I'(T*(M)).

e A section g € T'(S9(M)) such that g(x) is positive definite for every
x € M is called a Riemannian metric on M. Every embedded manifold
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M C R" admits Riemannian metrics: for every Riemannian metric § on
R” (for instance the standard gg), the restriction of g, to T, M for each
x € M defines a Riemannian metric g on M. In fact, every smooth manifold
admits Riemannian metrics; this could be demonstrated using more general
partitions of unity than the finite ones used by us, but we do not discuss
this point.

A map f:(M,g) = (N,g’) is an isometry if it is a diffeomorphism and
for every x € M, v,w € Ty M, gz(v,w) = g}(x)(dxf(v)jdxf(w)).

If (W, ¢) is a chart of (M, g), with inverse parametrization ¢ : U — W,
then by imposing that 1 is tautologically an isometry we get a representation
gu of g in local coordinates; gy is an instance of Riemannian metric on the
open set U C R™ as defined in Chapter 1.

e Given a Riemannian metric g on M, for every smooth function f :
M — R there is a unique vector field V,f (called the gradient of f for g)
such that, for every x € M, every v € T, M,

dy f(v) = 9:(Vof(2),0) .

e Let (W, ¢) and (U,v) be a chart and a parametrization of M, respec-
tively, as above. Then for every X € I'(T'(M), every w € I'(T*(M)), by
using either ¢, or V* we get local representations in the coordinates of U of
the type described in Section 1.7. Representations in local coordinates can
be straightforwardly developed for every field of tensors of arbitrary type on
M.

4.6.1. Unitary tensor bundles. Let (M, g) be endowed with the aux-
iliary Riemannian metric g. Set
UT(M) = {(z,v) € TU); ||v[lg, = 1}
with the restriction
umpr : UT(M) — M
of mpr : T(M) — M. Then UT(M) is a submanifold of T'(M) of dimension

m(m—1), and umy is a surjective submersion with every fibre diffeomorphic
to the unitary sphere S™~!. More precisely, the local trivializations of T'(M),

UxR™ ¢ 1w
iWU iﬂw

v 4w

restrict to “unitary” local trivializations

Ux st UL urow)
Iy Jumw
U 4w

Then umyy : UT (M) — M is called an unitary tangent bundle of M.
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Let m: E(M) — M be, as before, any of our tensor bundles. For every
x € M, the positive scalar product g, on every T, M canonically propagates
to a positive definite scalar product g2 on the fibre £, M. This is defined
as follows: given one g,-orthonormal basis B, of T, M, g¥ is determined by
imposing that the basis BY of E,M canonically associated with B, is gZ-
orthonormal (we verify that this does not depend on the choice of the basis
B.). Then, by the very same procedure, we get the unitary tensor bundle

ur :UE(M) - M

with fibre isometric to the unitary sphere S™ 1.

If f: M — N is a diffeomorphism and we endow NV with the Riemannian
metric ¢ such that f : (M,g) — (N, g) is tautologically an isometry, then
f preserves the corresponding unitary bundles. The total spaces of two
unitary bundles, defined using two metrics gg and g1 on M, are canonically
diffeomorphic via radial diffeomorphisms fibre by fibre, centred at the origin
of each tangent space T;M. Moreover, by using the path of Riemannian
metrics g, = (1 —1t)go +tg1, this diffeomorphism is connected to the identity
by a smooth path (an isotopy) through diffeomorphisms of unitary bundles
of the same type. These considerations “propagate” to all tensor bundles.
Unitary tensor bundles are well defined up to isotopy.

4.7. Parallelizable, combable and orientable manifolds

A smooth manifold M of dimension m > 1 is said parallelizable if there
are m sections ¥ = (01,...,0m,) € I'(T(M))™ such that, for every x € M,
Y (x) is a basis of T, M. This property “propagates” to every tensor bundle.
For every (p,q), the canonical correspondence ¥ (z) — X(x)} determines

¥he F(Tf(M))mpq

such that, for every z € M, X(z)} is a basis of T (T, M); similarly we
have a nowhere vanishing section det of the determinant bundle dp; :
det(T'(M)) — M. In generic notations, denote ¥ € I'(E(M))" such a dis-
tinguished field of bases. We can define

ts: M x R — E(M), ts(z,v) = (x,zvjaj(x)) :

J

This is a diffeomorphism and also a vector bundle map in the sense that for
every x € M, it induces a linear isomorphism {x} x R" — E, M. Moreover,
the following diagram obviously commutes:

M xR 3 EM)
I I
M id 1 M
Then ty is called a global trivialization of the bundle E(M). M is paral-

lelizable if and only if its tangent bundle is strictly equivalent to a product
bundle, and a necessary condition is that the determinant bundle of M has
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a nowhere vanishing section. Let us say that M is orientable if it satisfies
such a necessary condition. If M is parallelizable, then it is “combable”’, that
is it carries a nowhere vanishing tangent vector field. Every open set of R"
is parallelizable, hence orientable and combable. The same facts hold locally
on every manifold M. So we have here a bunch of genuine global questions
concerning the structure of a generic smooth manifold M in terms of the
existence of suitable patterns of sections of naturally defined vector bundles
over it.

Let us explicate now the definition of orientability. It is clear that M
is orientable if and only if every connected component of M is orientable,
so let us assume that M is connected. Consider the unitary determinant
bundle. The fibre is S° = {41}, so we can write it as

p: M— M

where M is an m-manifold and p is a covering map of degree 2 called the
orientation covering of M . The fibre over every x € M is {(x,£1)}. There
are two possibilities: either M is connected or it has two connected compo-
nents M = M, U M_ where My = {(x,+1);z € M}. The restriction of p
to M is a diffeomorphism (basically it is the identity). If z — (z,0(z)) is
a nowhere vz?n)ishing section of the determinant bundle, as M is connected

x

. o
the sign HUT

Moo is constant. So we have proved
g(x

PROPOSITION 4.14. M is orientable if and only if M = M+ UM_ is not
connected.

ExaMpPLE 4.15. Referring to Section 3.4, even-dimensional projective
spaces are nonorientable and the covering maps S™ — P"(R) are examples
of connected M — M.

The alternative “M orientable/nonorientable” can be reformulated as
follows: a signature s on an atlas U of M assigns to every chart a sign
s(W,¢) = £1. Given such an s, modify U to Us; by post-composing every
chart with negative sign with a linear reflection of R™ (which has the de-
terminant equal to —1). An atlas U is oriented if all changes of coordinates
for U have the determinant sign constantly equal to 1.

PROPOSITION 4.16. The following facts are equivalent to each other:

(1) M is orientable;

(2) There ezists an oriented atlas U of M ;

(3) For every atlas U of M, there exists a signature s such that Us is
oriented.

We leave the proof as a useful exercise on this pattern of definitions. The
condition of point (2) is often given as the very definition of orientability.
Here are some further remarks on these notions.

e If M is connected and orientable, then every oriented atlas U is con-
tained in a unique maximal oriented atlas. There are exactly two maximal
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oriented atlantes A*. Any signature s on A such that A, is oriented pro-
duces one among A*; s produces AT if and only if the opposite signature
—s produces A~. By definition, A* define two opposite orientations of M
and make it (in two ways) an oriented manifold . If M is oriented, —M
denotes M endowed with the opposite orientation. The two components of
M are naturally oriented and correspond to the two orientations of M.

e The definition via oriented atlas allows us to recover the elementary
notion of orienting R™ as a vector space. By definition, two bases B and D
of R™ are co-oriented if the determinant of the change of linear coordinates
passing from B to D is positive. By the multiplicative properties of the de-
terminant, this defines an equivalence relation on GL(m,R) (considered as
the space of bases of R™); then an orientation on R™ is an equivalence class
of bases. Let us call standard orientation the class [C] of the canonical basis
C. If U is a (connected) open set of R™ we get the standard field of orienta-
tions by giving each T, U = R™ the standard orientation. U is an orientable
manifold and we can take the maximal oriented atlas AT of U which contains
the chart id : U — U. Let ¢ : U’ — W’ C U be the local parametrization
associated with a chart of AT. By taking the standard field of orientations
on U’, dip transforms it to the field of orientations {[dy¢(C)]}z=y(y) on W'
The fact that v belongs to AT just means that this last field coincides with
the standard one on W’. Extending these considerations to an arbitrary
manifold M, an orientation on M, if any, can be considered as a “locally
coherent” field of orientations on each T, M.

e Let f: M — N be a diffeomorphism. If & = {(W, ¢)} is an atlas of
M, then

fU) ={(f(W),¢0 f )}

is an atlas of V. The proof of the following lemma follows immediately from
the definitions.

LEMMA 4.17. Let f : M — N be a diffeomorphism between connected
oriented manifolds with maximal oriented atlas A]T/[ and .A]J(,, respectively.
The following facts are equivalent to each other.

(1) f(Ay) = Ay -

(2) There exists an oriented atlas U C A}, such that f(U) C AJ,.

(3) For every representation in local coordinates fyy : U — U of f
relative to charts in AL and AX, and for every x € U, det d, fy >
0.

If one (hence all) of the above conditions is satisfied, then we say that f

is an oriented diffeomorphism.

e By specializing to oriented manifolds we get a sub-category of our
favourite one.
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REMARK 4.18. (Oriented 0-Manifolds) A connected 0-manifold is just
one point. We stipulate that it is orientable and is oriented by giving it a
sign £1.

4.8. On complex manifolds

Another reason to introduce the abstract notion of manifold in terms
of atlantes with the changes of coordinates in a certain class of homeomor-
phism (for instance, smooth diffeomorphisms in our favourite setting) is
that it is suited to several interesting implementations. Abstract complex n-
manifolds have as local models the open sets in C™ and change of coordinates
that are complex analytic (i.e. holomorphic) diffeomorphisms (i.e. biholo-
morphisms). Holomorphic maps between complex manifolds are defined in
terms of holomorphic local representations; and so on, by following and spe-
cializing several constructions developed above (complex tangent bundle,
complex submanifolds, etc.). On the other hand, by the maximum princi-
ple, the constant functions ¢ : M — C are the only holomorphic functions
defined on any compact connected complex manifold M. So compact com-
plex manifolds cannot be embedded in any C™, as complex submanifolds.
This is an important difference compared with our favourite real smooth
theory. Bump functions do not exist in the complex setting, so the many
constructions which employ this tool cannot be performed on complex man-
ifolds. Although we have introduced them as examples of embedded smooth
manifolds, the complex Stiefel and Grassmann manifolds (in particular the
complex projective spaces) can be naturally endowed with a compact com-
plex manifold structure. By identifying C" ~ R?" and considering holomor-
phic maps as a special kind of smooth maps, and by forgetting the complex
structure, every complex n-manifold M can be considered as a smooth 2n-
manifold (as we have done for the complex Grassmannian); moreover, the
complex structure induces on this 2n-manifold a natural orientation. Es-
pecially in dimension 4, 2-complex manifolds (also-called complex surfaces)
form an important class of oriented 4-manifolds.

The Riemann sphere. As a basic example, let us consider P*(C);
let us identify R?> ~ C and consider the two-charts atlas of the 2-sphere
S? given by the stereographic projections from the two poles. These can
be considered as C-valued charts. To make it a complex-manifold atlas, it
is enough to compose the second projection with the complex conjugation
z — Z. Moreover, it is immediate to identify such an atlas with the standard
two-charts complex atlas of P1(C). This shows, in particular, that P*(C)
is diffeomorphic to S2; this last, considered as a 1-dimensional complex
manifold, is called the Riemann sphere .

REMARK 4.19. It has been known for some time [BoS] that S% is the
only other sphere that could carry a complex manifold structure. It is a
hard open question whether this happens.
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4.9. Manifolds with boundary, proper submanifolds

By definition, a smooth m-manifold M is locally diffeomorphic to open
sets of the basic model R™. Let us change this last by taking instead the
half-space

H" = {z € R™; z,,, > 0}
with the boundary
OH"™ ={z e H"; z,, =0} .

DEFINITION 4.20. A topological space M is an m-smooth manifold with
boundary if:
e M is Hausdorff, with a countable basis of open sets.
o M admits a smooth H"-valued atlas U = {Wj, ¢;}jecs (J being
any set of indices); that is
(i) {W;}jes is an open covering of M;
(ii) every chart ¢; : W; — Uj is a homeomorphism to an open set
U; of H™, v; : U; — W; denotes the inverse local parametrization;
(iii) for every i,j5 € J,
¢j o i di(Wi N Wj) — (Wi N W)
is a smooth diffeomorphism (in the sense established in Chapter 2)
between open sets of H™.
The boundary OM is the set of points p € M such that there exists a
chart (W, ¢) at p such that ¢(p) € OH™.

There is also a natural notion of embedded smooth m-manifold with
boundary M C R".

The following lemma provides a basic way to produce manifolds with
boundary.

LEMMA 4.21. Let X be an m-manifold with empty boundary, f: X — J
a surjective submersion, where J is an open interval of R, and 0 € J. Then
M = {z € X; f(x) > 0} is an m-manifold with boundary OM = {f(x) = 0}.

Proof : The question being of local nature, we can reduce it to submer-
sions in normal form for which the result is evident.
]
The following lemma contains an extension of Lemma 2.3 and is similarly
an application of the inverse map theorem and its corollaries.

LEMMA 4.22. Let M be a smooth m-manifold with boundary. Then

(1) If p € OM, then for every chart (W, ¢) of M at p, ¢(p) € OH™.

(2) Int(M) := M \ OM is an open set in M and a manifold with empty
boundary (called the interior of M ).

(3) For every p € OM, there are normal relative charts of (M,0M) at
p:

¢ (W,WnoM,p) — (B™(0,1)nH™,B™(0,1) N OH™,0)
(4) If OM # ), then it is an (m — 1)-manifold with empty boundary.
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The definition of “smooth manifold with boundary” does not exclude
that OM = (). We have considered at first such a boundaryless case. It is
formally convenient to stipulate that the empty set () is a k-boundaryless
manifold for every k£ € N. In such a way, for example, point (4) of the last
lemma holds even if M = (). By setting M = (M, () for every boundaryless
manifold, the earlier category of smooth manifolds extends to the category
of smooth manifolds with boundary. Let us briefly retrace within such an
extension the main facts developed so far .

e The tangent functor and its relatives extend wverbatim. If OM is
nonempty, the inclusion j : M — M leads to a vector bundle embed-
ding [7,Tj] of maps : T(OM) — OM in wpr : T(M) — M. The total space
T(M) is a manifold with boundary equal to the restriction over OM of the
tangent bundle of M (with the notions that we will introduce in Chapter 5,
it is the pull-back j*T'(M) over OM). Likewise for the other tensor bundles.

e The topologies of spaces of smooth maps between manifolds with
boundary extend word by word.

e “Orientability /orientation” extends directly. The boundary OM of an
oriented M is orientable and we can fix the following procedure to make it
the oriented boundary of M:

(“First the outgoing normal”) Take an oriented atlas U of M made by
normal charts. Post-compose every chart along the boundary OM with a
transformation r € SO(m) such that r(eq, ..., en) = (—em,r(e1,...,em—1)).
The so obtained atlas, ri{, is again an oriented atlas of M and its restriction
to OM is an oriented atlas which carries an orientation of the boundary.
Via the usual convention M = (M, (), the category of oriented boundary-
less manifolds extends to the category of oriented manifolds with oriented
boundary.

e (submanifolds) Submanifolds Y of a manifold with boundary M might
have nonempty boundary. Extending Remark 2.8, because of the presence
of the boundaries, there are several qualitatively different ways of being a
submanifold; let us list a few examples:

(1) (Y ¢ M) = (B"(0,1) c B™0,2)): 9Y # § and Y is contained in
the interior of M.

(2) (Y Cc M) =(Int(M) C M); if OM # ), then Y is not closed in M.

(3) (Y ¢ M) = (N c B"0,1)), where N is defined in Remark 2.8:
Y is boundaryless, it is contained in the interior of M, and every
point of M is in the closure of Y; again, Y is not closed in M.

(4) (Y ¢ M) where Y = B"(0,1), M = {x, > —1}. Then 9Y is
tangent to 0M, while the interior of Y is contained in the interior
of M.

(5) Let v : =712 : R — R be the bump function defined in Chapter 1.
(Y ¢ M) = (N c H?), where N = {(z,y) € H%; y > v(z)}. Then
dY is partially contained in the interior of M, and partially in OM.
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6) ...
Among this wide typology, there is a particularly clean type which de-
serves to be pointed out by a definition.

DEFINITION 4.23. Let Y C M be a smooth manifolds with boundary.
Then Y is a proper submanifold of M if
(1) Y is closed in M;
(2) Y =Y NoM;
(3) Y is transverse to OM. This means that for every p € Y N oM

T,M = T,Y +T,0M .

None of the examples above are proper. Every M is a proper submani-
fold of itself. The properness implies, for example, that every boundaryless
component of Y is contained in the interior of M. If OM = (), then also
9Y = ; if dimY = dim M, then Y is union of connected components of M.

The following proposition extends (1) of Proposition 2.12 in two ways,
to manifolds with boundary and oriented manifolds.

PROPOSITION 4.24. Let M be a manifold with boundary and N a bound-
aryless one. Let f : M — N be a surjective relative submersion (that is,
both f and Of = fiam are submersions). Then:

(1) For every ¢ € N, Y = f~Y(q) is a proper submanifold of M and
dimY =dim M — dim N.

(2) If both M and N are oriented, then Y is orientable, and we can
fix a procedure to orient it in such a way that the orientation of JY as the
oriented boundary of Y coincides with the orientation obtained by applying
the procedure to df, provided that OM is the oriented boundary of M.

Proof : Assume that dim M = m, dim N = n. If ¢ does not belong
to the image of Jf, then we apply directly Proposition 2.12 so that Y is a
closed boundaryless submanifold of the interior of M. Assume now that ¢
belongs to the image of df. The question being of local nature, it is enough
to analyze a representation (called f as well) of f in local coordinates which
are normal for (M,0M):

f(B™0,1)nH™, B™0,1)NnoH™) - U C R"

and ¢ = 0 € U. Moreover, we can assume that f is the restriction of a
smooth map g : B™(0,1) — U defined on the whole of B"(0,1), which
is a surjective submersion. By applying again Proposition 2.12 to g, we
have that ¥ = ¢g~1(0) is a boundaryless submanifold of B™(0,1) of the
correct dimension, such that Y = f~1(0) is Y = Y NH™. As f is a relative
submersion, we readily check that Y is transverse to OH™ and that the
restriction m to Y of the projection to the x,, coordinate is a submersion
to its image and that Y = {y € Y; n(y) > 0}. We conclude by applying
Lemma 4.21.

Let us come to the orientation. First, consider the case f = idy;. Then
Y = {p} is just a point of M. Let us orient it by giving it the sign +1. By
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applying the rule to 0f we get the same sign. In the general case, for every
peY let
v(p) = (T,Y)* NT,M .
Clearly
T,(M) = T,Y ® v(p)

and v(p) varies “smoothly” when p varies along Y (by using the contents
of the next chapter, this means precisely that v : ¥ — &, is a smooth
map). In our hypotheses, for every p € Y, the restriction of d,f to v(p)
is a linear isomorphism to T N. Let us consider the orientation on N
as a field of orientations on the TyN, y € N (i.e. a field of equivalence
classes of bases of T, N which is locally coherent). Take an orienting (say
“positive”) basis B, of T;N. For every p € Y, lift it to a basis B, of v(p) by
means of the restriction of the differential of f. This determines a field of
“transverse orientations” [B)] along Y. At every p, take a basis D), of T,,Y
such that the basis D, @ B, of T, M (compatible with the above direct sum
decomposition of T,,M) is positive with respect to the given orientation of
M. This determines a field [D,] of orientations on the 7,Y, eventually the
desired orientation of Y. We can check that the restriction of this procedure
to Of is compatible with the last statement of the proposition.

[

4.10. Product, manifolds with corners, smoothing

We know that the product of two (embedded) boundaryless manifolds
is a (embedded) boundaryless manifold. The situation is more complicated
if we consider nonempty boundaries. The following lemma is immediate.

LEMMA 4.25. Let M be a (embedded) boundaryless smooth m-manifold,
N be a (embedded) n-manifold with ON # (). Then M x N is a (embedded)
(m + n)-manifold with 9(M x N) = M x ON

However, if both OM and ON are nonempty, then M x N is no longer a
smooth manifold with boundary. In particular, if M and N are embedded,
M x N is no longer an embedded smooth manifold with boundary.

EXAMPLE 4.26. As a basic example, consider the square
Q=D; x Dy:=[-1,1] x [-1,1] C R%.
Its topological frontier is
0Q = (0D x D) U (Dy x 0D3) ;

its interior
Q\ 0Q = Int(D;) x Int(D2)

is an open set of R?, hence a 2-manifold with empty boundary;

Q \ (8D1 X 3D2)
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is a 2-manifold with boundary equal to
0Q \ (0D x 0D3) ,

and dDq x 0Ds is a 0-manifold. The points where @ fails to be a manifold
with boundary are the “corner” points which form 0D x dDs.

The behaviour of this very simple example is qualitatively the same as
the general one:

PROPOSITION 4.27. Let (M,0M) and (N,ON) be an m-manifold and
an n-manifold with nonempty boundary, respectively. Then M x N verifies
the following properties:

o Set
O(M x N):=(0M x N)U (M x ON) .
Then
(M x N)\O(M x N)

is a boundaryless (m + n)-manifold;
e (M xN)\(OM x ON) is an (m+ n)-manifold with boundary equal

to O(M x N)\ (M x ON);
e OM X ON s a boundaryless (m + n — 2)-manifold.

Hence M x N fails to be a manifold with boundary at the “corner locus”
OM x ON. This means that the category of (embedded) smooth manifolds
with boundary is not closed for the product. This is somehow unpleasant.
A way to fix this fact is to enlarge our category by extending the sets of
basic models, incorporating the corners. We do it in a minimal way suited
to dealing with product manifolds.

DEFINITION 4.28. The basic m-corner model is

C"={zeR™ 2, >0, z,_1 >0}
that is the intersection between H™ and another half-space. Its boundary
(in fact its topological frontier) is

0C" ={z e C™; 2, =0} U{z € C™; zp,_1 =0} .

The set C™\ {x,, = 0, x,,—1 = 0} is a manifold with boundary and the last
set is its corner locus.

Then Definition 4.20 can be extended directly, giving us the notion of
m~manifold with corners, and there is an obvious embedded version of it.

The following properties hold for the basic models and extend easily to
every manifold with corners.

(i) Every manifold with corners is naturally stratified by the disjoint
locally finite union of boundaryless connected smooth manifolds (of varying
dimension m — 2 < d < m) called the strata. The top-dimensional strata
are the components of the boundaryless smooth m-manifold M \ OM, the
(m — 1)-strata are the components of dM from which we have removed
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the corner locus, and the (m — 2)-strata are the components of the corner
locus which is a boundaryless manifold of dimension m — 2 contained in the
boundary of M. The closure of each stratum is a union of strata, as well
as the maximal smooth manifold with boundary contained in the closure of
every stratum.

(ii) The product of two smooth manifolds with boundary is a manifold
with corners.

However, manifolds with “codimension 2” corners are not closed under
the product (take, for example, the cube [—1,1]3). So we have only shifted
the difficulty and we should extend furthermore our category of manifolds.
This would bring us a bit far away from our original objects of interest.
Fortunately, there is another way that leads manifolds with corners (ac-
cording with the above restrictive definition) back to ordinary manifolds
with boundary, even though considered up to diffeomorphism. To introduce
such a “smoothing the corner” procedure, let us consider again our simplest
square example. The function

f:R2 SR, f(z)=(z; — 1)(xs — )(z1 + 1) (z2 + 1)
has the property that @ is the closure of a connected component of
R*\ f71(0)

and for every = € int(Q), f(z) > 0. For every € > 0, sufficiently small, there
is a connected component @ of f(z) > € contained in the interior of @), and
which is a smooth manifold with boundary homeomorphic to (). Moreover,
we can construct a “piece-wise smooth” radial homeomorphism (centred at
0) s: Qe — @ such that the natural stratification of @ lifts to a stratification
by smooth submanifolds of (). and the restriction to the maximal manifold
with boundary contained in the closure of every stratum is a diffeomorphism
to its analogous image in ). Finally, up to diffeomorphism, the result of such
a smoothing does not depend on the specific implementation (in particular
on the choice of the small €).

This basic idea can be generalized. By applying it to C™, by using M, =
{TmTm—1 > €} NC™ and € > 0 small enough, we get a nice local smoothing
homeomorphism s : M, — C™ with the same qualitative properties as
above. Then we should prove that such local smoothing can be patched
to give a global smooth atlas. This could be a bit technically demanding
and we are not pushing further in that direction. In Section 7.3, we will
reconsider and properly establish such a smoothing procedure in a more
flexible “abstract” setting. Regardless, we can now state the following.

PROPOSITION 4.29. For every m-manifold with corner M, then

(1) by implementing a certain procedure of “smoothing the corner”, we
get a smooth manifold with boundary M and a piece-wise smooth homeo-
morphism

s: (M,0M) — (M,dM)
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such that the natural stratification of M lifts to a stratification of M by
boundaryless smooth submanifolds, and the restriction of s to the mazximal
smooth manifold with boundary contained in the closure of every stratum of
M is a diffeomorphism to its analogous image in M.

(2) M is uniquely determined up to diffeomorphism (i.e. it does not
depend on the actual implementation of the procedure).

Coming back to our motivating problem, the product of two smooth
manifolds with boundary as a smooth manifold with boundary is well defined
up to diffeomorphism.

4.11. Embedding compact manifolds

To a large extent, in this text we will focus on compact smooth manifolds.
We begin in this section. First, we point out that the weak topologies on the
map spaces C>°(M, N) are adequate if the source manifold M is compact.
Then, the main result of the section is that every compact manifold can be
embedded in some Euclidean space; that is, up to diffeomorphism, we can
assume that it is an embedded manifold.

4.11.1. Nice atlas and finite partitions of unity. Let us introduce
some useful technical devices. Let M be a smooth m-manifold (possibly
with boundary). Recall that a normal chart (W, ¢) of M is either contained
in the interior of M and of the form

¢: W — B™(0,1)
or it intersects M and is of the relative form
p(W,WNoM)— (B™(0,1)nH™,B™(0,1) noH™) .
The bump function (recall Section 1.4)
¥ =312 B"(0,1) = R
lifts to a global bump function
yw:M—=R

with compact support

Sw = ¢ Y(B™(0,1/2)) C W .
Set

By = ¢~ 1(B™(0,1/3)) C Sw .

By is a relatively compact open set in M.

DEFINITION 4.30. Let M be a compact smooth manifold.

(1) A nice atlas of M is a finite atlas U = {(W}, ¢;)}j=1,... s formed by
normal charts, such that the family {B;} (B; := Bw;) is an open covering
of M.
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(2) Set 5 = w;,
i

Zj’)’j
da=1.

J
Then {Aj}j=1,. s is the (finite) partition of unity subordinate to the nice
atlas U.

Aj =

so that

REMARK 4.31. The finite partitions of unity of R™ involving a ‘bump
function at infinity’ used in Section 1.4 are the restriction of partitions of
unity subordinate to a nice atlas of S™, where, as usual, R” C R" U {oc0} =
S™, via a stereographic projection.

Every compact M admits nice atlantes. In fact, we will use nice atlantes
adapted to certain situations or the solution of certain problems.

4.11.2. Spaces of maps with compact source manifold. We adopt
the notations of Section 4.1. The so-called weak topology is adequate when
the source manifold M is compact as it allows a global control over the
whole of M. Let f € E"(M,N); let U be a nice atlas of M such that every
(W}, ¢;) carries a local representation f; of f. Consider the neighbourhoods
of f of the form U,(f, f;, Bj,€). Then every N; U.(f, f;, Bj,€) is an open
neighbourhood of f and, by varying € > 0, we get a basis of neighbourhoods
of f because Uij =M.

Let us study now some remarkable subsets of E"(M,N), r > 1 or
E(M,N).

LEMMA 4.32. Let M be compact. Then f : M — N is an embedding if
and only if it is an injective immersion.

Proof : One implication is evident. We know that without the com-
pactness assumption the other implication is, in general, false. To prove it,
recall that in a compact Hausdorff space, a subset is compact if and only if
it is closed and that a continuous map sends compact sets to compact sets;
it follows that, since M is compact, f is closed, so that f~! is continuous,
and f is a homeomorphism to its image in V.

[ ]

PROPOSITION 4.33. Let M be a compact smooth manifold. Then the sub-

sets of immersions, submersions, embeddings, diffeomorphisms are (possibly
empty) open sets in E'(M,N), r > 1, and in E(M, N).

Proof : An immersion or submersion f is characterized by the condition
of maximum rank of d, f at every x € M. If g belongs to a neighbourhood
of fin & (M,N), r > 1, which gives a global control on the whole of M
as above (with ¢ > 0 small enough), then g satisfies the same maximum
rank condition. As for embeddings, thanks to Lemma 4.32 it is enough to
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prove that if g is close enough to an injective immersion f then g is also an
injective immersion. Assume that this fails. Then there exists a sequence
gn € C°(M, N) and sequences of points x,, y, in M such that:

(1) Every g, is an immersion;

(2) gn — f and dg, — df uniformly on M;

(3) zp, =z, yp = yin M, z, # yp and gn(xn) = gn(yn) for every n.
Then gn(x,) = f(x), gn(yn) — f(y), hence x = y because f is injective.
We can localize the situation in a chart of M at x and conclude (getting
a contradiction) by applying the local Proposition 1.10. Finally, if f is a
diffeomorphism, in particular, it is an embedding, hence g close to f is an
embedding. It is enough to prove that g is surjective. It is not restrictive
to assume that M and N are connected. An embedding ¢ is an open map
and its image is open in N. On the other hand, the image of g is compact,
hence closed, because M is compact. Then the image of g coincides with
the whole of N.

[
4.11.3. The embedding result.

PROPOSITION 4.34. (1) Let M be a compact smooth manifold. Then
there is a diffeomorphism f : M — M’ with an embedded manifold M' C R",
for some h.

(2) The tangent map T'f establishes a vector bundle equivalence between
the respective tangent bundles of M and M’, the last bundle being embedded.
This equivalence propagates to all tensor bundles and the frame bundle.

Proof : (1) Consider a nice atlas of M with subordinate partition of
unity as above. This allows us to define the smooth map

B=(B1,...,B) : M — (R™ x R)®
Bi = (Ajdj, Aj) -

We claim that it is an embedding. It is enough to prove that it is an injective
immersion. It is an immersion because every x € M belongs to some Bj;.
The restriction of ; is (¢;,1), which is an injective immersion, so 3 is an
immersion. As for the injectivity, let  # y. If both belong to some Bj, then
they are already separated by ¢;. Otherwise, they are separated by some
Aj. Hence f is injective.

Point (2) follows from the fact that the abstract functor extends the
embedded one.



CHAPTER 5

Tautological bundles and pull-back

For every embedded smooth m-manifold M C R", the tangent bundle
construction includes a smooth map t : M — &y, ,,,; a similar map exists
for each tensor bundle on M. We will see that these bundles can be re-
constructed through the associated maps and that they belong to a wide
category of vector bundles constructed via the pull-back of tautological bun-
dles over Grassmann manifolds. The basic notions about fibred bundles
have been already introduced in Section 4.3.1, and we will use them. We
will see that all vector bundles on compact manifolds arise in this way; the
main applications at the end of the chapter (a so-called classification theo-
rem reducing the vector bundle equivalence to purely a homotopy question)
will concern compact manifolds.

5.1. Tautological bundles

We are going to construct so-called tautological fibre bundles over the
Grassmannian &, ;.
e (The tautological vector bundle) Define
V(®nk) ={(4,v) € &1 xR"; veVy}

i.e. v belongs to the k-linear subspace V' of R™ such that A = Ay, via the
usual bijection G, = &, . The restriction of the projection to the first
factor defines the smooth surjective map

Tnk : V(®n,k) — ®n,k .
It is clear that for every A € &,, , the inverse image Tn_]lc(A) = Va.

PROPOSITION 5.1. The map Ty : V(Gp k) = Gy i is a smooth vector
bundle with fibre R*. It is called the tautological vector bundle over S k-

o (The tautological linear frame bundle) Define
L:(@n,k) = {(A,X) S @mk X Ln,k; [n,k:(X) = A}

i.e. X spans the k-linear subspace V of R™ such that A = Ay. The re-
striction of the projection to the first factor defines the smooth surjective
map

lTnJC : ﬁ(@n,k) — an,k .
It is clear that for every A € &, , the inverse image Ir, i (A) consists of all
linear frames of V4.

93
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PROPOSITION 5.2. The map Ity + L(Bp k) — Gy is a smooth fibre
bundle with fibre GL(k,R). It is called the tautological linear frame bundle
over &, k.

o (The tautological orthogonal frame bundle) Define
S(an,k) = {(A,X) S ®n,k X Sn,k; Sn,k(X) = A}

i.e. X spans the k-linear subspace V of R™ such that A = Ay. The re-
striction of the projection to the first factor defines the smooth surjective
map

STk - S(an,k) — @n,k .
It is clear that for every A € &, ;, the inverse image s7,° ,i(A) consists of all
orthonormal frames of V4. ’

PROPOSITION 5.3. The map st @ S(&p k) = B,k is a smooth fibre
bundle with fibre O(k). It is called the tautological orthogonal frame bundle
over &,, k.

Proofs: Let us prove Proposition 5.1. Recall that &,, 5, is endowed with
an atlas {(Qv, ¢v)}vea, , where
Qu={A€&,;; VanV+={0}}.

Equivalently, V4 is the graph of a uniquely determined linear map L4 :
V — VL. Set as usual Qp = Tn_}g(ﬂv) Then a vector bundle atlas of 7, j, is
given by the locally trivializing commutative diagrams (V varying in G,, x,
B = {v1,...,v;} varying in the linear frames of V)

QV X Rk \I}g QV
\l/ﬂ'QV ) \l/Tn,k

Q \4 — QV
where

k k
Up(A,x) = (A, zivi+ Y 2:La(vi)) .
=1 =1

It is immediate that for every couple (V, B), (V’, B') there is a smooth map
Asp : Qv NQy — GL(k,R)
such that the corresponding change of local trivialization is of the form
(Qy Ny x RF = (Qy NQyr) x RE
(4,) = (A, Ag s (A)0)

Remark. By restricting the B’s to orthogonal frames of the V'’s, we get
a sub-fibred atlas such that the change of local trivializations are governed
by smooth maps

)\373/ : QV N QV’ — O(k‘) .
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The proof of the other two propositions is similar and left to the reader.

In the spirit of Section 4.4, the change of local trivializations for the frame

bundles are governed by the same smooth maps Ag s as above, with values

in GL(k,R) for I7, k, or in O(k) for s7, i, respectively; the groups GL(k,R)
or O(k) act on themselves by left multiplication.

|

5.2. Pull-back

We introduce a fundamental construction on smooth fibred bundles.
Here we state it in full generality; later we will apply it to the tautolog-
ical bundles of Section 5.1.

Let us give a smooth fibre bundle

E=fFE—-X
with fibres E, diffeomorphic to the manifold F' (recall Section 4.3.1).
Let g € £(M, X). Then set
g E={(p,y) € M x E; g(p) = f(y)}
9" 9" E—=E, g"(p,y) =y
gf:gE—M, g f(p,y)=p.

Obviously we have the commutative diagram of smooth maps, denoted by
l9.97]

*

¢E L E
Lo f 1f
M % X

Moreover, for every p € M, x = g(p), then g*E, := (¢* )~ (p) is equal to
the fibre F,. Hence, also every g*F, is diffeomorphic to F.

PROPOSITION 5.4. (1) For every fibre bundle £ :== f : E — X with fibre

F, for every g € E(M, X),
gE&=g9"f:gE > M

is a smooth fibre bundle with fibre F'. It is called the pull-back of £ via g.
Moreover, [g,g*] is a fibred map between fibred bundles.

(2) For every h € E(N,M), every g € £E(M, X),

(goh)* ¢ =h"(g"¢) , (goh)" =g oh™.
Proof : The second point follows from the very definitions. As for the

first, consider a fibre bundle atlas of £. This is formed as usual by locally
trivializing diagrams

axF 5% Q

Imo 1f

Q Q

e
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and any change of local trivializations is of the form
QNA)YxF— (QNQY)x F
(@,y) = (z, p(z)(y))
x — p(x) € Aut(F) .
The s form an open covering of X. Fix an open covering {W} of M

such that g(W) is contained in some . For every W we have the locally
trivializing commutative diagram

Yo gzidF T
(9:1dr)

W x F w
Jmw . Lot f
1% dy oy

The change of local trivialization is of the form
(WNWHxF—WnW')xF

(w,y) = (w, p(g(w))(y))
w — p(g(w)) € Aut(F) .

REMARK 5.5. If F' has an additional structure preserved by a subgroup
G C Aut(F), and x — p(x) as above is a smooth map with values in G (i.e.
¢ is a “G-bundle”), then also the pull-back ¢g*¢ has the same property. For
example, if € is a vector bundle (with fibre R¥), then g*¢ is also.

5.3. Categories of vector bundles

Let M be a smooth manifold (possibly with boundary). Let
f M — ®n,k

be a smooth map. Then we can consider the pull-back vector bundle f*r, x,
that is
f*
fV(®np) = V(6p)
\l/f*‘rn,k \LTn,k
ML e,

By the strict definition, the total space of id%n . Tn,k is a submanifold of
Gk X (B, x R™); however, the projection to the product of the first and
third factors gives a canonical fibred diffeomorphism to the total space of
Tn,k- Modulo this normalized embedding, we can stipulate that

s 1k
ld@n,anvk =Tnk -

Similarly, for every f : M — &, as above, the total space of f*7,; has
a canonical embedding in M x R™; modulo this normalization we can state
that

ld}kW(f*Tn,k) = f*Tn,k .
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Such a normalization is performed by default. Note also that the composi-
tion of f* with the natural projection of V(&,, 1) to R" gives a map which
is linear and injective at every fibre of f*(V(®,,%)), from which we can
tautologically reconstruct the map f.

Denote N' = {(n,k) e Nx N; 0 <k <n}. For every (n,k) € N, set

V(M) = {f"Tpp; fE€EM, Enp)}
and
V(M) =Umpen Var(M) .
We see immediately that

M = V(M)

g:N—=M = g*: V(M) = V(N), ¢°(f*Tnr) = (f ©9) Tnp
so that
(goh)* =h"og"
defines a contravariant functor from the category of smooth manifolds (with

boundary) to this category of smooth vector bundles. Moreover, for every
f and every g as above there is the natural vector bundle map

[979*] : g.<f*7—n,k) — f*Tn,k .
If g: N - M is a diffeomorphism, then ¢* : V(M) — V(N) is a bijection
(with inverse (g~1)*), and for every f, [g, ¢*] is a vector bundle isomorphism
between ¢°*(f*7,) and f*7, .
The tangent bundle of an embedded manifold M C R”, as well as all its
tensorial relatives, belongs to V(M). For example, mps : T(M) — M is the
pull-back of the (tautological) map

tayy: M — ﬁn’m, tM(p) = TpM .

REMARK 5.6. If M C R* is embedded, then every vector bundle in
V(M) is “embedded” in the same sense that the tangent bundle is so.

EXAMPLE 5.7. Recall the map p : @Smn — &, , of Example 4.10. There
is a natural tautological bundle 7 : V(&,,,) — &, equal to p*(r). The
fibres of 7 are tautologically oriented and this is also the case for every
pull-back of 7.

5.3.1. Bundle equivalences. We are going to refine the above con-
structions by introducing suitable quotient sets of V(M).

For every f : M — &, }, and every inclusion j, : &, — &pi1k
(see Section 5.5), the total space of (j, o f)*7,41 is embedded in M x R”
and coincides with the total space of f*7,;. This gives us a canonical
identification between these formally different points of V(M). A first mild
quotient of V(M) is obtained through such canonical identifications. Let us
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also call it V(M). For every equivalence class, there is one representative
Tk with minimum n.

More substantially, we can restrict to V(M) the full equivalence between
vector bundles defined in Section 4.3.1, generated by arbitrary vector bundle
isomorphisms of the form [g, g|. Denote by V(M) the quotient set.

ExXAMPLE 5.8. If g € Aut(M), then for every f : M — &, 1, the cor-
responding [g, g*] realizes a full equivalence between f*, ;. and ¢°*(f*7,1).
This establishes an action of Aut(M) on V(M), so that V(M) is a quotient
set of V(M) /Aut(M).

We can restrict to V(M) the strict equivalence between vector bundles
defined in Section 4.3.1, generated by isomorphisms of the form [idas, g].
Denote by V(M) the quotient set. V(M) is a quotient of Vy(M).

EXAMPLE 5.9. (1) If f,g : M — &, , are two different constant maps,
then f*7, ) and g1, are different points of V(M) which obviously are
strictly equivalent.

(2) Let g : M — N be a diffeomorphism; then [g71, T'g~!] o [g,9%] is a
strict equivalence between T'(M) and g*T'(N).

(3) By generalizing the above item, let [g, g] realize a full equivalence
between bundles in V(M); then [g, g*], as in the above example, also realizes
such an equivalence. Moreover, [g7!,571] o [g, g*] realizes instead a strict
equivalence.

Associating to every f*T, ) its class in the preferred quotient set of
V(M), we get variants of the basic pull-back functor defined above.

We will focus on Vo(M). In particular we pose the following natural
question.

QUESTION 5.10. Set
E(M,®) = Uln,k)enN EM, &, 1) .
Consider the obvious surjective map
() EM,B) = Vo(M), f—=[f"Tnil
so that tautologically
Vo(M) =E(M,&)/(.)" .
This relation on £(M, &) is only implicitly defined. The question is to make
it explicit. An answer will be discussed later when M is compact.
5.4. The frame bundles

We can repeat the above scheme using the tautological frame bundles
instead. It is enough to replace V(M) either with

‘C(M) = U(n,k)EN 'Cn,k(M)
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Lo k(M) = {f"lrng; [ €EM, )}

or with the similarly defined S(M) and S, (M), using the tautological
bundles s7, ;. For every f : M — &, , the vector bundle f*7,; is asso-
ciated to its linear frame bundle f*l, 1, provided that both are considered
as GL(k,R)-bundle. By the reduction from GL(k,R) to O(k), f*7n is
associated to its orthogonal frame bundle f*s7,j, both are considered as
O(k)-bundles. In particular, by applying this to the tangent bundle 7'(M)
of a manifold, we get the linear or orthogonal frame bundle of M, F;(M)
or Fg(M). M is parallelizable if and only if Fj(M) (hence F4(M)) has a
section.

5.5. Limit tautological bundles

We will deal with a few concrete instances of the following general topo-
logical construction. Let {X,,},en be a countable family of Hausdorff topo-
logical spaces each admitting a countable basis of open sets. Assume that,
for every n, X, is strictly contained in X, ;1 as a closed subset. Then
consider the “limit” space

Xoo = UpXy
endowed with the final topology with respect to the family of inclusions
{in: Xn— X} ;

this means the finest topology such that every i, is continuous. In other
words, A is open in X, if and only if for every n, AN X, is open in X,,.

LEmMA 5.11. If K C X is compact, then there is n € N such that
K cX,.

Proof : Assume that there is not; then there should be an infinite se-
quence z, in K such that z, € X,,41 \ X,. The union of these points of
K would be a closed subset of K (hence compact) with induced discrete
topology (i.e. it would be a compact and discrete space). Such a space is
necessarily finite, counter to our assumption.

[ ]

Some examples:

e For every n, consider the inclusion R® ¢ R, (z) — (z,0). Then we
can define the limit space R*°.

e The above inclusions induce “equatorial” inclusions 4, : S"~! — S™ of
unit spheres, so we can define the limit space S.

e The definition of S can be generalized to arbitrary Stiefel manifolds.
The inclusions M (n, k,R) — M(n+ 1, k,R)

(o)

induce inclusions of embedded smooth manifolds i, : Sy, x — Sy41,%, and we
can define the Stiefel limit space S .



100 5. TAUTOLOGICAL BUNDLES AND PULL-BACK

e The inclusions S(n,R) — S(n + 1,R)

A0
A—><0 O)

induce the inclusions j, := jnnt1 @ Onp — Spi1k, and we can define the
limit Grassmannian G .

REMARK 5.12. The cell decompositions of Section 3.5 respect the inclu-
sions

Jn ®n,k — ®n+1,k

in the sense that the cells of &,, ; are also cells of &, ; hence, we have
also a cell decomposition of the limit infinite Grassmannian & .

e We have the family of commutative diagrams of smooth maps

7
Sn,k — Sn+1,k
\J/Sn,k \J/Sn+1,k

J
an,k = ®n+1,k

so that we can eventually define the “limit projection” which is continuous

Soo,k

l«soo,k
Q5oo,k

Similarly, by using the linear frames we have the limit projection

Loo,k
\l/loo,k
6oo,k

EXAMPLE 5.13. As a particular case we have the projection
S00,1 1 9 = PP(R) .

We easily realize that s is a continuous covering map of degree 2, like
every sp1. Thanks to Lemma 5.11, for every p € N, every continuous map
f 5P — S5 is of the form i, o f, for some f : 8P — S§" such that the
image of f does not contain e, ;. By considering S™ = R" U {oo} via the
stereographic projection with centre oo := e,41, then f factorizes through
a map with values in R™ which is contractible. We can conclude that such a
map f is homotopically trivial. In other words, all homotopy groups m,(S>)
are trivial. By a theorem of Whitehead (see [H]), it follows that S is
contractible, hence sy, : S — P*°(R) is a universal covering map. By
the theory of covering maps, we eventually get that the fundamental group
m1(P®(R)) ~ Z/2Z, while all other groups m,(P*(R)), p > 1, are trivial.
We summarize these facts by saying that P*°(R) is a K(Z/2Z,1) space.
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e The same limit procedure applies to the tautological bundles. We have
the family of commutative diagrams of smooth maps

V(ﬁn,k:) &) V(®n+17k)
\I/Tn,k ] \I/Tn+1,k
an,k &) an—i—l,k

so we eventually define the “limit tautological vector bundle” :

V(Goo k)
ook
Qioo,k
Similarly we have the limit bundles

£(6w,k) S(®oo,k)
i/lToo,k \LSToo,k
Qjoo,k: Qjoo,k'

5.6. A classification theorem for compact manifolds

In this section, we assume that M is compact. First, we show that up
to strict equivalence, every abstract vector bundle on M belongs to V(M).
In a sense this is an extension of the embedding Proposition 4.34.

PROPOSITION 5.14. FEvery abstract vector bundle & over a compact smooth
manifold M is strictly equivalent to a bundle in V(M).

Proof : By compactness we can assume that the abstract bundle p : F —
M is determined by a cocycle ¢ over a nice atlas U = {(Wj, ¢;)}j=1,..s of
M. Consider the family of local trivializations ®; : p_1]Wj — W; xR", and
let {\;} be the partition of unity over I as usual. For every j, denote by
gj : Wj x R™ — R"™ the natural projection. Finally, define

h:E — M xR", h(e) = (p(e), \1(p(e))qi(e),...,As(p(e))gs(e)) -
The restriction of A to M, included in E as the zero section, is equal to
the identity. Moreover, every fibre of the bundle is linearly embedded to an
n-subspace of R"*. This determines a map f : M — &, , which recovers
the bundle via pull-back.
|
By Lemma 5.11, f € C°(M, o) if and only if there is a minimum n
such that it factorizes through a continuous map

f M — an,k:
followed by the inclusion
jn,oo : an,k — Q5oo,k .

It makes sense to say that such a map f is smooth if f is smooth in the
usual sense. Moreover, the topologies on the spaces £(M, &,, ) pass to the
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limits, giving us the topological space £(M, B 1) of such smooth maps. If
f, [ are as before, we have

f*Too,k = f*Tn,k
provided that we have incorporated the canonical identifications illustrated
in Section 5.3.1. Set

Vk(M) = {f*Too,k; f S E(M, Q5oo,k)} .

It is clear from the above considerations that the already defined space V(M)
can be described as

V(M) = Uiy V(M)
as well as

EM,6) =2 E(M, B i) -

Thus we have rephrased, in terms of these limits, the surjective maps

() EM,8) — V(M)

()] : E(M,8) — Vo(M)

and we stipulate that the target spaces are endowed with the quotient topol-
0gy.
Given fo, fi € E(M,®), we say that they are smoothly homotopic if
fo, f1 € E(M, 6 ) for some k, and are connected by a smooth homotopy
F e &(M x[0,1], 6 1), provided that f; := Fiarxqy- As usual, this defines
an equivalence relation on (M, ®). Denote by [M, ®] the set of smoothly
homotopy classes of maps of (M, &).

PROPOSITION 5.15. Let M be a compact smooth manifold. If [f5Teo k] =
[fiTooke] in Vo(M), then fo and fi are homotopic. Hence there is a well
defined a surjective map

b V()(M) — [M, 6]7 [f*Too,k] — [f] .

Proof : We provide two proofs.

First proof: If [fiToo k) = [f1Took] € Vo(M), we can assume that they
both factorize through maps (for simplicity we keep the same names) fo, f1 :
M — &, 1, for some n big enough. Moreover, sometimes we will confuse here
a point A € &, ;, with the corresponding subspace V4 C R". For j = 0,1 and
for every p € M, we have the direct sum decomposition R" = f;(p) ® f; (p)*.
The projections of the canonical basis {e1,...,e,} to fj(p), when p varies,
define n-sections s;1,...,8;jn of f7,x which span the fibre f; (p) over every
p € M. The map f; can be reconstructed from these set of sections as
follows: for every p € M, the linear evaluation map

¢ip: R" = fi(p), ¢jp(X) = ZSEiSj,i(p)

is surjective, so that ker(e;,) = fj(p)* and, finally, f;j(p) = ker(ej,)-. A
strict equivalence from fj7,; to f{7, i transports the system of sections
50,15+, 50;n tO & system s 1,..., 8], over fi7,; which generate all fibres.
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Denote by ell,p the corresponding evaluation maps and apply to it the above
procedure in order to produce a map from M with values in &,, ;.; we realize
that this recovers fy. For every p € M, ker(e’Lp) is a graph of a linear
map L, : fi(p)* — fi(p), while f1(p)* itself is the graph of the zero map.
Finally, we can use the homotopy L,; = tL,, t € [0,1], to define a desired
homotopy between fy and f;.

Second proof: We know that f; is determined by a map g; from
fi V(G k)

to R* which is linear and injective at each fibre. Moreover, it factorizes
through a map with values in some R with h big enough. If [fiT k] =
[fiTook) € Vo(M), we can transport the map g1 to a map g) defined on
5 (V(So ) with such a property, and we have to show that gy and g, are
homotopic through maps that are linear injections on fibers. First compose
go with the homotopy a; : R® — R defined by ai(z1,22,...) = (1 —
t)(z1,x2,...) +t(x1,0,22,0,...). This moves the image of gy into the odd-
numbered coordinates. Similarly, we can move g into the even-numbered
coordinates. By keeping the names of these maps, we eventually define the
desired homotopy h; = (1 — t)go + tgj.

|

We can answer Question 5.10, at least in the compact case.

THEOREM 5.16. (Classification Theorem) Let M be a compact smooth
manifold. Then the map

v: Vo(M) — [M, 8], [f"Tei] = [f]

is bijective. That is, for every fo,fi € E(M,®), [f5Took] = [fiTook] €
Vo(M) if and only if fo, f1 are smoothly homotopic. Hence the map [(.)*]
induces the inverse map of v

¢: [M,8] = Vo(M), c([f]) = [/ ook
whenever f € E(M, & 1;).

Proof : Thanks to Proposition 5.15, it is enough to prove that if fy and
f1 are homotopic, then fj7. 1 and f{7« i are equivalent. We can assume
that a homotopy factorizes through F': M x [0,1] — &,, 1, for large enough
n. Take the pull-back F*7, ;. The idea is to use it to connect fj7,; and
fiTnk by a path f/7, of bundles strictly equivalent to each other. For
every t € [0,1], p € M, denote by V;, the fibre of f/7, ; over p.

Claim 1. There is € > 0 such that, for every 0 < t < €, for every
pEM, R = Vo, @ Vg = Vip © Vi,

Let us prove it. If such an € does not exist, by compactness there would
exist a converging sequence (pp, t,) — (po, 0) in M x [0, 1] such that, for every
n, dimVy, 5, N V()J,'pn > 0. But this is impossible because Vj p, N VOJ’-pO = {0}
and this is an open condition.



104 5. TAUTOLOGICAL BUNDLES AND PULL-BACK

Claim 2. There is € > 0 such that, for every t < e, fiTn 1 is strictly
equivalent to f{ Ty k.

To prove it, recall the elementary fact that if R* = V' eV =V"oV
(V, V! and V" being linear subspaces), then ¢ : V! — V" ¢(v') = " if
v/ =" 40, is a canonical linear isomorphism between V/ and V. Let € > 0
be as in Claim 1. For every t < ¢, the “field” of canonical isomorphisms

¢p : ‘/t,p — VO,p

when p varies in M, defines a strict equivalence as required by Claim 2.
Set € € [0, 1] the supremum of the €’s which satisfy Claim 2. We claim
that €g is a mazimum. In fact, by applying the same argument as above, we
see that there is € > 0 such that f 7, is strictly equivalent to f;7,, for
t € (9 — €,€p]. Finally, we claim that ey = 1: if ¢g < 1, we apply again the
same argument to f., and we find €; = €y + €, for some small € > 0, which
works as well. This is counter to the fact that ¢y is the maximum.
[ ]

5.7. The rings of stable equivalence classes of vector bundles

For every smooth manifold M, the final aim of this section is to endow
a suitable quotient space Ko(M) of V(M) with a natural ring structure.
This leads to a contravariant functor from the category of smooth manifolds
to the category of commutative rings. If M is compact, this functor has the
“homotopy invariance property”.

5.7.1. Grassmannian operations. The operations of the ring K (M)
will descend from simple ‘operations’ defined on Grassmann manifolds.

e The inclusion S(n,R) = S(n + m,R)

A0
A— (0 0>
induces, for every k < n, a smooth inclusion

jn,n-i—m : an,k — an—i—m,k .
e The inclusion S(n,R) x S(m,R) — S(n +m,R)

(A, B) - (‘3 g)

induces, for every k < n, h < m, a smooth inclusion
DOn km,h QSn,k X ®m,h — Q5n+m,k+h .

e For every V € G, 1, denote by V* its dual spaces. This is considered
as a subspace of (R")* = M(n,1,R) as follows. Let R = V @ V* be the
orthogonal direct sum decomposition, V- € Gy.n—ri, being the orthogonal
complement of V for the standard Fuclidean scalar product; extend every
v € V* to a functional defined on the whole of R™ by setting v(u + w) =
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~v(u). The matrix space M(n,1,R) is canonically isomorphic to R™ via the
transposition.

Let (V,W) € Gy i X Gy - Denote by V @ W the space of bilinear forms
defined on V* x W*. Its dimension is kh. In fact, there is the canonical
bilinear map

R:VXW=VoW, vew(y,p):=v)p(w)

and, for every couple of bases (B,D) of V and W, respectively, B ® D =
{vi ®wj; v; € B, w; € D} is a basis of V ® W. By using the decomposition

R'xR"= VeV xWaewh)

and arguing as above, we can consider V ® W as a subspace of R" @ R™,
hence (via canonical isomorphisms) as an element of Gy, kp. In this way,
we have defined a map (between sets):

Gnk X Gmn — Gum kh -

By the usual bijections V' — Ay, it can be transported to a map
Onkemh P Ongk X Gy — G ity -
We can check by direct computation that this is a smooth map.
Similarly we can check that the set map

Gnk = G, V=V

induces a diffeomorphism
Lok Gnp — Gk

with inverse L, ,,_k.

5.7.2. The ring Ko(M). The Grassmannian operations of Section 5.7.1
induce operations

D V(M) X V(M) — V(M), f*Tn,k @ g*Tr,s = (@ © (fa g))*TnJrr,kJrs
X V(M) X V(M) - V(M)7 f*Tn,k & g*Tr,s = (® © (f7g))*7_nr,ks
L V<M) — V(M)7 1 (f*Tn,k:) - (J— of)*Tn,nfk .

The operations @, ®, L descend to each quotient set V(M)/Aut(M),
V(M) and Vo(M).

The Grassmannian operations @ and ® pass to the limits:
D Gk X Boo = oo kth

@Gk X G, — Sog kh

and are continuous in the limit topology. The operation | induces a family
of continuous maps

Lp: Qjoo,k — 0500771_]{;, n>k.
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For every smooth manifold M, these operations define a ring structure
on a suitable quotient of V(M) that we are going to describe. Denote by
€® the class in V(M) of the trivial (product) bundle M x R¥ — M. Clearly

k@ eh — hth

DEFINITION 5.17. We say that £ and n in V(M) are weakly stably
equivalent if there exist €® and €" such that

Eaf=na.
This is an equivalence relation. Let us just check the transitivity: if
(@ =nae, nod =0

then
g@ek—l—?“:ﬁ@eh-i-s ]

EXAMPLE 5.18. (1) Let M be a compact smooth manifold with nonempty
boundary OM. Let i : dM — M be the inclusion. Then T(OM) and
i*T'(M) are weakly stably equivalent vector bundles on OM. Fix any Rie-
mannian metric g on M. For every x € OM, consider v(z) = (T,0M)1 o),
as TyM = T,0M @ v(x), this defines a vector bundle v on OM, with 1-
dimensional fibres, such that i*T'(M) = T(OM) @ v. The bundle v has a
nowhere vanishing section (for every x € OM take the “outgoing” g-unitary
vector in v(x)). Then [v] = €!. In particular S™ = 9B"*1(0,1), T(B"*1)
is trivial as it is the restriction of T(R"*1), hence [T'(S™)] is weakly stably
trivial.

Denote by Ko(M) the quotient of V(M) up to weakly stable equiva-
lence. It is clear that if M = {p} is one point, then Ko({p}) = 0.

PROPOSITION 5.19. The operations &, ® descend to Ko(M) and make
it an Abelian ring.

The associativity of @ is evident. The weakly stable equivalence class
[e'] is the zero element; for every [[{]], assume that & € V, ;(M). Then
¢t e Vin—k(M) is such that

']

o) =",
hence

[l€+1 = ~[ell -

With a bit of more work we can check the whole ring structure. We omit
these verifications.

|
In summary,

M = Ky(M)
g:N =M = g°: Ko(M) = Ko(N), g°([f " Too]]) = [[(f 0 9) Too ]
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define a contravariant functor from the category of smooth manifolds (with
boundary) to the category of Abelian rings.

If M is compact, the above construction of the ring Ko(M) from V(M)
can be rephrased in terms of [M,®]. So [fo], fo : M — G, and [f1],
fi: M — &, are weakly stably equivalent if and only if there are constant
maps ¢g : M — &, and ¢; : M — B such that [® o (fo,c0)] =
[@ o (f1,c1)] in [M, &]. Denote by [[M, &]|p the quotient set.

PROPOSITION 5.20. Let M be compact. The operations ® and ® descend
to [[M, ®]]o and make it an Abelian ring such that the map v induces a ring
isomorphism

b : Ko(M) — [[M, &]]o

with inverse

o

(M, &]Jo — Ko (M)
induced by the map ¢ of the Classification Theorem 5.16.

COROLLARY 5.21. (Homotopy invariance) Let M, N be compact smooth
manifolds. Then:

(1) If 1,92 € E(N, M) are smoothly homotopic, then g} = g5.

(2) If M and N are smoothly homotopically equivalent, then Ko(M)
and Ko(N) are isomorphic. In particular if M is smoothly contractible,
then Ko(M) ~ Ko({p}) = 0.

Proof : (1) and (2) follow from the Classification Theorem, as [[*, &]]o
is manifestly homotopically invariant.
]

We conclude this section with a few scattered remarks.

REMARKS 5.22. (1) Ky(*) is a version, in our smooth framework, of so-
called reduced topological K -theory [A] [B]. Taking into account, for simplic-
ity, only the additive structure, the unreduced group K(M) is constructed
as follows. First we consider the quotient V(M) of V(M) up to stable
equivalence; this is defined similarly to the above weak stable equivalence,
by imposing in the definition that k& = h. The operation & passes to the
quotient, so that (Vo(M), ®) is a commutative monoid with (the class of) €”
as zero element. The monoid (Vo(M),®) satisfies the “cancellation rule”.
In fact, if £ ®n =& @ «, we know that there exists 5 such that £ ® 5 = [€"]
(for some n), hence [¢"] & n = ["] ® « and finally n = a.

Then K(M) is the Grothendieck group of this monoid with cancella-
tion rule. It is a general construction (producing, for example, (Z,+) from
(N, +)) that works as follows. Consider the product Vo(M) x Vo(M); an
element (£, n) is written as a formal difference £ —7. Put on this product the
relation such that £ —n ~ a— G if and only if €65 = a®n. The cancellation
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rule is used to check that it is an equivalence relation. The addition rule on
the quotient K (M) naturally is

E-—ne(la-pF)=Eda—nap;
the zero element is given by
() =[] =€ =& VE€ V(M) ;
The inverse of £ —n is n —&.

Every element of K(M) can be represented by a difference of the form
&€ —[€"] (for some n).

In fact, for every a — 3, let B @ v = [¢"]; then

a-f=a®y-Boy=E-["].

The correspondence & — [¢"] — £ induces a canonical surjective homo-
morphism K(M) — Ky(M). It is well defined because if £ — [¢"] = &' — [¢™]
in K(M), then £ & [¢"] = ¢ @ [€"], hence £ = & in Ko(M). The kernel
consists of the elements of the form [¢"] — [¢"]; it is isomorphic to Z so that
K(M) ~ Ko(M) @& Z (in a non-canonical way).

(2) If M is compact, the construction of K(M) from V(M) can be
rephrased in terms of [M, &]. This produces a group (indeed, a ring) [[M, &]]
which is isomorphic to K(M), via the Classification Theorem (similarly to
Proposition 5.20). Hence the functor

M = K(M)

satisfies the homotopy invariance properties, similarly to Corollary 5.21.

(3) We can develop the very same constructions by using the complex
Grassmann manifolds &,, ,(C) and the complex vector bundles; this leads
to the functors

M = KO(M7(C)a K(M,(C)

(4) Bott’s periodicity theorem [B], [At] is a fundamental result in this
theory. Let us just recall a few related statements that we can formulate in
our setting.

e For every compact M, K(M x S? C) ~ K(5%,C) ® K(M, C);

e K(52,C) = Z[X]/(X — 1)2, where X is the tautological complex
bundle over P1(C) (recall that P*(C) is diffeomorphic to S?, the
“Riemann sphere”);

e Forevery m > 1, Ko(S™F®) ~ Ko(S™), Ko(S™2,C) ~ Ko(S™, C).



CHAPTER 6

Compact embedded smooth manifolds

The hypothesis that a smooth manifold M is compact usually simplifies
the study of several objects associated with it. This is the case of the weak
topology on map spaces with compact source manifold in Section 4.34, or
of the classification theorem of Chapter 5. We will develop this theme; the
title of the chapter alludes to the fact that we will exploit the existence of
an embedding in some Euclidean space.

6.1. Tubular neighbourhoods and collars

Let M C R" be a compact boundaryless smooth m-manifold. Let R"
be endowed with the standard Riemannian metric gg. Let us perform the
following construction.

(1) Consider the smooth map

v:M — Qﬁh,h—m

where for every p € M, v(p) is the (matrix corresponding to the) orthogonal
space (T,M)L (with respect to go).
(2) Take the pull-back

VThhm V' (V(Ghpom)) = M .

Every fibre v(p) of this vector bundle is endowed with the restriction of gg.
We consider M C v*(V(Bp h—m)) via the canonical “zero section”.
(3) Define the smooth map

fo v OV (Shpem)) = R fo(p,v) =p+u.

For every € > 0, set

Ne(M) = {(p,v) € v"(V(Snp-m)); |[vllgy <€}
It is immediately verifiable that

e fu,(p) = fu(p,0) = p, for very p € M;

e there exists € > 0 small enough such that the restriction of f, to
N(M) is an immersion. In fact, dim v*(V(&p, ) = dimR", and
for every = (p,0), the image of d, f, is equal to T,M & v(p) =
Tp]Rh = R", so that f, is an immersion at M and the claim follows
by the compactness of M.

109
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(4) There exists € > 0 small enough such that the restriction (we keep

the name)
fo i Ne(M) — R"

is an embedding to a compact h-submanifold of R” with boundary, contain-
ing M in its interior. We already know that for ¢ > 0 small enough, f, is
an immersion; it is enough to prove that it is also injective. As it is the
identity on M and M is compact, this follows from the same argument used
in Section 4.34 to show that the embeddings form an open set.

(5) Set

U:= fl/(Ne(M)) - R"
p:U— M, p:=vtpmo(f,) .

Let us analyze the arbitrary or inessential choices made to perform this
construction.

e Certainly € is not unique.

e The standard metric gg has nothing special from a differential topo-
logical viewpoint (we made a similar consideration when we dis-
cussed the unitary tangent bundles). The construction works as
well using an arbitrary Riemannian metric g on R".

e What we have used of the map v is that it defines a transverse
distribution of (h — m)-planes along M; that is, for every p € M,

RM = T,M @ v(p) .

However, this is a fake generalization; it is not hard to prove (by
using, as usual, R ¢ S and a suitable nice atlas) that, for every
such a transverse distribution, there is a Riemannian metric g on
R" that realizes it.

Summing up, we can vary the metric g and the final choice of € > 0. Let
us call a tubular neighbourhood of M in R" any couple (U,p) obtained by
any implementation of the construction. We have the following uniqueness
up to isotopy of these tubular neighbourhoods. Fix an auxiliary base tubular
neighbourhood (U*,p*) constructed by using the standard gy and some ¢g.
We have

PROPOSITION 6.1. Let M C R" be a compact boundaryless m-manifold.
Let (U,p) be a tubular neighbourhood of M in R". Then there is a smooth
map

H:U*x[0,1] —» R"
such that for every t € [0,1],
(1) H; is an embedding of U* to Uy C R?;
(2) Hy is equal to idpr on M;
(3) (Uy, pt) is a tubular neighbourhood of M in R" where p; := p*o H; '
Moreover,
(4) Ho = idy+;
(5) (Ur,p1) = (U, p).
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Proof : If (U,p) differs from (U*,p*) only by € # ¢y, the statement
is clearly true (use a radial isotopy fibre by fibre). Assume that (U,p)
has been constructed by using a metric g. Take the path of Riemannian
metrics gt = (1 — t)go + tg, t € [0,1]. Then there is a “path” of tubular
neighbourhoods (Uy, p;) constructed by using g; and some ¢; > 0. We can
also assume that ¢; is a smooth function of ¢, and that ¢; = e¢. Hence we
have the family of embeddings

th :Net(Magt) - Rh .

There is also a family of strict equivalences [idas, p¢] between vy, p—p, and
Vi Th h—m given for every t € [0,1] by the “field” of canonical linear isomor-
phisms

w(p) = w(p), pe M
associated to the two direct sum decompositions
RM = T,M @ vo(p) = T,M @ vy(p) .
We can assume (we are free to change ¢p) that for every ¢,

pt(Neo(Ma 90)) - NEt(M7 .gt)

and we can define the embeddings
fuoBeo(fu)™H U = Up.

This can be transformed to H; with the required properties by composing
it with radial isotopies fibre by fibre.
[ ]

REMARK 6.2. The above constructions work as well if M is compact with
nonempty boundary 9M. The resulting tubular “neighbourhoods” (U, p) are
not really neighbourhoods of M in R”. Rather, they are submanifolds with
corners of R", containing (M, M) as a proper submanifold.

6.1.1. Tubular neighbourhoods of submanifolds. Assume now that
YCcMCcCR! dimY =s,dimM =m, s < m and M and Y compact. As-
sume also that M and Y are boundaryless. Fix a Riemannian metric g on
R". As above, we have the associated maps

vy M — Qsh,h—m

vy : Y — Q5h,h—s .
Set for every y € Y,

vy (y) == vy (y) N Ty M .

This define a smooth map

Dy Y — Q5h,m—s .
Define

Foy 13 (V(Bnm—s)) = RY, fo (y,0) =y +v.
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Let (Ups,par) be a tubular neighbourhood of M constructed by means of
vpr. There is € > 0 small enough such that the image via f;, of

Ne(Y,9) = {(y,v) € oy V(S nm—s)); [[vllg < €}

is contained in Uys. Finally, define

fY,M : NE(Y,g) — ]\47 fY,M =DM O fl?Y .
Using an argument similar to the one used for f,,

o fym(y) = frm(y,0) =y, for very y € Y
e there exists € > 0 small enough such that the restriction of fy ys to

N.(Y, g) is an immersion.
e In fact, there is € > 0 small enough such that the restriction of fy s

~

to Ne(Y,g) is an embedding to a neighbourhood Uy jr of Y in M.

Finally (Uy,a, py,m), where py,pr = 0% Tp yp—s © (fy’M)_l, is by definition
a tubular neighbourhood of Y in M.

Similarly as above, varying g and €, we have again the uniqueness of
these tubular neighbourhoods of Y in M up to isotopy.

6.1.2. Collars. Consider now M C R" compact with nonempty bound-
ary 0M. We would apply the above construction, by considering OM as a
“mono-lateral” submanifold of M. By keeping the above notations, we know
that

Doy (V(Gn,1))

is strictly equivalent to the product bundle
OM xR — OM

and a section is given by the unitary “positive” v (write “v > 07), that is
pointing towards the interior of M. So we can define

NHOM, g) = {(y,v) € hp (V(B1,)); [olly S e v =07}

By using it, the construction can be repeated and we eventually get (by
definition) a collar of OM in M; that is, an embedding C' : 9M x [0, €] — M
which is the identity on M. Again we have the uniqueness of collars up to
1s0topy.

REMARK 6.3. In the construction of the collars, it is not necessary that
the whole M is compact; it is enough that OM is so.

REMARK 6.4. Assume that Y € M € R" are compact manifolds with
boundary such that Y is a proper submanifold of M. Then we can apply
again the above construction to get tubular neighbourhoods of Y in M
relative to the boundaries; that is, which restrict to tubular neighbourhoods
of Y in OM.
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Tubular neighbourhoods have several interesting applications. Here is
a simple one. Assume that M C R” is compact. We already know (by
using the partitions of unity) that every f € £(M,N), N C R¥, extends to
a smooth map f : U — RF defined on a neighbourhood of M in R". Let
(U, p) be a tubular neighbourhood of M. Then fop:U — N is a smooth
extension of f with values in N.

6.2. The “double” of a manifold with boundary

Let M C R" be a compact smooth manifold with 9M # (). The existence
of collars suggests a variant in the definition of nice atlas given in Section
4.34.

DEFINITION 6.5. A nice atlas with collar of (M,0M) is of the form
{(Wa, ¢a); UL{(Wj, 0))}j=1,....s

where
(1) Wy is an open neighbourhood of M and

¢3:W3—>8M><[0,1)

is a diffeomorphism which is equal to the identity on OM. Define
By :=¢,'([0,1/3)).

(2) Every (W}, ¢;) is an normal chart contained in the interior of M,
and B; C W is defined as for the usual nice atlas.

(3) {Bs} U{B,} is an open covering of M.

The existence of nice atlantes with collar is a direct consequence of the
existence of collars. Given such a nice atlas with collar, every W; carries a
global bump function v; : M — R as in Definition 4.30. Define the collar
global bump function

Yo : M — R
such that on Wj it is equal to yopjg 1) 0 ¢g, where pjg 1) : OM x[0,1) — [0, 1)
is the projection and -y is the restriction to [0, 1) of the 1-dimensional bump
function 7 /31 /2; on M \ Wy, 7p is constantly equal to 0. Define
Yo
A Yo + Zf:1 Vi
_ Vi

! Yo + Zf:1 Yi

Then the family of functions

{Ma} U{Aj}j=1,s
is the partition of unity subordinate to the given nice atlas with collar.

COROLLARY 6.6. For every compact manifold M with nonempty bound-
ary there is a smooth function f: M — [0,1] such that OM = f~1(0) and f
is a submersion on a neighbourhood of OM .
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Proof : Take a nice atlas with collar. Define locally the following func-
tions

Jo:Wo =R, fo=ppo1)°¢o;
fi:W; =R, fij(x)=1/2, Ve e W; .
Finally, set
F=2afa+> Nty
J

It is not hard to verify that it is smooth and satisfies the required properties.

|
The following is an easy generalization, we leave the details to the reader.

COROLLARY 6.7. Let M be a compact manifold with boundary OM,
equipped with a partition OM = NoU N1, where both Ny and Ny are unions
of connected components of OM. Then there exists a smooth function f :
M — [0,1] such that f~1(0) = No, f~1(1) = Ny, and f is a submersion on
a neighbourhood of OM .

REMARK 6.8. To get the above corollaries, we can even use a simpler
covering of M consisting of (Wp, ¢g) as above, together with an open set
of the form U = M \ W', where W/ C Wy is a smaller compact collar of
OM contained in By. Hence W/ C W” C By, where W” is another collar of
OM, so that the compact sets By and B, := M \ W” cover M. By playing
with collar bump functions and variants, we get smooth functions v and v
defined on M where vy is as above, while v} is equal to 1 on B, and is equal
to 0 on W’; A\g, A} denote the functions of the associated smooth partition
of unity. Then to prove, for instance, Corollary 6.6, define fy as above, fy
constantly equal to 1/2 on U, and finally take f = X\sfo + A, fu.

PROPOSITION 6.9. Let M C R" be a compact smooth m-manifold with
boundary OM . Then there is a diffeomorphism : M — M' C R™ (some n
big enough) such that (M',OM') is a proper submanifold of (H™, 0H").

Proof : Take a nice atlas with collar. Define
B: (681617"'768) M — (Rh XR) X (Rm X R)S = R"

Bo = (Nada, o)

B = (Ajdjs Aj) -
We claim that this 8 works. To show that it is an embedding it is enough
to prove that it is an injective immersion. It is an immersion because every
x € M belongs either to By or to some Bj. The restriction of either A\pS3y
or \;jf3; is (¢a,1) or (¢j,1). In any case it is an injective immersion, so
is an immersion. As for the injectivity, let x # y. If both belong to either
By or some Bj, then they are already separated by ¢g or ¢;. Otherwise,
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they are separated by either Ay or some A;. Hence 3 is injective. Finally, it
follows by the construction that the image M’ of 3 is contained in H" and
that OH™ transversely intersects M’ at OM = OM’; in fact OM = OM’ is
contained in O0H" and there is a small € > 0 such that

M Nn{zeH"; z, <e}=0M x [0,¢) .

REMARKS 6.10. (1) Corollary 6.6 is also a consequence of Proposition
6.9. The function f given by the composition of S with the projection to
the x,, coordinate has the required property with value in some [0, a), a > 0,
and to get [0,1) is just a simple question of reparametrization.

(2) A proof of Proposition 6.9 can be obtained by using the open covering
with associated partition of unity of Remark 6.8. We can take

B=(By,Bu): M — (R" x R) x (R" x R)
where 3y is as above, By = (Ajju, Ay) and jy is the inclusion of M in R".

The double of M. Let M’ C R"™ be obtained from M as in the proof
of Proposition 6.9. Let M"” be the image of M’ via the reflection

(1, yxn) = (1,0, =) ;
OM' = OM". Also M" is diffeomorphic to M and is a proper submanifold
of {z,, < 0}. Then D(M) := M’ U M" is a compact smooth boundaryless
manifold, containing both M’ and M" as submanifolds. The boundary M’
is given by the transverse intersection of D(M) with OH". Considered

up to diffeomorphism, D(M) only depends on M (also considered up to
diffeomorphism). It is called the double of M.

6.3. A fibration theorem

ProprosITION 6.11. (Fibration Theorem) Let M be a compact bound-
aryless smooth manifold and f : M — N a surjective submersion to the
connected manifold N. Let gqo € N, F = f~'(qo). Then f is a smooth fibre
bundle with fibre F'.

Proof : Let gqo € N and F = f~!(qo). We know that F is a submanifold
of M. Fix a tubular neighbourhood (U, p) of F'in M. Let D be a small open
disk in N around gg such that f~1(D) C U. Define h : f~%(D) — F x D,
h(z) = (p(z), f(x)). Clearly, f = pp o h, where pp is the projection to D.
Moreover, h(z) = (x,0) for every x € F'. As f is a submersion, it is easy to
verify that the differential of h is invertible on f~!(D) (possibly shrinking
D). As h is essentially the identity on F' and the fibres are compact, a usual
argument (for instance like in the construction of the tubular neighbour-
hoods) shows that if D is small enough, h is a diffeomorphism and hence
a local trivialization of f. If g is an arbitrary point of N, we can cover a
smooth arc joining ¢y and ¢ in N by a “chain” of similar local trivializations
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over a chain D = Dg, Dy, ..., Dy, with Dy around ¢, of small disks centred
at the arc, D; N Dj;1 # 0, so that we eventually deduce that the fibre F’
over ¢ is diffeomorphic to F'. Finally, we have proved that f is a smooth
fibration with fibre F.

6.4. Density of smooth maps among C"-maps

Recall that for every r > 0, C"(M, N) denotes the space of C" maps
endowed with the weak topology; £ (M, N) is the subspace of smooth maps.

PROPOSITION 6.12. Assume that M C R", N c R are boundaryless

compact smooth manifolds. Then for every r > 0, E"(M,N) is dense in
C"(M,N).

Proof : Let (Upr,par) and (Un,pn) be respective tubular neighbour-
hoods. Let (U,p) C (Unm,pum) be a smaller tubular neighbourhood (it just
differs by a smaller “€”, so that p is the restriction of pas). Let f € C"(M, N).
Consider the C" extension f = foppr. Apply the Stone-Weierstrass Theorem
1.9 to get a polynomial map P : Uy; — R¥ which uniformly approximates
(in the C"-topology) f on U (which is compact); we can also require that
P(U) C Uy. Finally, the restriction to M of py o P is a smooth map from
M to N which approximates f in the C"-topology.

[

By a very similar argument we have

LEMMA 6.13. Let M C R*, N c R¥ be compact boundaryless mani-
folds. If f € E"(M,N) is close enough to g € C"(M,N), then they are
C"-homotopic. If they are both smooth then they are smoothly homotopic.

Proof : If f is close enough to g, we can assume that, for every p € M,
for every t € [0,1], (1 — t)g(p) + tf(p) belongs to Un. Then H(p,t) =
pn (1 —1t)g(p) +tf(p)) is a required homotopy.

[ ]

REMARK 6.14. Using Remark 6.2, Proposition 6.12 and Lemma 6.13
hold true if IV is the interior of a compact manifold with boundary N.
Clearly they also hold if N is an open set of R”

6.5. Smooth homotopy groups - Vector bundles on spheres

The above results have the following important application. Funda-
mental algebraic-topological invariants, the homotopy groups m,(X), n > 1
(considered up to isomorphism) are defined for every path connected topo-
logical space X in terms of continuous homotopy classes of continuous maps
S" - X. If X = N C RF is as in Remark 6.14, then Proposition 6.12 and
Lemma 6.13 imply that we can equivalently define the homotopy groups of
N using smooth maps S™ — N up to smooth homotopy. If it is necessary to
deal with pointed maps, we can do it using the smooth homogeneity of V.
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Let us use these facts to classify (up to strict equivalence) the vector
bundles on a unit sphere S™ C R™*! m > 2. We know from Proposition
5.14 that every vector bundle on S™ is of the form § = f*7,, for some
smooth map f: S™ — &, ;. Let us fix 1 > € > 0. Set DT = S"™ U {zy41 >
—¢}, D™ = S™U{xp+1 < €}. Clearly, both DF are diffeomorphic to a closed
m-disk, S™ = DT U D~ and Dt N D~ is a tubular neighbourhood of the
equatorial sphere S™~! ¢ §™, diffeomorphic to S™~! x [~1,1]. We know by
the Classification Theorem that the pull-back of £ on D* via the respective
inclusion maps is strictly equivalent to the product bundle D* x RF — D,
Fix two respective trivializations. The change of trivialization on D™ N D~
produces a smooth map

pe : DTN D™ — GL(k,R)
and we consider its restriction (we keep the name)
pe: S™ 1 = GL(K,R) .

As DTN D~ is connected, the image of pg is contained in one of the two con-
nected components of GL(k,R) and up to strict equivalence we can assume
that this is the subgroup GL*(k,R). The arbitrary choices made to define
pe are the positive scalar €, the representative § in its strict equivalence class,
and the two trivializations. It is easy to verify (by using the Classification
Theorem) that the homotopy class [p¢] does not depend on these choices, so
we have well defined a map

Voi(S™) = [S™ 7, GL(k, R)], [€] — [pgg] -

If m —1 > 1, the (smooth) m,,_1(GL"(k,R)) is Abelian and the choice of
a base point is immaterial, so that [py] € mm_1(GLY(k,R)). If m = 2, we
have to take into account the base points pg = e; of S! and zg = I, of
GL"(k,R) and work with pointed smooth maps. However, this is a minor
technical point; we can manage it by using the smooth homogeneity of
GL™(k,R) (we skip the details), so that we can eventually consider again
[pig] € m1(GL* (k,R)). Summing up, for every m > 2, for every k > 1, we
have defined a map

P Vou(S™) = Tm_1(GL*(k,R)) |

We claim that this map is bijective. In fact, we can exhibit p~!. Every map
pe : S™ 1 — GLT(k,R) extends to a cocycle pe : D™ N D~ — GL*(k,R)
on the nice covering of the sphere formed by the two smooth disks D*, D~.
The inverse map p~! is obtained by taking the strict equivalence class of the
vector bundle over S™ ! constructed using this cocycle.

REMARK 6.15. The same construction works as well for complex smooth
vector bundles on S™, by replacing GL* (k, R) with GL(k, C) (which is con-
nected), or also for bundles with “reduced group” like, for instance, SO(k).
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6.6. Smooth approximation of compact embedded C"-manifolds

For every r > 0, there is a natural category of embedded C"-manifolds
and C"-maps (C"-diffeomorphisms) between them. When r = 0, we have the
category of (embedded) topological manifolds and continuous maps (home-
omorphisms). This presents phenomena (including “wild” ones) that are
beyond the aims and the possibilities of this text. On the other hand, we
are going to see that to a large extent (at least in the compact case), for
r > 1, there are, essentially, no new phenomena beyond the smooth category.
Basically, this depends on the density of smooth maps already established.

For r > 1, let M C R" be a boundaryless compact C"-manifold. The
construction of the tubular neighbourhoods of M in R” works verbatim in
the C"-category. It is enough to start with a C"-map v : M — &,
defining a distribution of transverse (h — m)-planes along M. If we use,
for example, the standard metric gg on R", we obtain only a C"~!-map.
However, by applying the same argument of the proof of Proposition 6.12,
we can approximate it by a C"-map, keeping the transversality. Assume
that we have fixed one (U,p). We can summarize this by the following
commutative diagram (where, for simplicity, we have written 7 instead of
Thih—m):

U 5 V®nam)

Ip Ir

M 5 Bupm

where F' = v* o (f,)~!. The map F is a C"-map and satisfies the following
properties (which are easy to check):
o M =F &), —m), where &, C V(B p—m) is the zero section.
e The image of F' is contained in the interior of a compact submani-
fold with boundary of the form N (&, —y,) for some € > 0.
e F'is transverse to &y, ,_p, ; that is, for every p € M,

TF(p)V(ﬁh,h_m) = TF(p)ﬁh,h—m + dpF(TpU) .

This means that M = F~1(&,,_,) can be considered as a sort of
“global equation” defining M, which localizes in terms of very domestic
equations: for every given trivialization ® : 771(W) — W x R of the
tautological bundle, we can consider the restriction of ® o F, obtaining a
map

(®o F)"L(W x RF=™) 5 W x RP-™ |

Let 7 : W x Rh=™ — RP=™ Le the projection. As F'is transverse to &,
then m o ® o F' is a submersion (possibly shrinking U), and

(@ o F) YW x {0}) = (mo® o F)~}0) .

This confirms that M is a submanifold of U of the correct dimension, thanks
to Proposition 2.12.
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By the density Theorem 6.12, see also Remark 6.14, we can uniformly
approximate F' (in the C"-topology) on a slightly smaller compact tubular
neighbourhood U’ C U with a smooth map

F:U = V(Bnnm) -

As the transversality is manifestly a C'-open condition, if F is close enough
to F', then it is transverse to &y ;_,,. By applying to F the above con-
struction and Proposition 2.12 again, we conclude that M’ := F’*l(@h,h_m)
is a compact submanifold of the interior of U’, dim M’ = dim M. More-
over, if F' is close enough to F', then the restriction of p to M’ defines a
C"-diffeomorphism p : M’ — M. For, as p is the identity on M, this last
claim follows by the very same argument used in the construction of the
tubular neighbourhood to show that f, : N.(M) — U is a diffeomorphism.
Note that M’ can be arbitrarily C"-close to M, in the sense that the C"-
diffeomorphism p~! : M — M’ composed with the inclusion of M’ in U’ can
be arbitrarily close to the inclusion of M in U’.

In summary, we have the following proposition.

PROPOSITION 6.16. (Smooth approximation theorem) For every r > 1,
for every embedded compact boundaryless C"-manifold M C R", there is a
smooth manifold M' C RM C"-diffeomorphic to M. Moreover, M’ can be
chosen arbitrarily C"-close to M (i.e. M’ is a smooth approximation of M
in R").

These smooth structures are unique up to diffeomorphism.

PROPOSITION 6.17. (Uniqueness of smooth structure) If M, N are com-
pact boundaryless embedded smooth manifolds which are C"-diffeomorphic,
for some r > 1, then they are smoothly diffeomorphic.

Proof : 1t f : M — N is a C"-diffeomorphism, it can be approximated
by a smooth map f which is an injective immersion (because r > 1), hence
it is a diffeomorphism.

[

6.7. Sard-Brown theorem

Let us recall some facts of analysis.

(1) Every open set U C R"™ is endowed with the (n-dimensional) Lebesgue
measure and this defines the class of measure zero i.e. negligible subsets of
U.

(2) If X C U is negligible and f : U — W is a C'-map between open
sets of R™, then f(X) is negligible in W.

(3) If U’ C U is an open subset and X is negligible in U, then X N U’ is
negligible in U’.

(4) A countable union of negligible subsets of the open set U is negligible.
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(5) If X is negligible in the open set U, then U \ X is dense in U.

(6) (Fubini property) If U ¢ RP x R¥ | X C U and for every a € R”,
X N {a} x R¥ is negligible in U N {a} x R¥, then X is negligible in U.

(7) If M is a smooth m-manifold, we say that X C M is negligible in M
if for every chart ¢ : W — U C R™, ¢(X N W) is negligible in U.

Thanks to the above properties of negligible sets, to verify that X is
negligible in M it is enough to check it for the intersections of X with the
open sets of any countable atlas of M. We stress that we have not defined
any measure on M, we have just defined the class of negligible subsets.

Let f: M — N be a smooth map between smooth manifolds of dimen-
sion m and n, respectively. By definition, a point p € M is critical for f if
rank dpf < n =dimN. Set C(f) C M as the set of critical points of M.
By definition,

N\ f(C(f) c N
is the set of regular values of f, while ¢ € f(C(f)) is said to be a critical
value of f. The set M \ C(f) is open (possibly empty) in M. If M is
compact, f(C(f)) is compact, hence closed in N.

THEOREM 6.18. (Sard’s theorem) Let f : M — N be a smooth map
between smooth manifolds. Then f(C(f)) is negligible in N.

Sard’s theorem is a fundamental result for differential topology; in par-
ticular, it is the base of transversality theory that we will develop later. In
differential topological applications, the following corollary, also known as
Brown’s theorem, is rather used.

COROLLARY 6.19. (Brown’s theorem) Let f : M — N be a smooth map
between smooth manifolds. Then N\ f(C(f)) is dense in N (open and dense
if M is compact).

Easy special cases. A special case of Sard’s theorem is when dim M <
dim N. Then C(f) = M. In this case the proof is easy: clearly M is
negligible in M x R"™"™ and f(M) = fopy (M), fopy : M x R*™™™ — N,
pym being the projection to M. Then we can apply the above property (2).
A special and immediate case of Brown’s theorem is when M is the finite
union of disjoint submanifolds of N of dimensions strictly less than dim IV,
and f is the union of the inclusion maps.

A very readable proof of Sard’s theorem, which fully employs the fact
that f is C*°, is in [M1]. We stress that it is an analytic result in nature and
rather delicate. To better appreciate this point, let us recall the following
Morse-Sard C" generalization.

THEOREM 6.20. (Morse-Sard theorem) Let f : M — N be a C"-map
between smooth manifolds. If r > max{0,m —n}, then f(C(f)) is negligible
in N.
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The condition which relates the “degree of regularity” of f and the
dimensions of the manifolds is sharp. Whitney [Whit| has constructed an
example of a C!-function f : R? — R such that C(f) contains a subset
J homeomorphic to an open interval and f is not constant on J. Hence
f(C(f)) contains an open interval. A proof of the Morse-Sard theorem can
be found in [H].

6.8. Morse functions via generic linear projections to lines
Let M be a compact boundaryless smooth m-manifold.

DEFINITION 6.21. A smooth function f: M — R is a Morse function if
it has only non-degenerate critical points.

Using the results established in Chapter 1, the notion of non-degenerate
critical point p of a certain index A can be defined on any representation
in local coordinates of f at p (as it does not depend on the choice of the
local coordinates). By the Morse Lemma, the non-degenerate critical points
are isolated; hence, by compactness, every Morse function on M has only
a finite number of critical points. At least one of them is a minimum (of
index A = 0) and at least one is a maximum (of index A = m). A Morse
function on M is generic if distinct critical points take distinct (critical)
values. In such a case, we can order the critical points pg, p2, ..., p, so that
¢j = f(pj) < f(pj+1) =: ¢jy1. Up to a linear reparametrization of the
image, sometimes we also assume that f(M) = [0, 1].

We want to prove that Morse functions exist and form an open and dense
set in £(M,R).

LEMMA 6.22. Let M be a compact boundaryless smooth manifold. The
set of Morse functions on M is open in E(M,R).

Proof : Let f : M — R be a Morse function, with critical points
P1,...,pk- Fix a nice atlas of M such that every critical point p; is con-
tained in a Bj of some normal chart and these B;’s are pairwise disjoint. If
g is close enough to f (in the C' topology), then it has no critical points on
the compact set M \ U;B;. Let us analyze the local representation of f, fj,
defined on the compact set U; := ¢;(B;) C R™, for every j =1,...,k. On
Uj, the positive smooth function

O f;

al‘ial‘j (:E))2

a; (2) = [|de | + (det(

never vanishes, because the first term vanishes only at 0 = ¢(p;), and the

second term does not vanish because the critical point is non-degenerate.

By compactness, there is d > 0 such that, for every x € Uj, afv(:z:) >d. If
J

g is close enough to f in the C? topology, then ag;(x) > d/2, hence also g

has only non-degenerate critical points on Bj. As there is a finite number
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of critical points of f, we readily conclude that if g is close enough to f in
the C? topology, then ¢ is a Morse function.
|

We can assume that the compact manifold M is embedded in some
Euclidean space. Let M C R”. For every linear function L € (R")*,

L(z) = a1z1 + -+ + apzp

corresponding to (ai,...,an) € M(1,h,R)), consider the restriction Ljys to
M.

THEOREM 6.23. Let M C R" be a compact boundaryless smooth mani-
fold. Then for every f € E(M,R), there is an open dense subset L; of (R)*
such that for every L € Ly, f+ Ly s a Morse function.

COROLLARY 6.24. Let M C R" be a compact boundaryless smooth man-
ifold. Then:

(1) There is an open dense set L in (R")* such that for every L € L,
Lys is a Morse function.

(2) The set of generic Morse functions is an open dense set in E(M,R).

Proof of Corollary 6.24. (1) is a consequence of Theorem 6.23 applied
to the constant function f = 0. Theorem 6.23 together with Lemma 6.22
implies that the set of Morse functions is open and dense in £(M,R) (if L
is close to zero, then f + Ly is close to f). It is evident that the generic
Morse functions form an open set in the set of Morse functions. It remains
to show that generic Morse functions are dense. Let f : M — R be a Morse
function. Assume that there is a critical point p which shares its critical
value with other critical points. It is enough to show that, arbitrarily close
to f, there is a Morse function g with the same set of critical points of f,
such that g(p) # g(p') for any other critical point p’. Then we conclude by
induction on the number of such critical points like p.

Let (W, ¢) be a normal chart centred at p, such that W does not con-
tain other critical points of f. Let « be the global bump functions on M
associated to this normal chart. For every € # 0, set g. = f + ev. Clearly,
if |¢| is small enough, then g, is close to f (because M is compact), hence
it is a Morse function. It is also clear that g. coincides with f outside the
compact support of v (contained in W). A discrepancy between the sets of
critical points could only occur on the support of v. But for every x € U,
deg = dof + €dyv1/3,172- On B™(0,1/3) this reduces to dyf, hence p is
the only critical point of g on B C W (with the usual notations about
normal charts). The function f has no critical points on the compact set
B™(0,1/2) \ B™(0,1/3), hence if |¢| > 0 is small enough the same fact holds
for g.. Finally, by the finiteness of the critical set, it is clear that we can
take |e| small enough so that g.(p) differs from any other critical value.

Before proving Theorem 6.23, let us state a local Lemma.
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LEMMA 6.25. Let f : U := B™(0,1) — R be a smooth function. Then
there is a negligible subset X of (R™)* ~ M(1,m,R) such that, for every
Le (R™*\ X, f+ Ly is a Morse function.

Proof : For every L, for every p € U, p is a critical point of f + Ly if
and only if d,f = —L. Then —L is regular value of df if and only if for every
p € U such that d,f = —L,

0% f
dp(dpf) = (M(p))i,jzl,...m € M(m,R)

is invertible. Hence, —L is a regular value of df if and only if all the critical
points of f 4+ Ly are non-degenerate; that is, f + Ly is a Morse function.
We conclude using the Sard-Brown theorem.

[

Proof of Theorem 6.23. Let M C R" be a compact smooth m-manifold as
above. M is covered by a finite set of Monge charts. Possibly reordering the
coordinates of R”, we can assume that every local Monge parametrization
of M is of the form

U := B"™(0,1) = (z,9(z)) € M CR™ x RF=™

so that the associated local representation of f is the map

f($1,...33'm) :f($17'"7$m7w($1>"'7ajm)) :

Let us write every L € M(1,h) in the form

L(z) = (mx1 + - + am@m) + (@m41Zms1 + -+ apap) =

a(xy, .. Zm) + B(@Tma1, - - Th) 5

then the corresponding local representation of f + Ljs is

A~

(f(z1,. yzm) + B(x1, ..y xm)) + a(xr, ..o X)) i = fg—}—aU .

For every fixed 8 € M(1,h —m,R), let us vary o € M (1, m,R) and apply
Lemma 6.25 to fg. Then for every 3, the subset Cg C M(1,m,R) of a’s
such that fg + ay is not a Morse function is negligible. The subset C of
M (1, h) such that the restriction of f+ Ljs to the given Monge chart is not
Morse is the union of the slices Cg, § varying in M (1, h — m,R); hence it
is negligible by the Fubini property (6) recalled at the beginning of Section
6.7. As there is a finite number of Monge charts, there is a finite number of
such sets C¢ in M(1,h,R). The complement L¢ of their union is dense in
M(1,h,R) and for every L € Ly, f + Ly is a Morse function.

[ ]
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6.8.1. Manifolds with boundary. Let M be a compact smooth man-
ifold with boundary 0M, and let us fix a partition OM = Vo U V] as in
Corollary 6.7. By this Corollary we know that the set £(M, Vp, Vi;R) of
smooth functions f : M — [0,1] such that f~!(j) = Vj, j = 0,1, and they
have no critical points near OM, is nonempty. We can extend the results
obtained in the boundaryless case.

PROPOSITION 6.26. The generic Morse functions in E(M, Vy, Vi; R) form
an open dense set.

The only point that needs more comments is the existence of such relative
Morse functions. By using the notations of Remark 6.8, via the proper
embeddings and the double of M, the results in the boundaryless case tell us
that there are arbitrarily small linear projections L which restrict to Morse
functions on U. If f belongs to (M, Vp, V1;R) and L is small enough, then
Xof + AN,L provides a Morse function close to f.

6.9. Morse functions via distance functions

The use of generic linear projections to lines is a geometrically trans-
parent way to produce Morse functions on a compact (embedded) smooth
manifold. Here we outline another natural way based on distance functions.
Let M C R" be compact and boundaryless as usual. For every q € R"
consider the smooth (actually polynomial) function

5, R 5 R, §,(x) := ||z — ¢||* .

THEOREM 6.27. There is an open and dense set Q C R" such that, for
every q € Q, the restriction of 64 to M 1is a Morse function.

Sketch of proof. Consider v : M — &, j_,, corresponding to the distri-
bution of normal (h — m)-planes for the standard metric gy on R”. Let

fu: V*(V(®h,h—m)) - Rha fu(pav) =p+v

be the map already used to construct a tubular neighbourhood of M in R”,
We can prove that the restriction of d, to M has some degenerate critical
point if and only if ¢ is not a regular value of f, (all details can be found in
[M2] Part 1-6). Then we conclude by applying the Sard-Brown theorem.

|

6.9.1. Exhaustive sequences of compact submanifolds of non-
compact manifolds. The argument of Theorem 6.27 applies also to any
boundaryless non-compact submanifold N C R? which is also a closed subset
of R* (i.e. N is a proper submanifold). Then by using a generic §,, we can
find a sequence of increasing regular values ¢, ¢, — +0o0, of the restriction
of §4 to N such that every

N, ={xz € N; §4(z) < c,}
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is a compact submanifold with boundary of N, N, C N4+ and U,N,, = N.
That is, we have an exhaustive sequence of nested compact submanifolds with
boundary of N. Every compact subset of IV is contained in some N,. In
particular, if f : M — N is a C" or an £-map and M is compact, then
there is n such that f(M) C N, and we can extend the density result
of E(M,N) in C"(M,N). We can also extend to N the notion of tubular
neighbourhood. Fix a sequence a tubular neighbourhoods =, : U, — N,
constructed using the standard metric gy on R” and a suitable decreasing
sequence of €, > 0. For every smooth positive function ¢ : N — RT,
N, := {z € R"; d(x,N) < e(z)}. We can find such a function € such that
e(x) < €, for every x € N, so that the projections m, match with the
projection 7 : N. — N such that m(y) € N is the nearest point to y on N.

6.10. Generic linear projections to hyperplanes

Let M C R" be a compact boundaryless m-manifold as above. We have
seen that generic linear projections of M to 1-dimensional subspaces of R”
are Morse functions. Here we consider projections to hyperplanes, provided
that the codimension h —m is big enough. Precisely, let R*~1 ¢ RP~1 x R;
for every v € SP"1\ R let p, : R* = R 1 @ span(v) — R~ be the
associated projection.

PROPOSITION 6.28. (1) If h > 2m, then there is an open dense subset
Iy € Sh=1 such that for every v € Iy, the restriction of p, to M is an
1MMersion.

(2) If h > 2m + 1, then there is an open dense subset Epy C SP1 such
that, for every v € Eyy, the restriction of p, to M is an embedding.

Proof : (1) Let UT(M) C M x S"! be the total space of the unitary
tangent bundle of M (constructed by using the standard metric gy on R?).
Let ¢t : UT(M) — S"~! be the restriction of the projection M x S~ —
Sh=1. The restriction of p, to M fails to be an immersion if and only if v
belongs to the image of ¢t. Clearly, dimUT (M) = 2m — 1 < h — 1. Hence
Sh=1\ t(UT(M)) is open and dense (by the easy case of Sard’s theorem).
This achieves point (1).

(2) The diagonal A is a closed subset of M x M. Consider the smooth
map defined on the complementary open set

B:MxM\A— S Bla,y)= —2
||z =yl
The restriction of p, to M is not injective if and only if v or —v belongs to
the image of 8; dim(M x M \ A) = 2m < h — 1. Hence S\ Im(B) is a
dense subset. Its intersection with the dense open set S"~1\ t({UT(M)) is
also dense. Then we have a dense set of v’s such that the restriction of p,
is an injective immersion, hence an embedding of M because it is compact.
Finally, this set of v’s is also open because the set of embeddings is open.
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As a corollary, we have the following refinement of the embedding of (ab-
stract) compact smooth manifolds. Remarkably, the immersion/embedding
dimension only depends on the dimension of the manifold.

COROLLARY 6.29. (Weak Whitney immersion/embedding theorem) Ev-

ery m-dimensional compact smooth manifold M can be immersed in R?™
and can be embedded in R*™+1,

Proof : If M is boundaryless, it is an immediate consequence of the
existence of an embedding in some Euclidean space and of Proposition 6.28.
If M has a boundary, we can reduce to the boundaryless case using the
double of M.

|

The Morse projections to lines and the above special cases of projec-
tions to hyperplanes are the simplest examples of the general problem of
understanding “generic” linear projections of compact embedded smooth
manifolds to lower-dimensional subspaces. The interested reader can look
at the more advanced paper [Mal].

6.10.1. Truncated classifying maps. The classification theorem 5.16
has been formulated in terms of the limit Grassmannians &, ;; however,
we know that every classifying map f : M — & factorizes through some
f : M — &, (similarly for homotopies between maps defining strictly
equivalent vector bundles); but, a priori, n might vary with M. Arguing
similarly to Proposition 6.28, we show that there is a “uniform truncation”,
depending only on the dimension of M.

PROPOSITION 6.30. Let M be a compact embedded m-manifold.

(1) Every f : M — B is homotopic to a map g which factorizes
through a map g : M — &ppqpey1 k-

(2) Two homotopic classifying maps with values in &, p11 5 are homo-
topic via a homotopy which factorizes through a map in &y qpi2.k-

Proof : Start with f : M — &k, with n > m + k + 1. Hence the
corresponding bundle is embedded in M x R™. Consider linear projections
Py : R” = R 1 as above, and the maps

Fy: M xR" = M xR"Y, (z,0) = (z,p,(v)) .

For a generic v, F, embeds the vector bundle in M x R"~!; by the classifi-
cation theorem, this corresponds to a map M — &,,_;; homotopic to the
given one. Similar considerations hold for homotopies.

6.10.2. On tubular neighbourhood and collars again. We have
claimed at the beginning of this chapter that we exploit the embedding in
some auxiliary Euclidean space, but the results we obtain hold for arbitrary
compact smooth manifolds thanks to the existence of embeddings. This is
evident for most results considered so far. The discussion about tubular
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neighbourhoods of submanifolds and collars deserves some more comments.
We have constructed them and proved that they are unique up to isotopy,
using a given embedding M C R”. This could depend on the choice of the
embedding. However, this is not the case. Every embedding M C R" can
be “stabilized” to M C R" ¢ R***; moreover, arguing as above, if k is big
enough, up to isotopy, two embeddings of M in R"t* have disjoint images
and can be extended to an embedding of M x [0, 1], so that they are isotopic
to each other.

6.11. Approximation by Nash manifolds

We present here a huge refinement due to J. Nash of the approximation
theorem of Section 6.6. We believe that this digression has its conceptual
interest. However, it is not necessary for the continuation and can be omitted
at first reading.

We use the notations of Section 6.6 and also some notions recalled in
Section 3.6. We assume that the reader has a basic knowledge of real analytic
maps. For the notions of real (semi)-algebraic geometry we refer to [BCR],
[BR].

Dealing with real algebraic sets, X C R™, Y C R™, a natural class of
maps f : X — Y consists of so-called regular rational maps (shortly “alge-
braic”); that is, restriction of rational maps r : R” — R™, whose denomina-
tors nowhere vanish on X. Let X C RF be a compact regular real algebraic
set of dimension s. Let us specialize the construction of a tubular neighbour-
hood in this algebraic situation. If we use the standard metric go on R¥, then
the associated map v : X — &, 1, is algebraic. The map f, : N(X) — RF
is algebraic. The pull-back bundle v*7 is algebraic. Hence the tubular neigh-
bourhood projection p : U — X is the composition of algebraic maps and of
a map obtained by inverting an algebraic map. According to Remarks 6.2
and 6.14, these considerations hold also for the tubular neighbourhoods of
a compact regular “semialgebraic” set with boundary, that is obtained as in
Lemma 4.21, assuming that X is a regular real algebraic set and the function
f is algebraic (so that the boundary is also a real algebraic set). Then such
a projection p is not any smooth map. A basic example of a function of this
type is y = v/1 + 22 and we note that its graph is a branch of the hyperbola
defined by the polynomial equation 32 — 22 —1 = 0. We would say that such
maps belong to the smallest class of maps containing the algebraic maps,
closed by usual algebraic operations and for which the inverse map theorem
and its corollaries hold true. As an algebraic map is real analytic, and the
inverse map theorem holds for real analytic maps, then p is at least real
analytic. But we have more. Recall that, by definition, a semialgebraic set
Y in some R" is definable as the union of a finite family of subsets of R"”,
each one definable as the solution of a finite system of real polynomial in-
equalities. This extends the notion of algebraic set. Fixing a few technical
issues, by developing these considerations we can define the subcategory of
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Nash manifolds and maps of the category of smooth embedded manifolds.
A Nash m-manifold is an embedded real analytic m-manifold M C R"™, for
some n, which is also a semialgebraic set; in particular, this implies that
M is contained in a real algebraic set X of the same dimension. A Nash
map f : M — N between Nash manifolds is a real analytic map such that
its graph is a semialgebraic set. We say that a Nash manifold M C R" is
normal if it is contained in the regular part R(X), X being as above. A
normal, compact, boundaryless Nash manifold M is a union of connected
components of R(X). Although semialgebraic and analytically smooth, in
general, M is not normal but it has a normalization up to Nash diffeomor-
phisms. More precisely, we have the following very concrete description of
Nash manifolds and maps (see [AM]).

PROPOSITION 6.31. Let M C R"™ be a connected Nash m-manifold and
f: M — R" be a Nash map. Then there are:

(1) An irreducible m-dimensional real algebraic set X C R™ x R¥ for
some k;

(2) A polynomial map p: X — R";

(8) A Nash manifold M’ ¢ M x R¥, such that M’ C R(X), and it is
the graph a Nash map g : M — RF, so that o(x) = (z,9(x)) is a
Nash diffeomorphism;

(4) f=poo.

If M and N are Nash manifolds, Nash maps form a subspace N" (M, N)
of E"(M,N), for r > 1 and N (M, N) of E(M,N); thanks to the inverse
map theorem which holds for Nash maps, a compact Nash manifold M has
Nash tubular neighbourhoods (U, p) (U is a compact Nash manifold with
boundary, possibly with corners, and p is a Nash map). With the very same
proof of Proposition 6.12 we have the following density of Nash maps.

PROPOSITION 6.32. (Density of Nash maps) Assume that M C R",
N C RF are Nash manifolds, such that M is compact and boundaryless
and N is the interior of a compact N. Then for every r > 1, NT(M,N) is
dense in E"(M,N) and N (M, N) is dense in E(M,N).

Let M C R" be a compact smooth boubdaryless m-manifold and con-
sider again the commutative diagram

U 5 V(®Gnnm)

Ip Ir

v

M = Sppm

already used in Section 6.6. The Grassmannian &y, 5, is a regular real
algebraic set and N¢(®p, ,—r,) is a compact regular semialgebraic set with
boundary contained in the regular real algebraic set V(& ,—,), hence we
fix for it a Nash tubular neighbourhood (Ug, ps). The approximating map
F is of the form

ps o P
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where P is a polynomial map (by application of Stone-Weierstrass); then
F is a Nash map close to F and M’ := F*I(Qih’h,m) is a Nash manifold
C>-close to M. By adapting the very same construction used to give a
compact C"-manifold a smooth structure, we have the following celebrated
result by J. Nash [Na]. An earlier approximation theorem in this vein is
due to Seifert [Seif], concerning the case of manifolds with product tubular
neighbourhood.

THEOREM 6.33. (1) (Nash approximation theorem) Let M C R" be a
compact connected smooth boundaryless manifold. Then there is a Nash
manifold M' C R diffeomorphic to M which can be chosen arbitrarily C*-
close to M. Up to stabilize the embedding M C R" c R* x R*, for some
suitable k, we can assume that the Nash approzimation M' C R*M* is nor-
mal, that is M’ is a connected component of R(X), X C RM* being a real
algebraic set of the same dimension.

(2) (Uniqueness of Nash structures) If two compact embedded boundary-
less Nash manifolds M C R", N c R* are smoothly diffeomorphic, then
they are Nash diffeomorphic to each other.

REMARKS 6.34. (1) Let M be compact smooth with nonempty boundary
OM . We can apply the Nash approximation to a double D(M ) of M (realized
in R™ as above) and get a boundaryless Nash manifold D(M)" C R™ close
to D(M). Then M’ := D(M)'NH" is a Nash model (with boundary) of M.

(2) In his pioneering paper [Na], Nash also stated a few conjectures/
questions towards potential improvements of his result. The most natural
conjecture was that M can be approximated by a regular real algebraic set,
not only by some normal “analytic sheet” of it. We will come back to this
in Section 17.5.3. Another question concerned the existence of rational real
algebraic models; for that, see Sections 15.5, 19.8.

6.11.1. On Nash vector bundle. By using the classification theo-
rem 5.16, the density of Nash maps, and Lemma 6.13, we readily have the
existence and the uniqueness of Nash structures on smooth vector bundles.

PROPOSITION 6.35. Let M be a compact embedded Nash manifold. Then
(1) Every embedded smooth vector bundle on M is strictly equivalent to
a Nash vector bundle.

(2) If two Nash vector bundles on M are smoothly strictly equivalent,
then they are Nash strictly equivalent to each other.

The interested reader can find much information about Nash manifolds
in [BCR] and mostly in [Shi].
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6.11.2. A Sard-Brown theorem in the Nash category. Besides
its theoretic interest, the approximation by Nash manifolds and the density
of Nash maps can be also of practical utility. Whenever we are interested in
the density of smooth maps satisfying a certain property, and we are in the
condition to apply Nash approximation and density of Nash maps, it will be
enough to show that Nash maps with the given property are dense among
Nash maps. The main advantage is that we have a much stronger geometric
control on the image of Nash maps than of arbitrary smooth maps. As an
important manifestation of this fact, we discuss here a Nash version of the
Sard-Brown theorem, whose statement and proof are purely geometric.

THEOREM 6.36. (Nash-Sard-Brown) Let f : M — N be a Nash map
between embedded Nash manifolds. Then f(C(f)) is the union of a finite set
of Nash submanifolds of N of dimensions strictly less than dim N.

REMARK 6.37. Assume that M and N are embedded compact smooth
manifolds that we can approximate by Nash manifolds M’ and N’, so that
N(M',N') is dense in E(M',N’). Tt follows from the Nash-Sard-Brown
Theorem that the set of smooth maps f : M — N which satisfy Brown’s
theorem is dense in £(M, N). In many applications this suffices.

Outline of proof of Theorem 6.36. Like the statement of the theorem, it
is purely geometric. For all details, you can look at [BCR]. Let us recall
the following basic facts about semialgebraic sets:

(1) We know that every embedded Nash manifold is, in particular, a
semialgebraic set.

(2) Every semialgebraic set X C R™ is the union of a finite number of
disjoint connected Nash embedded manifolds.

(3) If X C M is a semialgebraic subset of the embedded Nash manifold
M, and f: M — N is a Nash map between Nash manifolds, then f(X) is a
semialgebraic subset of N. This is a formulation, adapted to our situation,
of the celebrated Tarski-Seidenberg theorem that the projection in R*~! of
a semialgebraic set X in R™ is a semialgebraic set of R"~!. Moreover, all
Nash manifolds making a partition of f(X) as in (2) have dimension less
than or equal to dim M.

Let us come to the proof of Theorem 6.36. Let f : M — N be our
Nash map between embedded Nash manifolds. As f is a Nash map, it is
not hard to check that C'(f) is a semialgebraic subset of M. By applying
point (2), we realize that C(f) is the finite union of disjoint connected Nash
submanifolds, each one, Y, satisfying the following property: there exists
0 < k < dim N such that for every p € Y, rank d, flyy = k. The critical value
set f(C(f)) C N is the union of the images f(Y'), hence it is a semialgebraic
subset of N. By point (2) again, it is the disjoint union of a finite number
of disjoint connected Nash submanifolds of N. We claim that for every such
manifold Z, dim Z < dim N. For example, if N = R, then the restriction of
f on every Y has vanishing differential, hence f is constant on Y, so that
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f(C(f)) is a finite subset of R. In general, we can assume that Z C f(Y) for
some Y as above, and dim Z = dim N would be against the constant rank
theorem 1.7.

[

The Nash-Sard-Brown theorem is an important example of the applica-
tion of the stronger geometric control on the images of Nash maps. Merely
continuous maps (between open sets of some Euclidean space) can have
“wild” behaviour (i.e. anti-intuitive for an “ordinary” geometric intuition).
Let us recall, for example, so-called Peano’s curves, i.e. surjective continuous
maps ¢ : [0,1] — [0,1]?. Wild phenomena make the category of topological
manifolds much more delicate to deal with. By Sard’s theorem (the easy
case suffices) there are not smooth Peano’s curves. In the Nash situation,
even better, the image of any such a Nash map g is a finite union of points
or connected Nash 1-manifolds. Smooth maps (and manifolds), although
much more “tame” than merely C" ones, are suited to topological considera-
tions because they are very “flexible”. This is due to the existence of bump
functions and the flatness phenomenon that they incorporate. On the other
hand, this also implies, for example, that subsets of a smooth manifold de-
fined by a finite set of smooth equations or inequalities can be weird: for
example, it is known that every compact subset of R™ can be realized as the
zero set of a smooth function. In a sense, this means that the formulation of
the smooth Sard’s theorem in measure theoretic terms is the best we can say
in general about the image of the critical set. The situation is dramatically
simpler in the Nash case. It can be profitable to combine the flexibility of
smooth manifolds with the Nash approximation and the density of Nash
maps (whenever they can be applied).

In this vein, the proof of Theorem 6.23 is purely geometric in the Nash
setting. Adopting the notations of that proof, dimensional considerations
about Uy can replace Fubini’s property, using the Nash-Sard-Brown theo-
rem.

The treatment of Morse functions via distance functions as well as the
exhaustive sequences of compact submanifolds specialize directly in the Nash
setting.

We end this section with the statement (without proof) of an interesting
application of Nash approximation to discrete dynamical systems, in the
spirit of the above considerations. Let M be a compact boundaryless smooth
manifold, f : M — M be a smooth map. For every n > 1, denote by N, (f)
the number of isolated fixed points of f*. We are interested in studying
the rate of growth of N, (f) as n tends to infinity. Let us say that N, (f)
grows at most exponentially if there is a constant ¢ = ¢(f) < 400, such that
Nn(f) < ", for every n > 1.

THEOREM 6.38. ([AM]) For every r > 1, there is a dense subset S, of
E"(M, M) such that for every f € Sy, Nn(f) grows at most exponentially.






CHAPTER 7

Cut and paste compact manifolds

In this chapter, we deal with compact manifolds, or, more generally,
with manifolds which can be embedded in some R” and also are a closed
subset of R™. Thus we can exploit the results of Chapters 5 and 6.

7.1. Extension of isotopies to diffeotopies

We recall a few notions. Let N be a smooth boundaryless n-manifold.
Let M be a smooth m-manifold and

F:Mx[0,1] - N

a smooth map such that f; is an embedding for every ¢ € [0,1]; then F is
an isotopy connecting fo and fi.
A diffeotopy of N (also-called an ambient isotopy) is a smooth map

G:Nx[0,1]— N

such that g is a diffeomorphism for every ¢ € [0,1]. We will also assume
that go = idy. Hence diffeotopies are special isotopies.

DEFINITION 7.1. We say that an isotopy F' as above extends to an am-
bient isotopy if there is a diffeotopy G of N such that f; = g; o fy for every
t € [0,1]. Note that {V; = fi(M)} is a one-parameter family of submanifolds
of N (each diffeomorphic to M), and V; = ¢,(Vy), for every t.

We are going to see that, under mild compactness assumptions, isotopies
extend to diffeotopies. This will be a key result to show that several cut-
and-paste procedures below are well-defined. To this aim, it is useful to
recast diffeotopies as flows of (suitable) vector fields. In doing it, we will
tacitly incorporate basic facts about the existence, uniqueness and regular
dependence on the initial conditions of the solutions of ordinary differential
equations (see for instance [A]).

For every isotopy F' as above, its track is the map defined as
F:Mx[0,1] = N x[0,1], F(x,t) := (fi(x),t) .
The support of F' is the closure in M of the set
{z e M| 3te[0,1], fi(z) # folz)} .

133
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Given an ambient isotopy G of N and its track G (which is a level-
preserving diffeomorphism), consider on N x [0, 1] the constant “vertical”
tangent vector field V' defined by

V(z,t) =(0,1) € T,N xR .

The tangent map T'G transforms this field into another tangent vector field
on N x [0, 1] of the form

Xg(z,t) = (vg(z,t),1) .

The map G transforms every vertical integral line j, : [0,1] — N x [0,1] of
V such that j;(0) = (z,0), into the integral line j, : [0,1] — N x [0,1] of
the field X¢ such that j,(0) = (z,0) . By construction

G(J2(t) = J2(t) = (ge(2), 1) ;
that is, G is the flow of X, with initial values at N x {0}. Hence we can
reconstruct the diffeotopy G by the integration of the field Xg.

On the other hand, if v(x,t), ¢t € [0,1], is any time depending smooth
tangent vector field on N, let X (x,t) = (v(z,t),1) be the corresponding field
on N x [0,1]. We say that it has complete integral lines if for every initial
point (z,0) € N x [0, 1], the corresponding integral line of X is defined on
the whole interval [0,1]. If X has complete integral lines, then it generates
a diffeotopy of N; that is, there is a unique diffeotopy G = Gx such that
X = Xg. This establishes a bijection between diffeotopies and tangent
vector fields X with complete integral lines. If IV is not compact, not every
X has complete integral lines; by local existence and uniqueness, in general,
for every (z,0), there is a maximal interval [0,¢;) C [0,1] on which the
corresponding integral line is defined. However, if we assume that v(z,t) has
compact support, then it is not hard to show that X has complete integral
lines, and the generated diffeotopy Gx has compact support. Recall that
the support of v(z,t) is defined as the closure in N of the set

{r e N| 3t €]0,1], v(x,t) #0} .

Viceversa, if a diffeotopy G has compact support, then vg also has compact
support. This specializes the above bijection to diffeotopies and tangent
vector fields with compact support. This gives us a very flexible way to
construct diffeotopies, under mild compactness assumptions. Finally, we
can state and prove our extension theorem, sometimes known as “Thom’s
lemma”.

PROPOSITION 7.2. Let F': M x [0,1] — N be an isotopy of embeddings
of the compact boundaryless smooth m-manifold M into the boundaryless
n-manifold N. Then F extends to an ambient isotopy of N with compact
support.

Proof : Consider the track F of the isotopy F'. It is a level-preserving
embedding of M x [0, 1] to a compact proper submanifold M of N x [0, 1].
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Consider the constant vertical tangent vector field on M x [0, 1]
Vi (z,t) =(0,1) € T,M xR .
The tangent map TF sends Vi to a vector field Xy, of the form
Xum(y,t) = (om(y, 1), 1),y = fiz)

defined along M. The natural idea is to extend X to a tangent vector field
X of the form
X(y,t) = (v(z,t),1)

defined on the whole of N x [0, 1] and such that v(y, t) has compact support.
The ambient isotopy Gx generated by the field X will eventually extend
the isotopy F. This extension task only concerns the “horizontal” part vy,.
Under the assumption made at the beginning of this section, we know from
Chapter 6 that there is a proper compact tubular neighbourhood U of M in
N %[0, 1] (which restricts to a tubular neighbourhood of f;(M) in N x {t}
for every ¢ € [0, 1]), and a compact submanifold with boundary W of N such
that U is contained in Int(W) x [0, 1]. Using the local product structure of
U along M, we can cover M by a finite number of smooth closed (n + 1)-
balls B, each one supporting a smooth extension vp of the restriction of vy,
to BN M and such that their union is contained in U. Such B’s can be
incorporated in a nice covering with collar & of W x [0,1]. Locally extend
vpr on any open set of such a covering different from the B’s by setting it
constantly equal to 0. Using a partition of unity supported by U, we finally
get the required smooth extension of vy to a smooth time depending field
v defined on the whole of N, constantly equal to zero on the complement of
W, and with compact support contained in W.

|

REMARKS 7.3. (1) For the sake of simplicity, we have proved Thom’s
lemma under the assumption that both the compact manifold M and the
manifold NV are boundaryless. Mild adaptations of the same construction
allow extending the results under more general hypotheses. Assuming that
both M and N possibly have a boundary, we can cover the following situ-
ations, getting a pertinent version of Thom’s lemma (details are left to the
readers):

(a) F is an isotopy of embeddings of M either in N \ 9N or in ON.

(b) F is an isotopy of proper embeddings of (M,0M) in (N,9N).

(c) Every boundary component of 9M is embedded by every f; either in
N\ ON or in ON, being f;(M) transverse to N along f;(M); for example,
this includes the case when, for every t, f; parametrizes a collar of a compact
boundary component of ON.

(d) For every t € [0,1], f; parametrizes a relative tubular neighbourhood
of a compact proper submanifold (Y, 9Y) of (N,0N).

(2) If M is not compact, in general, an isotopy of embeddings of M in N
does not extend to any diffeotopy. For example, take M = R and N = R?;
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then it is easy to construct an isotopy of embeddings connecting fy, the
natural inclusion R, C R%ﬁy, with f; having as image the set {(z,y); 2% +
(y—1)2 =1, (z,y) # (0,2)}. For basic topological reasons, it cannot be
extended. On the other hand, what is really important to achieve the proof
of Thom’s lemma is that the isotopy F' has compact support, even if M is
possibly noncompact.

As a corollary, we have the following sort of relative extension result.

COROLLARY 7.4. LetY be a compact submanifold of the manifold M.
Let F' be an isotopy of embeddings of Y into the manifold N such that a
version of Thom’s lemma holds. Assume that fo can be extended to an
embedding hg : M — N. Then also f1 can be extended to an embedding
hi : M — N; moreover, we can require that hg and hy are diffeotopic to
each other.

Proof : By Thom’s lemma, F' extends to a diffeotopy G of N, hence
h1 := g1 0hg is an embedding of M in N which extends f; and is diffeotopic
to hg by construction.

7.2. Gluing manifolds together along boundary components

Let M; and My be m-compact manifolds with boundary, V; and V;
unions of connected components of dM; and OMs, respectively, and let
p: Vi — V5 be a diffeomorphism. Consider the compact topological quotient
space

My 11, Mo
by the equivalence relation on the disjoint union M; II My which identi-
fies every € Vi with p(x) € Va; p is called the gluing map. Denote the
projection to the quotient space by

q: M 1I My — M, HpMQ
and the inclusion by
1s : Mg — My 11 My
for s = 1, 2; finally, set
Js=qots .
It is clear that js is a homeomorphism to its image.
PROPOSITION 7.5. The quotient space My 11, Ma can be endowed with

the structure of a smooth m-manifold such that, for s = 1,2, js is a smooth
embedding, and

(M1 1T, M) = (OMy TOMz) \ (Vo 1T V7).

Proof : Fix a collar ¢; : [-1,0] x Vi — M;j of V; in M; and a collar
Co VQ X [0, 1] — M2 of VQ in MQ. Define Ibv : (—1,1) X V1 — M1 Hp MQ by

Yy (t,x) = ji(e(t, ) if ¢t € (=1,0], Yy (t,z) = jalca(p(x), 1) if £ €[0,1) .
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It is clear that 1y is a homeomorphism to an open neighbourhood U of
V= 1(V1) = ja(V2)

in My I, M. By composing the charts of a smooth atlas of (—1,1) x Vj
with ¢y = w;l, we get a smooth atlas Uy on U such that iy becomes
tautologically a diffeomorphism. Similarly, let s be a smooth atlas on
Js(Ms \ Vs) such that the restriction of js to My \ Vs is tautologically a
diffeomorphism. It is immediate to check that Uy U U U lUs is a smooth
atlas on Mj II, Ms that determines a smooth manifold structure with the
required properties. An equivalent way to get such a smooth structure on
M, 11, M, is as follows: take the disjoint union (M; \ V1) II (M> \ V2) and
identify the two open sets ¢;((—1,0) x V1) and ¢2((0, 1) x V2) by identifying
(t,z) € (—1,0) x Vi with (1 —¢,p(z)) € (0,—1) x V5.

[ ]

We say that a smooth structure on Mj 11, M3 obtained so far is given by
gluing My and My together through the gluing map p. Such a smooth struc-
ture depends on the choice of collars entering the construction. However,
we have the following uniqueness up to diffeomorphism.

PROPOSITION 7.6. Any two smooth structures given by gluing My and
Ms together via the gluing map p are diffeomorphic to each other, via a
diffeomorphism which is the identity at the boundary.

Proof : Assume, for example, that two implementations of the construc-
tion differ by the choice of two different collars cg,c : Vo x [0,1] — Mo.
Denote by M and M’ the respective smooth structures on M; I, M>. The
isotopy (relative to V2) of the two collars of V5 in My extends to a diffeotopy
G of Ma. Then the map h : M — M’ such that h = id; (ar,) on j1(M),
h = g1 o (j2)~! on jo(M>) provides a required diffeomorphism. The general
case is achieved by a similar argument.

[

Hence it makes sense to denote by Mj 11, M3 such a diffeomorphism class
of smooth manifolds obtained by gluing M7 and Ms together. In fact we will
often abuse the notation by confusing such a class with any representative.

In some cases we can deduce that Mj I, Ms and M; Iy M3 are dif-
feomorphic, where p : Vi — Vi, p/ : Vi — V3 are the respective gluing
maps.

PROPOSITION 7.7. (1) If the diffeomorphism p' o p=' : Vo — V3 extends
to a diffeomorphism h : My — Mg, then My I, My and My I, M3 are
diffeomorphic.

(2) If two gluing maps po, p1 : Vi — Va are isotopic, then the manifolds
obtained by gluing M1 and My together by means of pg and p1, respectively,
are diffeomorphic to each other.
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Proof : A collar of V3 in Mgz, used to define a smooth structure of
M I,y Mg, can be lifted by h to a collar of V5 in Mp; this can be used to
define a smooth structure of M111,M> which by construction is diffeomorphic
to My 11, M3. This achieves (1).

As for (2), p1opy lis diffeotopic to the identity of V5 which obviously
extends to the identity of the whole Ms. By Corollary 7.4, p1 o py L also
extends to a diffeomorphism of My and we can apply item (1).

[

Oriented version. Keeping the above setting, assume furthermore
that M is oriented and that Vy is part of the oriented boundary OM,. If
p: Vi — Vi is an orientation reversing diffeomorphism, then M; I1, M is
endowed with the structure of an oriented smooth m-manifold such that j;
and jo are orientation-preserving embeddings. Up to orientation-preserving
diffeomorphism, the oriented manifold My II, My is well defined; it only
depends on the isotopy class of the orientation-reversing attaching diffeo-
morphism p.

7.3. On corner smoothing

Here, we re-examine manifolds with corners, already covered in Section
4.10. Using tubular neighbourhoods and collars as in the previous section,
it is not hard to see that every compact smooth m-manifold with corner M
verifies the following properties:

e M is a topological m-manifold and contains a boundaryless com-
pact smooth (m — 2)-manifold L (the corner locus) such that M \ L
is a smooth m-manifold with boundary.

e There is an open neighbourhood U of L in M and a homeomor-
phism

¢:U— Lx[0,1)x]0,1)
such that for every x € L, ¢(x) = (2,0,0) and the restriction of ¢
to U \ L is a diffeomorphism to L x [0,1) x [0,1) \ L x {(0,0)}.

There is a natural corner smoothing procedure that gives a smooth struc-
ture on M which is compatible with the given smooth structures on L and
M\ L.

To this end, let us fix a homeomorphism 7 : [0,1) x [0,1) — B2(0,1)NH?
which is a diffeomorphism outside (0,0) (for instance, do it by using polar
coordinates). Then set

70 Lx[0,1) x [0,1) = L x (B*0,1) N H?), 7'(z,y,2) = (z,7(y, 2))
and take the composition 7/ 0 ¢ : U — L x (B?(0,1) N H?). Take on U
the differential structure such that 7’ o ¢ is tautologically a diffeomorphism.
A smooth atlas of this structure together with a smooth atlas of M \ L

make a smooth atlas on M which, by construction, is compatible with the
given smooth structures. The induced smooth structure on M coincides,



7.5. CONNECTED SUM, SHELLING 139

up to diffeomorphism, with the one obtained by gluing the closure of the
components of M \ L along the common boundary. Arguing similarly to
Proposition 7.6, the corner smoothing produces a unique smooth structure
up to diffeomorphism.

7.4. Uniqueness of smooth disks up to diffeotopy

Let M be a smooth boundaryless m-manifold; a smooth embedding
B:D"— M

of the closed unitary m-disk is called a smooth m-diskin M. If M is oriented,
two smooth m-disks in M are co-oriented if both preserve or reverse the
orientation, provided that D™ inherits the standard orientation of R™.

PROPOSITION 7.8. Let M be a connected smooth boundaryless m-manifold.
Forr=0,1, let 5, : D™ — D, C M be smooth m-disks in M . Then

(1) If M s oriented and [y and [y are co-oriented, then there is a
diffeotopy of M which connects By and B1. In particular, there is an oriented
smooth automorphism f of M such that B2 = f o 1.

(2) If M is not orientable, then there is a diffeotopy of M which connects
Bo and B1. In particular, there is a smooth automorphism f of M such that

Pa = fop.

Proof : In both cases, thanks to the homogeneity of M, possibly by
composing 31 with a diffeotopy, we can assume that zo = 5o(0) = £1(0).
Possibly up to radial isotopies centred at 0, we can assume that the images
of both By and Sy are contained in a chart ¢ : W — R™ of M such that
¢(xg) = 0. Then we are reduced to the case M = R™, §,(0) = 0. Assume
that the two disks are co-oriented. Then we can easily adapt the proof of
Proposition 1.16 and conclude that both 3, are isotopic to the same linear
embedding of the disk in R™. By applying Thom’s lemma we achieve (1).

If M is not orientable, a priori the two disks localized in a chart at zg
as above might be not co-oriented. However, by the non-orientability of M,
we can find a smooth simple loop A based at xg such that, by “sliding” (5,
along A, we return with the opposite orientation. Then, up to isotopy, we
can always reduce to two co-oriented disks in R™ and conclude as before.

7.5. Connected sum, shelling

Let us describe a further cut-and-paste procedure to construct compact
manifolds.
e Let M7 and M3 be boundaryless connected compact smooth m-manifolds,
m > 1.
e For s =1,2, let
ds : D™ — Dy C My

be a smooth embedding.



140 7. CUT AND PASTE COMPACT MANIFOLDS

e Consider M, = M, \ Int(D,). Then M, is a compact smooth manifold
with one boundary component V; diffeomorphic to S 1.

o Let p: Vi — Vo, p = p(d1,02) being the diffeomorphism obtained
by the restriction of ds o d; 1. Dy — D,. Finally, consider the compact
boundaryless manifold

W::]\ZGHPMQ.

Here is an equivalent description of the smooth manifold W. Take the
disjoint union
(M \ 61(0)) IT (M3 \ 62(0))

and for every (u,t) € S™! x (0,1) identify 01 (tv) with d2((1 — t)v).

Every W obtained by implementing this procedure is called a connected
sum of My and Msy. There is an oriented version, where M; and My are
oriented and dg 0 §; ! is orientation reversing. The resulting connected sum
is naturally oriented in a compatible way with M; and Ma.

Every connected sum depends on the choice of the smooth m-disks d;.
We are going to analyze to which extent it is uniquely defined up to diffeo-
morphism.

PROPOSITION 7.9. Let My and Ms be boundaryless connected compact
smooth m-manifolds. Then

(1) If both My and My are oriented, then the oriented connected sum
Mi#Ms is well defined up to oriented-preserving diffeomorphism (i.e. it
does not depend on the choice of the embeddings 65, provided that do o 5{1
reverses the orientation).

(2) If at least one among My and M, is not orientable, then the connected
sum Mi#Ms is well defined up to diffeomorphism (i.e. it does not depend
on the choice of the embeddings Js ).

Proof : If both manifolds are oriented, possibly by pre-composing the
smooth disks with the reflection (z1,...,2m) = (—21,...,2y), We can as-
sume that the m-disks in M preserve while the m-disks in My reverse the
orientation; if at least one is nonorientable, say M;, while Ms is orientable,
then we can assume that the disks in My are co-oriented. By Proposition
7.8, in all cases, the disks in M; or Ms, entering different implementations
of the connected sum procedure, are diffeotopic to each other. Then the
proposition follows by several applications of Proposition 7.7.

|

REMARKS 7.10. (1) When it is well-defined, strictly speaking, Mj# Mo
denotes a diffeomorphism class of smooth manifolds. Again, we will often
abuse the notation by confusing it with any representative.

(2) In the oriented case, if —M denotes the connected oriented man-
ifold M endowed with the opposite orientation, then it can happen that
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Mi# My is not diffeomorphic to —M;#Ms, via any orientation preserving-
diffemorphism. They are diffeomorphic if there is an orientation-preserving
diffeomorphism between M7 and —M;.

(3) The discussion about the connected sum works as well for compact
manifolds with boundary, provided that the disks are embedded in their
interior.

7.5.1. Thick connected sum, shelling. Let us keep the above set-
ting. Assume furthermore that M, is a boundary component of a compact
(m + 1)-manifold Ns. Then we can consider the topological quotient space

Ny 15 No

where p : D1 — Ds is equal to d2 0 d; ! Arguing similarly to Section 7.2,
we show that this quotient space carries the natural structure of a smooth
(m + 1)-manifold with corners which, by corner smoothing, leads to a well
defined smooth manifold denoted

N1#N;
that is compatible with the smooth inclusions of Ng; moreover
O(N1#Ny) = (ONy \ My) TT (ONo \ My) IT (My#Msy) .

Everything is well-defined up to diffeomorphism, possibly in the oriented
category.

DEFINITION 7.11. In the above setting, if Ny = D™F1! then we say that
N := Ny and N := N#D™*! are related by a shelling (at M := Mj).

PROPOSITION 7.12. If N and N are related by a shelling, then they are
diffeomorphic, as well as M#S™ is diffeomorphic to M.

The proof involves several applications of the extension of isotopies and
the disk uniqueness as above. We leave the details to the reader.
[ ]

7.5.2. Weak connected sum, twisted spheres. There is a weak
variant of the connected sum procedure; by keeping the notations of the
beginning of Section 7.5, at the end we take

M, 115 M,
where

B V= Vs
is any diffeomorphism; that is, we do not require that it is the restriction of
a composition of m-disks dg 0 d; ! In the oriented situation, we require also
that g reverses the orientation. The essential difference compared with the
original procedure is that 8 does not necessarily extend to a diffeomorphism

B : D1 — D3 between the whole embedded smooth m-disks. If we incor-
porate this last requirement, then the present weak procedure is equivalent
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to the previous one. Without such a requirement, in general, it is substan-
tially different. We call any manifold obtained by implementing the weak
connected sum procedure starting from M; = Ms = S™ a smooth twisted
m-sphere . We collect below a few (not exhaustive) important facts about
this topic.

PROPOSITION 7.13. (1) If 1 < m < 4, then every diffeomorphism (3 :
Sm=t 5 M=l eqtends to a diffeomorphism B:Dm — D™; hence every
m-weak (oriented) connected sum is an (oriented) m-connected sum.

(2) For every m > 1, every smooth twisted sphere is homeomorphic to
S™.If1 <m <4 it is diffeomorphic to S™.

(3) There are smooth twisted T-spheres that are not diffeomorphic to S7.

We will limit the following to a few comments, item by item.

(1) For every m, possibly by composing with a reflection along a hyper-
plane of R™*1 it is not restrictive to assume that 3 preserves the orientation
of S™.

The validity (or not) of item (1) is invariant on the isotopy class of .

For m = 1, item (1) is immediate via linear parametrizations of the
interval D!,

For m = 2, we prove that [ is isotopic to the identity (which trivially
extends to the identity of D?). In fact, up to isotopy it is not restrictive to
assume that 3 is the identity on an open sub-arc J of S! (diffeomorphic to
(0,1)). Let J’ be another open sub-arc of S* such that S = JU J'. We get
an isotopy of § with the identity as follows

H(z,t)=xif x € J, H(z,t) =tx+ (1 —t)B(z)if z € J .

For m = 3, item (1), due to Smale [S1], is already nontrivial; as above,
it is enough to prove that [ is isotopic to the identity. A proof can be
built by using special dynamical properties of integration of planar tangent
vector fields, the so-called Poincaré-Bendizson theory. Up to isotopy, we
can assume that  is the identity on a hemisphere. Via the stereographic
projection, it is enough to prove that a diffeomorphism g : R? — R? which
is the identity outside the unitary disk D? is isotopic to the identity through
diffeomorphisms sharing this property. Again up to isotopy, it is not restric-
tive to assume that these diffeomorphisms are also equal to the identity on
a collar of S = dD? in D?. Consider the constant unitary vertical tangent
field on R2, vy = ey, and let vy be its image by means of the differential dg.
These fields can be considered as smooth maps v; : D?> — C* (completed by
a constant map outside D?). Via the universal covering map exp : C — C*,
we can lift them to maps 9, : D> — C . By taking the convex combinations
v; = tog + (1 — t)vg, t € [0,1] and projecting them back to C*, we get a
homotopy v; between vy and vy through nowhere vanishing tangent vector
fields which are constant outside D? minus a collar of S*. Now we would
integrate the homotopy v; to a diffeotopy between g and the identity. This is
a rather delicate task. A key dynamical property which holds in the present
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situation is that no maximal integral curves of vy are trapped in (the compact
set) D?. In particular, an integral line which crosses the upper semicircle
of S pointing inside D?, after a certain time crosses the lower semicircle,
pointing outside. By elaborating on this fact, one eventually constructs the
desired isotopy of diffeomorphisms (for all details see also Section 6.4. of
[Mart]).

For m =4, (1) is difficult (see [Ce]).

(2) It is easy to extend every [ as above to a homeomorphism B: D™ —
D™; we can get such a B by a radial extension, sending, for every x € S™71,
the interval [z,0] C D™ linearly to the interval [3(z),0] (this is also known
as the Alexander trick). This is a diffecomorphism on D™ \ {0}, the point 0
being, in general, the only non-smooth point. Using this fact, it is easy to
show that every twisted m-sphere is homeomorphic to ™. For 1 < m < 4
it is diffeomorphic to S™ thanks to the item (1).

(3) These are the celebrated Milnor’s exotic 7-spheres [M4].

REMARK 7.14. Let M be a compact oriented boundaryless smooth m-
manifold. Let Y C M be a submanifold diffeomorphic to S ! so that
M \'Y = M II My consists of two connected non-compact manifolds. The
closure Ms of My in M is a compact manifold MS with boundary equal to
Y. Let us glue to M, a disk D™ via a diffeomorphism p, : S™ ! — Y,
obtaining two oriented boundaryless manifolds M,. Then

M = My#M, .

In general, this factorization of M is not unique. For example, the standard
S7 can be expressed as S”#S7 as well as the connected sum of two exotic
7-spheres.

7.6. Attaching handles

This is a very important procedure. We will see in Chapter 9 that
every compact manifold admits “handle decompositions”; that is, it can be
built (up to diffeomorphism) by iterated applications of this basic attaching
procedure.

For every m > 0, for every 0 < ¢ < m,
H?=H?" =D x D™ 4

is the standard g-handle of dimension m. If clear from the context, we will
omit to indicate the dimension; ¢ is called the index of the handle. Strictly
speaking, such a handle H? is a manifold with corner, with boundary

OH? = (8771 x D™ 1) U (D? x §S™~471y .
up to smoothing, it is diffeomorphic to D™ endowed with a certain decom-

position by submanifolds of 9D™ = §™~1,
Let us fix some terminology.
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oY, =871 x {0} C T, := S9! x D™ 9 are called, respectively, the
a-sphere and the a-tube of HY.

oYy :={0} x ™41 C T := D9 x S™~97! are called, respectively, the
b-sphere and the b-tube of HY.

o C':= D7 x {0} is called the core of the handle.

e C*:={0} x D™ 4 is called the co-core of the handle.

Note that the a-sphere is the boundary of the core, the b-sphere is the
boundary of the co-core; the core and the co-core intersect transversely only
at (0,0). T, and Tp intersect at their boundaries, both equal to S9=! x
Sm—a-1,

Let N be a compact smooth m-manifold with boundary. Given a g-
handle HY of dimension m, let h: T, — N be a smooth embedding. Then
Sa = h(X,) is the embedded (attaching) a-sphere and T, := h(7,) is a tubu-
lar neighbourhood of S, in N, endowed with a global trivialization given
by h; T, is called the embedded (attaching) a-tube. Consider the topological
quotient space

N 11, HY
by the equivalence relation on the disjoint union N IT H? which identifies
every x € T, with h(x) € T,. Then N I, H? has the natural structure of a
manifold with corner which, by smoothing, leads to a smooth manifold well
defined up to diffeomorphism. Considered up to diffeomorphism, we say
that N II;, HY is the smooth manifold obtained by attaching a g-handle to
N, via the attaching map h. At this point, it is routine to apply , as above,
the extension of isotopies to diffeotopies and get the following proposition.

ProrosiTiON 7.15. Up to diffeomorphism, N Iy H? only depends on
the isotopy class of the attaching embedding h.

Here are a few further comments about attaching handles.
(1) Up to diffeomorphism, the boundary of N II;, H? is given by
O(N I, H?) = (ON \ Int(7,)) thm_b Ty ;

sometimes we denote it by
X(ON, h)

and call it the (m — 1)-manifold obtained by surgery on ON with surgery
data h.

(2) If N is oriented and ¢ > 1, then N II;, H? can also be oriented in
a compatible way. In fact, as ¢ > 1, the a-tube is connected and we can
take the orientation of H? such that the gluing diffeomorphism h : 7, — T,
reverses the orientation. For ¢ = 1, 7, is not connected and it is not always
possible to make h orientation-reversing on both components. Attaching
1-handles is the only case which imposes some constraints to perform the
construction within the oriented category.

(3) If N is connected and ¢ > 1, then also N 1I;, H? is connected. In fact,
as it is connected, T, is contained in one connected component of N and
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connectedness is preserved when attaching HY, since H? is connected. By
attaching a 1-handle we can reduce the number of connected components
by 1. This happens if the connected components of T, belong to different
components of ON.

(4) The a-tube of a 0-handle is empty; attaching a 0-handle to N means
to “create” a new connected component diffeomorphic to D™. The a-tube
of an m-handle is the whole boundary of D™. By attaching an m-handle, we
fill a spherical component of ON (if any such component exists, otherwise
we cannot attach any m-handle).

(5) Up to diffeomorphism, the thick connected sum can be rephrased in
terms of attaching a 1-handle to N; and Ny with one component of T, in
ON1 and the other in ONs. Similarly, by suitably attaching a 1-handle to

(M7 x [0,1]) IT (M3 x [0,1]) ,
we get a manifold W such that
OW = (Mo IT1 My) IT (M1 # My)
(possibly in the oriented category).

REMARK 7.16. Attaching a handle is an instance of the following more
general gluing procedure: for j = 1,2, let Y; be an (m — 1) submanifold,
with boundary 9Y;, of OM; C M;. Let p : Y1 — Y3 be a diffeomorphism.
Then M I, M is in a natural way an m-manifold with corners, hence a
well defined smooth manifold up to corner smoothing (and up to diffeomor-
phism).

7.7. Strong embedding theorem, the Whitney Trick

This section aims to provide information about the following theorem:;
the proof introduces the very important so-called “Whitney trick” [Whit2].

THEOREM 7.17. Every compact boundaryless smooth m-manifold M can
be embedded in R>™.

We provide only an outline of the proof, though we stress that it is
substantially different from the weak immersion/embedding theorem 6.29.
This last is entirely based on so-called “general position arguments” or,
equivalently, on transversality (concepts that we will develop in Chapter
8). By pushing the general position arguments (see Section 8.2), we can at
most refine the weak immersion theorem and get that a “generic immersion”,
7 : M — R®™, of our compact boundaryless m-manifold in R?™, has further
properties as follows:

The inverse image of every point in m(M) C R?*™ consists of at most
2 points; if m(p) = w(p)) = q, then R*™ = d,n(T,M) & dyn(TyM). By
compactness of M, the number of such “simple normal crossing points”, in
the image of w, is finite .
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We can start with such a generic immersion. If there are normal crossing
points, they persist under any small perturbation of the immersion. To get
an embedding, we must operate a robust alteration of w. There are two
basic “moves”:

(1) To introduce, if necessary, a further crossing point.
(2) To eliminate a couple of double points by applying the so-called
Whitney Trick.

029,

i
5

Figure 1. Basic moves for m = 1.

In Figure 1 we see a basic application of both moves when m = 1. As
we are going to see, this scheme works for m # 2; fortunately, for m = 2,
the strong embedding theorem holds as a corollary of the classification of
smooth compact surfaces (see Chapter 15). So we definitively assume here
that m # 2. Moreover, it is not restrictive to assume that M is connected.

e The basic local model for a single self-intersection point of an immer-
sion o : R™ — R?™ is as follows:

2t
Oé(tl,tg,”- ,tm) = <t1 — 7,152,... ,tm,

P EE TR

1 tity tits t1tm
u u u u

where
u=(1+t)(1+t3) - (1+12,) .

It is an embedding except for the points (1,0,...,0) and (—1,0,...,0), which
are sent to 0 € R?™. Moreover, when ||t|| — 400, a tends to the usual linear
embedding (t1,...,tm) — (t1,t2,...,tm,0,...0) of R™ C R™ x R™ = R?™,
To add such a double point to a given immersion 7, we can do it locally in
a chart at a point ¢ € m(M) where at g ~ 0, w(M) looks like the image of
the above linear embedding. Then, using two suitable bump functions on
R™, at 0 and at infinity, respectively, and the associated partition of unity,
it is not hard to modify 7 to get one with one more self-intersection point.
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REMARK 7.18. Give R™ and R?” the standard orientation; then the
single self-intersection point has a sign. Its mirror image has the opposite
sign.

e The Whitney trick applies at a Whitney disk D connecting two crossing
points q1, g2 in w(M). This means that the following pattern is realized:

(1) There is an embedded smooth circle v in m(M) with two corners at
q1 and ¢o; these divide « into two arcs with closures v, and 79, respectively;
these closed arcs 7y;, j = 1,2, are contained in smooth open m-disks U; in
(M), their union is an open neighbourhood of v in 7w (M), they intersect
transversely at {qi1,q¢2}, and they do not contain other crossing points of
m(M);

(2) There is:

a 2-disk D in R?, with boundary 0D and with two corners a1, ag, which
is contained in the union of two smooth arcs Ai, A2 in R? which intersect
transversely at {a1, as};

an embedding ¢ : U — R?™, where U is an open 2-disk in R? containing
D U (A1 U Ag), such that
° Y(Nj) CUj, j=1,2
e (0D, {a1,a2}) = (v, {q1, ¢2});
e for every x € \j, j=1,2, dotp(T:U) N Ty Uj = dutp(TiNj);
e Y(Int(D)) C R2™\ 7n(M).
We summarize (1) and (2) by saying that the smooth 2-disk with corners
D := (D) is properly embedded in (R*™ 7w(M)) and connects the crossing
points q1, qs.
Moreover, we require the following
(3) We can extend the embedding ¢ to a parametrization of a neigh-
bourhood of D in R?™ by a standard model; that is, to an embedding

T:U xR xR R
such that U(A\; x R™~! x {0}) = Uy and ¥(\g x {0} x R™1) = Us.

Thanks to such a standard model, it is not hard to use a Whitney disk
(if any) as a guide to construct a l-parameter family of immersions, with
compact support around D, by “pushing M across D”, eventually removing
q1, g2 without modifying the configuration of the other crossing points.

REMARK 7.19. We can fix local orientations around a Whitney disk.
The required properties imply that the two crossing points connected by
the disk have opposite signs for such orientations.

e To conclude the proof of the embedding theorem, we have to show
that for every generic projection, possibly after having inserted a new cross-
ing point (recall Remarks 7.18 and 7.19), there is a pair of crossing points
connected by a Whitney disk so that they can be eliminated. For m =1
this follows by somewhat subtle but elementary planar considerations. For
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m > 2, we will discuss this issue within a larger range of applications of the
Whitney trick in Chapter 18 (see Remark 7.20 (2) and Proposition 18.15).

REMARKS 7.20. (1) If m = 2, the circle v can be constructed as well
and we could construct a generically immersed disk D in R*, bounded by
v, but we cannot exclude the existence of crossing points of D itself or of
transverse intersection of D with 7(M) apart from ~.

Figure 2. Whitney’s trick.

Figure 2 is used with the permission of A. Scorpan ([Sc]).

(2) The notion of Whitney disk, and hence the Whitney trick, can be
extended to eliminate a couple of transverse intersection points of two sub-
manifolds P, @ of a given manifold M, such that dim M = dim P + dim Q
(the boundary loop 7 being formed by two arcs in P and @, respectively).
Figure 2 suggests it when dim M = 3. This technique has been of absolute
importance in the achievement of fundamental results for smooth manifolds
of sufficiently high dimension (see Chapter 18). The fact, noted above, that
the scheme does not apply when dim M = 4, is the ultimate reason for spe-
cial and astonishing phenomena occurring in the realm of 4-manifolds. We
will develop these comments much later in the text (see Chapter 20).

7.8. On immersions of n-manifolds in R2"~1

The aim of this section is to provide some information about the follow-
ing hard immersion theorem [Whit3].

THEOREM 7.21. Ewery compact boundaryless n-manifold M can be im-
mersed in R?"~1,
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It is not restrictive to assume that M is connected. Similarly to the
discussion about the strong embedding theorem, “hard” means that it is
not entirely based on general position arguments. These allow (mainly using
“jet-and-multi-transversality” - see Section 8.2 ) to preliminarily determine
the generic maps f : M — R?>*! which, in general, are not immersions.
For simplicity, let us give a few details for n = 2 (the general case is similar
but a bit more complicated). The local models of such a generic map are
all realized by

.2 3 _ .2 _ —
G:Ryy 2Ry =0, y=v, z=uv.

The line {v = 0} is the non-injectivity locus of this map and its image is a
half-line. The image of every other line {v = ¢} is the parabola z = (2/c)?
in the hyperplane {y = c}. The point 0 € R? is the unique one at which
the map ¢ is not an immersion and its image 0 = ¢(0) is called the Whitney
pointin the model. The transverse intersection with the image of g of a small
sphere around the Whitney point is a wedge of two circles. The restriction of
g to R?\ {0} is a generic immersion; that is, along the image of {v = 0}\ {0}
there are two transverse branches of the image of g.

In general, we can describe qualitatively a generic map f: M — R?~1
as follows. Assume first that n > 3. The image ¥ of the non-injectivity locus
is a compact 1-dimensional submanifold of R?"~! possibly with boundary
(hence the components of ¥ are diffeomorphic to S! or to the 1-disk D! =
[—1,1] - see Section 9.4); W = 0% is formed by the so-called Whitney points
of f. The restriction of f to W := f~1(W) is a bijection to its image and f
is not an immersion at each point of W. % := f~(X) is a smooth compact
boundaryless 1-submanifold of M and the restriction of f to ¥ \ W is a
double covering map over the interior of ¥.. The restriction of f to M \ W
is a generic immersion, so that locally along every component of the interior
of 3, there are two transverse branches of the image of f.

If n = 2 the situation is a bit more complicated. In fact, beyond the
Whitney points, X has in general also a finite set of three branches crossing
points (the “triple points” of the image) at which the local model for the
generic immersion of M \ W is given by three hyperplanes of R? in general
position.

These generic maps are stable in the sense that their qualitative features
are preserved up to small smooth perturbation. Starting from a generic
map f: M — R?"~! we have to perform a robust alteration of it to get an
immersion f : M — R?"~1. The Whitney points are partitioned by pairs
of points, the points of each pair being connected by an arc component of
3. Then we perform a kind of rather subtle “surgery” along each such an
arc 7. To give an idea, assume again that n = 2 and, for simplicity, the
arc y connecting two Whitney points p1, p2 does not include triple points;
4 = f~1(v) is a smooth circle in M divided in two arcs by ¢; = f~(p;) € W,
J = 1,2. Let us consider a small closed tubular neighbourhood U of ¥ in
M. Tf M is orientable, then U is an annulus (diffeomorphic to S x [—1,1]);
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if M is not orientable, U might be a Mobius band. The restriction f’ of f
to M' := M \ Int(U) is a generic immersion and an embedding on a collar
of U = OM' in M’'. Moreover, f'(M') can be obtained by removing from
f(M) the intersection with a smooth 3-disk B C R? which retracts to v and
whose boundary transversely intersects f(M) along f(OU). Now we want to
extend f’ to a map f : M — R? which is a “proper” immersion on (U, 9U)
n (B,0B) (in this way, we eventually eliminate a pair of Whitney points).
If U ~ [~1,1] x S! is an annulus, we can assume that it is embedded into
the torus S* x S or the Klein bottle (both considered as a fibre bundle over
S1 with fibre S!, the embedding being fibred); then the restriction of f on
U can be obtained either as the restriction, with values in B, of a standard
embedding of the torus or of a standard immersion of the Klein bottle in
R? without triple points (see Section 19.48). If U is a Mobius band, we can
obtain f as follows. Consider a (generic) immersion g of the projective plane
P2(R) in S3 (it exists, see Section 19.48). Take a small 3-ball B’ C S® which
intersects transversely g(P?(R)) at a 2-disk D in its regular part. The set
B” := 83\ Int(B’) is another smooth 3-disk in S3, and the restriction g’ of
g to the Mébius band M := P%(R) \ g~ !(Int(D)) is a “proper” immersion
f (M,0M) in (B?,0B”). Finally, we identify (M,0M) with (U, 3U)7
(B”,0B”) with (B,0B), and (B”, g(0M)) with (B, f(9U)); we can use ¢’
to extend f” and by doing so along each arc y we eventually get an immersion
f: M — R3® The maps f and f are homotopic; moreover, f can be obtained
arbitrarily close to the given generic map f in the C%-topology.

REMARK 7.22. The complete proof of Theorem 7.21 in [Whit3] is quite
demanding. For every n, the local model of a generic map f at a Whit-
ney point is a straightforward generalization of the case n = 2. Also, some
similar local modifications of f at a Whitney point are considered. It is not
evident that a suitable pattern of such local modifications can be incorpo-
rated into a global immersion f . This follows from a delicate combinatorial
analysis, especially when M is nonorientable.

7.8.1. On Smale-Hirsch immersion theory. Whitney’s hard im-
mersion theorem was re-obtained later as a nontrivial application of Hirsch
immersion theory [H2]. Extending earlier Smale’s results concerning the im-
mersions of the spheres, this faces the general questions about the existence
of immersions f: M — N, n =dim N > dim M = m, and the classification
of immersions in a given homotopy class of maps from M to N up to regular
homotopy.

DEFINITION 7.23. Two immersions fy, f1 : M — N are regularly homo-
topic if they are connected by a smooth homotopy f; such that for every
t € [0,1], f; is an immersion.

Let M c R", N c RF be boundaryless smooth properly embedded
manifolds; assume that M is compact. If f : M — N is a smooth map,
[f] € [M, N] denotes its homotopy class.
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For every vector bundle £ on M, we say that the stable rank of £ is less

or equal to r and we write
ranks(&) <r

if there is a rank-r vector bundle 7 and trivial bundles P, €2 on M such that
& @ €P is strictly equivalent to 1 @ €9.

We know that

' =T(M)®n
where n is the normal bundle on M with classifying map
viM— &pp_m, v(z)= T, M+

for the standard Riemannian metric on R”.
We have the following existence criterion ([H2], [Tho]).

THEOREM 7.24. There exists an immersion f € [f] if and only if
ranks(f*(T'(N)) @&n) < dim N — dim M

The condition is necessary. As M is compact, by the classification the-
orem, f*(T'(N)) ~ f*(T'(N)) because f and f are homotopic maps. As f is
an immersion, then

JHT(N)) ~T(M) &n
for a certain rank-(n — m) bundle 1. Then

FTWN)@n~n@ (T(M)on) ~nod,

hence ranks(f*(T'(IV)) @ n) < n —m. The other implication is more de-
manding, being the core of the result.
|

Remarkably, by the classification of vector bundles on compact mani-
folds, this criterion reduces the question to a question purely in homotopy
theory.

When N = R™" r > 1 and for every map f, f*(T(N)) = €™, then
there exists an immersion f : M — R™" is and only if

ranksn < r .

By the hard Whitney immersion theorem, we know that this condition is
satisfied when r = m — 1 . This can be checked more directly by homotopic
considerations, but it is not immediate anyway (see [H2]).

The following corollary is immediate.

COROLLARY 7.25. If M is parallelizable then it can be immersed in R™*"
for every r > 1.

For every m > 0, let i(m) be the minimum r > 1 such that every
compact boundaryless m-manifold M can be immersed in R, We know
that i(m) < m—1. Starting from the reduction of the question to one purely
in homotopy theory, after a hard work we eventually know the exact value
of i(m); see [RC].
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THEOREM 7.26. For every m >0, i(m) = m — a(m), where a(m) is the
number of 1 in the dyadic expansion of m.

Assume now that [f] € [M, N] contains immersions. These can be con-
sidered up to regular homotopy. Denote by R(M, N)s the set of regular-

homotopy classes. If f € [f] is an immersion, | f]r € R(M, N)(y denotes
its regular-homotopy class. Denote by Bun;(T(M),T(N)) the set of ho-
motopy classes of fibred maps which cover maps homotopic to f and which
are injective on each fibre. If f € [f], then the tangent map T'(f) is such a
map. One can prove (see [H2]) that the correspondence [f], — [T'(f)] well
defines a bijection R(M, N)(y — Bunyy(T(M),T(N)) .

In Section 19.7, we will deal with a materialization of immersion theory
of surfaces in 3-manifolds.

R2m—1

7.9. Embedding m-manifolds in up to surgery

By the hard immersion theorem and using multi-transversality (see Sec-
tion 8.2), we can assume that for every compact boundaryless m-manifold
M, there is a generic immersion f : M — R?™~1. So if m > 3, adopting the
above notations, ¥ is a compact boundaryless 1-submanifold of R?*~!. For
every component C of ¥, locally along C' we see two transverse branches of
the image of f; C = f ~1(C) is a compact boundaryless 1-submanifold of M
and the restriction of f to C' is a 2-folds covering which might be nontrivial
(C connected) or trivial (C' with two connected components).

Assume furthermore that M is orientable. This section aims to prove
the following theorem.

THEOREM 7.27. Let M be a smooth compact boundaryless orientable m-
manifold, m > 3. Then there exists a compact orientable (m + 1)-manifold
W such that OW = M I1 M and M can be embedded in R>™~ 1.

More precisely, starting from a generic immersion f : M — R*™~1 as
above, we are going to construct W by attaching suitable “round handles”
to M x [0,1] at M x {1}, so that M is obtained by a kind of “surgery” on
M and f can be altered on M to get an embedding f M — R?m=1_ This
construction is due to Rohlin (see the translations of his papers in [GM])
and it will be used in Chapters 19 and 20.

Let us analyze more closely the properties of such a generic immersion.
C has a small tubular neighbourhood U ~ C x D2™=1) in R?™~1 which does
not intersect the other components of ¥ and such that U := f~1(f(M)NU)
is a tubular neighbourhood of C in M.

As M is orientable, U is a product neighbourhood. There are two mod-
els. When the covering ¢ — C' is nontrivial, U can be realized as the
mapping cylinder of the map

go:{0,1} x D™ = {0,1} x D™ go(u,z) = (1 —u, x) ;
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when the covering C — C' is trivial, U can be realized as the mapping
cylinder of the map
g1:{0,1} x D™ = {0,1} x D™, gy(u,7) = (u,a) .
In both cases, the mapping cylinder is
{0,1} x D™ 5 [0,1]/ (u,,0) ~ (g (u,2),1) .
There are, respectively, two models for (U, f(M)NU). Consider D2(m~1)
as a subset of R™™1 x R™~1. Let
= ({0} x D™ YU (D™ x {0}) c DM~
ho : (DD, X) — (D™D X), ho(y, 2) = (2,9)
ho (DD, X) — (DD X)), ha(y,2) = (y,2) -
When the covering is nontrivial, (U, f(M)NU) is identified with the mapping
cylinder of the map hg; when the covering is trivial, it is identified with the
mapping cylinder of the map h;. In both cases, the mapping cylinder of the

restriction of h; to X realizes the image f ((7 ) in U and the restriction of f
to U can be expressed as

f(u,x,t) = (Ul‘, (1 - u)xvt) :
As R?™~1 is orientable, then also U must be orientable. This easily

implies that the first case does not occur if n is even, because the mapping
cylinder would be nonorientable. We have proved

~ LemmMmA 7.28. If m = dimM > 3 is even, then only trivial coverings
C — C can occur.

We are now going to construct W, oW = M 11 M, and the embedding
f M — R?™=1 with the desired properties. Let C' be a component of X.
Use the above models for (U, f(M)NU) and U. Consider éU C U obtained

as the mapping cylinder of the restriction of g; to {0,1} x %Dm_l and set
- . 1~
U :=U\ Int(iU) :

Define the map

A~

f:U —-U
by
0,z,t) = (¢(|z|) (=21, 22, . . ., Tpp—1), T, T)

(17$7t) = (.’L’,¢(‘$‘)(—[E1,$2, <o 7$m—1)7t)
where = (z1,...,2y,—1) and

¢:[1/2,1] — [0,1]

is a smooth strictly decreasing function which coincides with ¢ — —t + 3/2
near t = 1/2; ¢(1) = 0 and ¢ is flat at 1. For |z| = 1/2, the map f identifies

(u7$1,3§'2,. . 'a$m—17t) ~ (]- — U, —T1,T2, .- - 7$m—lat) .

f
f
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For example, when m = 3 the image of f is defined by the equation
yz + o(|yl> + |21*) =0

where we have identified R? ~ C and ¢(t) = 3/2 —t on [0,1/2]. Case by
case, the image of f in U is the mapping cylinder of the restriction of h;
to an invariant proper submanifold X of D2(m=1) < R™~1 x R™~1 which
coincides with X near the boundary of D2m—1; X “desingularizes” X. The
map f extends to the whole of M \ Int(%ﬁ ) by taking the restriction of f to
M\ U. Do it for each component of % (by using pairwise disjoint tubular
neighbourhoods). Thus we have obtained a boundaryless m-submanifold M
of R?™~1 which is the image of a smooth map

fiMy— R

where M is a submanifold with boundary of M obtained by removing a
system of small open tubular neighbourhoods of the C’s. It turns out that
the quotient

M = My/f

is, in a natural way, a boundaryless compact manifold and the induced map
(we keep the name)

f:M— M
is a diffeomorphism. It remains to describe the “handles” attached to M X
[0,1] at M x {1}, producing an (m+1)-manifold W such that OW = MIIM.

There is one such handle for each component C. If C — C is the trivial
covering, let

H=1[0,1] x D™ ' x [0,1]/(v,z,0) ~ (v,z,1) .

Then attach H at M ~ M x {1} along U, by means of the attaching map
which identifies (0,,t) and (1,z,t)) of H with (0,,?) and (1,z,t) of U,

respectively. If C' — C is nontrivial (recall that it happens only if m is odd)
then we do similarly by using

H= [0,1]x D™ 'x[0,1]/(v, 1,22, . .., Tm_1,0) ~ (1—=v, =1, T2, ..., Tm_1,1) .

This is orientable and the attaching locus is connected. Then W is ori-
entable. This completes the construction and the proof of Theorem 7.27.

REMARKS 7.29. (1) The constructions and the considerations of this
section hold when f : M — N is any generic immersion of a compact
orientable boundaryless m-manifold M in an arbitrary orientable (2m — 1)-
manifold N.

(2) To extend the construction to nonorientable M, we should consider
the further case when the covering C' — C' is trivial and the componets of
U are nonorientable.
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7.10. Projectivized vector bundles and blowing up

R™ can be considered as a vector bundle over the 0-manifold M = {0}.
The projective space P"~1(R) can be considered as a fibration over M which
“projectivizes” the given vector bundle. If

E=p:E—>M

is any vector bundle (for example, the tangent bundle), over a compact m-
manifold M with fibre R", we can perform the above projectivization fibre
by fibre and obtain a fibration

p:P(E)—> M

with fibre P"71(R). Every local trivialization W x R™ ~ p~1(W) of the
vector bundle gives rise to a local trivialization W x P*"1(R) ~ p~}(W). If
(E,p) is defined by means of a cocycle {y;; : W; N W; — GL(n,R)}, then
it induces a cocycle with values in the projectivized linear group PGL(n,R)
that defines (P(E),p). The total space P(F) is a compact manifold of
dimension m-+n—1. A point in P(E) corresponds to a line [, in B, = p~!(x)
for some x € M. We can pull-back £ to P(FE) via the projection p and obtain
the vector bundle p*(§) over P(E). We note that the restriction of p*()
to every fibre of p is a product (trivial) bundle. Moreover, p*(£) has a
canonical tautological sub-bundle of rank 1 (i.e. a line bundle) A¢ : the total
space is
Ae = {(lz,v) € P*(§); v € I}

with the natural projection to P(F). Its fibre over [, is the line contained
in the fibre of p*(§) at I, made by the vectors belonging to ;. By using an

auxiliary Riemannian metric on the total space of p*(§), we realize that, up
to strict equivalence, it canonically splits as a direct sum

P () ~ A © fe
where the bundle ¢ is well defined up to strict equivalence. By iterating

this construction, starting again using ¢, we eventually get the following

ProproSITION 7.30. For every vector bundle £ : E — M over a compact
manifold M, there is a canonical construction (via iterated projectivization
of vector bundles) that produces a smooth compact manifold F (&) endowed
with a surjective smooth map

fe : F(§) = M

such that the vector bundle f (&) over F(§) splits as a direct sum of line
bundles. In particular this applies to the tangent bundle of M.

7.10.1. Blowing up along smooth centres. Let us start with the
blowing up of R™, n > 1, with centre the O-submanifold X = {0}. Consider

R™ x P""1(R)
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where R™ is endowed with usual coordinates * = (x1,...,zy), while the
projective space is endowed with homogeneous coordinates t = (t1,...,tp).
Set

B(R",0) := {(z,t) € R" x P"(R); xit; = xjt;, 1,5 =1,...,n};

this is well defined because the equations are homogeneous in the ¢’s. Denote
by

p:B([R",0) —» R"
the restriction of the projection onto R™. These objects satisfy several in-
teresting properties:

(1) B(R™,0) is a smooth n-manifold. If U; is the standard chart of the
projective space with non-homogeneous coordinates y; = t;/t;, t; # 0, i # j,
then we readily check that B(R™,0) N (R" x Uj) is given as the graph of the
smooth function x; = x;y;, i # j.

(2) The restriction p : B(R™,0)\ p~1(0) — R™\ {0} is a diffeomorphism.
Assume that ((a1,...,an), (y1,--.,yn)) € B(R",0) with some a; # 0. Then
for every j, y; = (aj/a;)y; is uniquely determined as a point of P"~1(R).
This also shows that

(ai,...,an) = ((ag,...,an), (a1,...,a,)) € B(R",0)\ p~1(0)
defined for (ay,...,a,) € R™\ {0} is the inverse diffeomorphism.

(3) The inverse image p~1(0) = {0} x P""Y(R) ~ P" L(R) and it is in
natural bijection with the set of lines in R™ passing through 0; hence it is the
projectivization of R™ considered as a vector bundle over the 0-dimensional
manifold X = {0}. Every such a line L has a parametric equation x; = at,
i=1,...,n. Consider L' = p~!(L\ {0}); L' has parametric equations z; =
a;t, t; = a;t, t #0, i =1,...,n. As the t’s are homogeneous, equivalently
L’ is described by z; = a;t, y; = a;, t # 0. These equations extend to define
the so-called strict transform L of L in B(R™,0); that is, the closure of L'.
Finally, L transversely intersects P"~(R) at the point (a1,...,a,) and

L — LNP"(R)

defines the required bijection (after all, it corresponds to the bijection be-
tween € P"71(R) and the respective fibre in the tautological bundle over
P !(R)).

(4) In a more qualitative cut-and-paste fashion, B(R",0) is obtained by
gluing along the boundary the closure of R™ \ D™ with B(D",0), and this
last can be identified with the mapping cylinder of the natural degree two
covering map c: S"~!1 — P"}(R), S~ = 9D".

Consider now R* ¢ R¥*" = RF x R” (defined as usual by the equation
x; = 0,4 > k). The space R¥*" = R*¥ x R” can be considered as the total
space of the product vector bundle over the manifold X = R*, with fibre
R™. Then define the blowing up of R¥t™ with centre X = RF by

B(RF" RF) .= R* x B(R",0)
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endowed with the restriction of the natural projection
P=pok: B(Rk+n,Rk) N Rk+n )
The above properties extend directly; set
Dn,k = p_l(Rk) :
Then

(1) The restriction p : B(R¥" RF)\ D, x — R¥"\ R* is a diffeomor-
phism;

(2) Dy = RF x P71(R) and it is the total space of the projectivization
of the above trivial vector bundle;

(3) B(D", R¥) is the mapping cylinder of the natural degree two covering
map ¢ : RF x §"71 — R* x P"~1(R) and B(R¥™", R¥) can be obtained by
gluing B(D™, R¥) to the closure of R¥*"\ (R*¥ x D), along the boundary.
Moreover,

(4) If RF ¢ RFM c R¥7" h < n, then the closure in B(R*" RF)
of p~H(RF¥h \ R¥) is equal to B(R¥*" R¥), py, ;. is the restriction of p, ,
B(R*F*h RF) transversely intersects D,y at D, k.

(5) Given R* x R® x R"  then B(R¥*, R¥F) and B(R**+" RF) are disjoint
submanifolds of B(RF+s+" RF). Note that RFTs N RF+h = RF ¢ RF+sth
hence RFts URFH" ig ‘singular’ along R¥. Blowing up with centre R” is a
way to ‘desingularize’ it.

Let M be a compact boundaryless smooth (k+n)-manifold and X € M
a proper k-submanifold. We define the blowing up of M with centre X

p=pux:BMX)—>M
as follows: recall that a tubular neighbourhood
m:U—X

of X in M is, by construction, isomorphic to a neighbourhood fibred by
n-disks of the O-section (identified with X) of a rank k vector sub-bundle

p:E—X
of the restriction of T'(M) to X, such that
or:0U — X
is isomorphic to the unitary bundle
up: UE — X
with fibre S"~!. There is a natural degree 2 covering map
c:UE — P(E)

such that up = p o c. Then B(M, X) is obtained by gluing the mapping
cylinder of this map ¢ to the closure of M \ U, along its boundary. The
above (B(R*™ R¥), p,, ) provides the local model for (B(M, X), par.x), so
that
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e B(M, X) is a smooth compact (k + n)-manifold and p is a smooth
map;
e The restriction
p:B(M,X)\ D(M,X)— M\ X
is a diffeomorphism, where D(M, X) = p~1(X).
e The restriction p : D(M,X) — X is isomorphic to the projectivized
bundle p: P(E) — X.

REMARK 7.31. If X is a hypersurface of M (dim X = dim M — 1), then
p:B(M,X)— M is a global diffeomorphism.

If Y is a subset of M, the strict transform Y of Y in B(M, X) is, by
definition, the closure of p~1(Y \ X). Then we have the following.

e Let M be as above, N C M a proper submanifold of M and X C N
a proper submanifold of N (whence of M). Then the strict trasform N in
B(M, X) is a proper submanifold diffeomorphic to B(N, X), moreover, N
transversely intersects D(M, X) at D(N, X).

e If N and N’/ are proper submanifolds of M which intersect transversely
at X = NN N’ # 0, then the strict transforms N and N’ are disjoint in
B(M, X). Note that NUN" is not a submanifold of M because it is ‘singular’
along X. By blowing up the singularity and taking the strict transforms,
we can ‘desingularize’ it.

7.10.2. Blowing-up and connected sum. When X = {20} C M is
reduced to one point, blowing up X is related to the connected sum.

PROPOSITION 7.32. (1) Ifdim M = m is even, then B(M, xo) ~ M#P™(R)
(recall that P™(R) is not orientable).

(2) If M is oriented and dim M = m is odd, then: (a) B(M,xq) is
oriented in such a way that the restriction

p:B(M,zo)\ D(M,xo) = M\ {z0}

preserves the orientation; (b) Let us stipulate that S™ is oriented as the
boundary of D™ oriented by the standard orientation of R™ and that
P™(R) is oriented in such a way that the standard covering map S™ —
P™(R) preserves the orientation; then

B(M, o) ~ M# — P (R)

where ‘—’ indicates the opposite orietation and we are dealing with the ori-
ented connected sum.

3

Proof : Forget, for now, the orientation issue. By taking a chart diffeo-
morphic to R™ of M at xg ~ 0, we can assume that D" is a tubular neigh-
bourhood of zg. Recall that B(D™,0) C R™ x P™~}(R), this last endowed
with ‘mixed’ coordinates (z,t). Let z = (21,..., Zm+1) be homogeneous co-
ordinates on P™(R) and take the standard affine chart U = {t,,4+1 # 0};
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U ~ R™, with coordinate y1 = (21/2Zm+1,--+>Ym = 2Zm/Zm+1). Then it is
enough to prove that there is a diffeomorphism

¢:B(D™,0) - P™(R)\ D™

which is the identity on 9D™. The diffeomorphism ¢ can be defined explic-
itly as follows:

m
@1,y Tyt tn) = (H, -t 8()23)) € P™(R)
j=1
where t = t;/z; if z; # 0, ¢ = 1,...,m. The verification that ¢ is well
defined, its image is P™(R) \ D™, and that it is a diffeomorphism are left
to the reader as an exercise. Now we come to the orientation question. If
m is even then P™(R) is nonorientable, hence the connected sum with it
is well defined. In the oriented case, we easily check that B(D™,0) and
P™(R) \ D™ induce opposite orientations on the common boundary 9D™.
Hence the diffeomorphism ¢ reverses the orientation and (b) follows.
[

7.10.3. On complex blowing up. The (complex) blowing up
Be(M, X)

can be performed in the category of complex manifolds as well. At least, the
basic B¢(C™,0) is defined by the very same formulas of B(R"™,0), in terms
of complex coordinates. Hence we can define the blowing up B¢ (M, xq)
of a complex manifold at a point zg. More generally, if M is an oriented
2n-smooth manifold and z¢p € M, we can define B¢ (M, zp) (up to oriented
diffeomorphism) by taking an oriented chart R?® ~ C" at 2o ~ 0, performing
Bc(D?",0) and gluing it to M \ D2".

PROPOSITION 7.33. Let M be a compact oriented 2n-manifold, xo € M.
Then Be (M, z9) ~ M# —P"(C).

Proof : As in the proof of Proposition 7.32, the key point is to construct
a suitable diffeomorphism

¢c : Be(D*,0) — P(C) \ D" .
The formula for ¢ defined in that proof works here as well, provided that
it is considered in terms of the complex coordinates and we replace each x?
with |$j‘2.
]

REMARK 7.34. Blowing up works in the category of (real or complex)
regular algebraic varieties. Algebraic geometry is the first source of this
construction and we have just developed a smooth version. In the algebraic
setting, B(M, X) \ D(M, X) is a Zariski open set of the regular algebraic
variety B(M, X) as well as M \ X is a Zariski open set of the regular al-
gebraic variety M the restriction of p is an algebraic isomorphism between
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these Zariski open sets, hence (essentially by definition) M and B(M, X) are
birationally equivalent. A variety M is said to be rational if it is birationally
equivalent to the projective space of the same dimension. Blowing up a
projective space along regular centres is a basic way to construct rational
varieties.



CHAPTER 8

Transversality

We have already used some instances of transversality and related con-
cepts. In this chapter, we will treat this topic more systematically. First, we
point out so-called “basic transversality theorems” which, to a large extent,
will suffice to our aims. Then we will develop some complements.

8.1. Basic transversality

We consider the following setting.

e M is a smooth m-manifold with (possibly empty) boundary OM;

e N is a smooth boundaryless n-manifold and Z C N is a proper 7-
submanifold of N, hence Z is both boundaryless and a closed subset of
N;

e f: M — N is a smooth map. If the boundary is nonempty, then 9 f
denotes the restriction of f to M.

DEFINITION 8.1. We say that f is transverse to Z (and we write f M Z)
if
(1) For every x € M such that y = f(x) € Z, we have
T,N =T, 7 + dp f (Tu M) .
(2) For every x € OM such that 0f(z) € Z, we have
T,N =T, Z + d.0f (T,0M) ;
(in other words, df th Z by itself). If 9M = (), this second require-

ment is empty.

We denote by M (M, N; Z) the subspace of £(M, N) formed by the maps
transverse to Z. If A is a subset of M, we denote by tha (M,N;Z) the

space of maps which satisfy the transversality conditions for every x € A or
x € ANOM, so that h (M, N; Z) =thpr (M, N; Z).

Let us consider some particular cases.

o If f(M)NZ =10, then f i Z ;

o If Z = {yo} a single point, then f M Z if and only if yo is a regular
value of both f and Jf.

e If M is a boundaryless submanifold of N and f is the inclusion, then
f m Z (and we write also M M Z) if and only if for every x € M N Z,
T.N=T,M+T,7;if dim M + dim Z = dim N, then T,N =T, M & T, Z.

161
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e The basic local models for M h Z are given by the possible mutual
position of two affine subspaces, A and B, in some R". If dim A+dim B < n,
then A M B if and only if ANB = 0. If AN B # (0, up to translation we
can assume that they are linear subspaces which are transverse if and only
if R = A+ B. Note that AN B is also a linear subspace and, by elementary
linear algebra, dim AN B =dim A+ dim B —n > 0.

There are two kinds of basic transversality theorems; roughly speaking,
they respectively claim that transversality implies nice geometric features
of the map f and that (at least when M is compact) it is a generic and
stable property: up to arbitrarily small perturbation every map f becomes
transverse, and transversality cannot be destroyed by small perturbations.

THEOREM 8.2. (First basic transversality theorem) (1) If f: M — N is
transverse to Z, then (Y,0Y) := (f~%(Z),0f~1(2)) is a proper submanifold
of (M,0M); moreover dim M —dimY = dim N — dim Z.

(2) If (M,0M), N and Z are oriented, then Y and 0Y are orientable

and we can fix an orientation procedure in such a way that Y is the oriented
boundary of Y.

Proof : When Z = {yo} consists of one point, then the theorem is
equivalent to Proposition 4.24. Let us reduce the general to this special
case. As Z is a closed subset, then f~1(Z) and 8f~1(Z) are also closed sets.
Now, being a proper submanifold is a local property. For every z € Z there is
achart of N, ¢ : W — U x U’ C R" xR"™ ", such that ¢(z) =0 € Ux U’ and
o(WnNZ)=Ux{0}. Let p: UxU" — U’ be the projection. The restriction
of f to f~1(W) is transverse to Z if and only if po ¢ o f is transverse to
{0}. This is enough to achieve point (1). As for the orientation, let us
orient R"™" is such a way that the given orientation of R™ (i.e. of N) is
the direct sum of the given orientation of R" (i.e. of Z) followed by the
selected one on R™™". Then we can apply to po ¢ o f the orientation rule of
point (2) of Proposition 4.24 to orient the intersection of (Y,0Y) with W;
by construction, these local orientations are globally coherent.

REMARK 8.3. It is useful to make explicit the orientation rule in the
case of the transverse intersection M M Z of submanifolds of N. For every
zeMNnZ,T,N=T,M+T,Z, and by assumption the linear spaces T, IV,
T,M and T,Z are oriented (in a globally coherent way) and the last two
intersect transversely in the first. We have to orient T, M N1T,Z. So we
have reduced the problem to the basic situation of two transverse oriented
linear subspaces (A,wa) and (B,wp) in R" (endowed with the standard
orientation wy,). Given any orientation wsnp on the intersection, it can
be extended in a unique way to A and B so that wqg = wanp ® ' and
wp = wang ®w”. Then wanp D w’ @ w” determines an orientation on the
whole R". Finally, we select the orientation w4sp such that the orientation
of R™ obtained so far coincides with the given w,,. In the nonoriented setting
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Mt Z = Z M M, but the orientation depends on the order; this can be
checked straightforwardly in the linear local model. We get

MMhZ= (_1)(dimN7dimM)(dimNfdimZ)Z M.

A very important consequence of Theorem 8.2 is the following parametric
transversality theorem. It represents the bridge between the two kinds of
transversality theorems. Keeping the above setting, consider furthermore a
boundaryless “parameter” smooth manifold S, so that M x S has boundary
equal to OM x S.

THEOREM 8.4. Let F : M xS — N be transverse to Z. For every s € S,
set fs : M — N as the restriction of F to M ~ M x {s}. Then the set of
parameters s € S such that fs is not transverse to Z is negligible in S.

Proof : Let (Y,0Y) = (F~1(Z),0F~(Z)) be the proper submanifold of
(M x S,0M x S) as in Theorem 8.2. Set 7 : Y — S as the restriction to Y’
of the projection p : M x § — S. We claim that for every regular value s
of both 7 and 97 (i.e. such that 7w M {s}), fs is transverse to Z. The thesis
will then follow from the Sard-Brown theorem, so let us justify the claim.
Let x € M be such that fs(z) = F(z,s) = z € Z. As F i Z, for every
w € T, N there are (u,v) € T,M x TsS and t € T,Z such that

w = dy o F(u,v) +1.

The differential
d(z,s)p T M xTgS — TS
is just the projection to the second factor, and d, 47 is obtained by restric-
tion. As s is a regular value of m, then there exists a vector of the form
(u',v) € Ty Y. By definition of Y, t' := d(, ) F(u',v) € T.Z. Finally, we
readily verify that
w = d(x,s)F(u - U/a 0) + d(:}c,s)F(u/7v) +t= d:cfs(u - ul) + (t/ - t) :

This proves that T, N = d, fs(T,M) + T.Z. Using that s is also a regular
value of 07, the very same argument shows that dfs th Z. This achieves the

proof.
|

Before establishing the second transversality theorem, we refine the set-
ting. That is, we assume furthermore that
(1) M is compact;
(2) N can be properly embedded in some R”, that is, also being a
closed subset of R”.

In many applications, N and Z will also be compact. In any case, these
assumptions allow applying the results of Section 6.9.1 to V.

THEOREM 8.5. (Second basic transversality theorem)
(1) The set h (M,N;Z) of smooth maps transverse to Z is open and
dense in E(M,N).
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(2) Let f € E(M,N) be such that Of : OM — N s transverse to Z.
Denote by E(M,N,0f) the space of smooth maps that coincide with f on
OM, and by t (M,N,0f;Z) the subset of E(M,N,0f) of maps that are
transverse to Z. Then th (M, N,0f; Z) is open and dense in E(M,N,Jf).

(8) For every h € E(M,N) (resp. h € E(M,N,0f)), there is g €
(M,N;Z) (resp. g € t(M,N,0f;Z)) smoothly homotopic to h.

Proof : Let us consider first the property of being open in both items (1)
and (2). As M is compact, in earlier chapters we have already achieved it in
the case of submersions; this easily implies the validity of the theorem when
Z = {yo} consists of one point. Applying the local reduction argument to
this case as in the proof of Theorem 8.2, for every f € th (M, N; Z), we can
find a finite covering of M by compact sets K such that f reduces to the
special case on a neighbourhood of each K in M. For each K, there is an
open neighbourhood Ug of f in £(M, N) formed by maps which satisfy the
transversality conditions at each © € K. The intersection of these finite open
sets U is an open neighbourhood of f in (M, N) contained in h (M, N; Z);
hence it is open. The same argument applies to th (M, N,90f; 7).

Let us come now to the density stated in (1). We consider first the
special case when N = R" = R" x R"™" and Z = R" = R" x {0}. Let
fe&(M,R™). The map

F:MxR"—=R" F(z,s) = f(x)+s

is transverse to R” (in fact, it is a submersion to the whole R™) and we can
apply to it the parametric transversality Theorem 8.4. For every € > 0, there
is s € R™ such that ||s|| < e and fs; h Z. As M is compact, by taking e small
enough, then f; = f 4 s can be arbitrarily close to f in the C*°-topology.
We are going to apply the same argument in the general case, using a
more elaborate construction. Let f € £(M,N). For the moment, assume
for simplicity that N C R" is compact and take a tubular neighbourhood
7n : Uy — N of N in R” constructed using the standard Riemannian metric
go on R" and some ¢y > 0. Consider the restriction of the map defined above

F: M x B"0,e) = R" F(x,s) = f(z)+s .

The parameter space is now restricted to the open ball of radius €; as M
and N are compact, if € is smalls enough, the image of F' is contained in Uy
and we can define

F:M x B"0,¢) = N, F(z,s) = nx(F(z,s)) .

As both F and 7y are submersions, F' is also a submersion hence F' i Z, and
we can apply again Theorem 8.4. For s generic and small enough, fs h Z and
is arbitrarily close to f. If N is not compact, by using the considerations
of Section 6.9.1, there is a compact submanifold with boundary N' ¢ N
such that f(M) C Int(N’) and we can repeat the above argument by using
a tubular “neighbourhood” 7y : Uny — N’. Alternatively, we can use
(instead of mx) the projection 7 : N, — N, defined on the e-neighbourhood
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of N determined by a suitable smooth positive function ¢ : N — R, and the
modified maps

F: M x B"0,1) = N, F(z,s) = (f(z) + e(z)s) .

Let us now address the density stated in (2). We follow the same scheme,
modifying the map F. Let f € E(M, N) be such that 0f M Z. Using the
same considerations developed to prove the openness, it is easy to verify that
f ™ Z provided that it is restricted to a small collar C' of M. By slightly
modifying the construction of a collar bump function, we can construct a
smooth function v : M — [0,1] such that ~ is constantly equal to 0 on a
smaller closed collar C’ C C, 7 is positive on the complement of C’, and ~ is
constantly equal to 1 outside C. Assume again for simplicity that N C R"
is compact and let 7y : Uy — N as above (the discussion when N is
noncompact can be repeated word by word). Then define

F:M x B"0,e) = N, F(z,s) = nn(f(z) +7%(x)s) .

We claim that F' h Z, then for generic s small enough, f; = my o (f +~2s)
belongs to M (M, N,0f; Z) and is arbitrarily close to f. The restriction of
F to {z; v%(x) # 0} x B"(0,¢€) is a submersion because for every fixed z,
s — 72(x)s is a diffeomorphism to its image, the map F(z,t) = nn(f(z) +
t) is a submersion, and F is obtained by composition. It follows that if
F(z,s) = z € Z and 7%(x) # 0, then the transversality conditions are
verified at (x,s). Assume now that F(z,s) = z € Z and 72(z) = 0; that is,
x € C'. We note that d,y? = 2y(x)d,7, hence it vanishes on C’. Using this
fact, it is not hard to verify that for every (u,v) € Tp(M) x TsB"(0, €),

d(x,s)F(ua U) = d:tf(u) )
hence these differentials have the same image in T, N. As f restricted to C’
is transverse to Z, then the restriction of F to C' is also transverse to Z.
Concerning point (3), referring for instance to f € £(M, N) and to the
above proof of the density, we note that f = fo and is homotopic to fs hZ
via the path fg(t), o(t) = (1 —1t)s, t € [0,1]. On the other hand, we know
in general that if g is close enough to f, then they are homotopic (recall
Lemma 6.13). The proof is now complete.
|

REMARK 8.6. The proof of the openness does not use that NV is embed-
ded. We sketch here a similar proof of the density of (1) and (2) in Theorem
8.5. For simplicity, we consider statement (1) and assume that M is bound-
aryless. Let f € E(M,N). By compactness of M there is a nice atlas N of
M

{¢j : Wj = B™(0,1)}j=1,..8
and a family F of charts of (IV, Z) of the form

{aj: (V;, ZNV;) = (B x B"7, R")}
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such that for every j, f(W;) C Vj, so that we have the family
{f]’ : Uj — R" x Rn—r}

of associated representations of f in local coordinates supported by (N, F).
Recall that every K; = Ej C W; is compact and this provides a finite
compact covering of M. The subset Ay r of E(M, N) formed by the maps
admitting local representations supported by (N, F) is open and nonempty,
as it contains f. By applying to every £(W;,V;) the special case of the
density considered in the proof of Theorem 8.5 (1) and by using the bump
function 7; in order to extend locally defined maps to maps in £(M, N), we
realize that for every j, Mg, (M, N;Z) N Ay 7 is dense in Ay 7. We know
that it is also open. Then the intersection of this finite family of open and
dense sets is open and dense in Ay, and is contained in h (M, N; Z) since
the K;’s cover the whole of M.

REMARK 8.7. As already mentioned, any compact subset K C B™(0,1)
can be realized as K = f~1(0) for some smooth function f : B (0,1) — R;
compared with the tame behaviour of f~1(0) when f {0}, this shows that
non-transverse situations can be really weird. On the other hand, remark-
ably, by Theorem 8.5 any weird non-transverse situation can be made stably
tame up to arbitrarily small perturbations (at least when M is compact).

8.2. Miscellaneous transversalities

Transversality is a profound, potent and pervasive paradigm beyond
the basic results stated in the previous section. Without any pretension of
completeness, we collect here a few examples of further applications.

8.2.1. Jet trasversality. First, we perform some constructions within
the smooth category of open sets considered in Chapter 1. In particular,
we refer to the Taylor polynomials defined in Section 1.2. Recall that a
homogeneous polynomial map of degree k > 1

p:R™ - R"

is of the form p(z) = ¢(z,...,z), where ¢ : (R™)* — R™ is a (necessar-
ily unique) symmetric k-linear map. The set Px(m,n) of these homoge-
neous polynomial maps has the natural structure of a finite-dimensional
real vector space endowed with a standard basis, so that it is identified with
R Pe(mn) - A polynomial map of degree < r, p : R™ — R™, is of the form

p=pot+pr+---+pr

where pg € R™ and for k > 1, pg, is a homogeneous polynomial map of degree
k. Denote by J"(m,n) the set of these polynomial maps. We can use the
natural identification

J"(m,n) = HPk(m,n)
k=0
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to give it the structure of a finite-dimensional real vector space; J"(m,n) is
identified with RdimJ"(m.n),

REMARK 8.8. With some effort we can compute the dimension:

dim J"(m,n) = n(r + m> :

m

Let U ¢ R™, V C R" be nonempty open sets. Define the open set of

R™ x J"(m,n)
J(U, V) :={(z,p) €U x J'(m,n); po € V}.
Given a smooth map f: U — V, define the smooth map
J"f U= JUV), j f(x) =T f(z)

sending every point of U to the Taylor polynomial of f at = of degree < r.

(Composition rule) Let U ¢ R™, V C R™ and W C R" be nonempty
open sets. Set

SOV, W) ={((y,9), (x,p)) € J'(V,W) x J"(U,V); po =y} -

Let f: U — V, g:V — W be smooth maps. By a suitable extension to
higher order derivatives of the chain rule, we can find a unique polynomial
map (the explicit expression is called Faa di Bruno formula)

B J(U,V,W) = J(UW)

such that
J"(go f)(z) =P (1 9(y), " f(x)) .

(Change of coordinates) Let U, U’ C R™, V,V/ C R™ be nonempty open
sets and ¢ : U — U’, ¢ : V — V'’ be diffeomorphisms. Then for every r,
there is a unique smooth diffeomorphism

Jpe T (UV) = JT U,V
such that
Jue(i f(@) = 5" f'(2)
where
o' =¢(x), f'=vofog .
This is an application of the composition rule.

Now we can globalize the above local considerations, extending what we
have done for the (co)-tangent map.

Let M, N be smooth manifolds of dimension m and n, respectively.
Define on M x C*°(M, N) the following relation: (z, f) ~, (2, f) if x = 2/,
f(z) = f'(z) and there are compatible representations in local coordinates of
fand f"at x =2/, y = f(x), that are defined on the same charts of M and
N, respectively

fU,V,f{J,V :U—-V, UCR", VCR"
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such that
i"fov (@) =" frv(z) .

By using the change of coordinates rule, it is easy to check that this
defines an equivalence relation and that if (z, f) ~, (2, f'), then the above
defining property holds for every pair of compatible representations in local
coordinates. We denote the equivalence class of (z, f), called the r-jet of f
at x, by 7" f(x); J"(M,N) is the space of r-jets from M to N. For every
smooth map f : M — N, the map

Jjf:M— J(M,N)

is called the r-jet extension of f. Clearly, J°(M,N) = M x N. For every
r > 1, J"(M,N) has a natural smooth manifold structure of dimension

dim J"(M,N) = dim M + dim J"(m,n) .

Local coordinates U and V for M and N carry local coordinates J" (U, V)
for J"(M,N). This provides a smooth atlas of J"(M, N) and we have al-
ready settled the change of coordinates rules. We also see above the local
representations of an extension ;" f, which is a smooth map. There is a
natural smooth projection

op: J(M,N)— M
and a sequence of smooth “forgetting” maps which factorize o:
M <+ JY(M,N) < ---+ J(M,N) .

The map o, is a smooth fibration with fibre diffeomorphic to J"(m,n); note
that in spite of the fact that J"(m,n) is a vector space with a preferred
basis, o, is not a vector bundle for r > 1. The atlas of J"(M, N) is fibred,
but the changes of coordinates do not preserve the linear structure of the
fibre. Every jet extension j"f : M — J"(M, N) is a section of such a smooth
fibre bundle. Also every map J*(M, N) — J*~1(M, N) is a smooth fibration
with fibre P*(m,n).

We are ready to state a version of the so-called jet transversality theorem.
Let M and N be smooth boundaryless manifolds and Z be a submanifold
of J"(M,N). Denote by

hj"(M,N,Z)
the set of smooth maps f € £(M, N) such that j" f th Z.

THEOREM 8.9. Let M be a compact smooth boundaryless manifold and
N be a boundaryless proper smooth submanifold of some R". Let Z be a
proper submanifold of J"(M,N). Then i j"(M,N, Z) is open and dense in
E(M,N).

Proof : We provide only a sketch. Note also that J"(M,N) can be
embedded as a proper submanifold of some R¥. When r = 0, Theorem
8.9 incorporates (1) of Theorem 8.5 (at least when M is boundaryless).
Openness is not hard. As for the density, Theorem 8.5 ensures that every
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j" f can be approximated by a smooth map g : M — J" (M, N) transverse to
Z, but the statement of Theorem 8.9 requires furthermore that g is the r-jet
extension of some map f : M — N. So jet-transversality is not an immediate
consequence of standard transversality. Nevertheless, the structure of the
proof is essentially the same. A first fundamental case is when N = R"™. In
the proof of Theorem 8.5, the key point was the application of parametric
transversality to the deformations of a given map f : M — R" of the form
f+ s, s € R". In the present situation, the main difference consists in
using polynomial deformations of the form f + pg + p1 + -+ + pr, where
p=po—+ -+ pr varies among the polynomial maps p : R” — R" of degree
< r. Provided this new ingredient, the proof of Theorem 8.5 can be repeated
with minor changes.

[ ]

8.2.2. Transversality to stratifications. In several situations, it is
convenient to extend the notion of “general position” (i.e. of transversality)
to suitable “stratification” either of N for the standard transversality or
of J"(M, N) for the jet-transversality. We do not intend to present here a
consistent treatment of stratification theory, merely a few suggestions. At a
first sight, a stratification of a smooth manifold X is a partition S = {S;}
through boundaryless, connected not necessarily proper smooth submani-
folds of X, called the strata of the stratification. We usually require more;
reasonable requirements are as follows.

e The stratification is locally finite;

e (Frontier condition) The frontier S; \ S; of every stratum S is a
union of strata of strictly lower dimension;

e For every 0 < s < dim X, denote by X* the s-skeleton of the
stratification; that is, the union of strata of dimension less or equal
to s. Then X*¢ is a closed subset of X.

For example, if S C X is a boundaryless proper submanifold, then {X \
S, S} is a stratification of X. The open simplices of a smooth triangulation
of X (as it is described in Section 14.9) form a stratification; in this case,
every stratum of dimension greater or equal to 1 is not a proper submanifold.

Given a stratification S of N, denote by h (M, N,S) the subspace of
E(M, N) formed by the maps f : M — N which are transverse to each stra-
tum of S (we write f M S). Similarly, for every r > 1, given a stratification
S of J"(M, N) we define h j"(M, N, S).

(Nice stratifications) We do not give a formal definition of this notion.
The question is to determine further explicit, minimal conditions so that a
stratification S satifies the following properties ( assuming that N satisfies
the hypotheses of Theorem 8.9).

For every compact boundaryless smooth manifold M, (M, N,S) is open
and dense in E(M, N) and, moreover, for every such a map f transverse to
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S, f71(S) is a stratification of M that inherits the same nice properties of
S. Similar properties hold for th j7(M,N,S) and 7" f~1(S) .

Roughly speaking, such conditions should imply that the transversal-
ity to any stratum S; forces (at least locally at S;) the transversality to
every stratum S; such that S; is in the frontier of S;. We will not deal
with this rather difficult question (see also [Wall2]). We will state without
justification some results where the occurring stratifications are “nice”.

8.2.3. A classification of map singularities. An important field of
application of jet-transversality (in the stratified extension) is the study of
singularities of smooth maps (see [A2]). The idea is that, under suitable
hypotheses, for a “generic” map f : M — N, the source manifold M carries
a nice stratification such that the increasing codimension of the strata cor-
responds to more and more ‘deep’ classes of singular points of f determined
by a certain specific lack of transversality.

(Classification by the differential rank) A first coarse classification is in
terms of the rank of differentials. Let M and N be boundaryless manifolds.
Let f: M — N be a smooth map. A point x € M is said of class ¥ (with
respect to f) if dimkerd,f = i. For every i, denote by Y¢(f) the subset of
M of points of class ¥%. They form a partition of M. If f is arbitrary, this
partition might be weird. However, we have:

PROPOSITION 8.10. Let M and N satisfy the hypotheses of Theorem 8.9.
Then there is an open dense set R in E(M, N) such that for every f € R,
the connected components of the X'(f)’s form a nice stratification of M.
Moreover, every ¥U(f) is a submanifold of M of dimension given by

dim M — dim X' (f) = (dim M — 7)(dim N —7), r =dim M —i .

In fact, one defines a suitable nice stratification Sy, of J'(M,N) and
for every generic f, we consider R = (j!f)7!(Sg). In local coordinates
JY(U, V), Ss corresponds to the stratification of the matrix space M (n, m, R)
by the matrix rank.

ExampLE 8.11. (1) If N = R, then the cotangent bundle of M is nat-
urally identified with the restriction of the jet space J!(M,R) to those jets
that have image point 0 in R, so that df = j'f; f is a Morse function if
and only if j'f is transverse to the zero section of the bundle. Hence, the
result about the Morse functions from Chapter 6 can be obtained again as a
special case of jet-transversality (at least when M is compact boundaryless).

(2) (Whitney cusp) Consider the map f : R?2 — R? defined by

flxy,29) = (m? + x129,22) .

The set of singular points is the parabola S := {322 + 22 = 0}. The nice
stratification of the source R? is given by X0(f) = R?\ S, Z1(f) = S.
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(3) (Whitney umbrella) Consider the map f : R? — R? defined by

f(xl,m) = (371372,962,96%) .

The point 0 € R? is the only one at which f is not an immersion; hence the
nice stratification of R? is given by X0(f) = R?\ {0}, 2!(f) = {0} (see also
Section 7.8).

The above examples show that the stratification by the differential rank
is, in general, too coarse. In the Whitney cusp, 0 € X1(f) = S is clearly
special: kerdyf = TpS while for other z € S, R? = kerd,f + 7,5. In
the Whitney umbrella, a refinement of the stratification can be obtained by
noticing that the line {z2 = 0} is the locus where the map is not injective.

If f € R, as in Proposition 8.10, a tentative refinement of the stratifi-
cation {X!(f)} would be defined by recurrence as follows: assume that for
every multi-index of length k, I = (iy,...,d) is defined X!(f) C M; then
for every multi-index of length k + 1, I = (i1, ..oy ig ipg1), set SL(f) =
Sik+1(fISI(f)). Tt is not evident that this produces a nice stratification. The
correct way to do so (see [Bo]) is to extend the above mentioned stratifica-
tion Sy, of JY(M, N), to get a nice stratification Sy, and extend Proposition
8.10.

8.2.4. Multi-transversality. Assume that f : M — N is an immer-
sion and that M is connected. Then the above refined nice stratification of
M consists of one stratum X9(f) = M. This does not give any information
about the image of f. Clearly, this last might be “nongeneric”. We say
that an immersion f is in general position if, for every k > 2, whenever
y = f(z1) = f(xg) = --- = f(z) and the points z1,..., ) are distinct,
then

TyN = dfu, (T, M) + 051 df o (To; M) .

For example, if dim N = 2dim M, then the multiple points y are isolated
and each is the image of exactly two points of M. The following is a basic
example of the multi-transversality result.

PROPOSITION 8.12. Let M, N satisfy the hypotheses of Theorem 8.9.
Assume that the open set Im(M, N) of immersions of M in N is not empty.
Then the set of immersions in general position is open and dense in Im(M, N).

The general concept of multi-jet-transversality was introduced in [Ma2].
We consider the products J"(M, N)* k > 1. Then, for every f € £(M, N)
we have the product map (57 f)¥ : M¥ — J"(M, N)*. For every submanifold
V of J"(M, N)* we can consider f such that (j"f)* h V. The submanifolds
V' of most interest are as follows:

e Given submanifolds V; of J"(M,N), 1 < i < k, consider the product
[1Vi C J"(M,N)F;
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e There is a natural projection 75, : J"(M, N)* — N*. Then take
V=r (AN N]] Vi

where Ap(N) = {(y,...,y)} C N* is the (multi) diagonal of N*.

Multi-transversality to such a manifold V' means that the following con-
ditions are satisfied:

o If f(z;) =y for every i =1,...k, then f is transverse to V; at x; with
pre-image X; = f~1(V;);

e The images B; of T, X; in Ty N satisfy

(©:iBi) @ Ty,...,)Ak(N) = (TyN)k .

Finally, in the same hypotheses, we get [Ma2| a multi-transverse version
of Theorem 8.9.



CHAPTER 9

Morse functions and handle decompositions

Let us call smooth triad a triple (M, Vi, V1) where M is a compact smooth
m-manifold with (possibly empty) boundary, and Vp and V; are unions of
connected components of M in such a way that the boundary is the disjoint
union

oM =V I'Vy .

A boundaryless M corresponds to the triad (M, (,0). We stress that dif-
ferent ordered bipartitions of the components of M give rise to different
triads. For example, if OM # (), then (M,0M,0) and (M,D,0M) are dif-
ferent triads. A triad can be considered as a “transition” from Vj to V4.
We know from Proposition 6.26 that generic Morse functions form a dense
open set in E(M,Vp, Vi), the space of functions f : M — [0,1] such that
V; = f71(j), 7 = 0,1, and without critical points on a neighbourhood of 9 M.
Let f : M — [0, 1] be such a generic Morse function on the triad (M, Vp, V7).
We have a finite set of non-degenerate critical points py,...,ps of indices
qo, - - -,qs, and critical values ¢, = f(p,), such that 0 < ¢, < ¢ q1 < 1,
r=0,...,5s — 1. For every X C [0,1], denote Vx := f~'(X). For every
regular value a of f, V, is a compact boundaryless submanifold of M of
dimension m — 1. If 0 < a < b < 1 are regular values, then we have the
subtriad (Vig ), Va, Vb)-

The following lemma ultimately is an instance of a fibration theorem. We
give a proof which assumes a few results of analysis about the existence, the
uniqueness and the regular dependence on the initial conditions for ordinary
differential equations (see [A]).

LEMMA 9.1. (Cylinder Lemma) Assume that [a,b] C [0, 1] does not con-
tain any critical value of f. Then there is a diffeomorphism

Y Vo X [a,b] — ‘/[zz,b]
such that f o (y,t) =t for every y € V,.

Proof : Fix an auxiliary Riemannian metric g on M and let V, f be the
associated gradient field of f, which is non-zero everywhere on Vi, ;. We
can normalize it by taking, for every p € Vi),

v(p) = Vo f(0)/IIVgf @)lge) -

Every integral curve a of v satisfies f(a(s)) = s + ¢, ¢ being a constant.
Possibly by means of the change of parameter 5(t) = «a(t — ¢), we can

173
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assume that f(a(t)) = t. Since V|, is compact, every maximal integral
curve is defined on the whole [a,b]. For every y € V,, there is a unique
maximal integral curve of v

ay @ [a,b] — Via

such that a(a) =y and f(«(t)) =t for every t € [a,b]. The required diffeo-

morphism is defined by ¥ (y, t) = ay(t), with inverse ¥ (z) = (az(a), f()),

where a; is the unique maximal integral curve passing through z € V|, 4.
[

REMARK 9.2. We have developed tubular neighbourhood, collars and
other results for compact manifolds by exploiting the existence of embedding
in some Euclidean space. However, in several situations, we could provide
also an “abstract” treatment. For example, the existence of collars of OM in
M is an immediate consequence of Lemma 9.1, provided that E(M,0M, ()
is nonempty. This last fact can be obtained as follows: fix a nice atlas of
M. Define local functions as follows: if (W, ¢) is an internal chart, then f;
is the constant function equal to 1/2. If

¢j: (W;,W;noM) — (B"NnH™,B™ N oH™)

is a chart at the boundary, then f; is the restriction of the projection of B
to the x,,-axis. By using the partition of unity subordinate to the atlas,

define
F= Nl
J

We can check directly that f has the desired properties. In [Mul], one can
find an “abstract” proof of the uniqueness up to isotopy of collars.

9.1. Dissections carried by generic Morse functions

We fix a nice atlas with collars on the triad (M, Vy, V1) adapted to the
given Morse function f: M — [0,1]. This means the following facts:

e The collars are of the form Vg ¢y}, V1,1, for some €y > 0, €9 <
co = f(po), cs = f(ps) <1 — eo;

e Every critical point p, of f is contained in a unique internal normal
chart (W, ¢), in such a way that B, N B, = 0 if 7 # 7/ (recall
that B, = ¢, ' (B™(0,1/3));

e Every (W,,¢,) is such that (f o, —¢,) : B™(0,1/3)) — R is
in normal form according to Morse’s Lemma of Section 6.21 at

0=0¢r (pr)-
Then, we take € > 0 such that

e g <cp—€cpte<c—€ ...,cs1te<cs—€ cs+e<]1—ep;
o forevery r =0,...,8, V., N B, #0 and V., . N B, # 0, so that
Vie,—e,cp+¢ 18 the union of Vi, _. . 1N B; and its complement.
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So we have the dissection of the triad (M, Vy, V1) associated to the Morse
function f:

VY[O,co—e] U ‘/Y[co—e,co—l—e] U ‘/Y[co—&-e,cl—e} U ‘/Y[cl—e,cl—&-e} U---u ‘/Y[cs—e,cs—&—e} U Vv[cs—&—e,l] :
By applying the cylinder and Thom’s lemmas, we have that
d ‘/Y[O,co—e] ~ Vo X [0760 - 6], ‘/[cs—i-e,l] ~ [Cs + ¢, 1] X Vi;
e Forevery r =0,...,5 =1, Vie 4ecpr—g ~ Verre X [cr + 6,001 — €]
® ‘/[07CT+E] ~ WO,CT+17€]'

For every r = 0,...,5 = 1, (Vie,—c.cote» Ver—es Verte) is an elementary
triad in the sense that it carries a Morse function (the restriction of f) with
only one critical point (p, of a certain index g).

Adapted gradient fields. Using the above nice atlas of (M, Vy, V1)
adapted to f, we can construct an adapted Riemannian metric g on M, so

that for every r = 0, ..., s, the gradient field V f := V, f has the normalized
expression in the local coordinates over B,:

2(—x1, =22, .o, —Zg s Tgrpls - oo s Tm)

while the collars of V) and V are obtained by integrating such a (normalized)
field as in the proof of Lemma 9.1.

The key point is to understand what happens, up to diffeomorphism,
passing from Vjg.._q to Vjg,+q (equivalently to Vjo, ., ) through such
an elementary triad. It is evident that the choice of the parameters ¢y and
€ is immaterial. An answer is given by the following proposition. We refer
to notions introduced in Chapter 7. The proof is extracted from [Pa].

PROPOSITION 9.3. Let f : M — [0,1] be a generic Morse function on the
triad (M, Vp, V1) and consider an associated dissection. Let p be a critical
point of f of index q, and ¢’ be the next critical value of f after ¢ = f(p).
Then

(1) Vio,c+q s diffeomorphic to Vig o_q.

(2) Up to diffeomorphism, Vio,c1e 1S obtained by attaching a q-handle
(of dimension m) to Vig ._q at V.

Proof : As already remarked, (1) follows from the Cylinder and Thom’s
lemmas.

As for (2), take a nice atlas associated with the given Morse dissection
of (M, Vy,V1). Take the Morse chart (¢(B),$) at p, so that ¢(p) = 0 and
f: fov: B — R has the normal form

fan, am)=—(@2 4+ a2+ (@2 + - +ad) e,

According to our usual conventions, B should be B™(0,1/3), but up to
reparametrization we can normalize the picture as follows. First, we simplify
the notations by setting

(@1, Ty Tty - - Tm) = (X,Y) e RIXR™TY .
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Then we can assume the following.
e f: M — [ag,aq] for suitable ag < —1, 1 < ay;
e B=DB"(0,2), f(0)=c=0, e=1;
® BNO(W NV 1) ={(X,Y) € B; —||X?|| +|[Y]]* < —1};
* BNO(W N Vo) = {(X,Y) € By —[|X||+[[Y|]* <1}
The standard handle H? = DY x D™~ 4 is contained in
Bno(WnViyy) ={(X,Y) € B; =1 < —[|X?| +[|Y|]* <1}

and HY intersects {—||X?|| + ||Y]|> = &1} along the union of its a and b-
spheres. Moreover, if H' = (R4 x D™ 9) N {-1 < —||X?|| + ||Y]]? < 1},
then Vig, 1] U ¥ (H '} is a submanifold with corners of Viao,1) obtained by
attaching the g-handle to Vjg _qj at V_;. The idea is to modify the inclusion
of H' to an embedding j of H? (actually an embedded corner smoothing) in
such a way that:

(1) H 1= j(HY) C {(X,Y) € B; —1 < —||X2]| +|[V|]? < 1}.

(2) HN{—||X?|| +||Y||> = =1} = j(Ta), the image of the a-tube.

(3) The embedding j is still equal to the identity at the core of the
handle.

(4) M = Viag,—1] U ¥(H) is a smooth submanifold of V|,, ;) obtained
by attaching the g-handle to Vjp 1) at V_1, having the restriction
of j to T, as attaching map.

(5) Viao,11 \ M is a collar of V; in Viao1]-

Take the 1-dimensional bump function v = 7y /51; then define

A~ ~ 3
§:B—=R; (X, Y)=—||X|2+]||Y|]? - iv(HY\Iz) :
Clearly

g<-={f<-u{f=z-1n{g<-1})={f<-1}JUH

and H intersects {f < —1} at {f = —1}; {§ < —1} is contained in the
interior of {f < 1}, and {f <1} ={g<1}.

Claim. H is g-handle attached to {f < —1} at {f = —1}, via a charac-
teristic map H : D9 x D"~9 — H which is the identity on the core D9 x {0}.

We are going to write down the explicit formulas establishing the claim.
Several verifications are understood; for all details (in a more general setting)
we refer to [Pa]. The smooth function o : [0, 1] — R is uniquely defined by
the equation

(o(s)) _ 2(1 _ )

l+o(s) 3 '
The function o is strictly increasing, o(0) = %, o(1) = 1 and moreover we
have that for every (X,Y) € H,

11

Y|? < o(——s
Y12 < ol e

) .
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By using ¢ and its properties, we can give the explicit characteristic map

H:DIx D™ 91— H

H(X,Y) = (Vo(IXIP)[Y]?+1 X, Vo(lIX]]) Y)

which restricts to the attaching map

h:89" x D™ 5 gH C {f = -1}

MX,Y)=H/||Y|P+1X,Y).

Let us consider now
M= [{f > —1} N (M\ $(B)] Ub({(X,Y) € B; §>—1}) .

By construction, the functions f and g o ¢ match on M’, giving us a global
function g : M’ — R, such that

{f<ip={f<-1tupH)u{pe M'; -1 <g<1}.

The final remark is that [—1,1] does not contain critical values of g. It is
enough to verify it for § on B. In fact

V§(X,Y) =2(=X,Y) =200,/ (IIY[*)Y)
which vanishes only at 0 because v/ < 0 on (0, +00). In summary, as

{f <13 UY(H)

is obtained by attaching a g-handle to {f < —1} at {f = —1}, by applying
the Cylinder Lemma to g over [—1,1] we conclude that {f < 1} is also
obtained by attaching a g-handle to {f < —1} along {f = —1}. Ultimately,
by restoring the usual notations, Vg .4 is obtained by attaching a g-handle
to ‘/[O,cfe] at Ve_e.

[ ]

REMARK 9.4. With the notations of (the proof of) Proposition 9.3, we
realize that the core DY x {0} of the g-handle H is formed by the integral
lines of the adapted gradient field V f which start at a point of V._. and
end in the critical point p. If ¢ — e > 0 > 0 is any value such that [0, c — €]
does not contain any critical value of f, then again by the Cylinder Lemma,
Vio,c+¢ 1s also obtained by attaching a g-handle H' to Vio,5) at V5. Although
the core of ‘H and the relative attaching map h look “simple and local”,
the core and the relative attaching map A’ of H' can be far from V._. and
complicated. In fact, A’ is obtained by composing h with the diffeomorphism
between V,_. and Vs provided by the Cylinder Lemma; again, the core of
H' is formed by the integral lines of the adapted gradient Vf (used in the
Cylinder Lemma) which start at a point of V5 and end in p.
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9.2. Handle decompositions

Let (M, Vp, V1) be a triad as before. By definition, a handle decomposi-
tion of the triad is a sequence of nested triads of the form

(M()a ‘/07 VYLO) C (Mh ‘/07 ‘/1,1) - (M27 ‘/07 ‘/1,2) c---C (Mka ‘/Oa Vl,k)
such that
o Vi = Vi, and (M, Vo, V1) is diffeomorphic to (M, Vp, Vi) via a
diffeomorphism which is the identity in a neighbourhood of V511 Vi;
e For every r =0,...,k—1, (My41, Vo, Vi,+41) is obtained by attach-
ing a g-handle (of dimension m) to (M,, Vp, Vi) at Vi, (for some
q)-

Handle decompositions are diffeomorphic if they are related by a dif-
feomorphism which is the identity near the boundary and respects the se-
quences of nested triads. We can also normalize the form of a given handle
decomposition by stipulating that it starts with a “right” collar Cy of Vj
and ends with a “left” collar C of V.

As an immediate Corollary of Proposition 9.3, we have the existence of
handle decompositions for every triad.

COROLLARY 9.5. Every triad (M, Vy, V1) admits handle decompositions.

Proof : Take a dissection carried by any generic Morse function on the
triad. The sequence of nested submanifolds

VY[O,C()—e] - Vv[O,cl—e] C VY[O,cg—e] c---C VY[O,I]

leads to a desired handle decomposition.

|
Sometimes, a handle decomposition of (M, Vj, V1) (in normalized form)
is formally indicated as

CoUH" UHP U---UHFUC,
where Cy and C are the respective collars of Vy and Vi, and forr =0,..., k—
1, M, = CoUH{" UHF U---UH}", M,41 is obtained by attaching the g,1-
handle Hffll to M,, at Vi,. Sometimes, we will omit to indicate the index
qr-
The dual decompositions. Given a triad (M, Vp, V1), the dual triad is

by definition (M, Vi, Va). Given a decomposition #H of the triad (M, Vo, V1)
formally indicated as

CoUH" UHP U---UHFUC,

we can consider the dual decomposition H* of (M, V1, V}) obtained by going
from C7 to Cy in the opposite direction. Every ¢g-handle H? of H is converted
into a “dual” (m — ¢)-handle (H*)™ % of H* where the core and the co-core
exchange their roles. If H is associated with a Morse function f, then H* is
associated with the function f* =1 — f.
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Once we have obtained the existence of handle decompositions, we will
develop our discussion in terms of these last, no longer referring to the Morse
functions. Morse functions have been rather a tool to produce handle de-
compositions. On another hand, it is true (but we do not prove it) that
for every handle decomposition of a triad, there is a Morse function that
recovers it, in such a way that every g-handle corresponds to a critical point
of index ¢. So handle decompositions and Morse functions (with the associ-
ated dissections) are equivalent things. This means that any manipulation
in terms of handle decompositions should have a counterpart in the realm
of Morse functions. We can find such a purely Morse function approach in
[M3]. However, dealing directly with handle decompositions is often easier
and topologically transparent compared with the Morse function counter-
part, which sometimes is demanding. Moreover, handle technology works
as well for other categories of manifolds (like the piece-wise-linear (PL) one,
see [RS]) where there is not a Morse function counterpart. For these rea-
sons, we will not pursue the equivalence between Morse function and handle
approaches, preferring the latter.

9.3. Moves on handle decompositions

There are two basic ways to modify a given handle decomposition of a
triad (M, Vp, V1) (up to equivalence of triads).

Handle sliding. This is synonymous with modifying the attaching map
of a handle in the decomposition, say H,., staying in the same isotopy class.
We have already noticed in Chapter 7 that, up to diffeomorphism, this does
not modify M,; then we can continue the decomposition by composing the
subsequent attaching maps with such a diffeomorphism. Finally, we obtain a
decomposition diffeomorphic to the given one (possibly by attaching a final
collar of V; to normalize the form).

Before describing the other modification, let us give a definition. Let
UHFUHM UL

be a fragment of a handle decomposition of a triad (M, Vp, V7). Assume
that ¢, = ¢, ¢-+1 = ¢+ 1. Both the embedded b-sphere S, of H; (which
is diffeomorphic to $™7971) and the embedded a-sphere S, of Hfj:ll (which
is diffeomorphic to S? ) are submanifolds of the (m — 1)-manifold Vi ,, and
dim S, +dim S, = m — 1. By transversality and up to handle sliding, we can
assume that S, and S, intersect transversely at a finite number of points.

DEFINITION 9.6. The adjacent handles H, U H, 1 form a pair of com-
plementary handles provided that S and S, intersect transversely in Vi, at
exactly one point.

Cancelling/inserting pairs of complementary handles. We can state the
basic handle cancellation result.
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ProposITION 9.7. If
CUHIUHS UL
is a pair of complementary handles in a handle decomposition of (M, Vy, V1),

then (My—1, Vo, Vi ,—1) is diffeomorphic to (M1, Vo, Vi r+1). Hence we can
cancel that pair of handles and get a handle decomposition of the form

CoUH{'U---UH" " UH" - - UHMUC, .

Reciprocally, we can freely insert a pair of complementary handles between
any two adjacent handles into a given decomposition.

We postpone the proof until after Proposition 9.10.

A key problem is to study the handle decompositions of a given triad
up to the move-equivalence relation generated by such basic moves. Using
Cerf’s theory [Ce2] (see [Kirby]), we can prove the following nontrivial fact.

THEOREM 9.8. Any two handle decompositions of a triads (M, Vp, V1)
are move-equivalent to each other.

We will neither prove nor use this rather demanding result. We limit to
some remarks and simple applications.

e For every handle decomposition H of (M, Vp, Vi) set

X(H) =D (=1)7H

where |H9| denotes the number of g-handles of H. This characteristic of H
is move-equivalence invariant. It follows from Theorem 9.8 that

X(Ma Vo, ‘/1) = X(H)

is a well defined topological characteristic of the triad. Later we will establish
this fact in a more elemetary way, at least for the handle decompositions
which are move-equivalent to decompositions carried by some Morse function
(see Remark 14.2).

e The following is an important application of sliding handle to specialize
the handle decompositions.

DEFINITION 9.9. A handle decomposition of (M, Vp, Vi) is said to be
ordered if

e For every g =0,...,m—1, the ¢+ 1 handles are attached after the
g-handles;

e For every ¢ = 0,...,m, the g-handles are attached simultaneously.
Precisely, if H? denotes the pattern of g-handle, M,_1 = Cy UHOU
- UHI!, then the attaching maps of the handles in HY have
disjoint images in V7 4_1.
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PROPOSITION 9.10. (Reordering) By handle sliding, every handle de-
composition of (M, Vy, V1) can be transformed into an ordered decomposi-
tion.

Proof : Let

UHFPUHM UL

be a fragment of a given handle decomposition H. Set ¢ = p , ¢r+1 = q,
and assume that p > ¢. The embedded b-sphere S;, of HY is diffeomorphic to
S™~P~1 while the embedded a-sphere S, of H! 41 is diffeomorphic to Sa—t,
Then dim S, +dim S, < m—2 < m—1. Up to handle sliding, we can assume
that S, and S, are transverse submanifolds of the (m — 1)-manifold V; ,., so
that S, NS, = 0. There is a tubular neighbourhood U of S, contained
in the b-tube T} around S, such that S, N U = 0; T}, itself is a tubular
neighbourhood of S,. By the uniqueness of the tubular neighbourhood up
to isotopy and the extension of isotopy to diffeotopy, there is a diffeotopy of
V1, which keeps S fixed and pushes the complement of U in T}, (hence S,)
outside Tj. It follows that, up to handle sliding, the two handles now have
disjoint attaching tubes so that we can attach them in the inverse order or
even simultaneously. The proposition follows by several applications of this
argument.

|

REMARK 9.11. In terms of Morse functions, the last proposition corre-
sponds to the existence of Morse functions such that critical points of the
same index share the same critical value, and the critical values strictly
increase together with the corresponding indices.

Proof of Proposition 9.7. Let us consider first the simplest case, when
g = 0. Attaching a 0-handle means “creating” a new disjoint m-ball com-
ponent
H? = D™= {0} x D™ .
The whole boundary S™! forms the b-sphere. If the 1-handle H}, , is
complementary to H?, then its attaching map embeds one component of

OD' x D™ = {11} x D™!

in S™~! while the other component is embedded in Vipgm1 = Vig\ Sm—1,
The partial attachment of D' x D™~ to D™ is a shelling (refer to Sec-
tion 7.5) of D™ producing another diffeomorphic copy of D". Then the
remaining component of the attaching map finally produces a shelling of
M,._1, hence a diffeomorphic copy of it. The same facts hold in the general
case by a more elaborate argument. Assume first that the complementary
handles have normalized attaching maps as follows. Let us decompose the
b-sphere S of HY as Sy = D; U D,", where both Dl:)IE are diffeomorphic to
D™=9~1 and intersect along an equatorial (m — ¢ — 2)-sphere. Then the b-
tube around Sy is given as Ty, = D7 X (Dgr UD, ). Similarly for the a-sphere
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and the a-tube of HYf}, let S, = D} UD,, Df ~ D9, Df UD, ~ S%! and
T, = (Df UD;) x D™ 91 Assume that the intersection, say A, between
the image of the attaching map of ng_rll and T is equal to D7 x D;r, and
that the inverse image of A, say A, is equal to DF x D™m=471 g0 that A~ A
and AN S, = D is mapped to DY x {x}, 2o being the ‘centre’ of D;". In
such a normalized situation, we can factorize the attachment of the pattern
made by the two complementary handles as follows:

(1) First, glue Hfjrrll to H} by using as attaching map the restriction of
the whole attaching map to A. Thisis shelling of a disk, so it results
in a smooth m-disk with a remaining attaching zone contained in
the boundary and diffeomorphic to an (m — 1)-disk.

(2) Perform the remaining attachment; actually, this is a further shelling
over M,_1.

This achieves the result in the normalized situation. In our hypothesis,
we have such a normalized situation provided that we replace the whole b-
tube Ty, with a smaller tubular neighbourhood U of S, contained in Tj. Now,
similarly to the proof of Proposition 9.10, by the uniqueness of the tubular
neighbourhood up to isotopy and the extension of isotopy to diffeotopy, there
is a diffeotopy which keeps 5 fixed and transforms U U Hg]:ll to a pair of
complementary handles in a normal situation. This completes the proof.
[

e A measure of the complication of a given handle decomposition is the
total number of handles. For example, if it is equal to 0, then (M, Vp, V1)
is diffeomorphic to the product triad (Vo x [0,1], Vo, Vp); in particular, this
implies that Vj and Vi are diffeomorphic. If a boundaryless M has a de-
composition formed by one 0-handle and one m-handle, then M is a twisted
sphere. A natural task would be to reduce such a complication using the
basic moves. The following is a first, simple but useful, step in this direction.

PROPOSITION 9.12. (Cancellation of 0- and m-handles) Assume that M
is connected. Then the following fact hold.

(1) For every triad of the form (M,0,0) (i.e. M is boundaryless), every
handle decomposition H is move-equivalent to an ordered decomposition H'
with only one 0-handle and only one m-handle.

(2) For every triad of the form (M,(0,0M), OM # 0, every handle
decomposition H 1is move-equivalent to an ordered decomposition H' with
only one 0-handle and without m-handles.

(8) For every triad of the form (M,0M,D), OM # (), every handle de-
composition H is move-equivalent to an ordered decomposition H' with only
one m-handle and without 0-handles.

(4) For every triad of the form (M, Vy, V1), both Vi and Vi being nonempty,
every handle decomposition H is move-equivalent to an ordered decomposi-
tion H' without both 0- and m-handles.
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Proof : By handle sliding, we can assume that the decomposition is or-
dered. Assume that we have attached a certain number of O-handles; that is,
we have created a set of disjoint components diffeomorphic to D™. The only
way to get the connectedness of M is through the 1-handles. By successive
elimination of complementary H° U H! or reordering, we eventually reach
two possible situations: either we remain with only one 0-handle, and this
happens when Vj = ) (otherwise M would be not connected), or we remain
with no 0-handles, which happens when Vj # () and the 1-handles connect
all the components of Cy. To deal with the m-handles, it is enough to apply
the same argument to the dual decomposition.

|
REMARK 9.13. In terms of Morse functions, the first case of the above
proposition, for example, corresponds to the existence of functions with

only one local (hence absolute) minimum and one local (hence absolute)
maximum.

9.3.1. The CW complex associated to an ordered decomposi-
tion. Let M be boundaryless. Let

H u{HYu{H?*} - u{H™ YuH™
be an ordered handle decomposition of the triad (M, (), #) with one 0-handle
and one m-handle; {H’} means a (possibly empty) pattern of i; j-handles
attached simultaneously. Every handle H has a natural retraction
r: H — core(H) Ua — tube(H)

which realizes a homotopy equivalence. By using the notations fixed above,
we are going to construct inductively homotopy equivalence

lj : Wj — K j
where Ky consists of one point and K; will be obtained by attaching i;
Jj-cells to K;j_1; we eventually get a homotopy equivalence
I:M—->K, K=K, .

By the very definition of this term, K is a finite CW-complex of dimension
m. Let K be the core of HY; then Iy : My — K is an instance of retraction
r, as above. Assume we have defined [;_1 : M;_1 — K;_1. Then

Mj = Mj,1 U{h‘j} {H]}
is homotopy equivalent (via the retraction l; :=1;_1 o {r;}) to
Kj = Kj1Ugg,y {D7}
where {g;} is the restriction of [;_1 o {h;}.
Assume now that dM is not empty and consider the triad (M,0M, ().
In such a case, the ordered handle decomposition has no m-handles, hence

there is a homotopy equivalence [ : M — K, where K s a finite CW-complex
of dimension d < m — 1.
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9.4. Compact 1-manifolds

We use the handle technology to classify compact 1-manifolds up to
diffeomorphism. This is simple and intuitive; nevertheless, it is a fundamen-
tal result with many applications (see Chapter 11). It is not restrictive to
assume that these manifolds are connected.

PROPOSITION 9.14. (1) A compact connected boundaryless 1-manifold is
diffeomorphic to S*.

(2) A compact connected 1-manifold with nonempty boundary is diffeo-
morphic to the interval D'.

Proof : In both cases, apply Proposition 9.12. In the second case, there is

a handle decomposition of (M, 0, 0M) formed by one 0-handle (of dimension

1). Hence (M,(,0M) is diffeomorphic to (D!,0,{£1}). In the first case,

there is a handle decomposition of (M, ), 0) formed by one 0-handle and one

1-handle (of dimension 1). Hence M is a twisted 1-sphere and we know from
Chapter 7 that it is diffeomorphic to S*.

[



CHAPTER 10

Bordism

For every m > 0, denote by S, the class of smooth compact (not neces-
sarily connected) boundaryless m-manifolds. A natural question would be
to classify the elements of S, up to diffeomorphism. We can also specialize
the question to the class O,, of oriented manifolds up to oriented diffeo-
morphism. Sometimes, we will use M,, to indicate indifferently either S,
or O,. It turns out that, beyond m < 2, these are very demanding, even
hopeless questions. Therefore, it is natural to relax the diffeomorphism to a
certain equivalence up to (possibly oriented) bordism.

Homotopy groups 7, (X, z) of any pointed topological space (X, xq)
provide the basic examples of algebraic/topological functors and are con-
structed by implementing the following idea: to get information about a
complicated “unknown” space X, continuously map to it “tame” spaces
(the m-sphere) and study the behaviour of these singular tame objects in X
up to homotopy, which is a basic prototype of bordism between maps. Note
that the singular “tame” objects are, in general, not so simple, in spite of
the tame source spaces, as the maps and their images in X might be compli-
cated. The same idea can be implemented by considering singular smooth
m~manifolds in X; that is, continuous maps f : M — X where M € M,,,
up to suitable bordism of maps (extending the bordism of manifolds men-
tioned above). This leads in a simple way to further algebraic/topological
functors; once the relative theory for topological pairs (X, A) has also been
developed, then one easily checks that these functors satisfy the so-called
FEilenberg-Steenrod axioms which characterize generalized homology theories.
All this specializes to the case when X itself belongs to My, for some k. We
will develop this differential /topological specialization in Chapter 11.

10.1. The bordism modules of a topological space

Let X be a topological space. For every m > 0, a singular smooth m-
manifold in X is a continuous map f : M — X, where M € S,,. Denote
by

Sm(X)

the set of such singular manifolds, to which we formally add the empty set.

DEFINITION 10.1. (M, f) € Spn(X) is a singular boundary if there is a
compact smooth (m + 1)-manifold with boundary (W,0W), a diffeomor-
phism p: M — OW, and a continuous map F' : W — X such that Fop = f.

185
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Let us put on S,,(X) the following relation. We say that (M, fo) is
bordant with (M, f1), and we write (Mo, fo) ~p (M, f1), if the disjoint
union (M, fo) I (M, f1) is a singular boundary. It is consistent to state
that (M, f) ~p 0 if and only if (M, f) is a singular boundary.

We claim that this is an equivalence relation:
e The cylinder (M x [0,1],F) , F(xz,t) = f(z) for every t € [0,1],
establishes that (M, f) ~y, (M, f), p: MU M — (M x {0}) I (M x {1})

being the natural inclusion.

e As the disjoint union is symmetric, then ~y is also symmetric.

e Transitivity follows by gluing smooth manifolds along boundary com-
ponents. Precisely, assume that (Wy, Fy), po : Mo II My — OWj real-
ize (Mo, fo) ~» (M, f1), while (W1, F1), p1 : My II My — OWj realize
(My, f1) ~p (Ma, f3). Then Fy and F; match to define a smooth map Fj
on Wy := Wy I, W1, where 1 is the composition of the restriction of p; !
to po(M1) with the restriction of p; to Mj. Finally, (Ws, F) together with
the disjoint union of pgy restricted to My and p; restricted to My realize

(Mo, fo) ~b (Ma, f2).

We denote by 7,,(X) the quotient set S,,,(X)/ ~p and by [M, f] the
equivalence class of (M, f).

The disjoint union is an operation on S,,(X). It is immediate that it
descends to the quotient; that is, [M, f] + [N,g] :=[M II N, f Il g] is a well
defined operation on 7,,(X).

PROPOSITION 10.2. The set 7, (X) endowed with the operation + is an
Abelian group.

Proof : The operation + is associative and commutative because the
disjoint union is associative and commutative. The class [)] of the singular
boundaries is the zero element. For every o = [M, f], —a = «; in fact, by
using the cylinder as above we see that [M, f] 4+ [M, f] = 0.

[ |

Since for every «, a = —a, then (1,,(X),+) can be enhanced to be
a 7 /27Z-module; that is, a Z/2Z-vector space (Nm(X),+,:). We call it the
unoriented m-bordism module of X.

10.1.1. The oriented bordism Z-modules. We follow the same pro-
cedure by using oriented manifolds.

We denote by O,,,(X) the set of oriented singular m-manifolds f : M —
X, for M € Oy,.

The pair (M, f) is a singular oriented boundary if (W, F), p: M — OW
are as above, (W, W) is oriented and p preserves the orientation.

The relation (Mo, fo) ~op (M1, f1) on Op,(X) is defined by requiring
that (M, f1) II (—Ma, f2) is a singular oriented boundary. The verification
that it is an equivalence relation is similar:
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e The cylinder can be naturally oriented in such a way that its oriented
boundary is M II —M.

e To get the symmetry, it is enough to replace W with —W.

e As for the transitivity, we glue again Wy and W7 by taking into account
that the gluing diffeomorphism 1 reverses the orientation: in W there is
a copy of —Mj while in OW7 there is a copy of M. Hence the gluing can
be performed in the oriented category.

We denote by €2,,,(X) the quotient set. Again, the operation + on Q,,(X)
is induced by the disjoint union on O,,(X). It results in a commutative
group (i.e. a Z-module) (2 (X),+). Again 0 = [()], that is the class of the
singular oriented boundaries. By means of the oriented cylinder we see that
—[M, f] = [-M, f]. This is the m-oriented bordism module of the topological
space X.

There is a natural group homomorphism

Om : Qm(X) = 9 (X)
which maps the class of (M, f) in Q,,(X) to its class in 7, (X), just by
“forgetting the orientation”.

As many considerations run formally in the same way for both bordism
versions, sometimes we will indifferently indicate by M., (X) either S,,(X)
or Op(X), and by B, (X) = Bn(X;R), R = Z/2Z,Z, the quotient R-
module 7,,(X) or Q,,(X).

LEMMA 10.3. Let ¢ : N — M be a diffeomorphism (preserving the
orientation in the oriented setting); f : M — X and m = dim M. Then

[M, f] =[N, f o ¢] € Bn(X).

Proof : The cylinder (M x [0,1], fom) (m: M x [0,1] — M being the
projection), and p: MIIN — (M x {0}) I (M x {1}), p = idps 11 ¢, realize
(va) ~B (N,f0¢)

REMARK 10.4. Let (M, f) be a singular boundary in X. Let ((W,0W), F)
and p : M — OW realize (M, f) ~5 0. By applying Lemma 10.3 we have

(M, f) ~5 (OW,0F)
and this is realized by a cylinder; obviously, ((W,0W), F') and idgy realize
(OW,0F) ~5 0 .

By applying to this situation the gluing argument employed to show the
transitivity, we can conclude that it is not restrictive to require that M =
OW and p = idy,.

An important special case. When X = {x¢} consists of one point,
then the maps are immaterial and, by definition, B, := Bn({zo}) is the
quotient of M,, up to bordism of manifolds. It follows from Lemma 10.3
that the bordism extends the diffeomorphism equivalence in the category.
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10.2. Bordism covariant functors

We have the following proposition. All verifications are straightforward
consequences of the definitions.

ProrosiTioN 10.5. For every m > 0,
X = Bu(X)
g: X =Y = g Bu(X) = Bu(Y), 9:([M, f]) = [M, g0 f]

is a covariant functor from the category of topological spaces and continuous
maps to the category of R-modules and R-linear maps. That is,

(Qoh)* = g+ 0 hs |
(idx )« = idg,,(x) -

|

In particular, if g : X — Y is a homeomorphism, then g, is an R-linear

isomorphism with inverse (¢~!).. Considered up to linear isomorphism,

B (X) is an invariant of the topological type of X. The family introduced
above of “forgetting” linear maps

{om : Bn(X;Z) = Bn(X;Z/27)}

is functorial; that is, they form commutative squares together with the re-
spective families of g,’s. We formally express it by saying that “g, o 0 =
oo g*w.

10.3. Relative bordism of topological pairs

We consider topological pairs (X, A), where A is a subspace of X, and
the class M2, of compact smooth m-manifolds with boundary (M, dM).
This incorporates the “absolute situations” by identifying X with the pair
(X,0) and a boundaryless manifold M € M,, with (M, ().

A relative singular m-manifold in (X, A) is a continuous map of pairs

[ (M, 0M) — (X, A)
where, by definition, f(OM) C A and (M,0M) € M2,. We set M,,,(X, A)
as the collection of these relative singular m-manifolds.

DEFINITION 10.6. f: (M,0M) — (X, A) is a relative singular boundary
if there are continuous pair maps F : (W, V) — (X, A), p : (M,0M) —
(Z,0Z7) such that:

(1) (W,0W) ¢ M?n-l—l;
(2) (V,0V) and (Z,0Z) are smooth m-submanifolds of OW such that
oW=VuZzZ VNZ=0V=0Z;

(3) p: (M,0M) — (Z,0Z) is a smooth diffeomorphism (preserving
the orientation in the oriented case). In particular if M is empty,
then V and Z are also boundaryless, OW =V II Z and F(V) C A.
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We put on M,, (X, A) the equivalence relation
(Mo, OMy, fo) ~B (Mi,0M;, f1)

if and only if (Mo, 0My, fo) LL(—M7, M, f1) is a relative singular boundary
(in the unoriented case the sign “—” is immaterial). The verification that it
is an equivalence relation (in particular the transitivity) incorporates some
instances of corner smoothing, in accordance with Remark 7.16.

The disjoint union on M,, (X, A) descends to an operation + on the
quotient set that eventually makes it a R-module By, (X, A) = B, (X, 4; R),
called the realtive m-bordism R-module of the topological pair (X, A).

Proposition 10.5 extends directly to the following.

ProrosiTioN 10.7. For every m > 0,
(X,A) = B,(X,A)
g:(X,A) = (Y,B) = g.:Bn(X,A) = B,(Y,B)
9«([MOM, f]) = [M,0M, g o f]

is a covariant functor from the category of pairs of topological spaces and
continuous pair maps to the category of R-modules and R-linear maps.

10.4. On Eilenberg-Steenrood axioms

The singular homology (sometimes called “Betti homology”) with coef-
ficients in the ring R is a family of functors (indexed by m > 0), formally of
the same kind of Propositions 10.5, 10.7. The (E-S)-axioms are abstractions
of some properties satisfied by the singular homology functors and which
deserve the name as all models (no matter how they have been produced)
that fulfill such axioms are isomorphic to each other, at least if we restrict
to pairs of compact CW-complexes (see [Hatch]). It turns out that the
most critical is the so-called dimension azxiom; every model which satisfies
the other axioms (with the possible exception of “dimension”) is called a
generalized homology theory. We are going to verify that this is the case
of bordism. The verifications are geometric/topological in nature and often
immediate consequences of the definitions.

The homotopy axiom. If go,g1 : (X, A) — (Y,B) are homotopic
through pair maps, then go s« = g1 x-

We have to show that for every [M,0M, f] € B, (X, A),
[M,0M,goo f] =[M,0M, gy 0 f] in B, (Y, B) .
Given a homotopy
G: (X x[0,1],Ax[0,1]) = (Y, B)
between gy and g1, then
(M x [0,1],0M x [0,1]) = (Y, B), fi =gio f
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together with the natural inclusion of (M,0M) I (M,0M) in O(M x [0,1])
realize that (M,0M, gy o f) ~p (M,0M, g1 o f).
|
This implies that if g : (X, A) — (Y, B) is a relative homotopy equiva-
lence, then g, is an R-linear isomorphism. Up to isomorphism, the bordism
modules are invariants of the homotopy type rather than the topology type.

Direct sum over path-connected components. For every topologi-
cal space X, B,,(X) is isomorphic to the direct sum of the modules 5,,(X.),
where X, varies among the path-connected components of X. This follows
from the fact that continuous maps send every path-connected component
of a manifold M to one path connected component of X. A similar fact
holds in the relative version.

Long exact sequence. For every m > 1 there is the natural well
defined R-linear map
0: Bn(X,A) = Bn_1(4), O([M,0M, f]) = [0M,0f] .

Denote by iy : By(A) = B (X), js @ Bn(X,0) — B (X,A) the R-linear
maps induced by the inclusions. Then we have a bordism long sequence of
linear maps

e B (A) 5 Br(X) L Bo(X, A) D B 1(A) = -

which ends on the right with the 0 R-module.
Recall that a sequence of linear maps

A4 B¢
is exact in B if ker(f8) = a(A). Then we have the following.
(1)The long sequences are functorial: if g : (X,A) — (Y, B) then the
respective long sequences together with the family of linear maps {g.} form

commutative squares.
(2) Every bordism long sequence is exact everywhere.

Fuctoriality is an immediate consequence of the definitions. The verifications
of exactness are simple and useful exercises. Let us show, for example, that
the above long sequence is exact in B,,(X, A). If [N, g] € B,,(X), then N is
boundaryless, so it is clear that 0 o j. ([N, g]) = 0 € B,,,—1(A). On the other
hand, assume that (M,9M, f) is in the kernel of 9 and (W, 0W, F') realizes
that (OM,df) is a boundary. Then, by gluing W and M along OM, we get
f ‘M — X, M being boundaryless, where f is obtained by matching f and
F, so that j.([M, f]) = [M,0M, f] € B (X, A).

[

Excision. Let Z C A C X be a triad of topological spaces. Assume
that the closure Z of Z in X is contained in the interior A of A.

For every m > 0, the linear map induced by the inclusion

iv: B(X\ Z, A\ Z) = Bm(X, A)



10.4. ON EILENBERG-STEENROOD AXIOMS 191

is an isomorphism. We say that Z is excisable.

Let us prove first that it is surjective. Let [M,0M, f] € B,,(X, A). The
manifold M can be endowed with a distance d compatible with its topology
so that (M,d) is a compact metric space; for example, embed M in some
R™ and take the distance induced by the Euclidean distance. The compact
set K := f~1(Z) is contained in the open set A := f~1(A). The distance
function from K

0: M —R

is non-negative, continuous and K = {§ = 0}. Then there is a smooth
approximation ¢ : M — R and a regular value ¢ > 0 of both ¢ and 9g,
sufficiently close to 0, such that M := {g>¢€}isa compact m- submanifold
with corners such that M = {g = €} is contained in A. Upto smoothing the
corners, if f is the restriction of [ to M, we finally have that [M,dM, f] €
Bn(X\ Z,A\ Z) and i.([M,0M, f]) = [M,0M, f] € B(X,A). To prove
the injectivity we apply the same argument to (W, OW, F), which shows that
a (M,0M, f) € My, (X \Z,A\ Z) is a relative singular boundary in (X, A).

About the dimension axiom. This axiom for the singular homology
(with coefficients in R) determines the homology modules of a singleton.
Precisely, the O-module is isomorphic to R, while the others are all trivial.

For every X, By(X) has a clear topological meaning. In fact, by using
the classification of compact 1-manifolds (Proposition 9.14 ), it is easy to
check that it is isomorphic to the direct sum @©(x)R, where m(X) is the
set of path connected components of X. In particular, By = R. On the other
hand, we do not know for the moment whether the modules B,,,, m > 1, are
all trivial. We will see in Section 14.8 that they are not.

The (E-S)-axioms establish relationships between the modules (in any
generalized homology theory) H.(X) of a given space and the ones of the
presumably simpler pieces of some suitable decomposition of X. If “dimen-
sion” also holds, then in many cases they allow computing (up to linear
isomorphism) the modules of X. Without “dimension” things are more
complicated. The first interesting cases to consider are X = S™ or the pair

(X, A) = (D" S"1). These are the building blocks of CW-complexes.

e As the n-disk is contractible for every n > 0, by “homotopy” H,,(D™) ~
Hy, for every m > 0.

e For every n > 1, we can decompose S" as the union of the closed
northern and southern hemispheres (both diffeomorphic to D™)

S"=DtuD™, DYNnD™ =8""1.
We claim that the inclusion induces isomorphisms

iy i Hpm (DT, 8™ = H,(S™, D7) .
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We cannot directly apply “excision” to Z = D~. We can do it by using
instead Z C D~ equal to the complement of a small collar of S*! in D~.
Finally, we use “homotopy” and the fact that (S™\ Z, D~ \ Z) retracts to
(D*, 8" 1) to achieve the required isomorphisms.

e Again for n > 1, we have the exact long sequence of the pair (D", S"~!)

o Mo (S7Y) 5 H (D) L Mo (D™, S D M (S -
and the one of the pair (S", D7)

S o (D7) 2 Hn (S™) L5 Hon (S, D7) S M (D)

o If the theory H satisfies also “dimension”, by simple algebraic consid-
erations we realize that for n > 1,
© 0:Hp (D", 5" 1) = Hp—1(S™1) is an isomorphism for m > 2;
® ). Hin(S™) = Hp(S™, D7) is an isomorphism for m > 2;
o for every m > 1, H,;n(S™) ~ Hpm—1(S™ 1) (immediately for m > 2
and with a little extra work for m = 1).
Then by a simple induction, we can finally achieve the computation:

For everyn >1, m=0,n,

Hun(S™) ~ Hin(D™, S N ~ R .
For everyn>1, m>1, m#n,

Hon(S™) ~ Hp(D", 8" ) =0 .

If the theory (like the bordism) does not satisfy “dimension”, the con-
siderations based on the other axioms hold as well, but are not immediately
conclusive.

10.5. Bordism nontriviality

Combining the axioms with the specific way the bordism has been de-
fined, we will provide a few pieces of evidence that it is not trivial.

e Assume that X is path connected. Consider the long exact sequence
of a pair (X, xz¢) for some base point in X,

e B 2 Bi(X) 25 B (X, 20) S By — -

It is immediate by the bordism definition that 0 = 0 (hence j, is surjective)
and that i, is injective. Hence every B,,(X) contains a submodule isomor-
phic to B, which in general is not trivial. Since X is path connected, by
“homotopy” this submodule does not depend on the choice of the base point
xo. When R = Z/2Z (algebra is simpler in the case of vector spaces) we
have 1, (X) ~ 1m @ 1m (X, @0).
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e Assume that X is a compact connected boundaryless (possibly ori-
ented) smooth m-manifold. Then by the approximation theorems of con-
tinuous maps by smooth maps, it is not restrictive to assume that all maps
entering the bordism treatment are smooth.

ProposITION 10.8. [X,idx]| € By (X) is nontrivial and does not belong
to By, C By (X). In particular, dimn,(X) > 1+ dim ny,.

Proof : Assume that it is trivial; then there is a smoothmap F : W — X
such that OW = X and F|x =idx. Let p € X. Clearly it is a regular value
for F. Apply to F the transversality theorems relative to 0F. Then we can
assume that F' th {p}, Y = F~1(p) is a proper l-submanifold of (W, X) and
p € Y. By the classification of compact smooth 1-manifolds, p is contained
in an interval component I C Y. Hence there is another p’ € 9I C X such
that p’ # p and OF (p) = p = OF (p') = p/. This is absurd. This proves that
[X,idx] # 0. Let ¢: N — {p} be a constant map representing some element
of By, C B (X). Let g # p so that it is a regular value for both idx and c.
If (W, F) would realize a bordism between (X, idx) and (N, c), by applying
again the relative first transversality theorem to (W, F') we should deduce
that OF ~1(q) = {¢} is a boundary; again, by the classification of compact
1-manifolds, this is absurd.

[

By a similar argument, we have the following generalization.

PROPOSITION 10.9. In the setting of Proposition 10.8, let [N] € By be
nontrivial, and consider (N x X,idx o7), 7 being the projection to X. Then
[N x X,idx o 7| € By1x(X) is nontrivial.

The class [X,idx] € B, (X) is called the bordism fundamental class of
the (possibly oriented) manifold X. If X has nonempty boundary, similar
facts hold for [X,0X,idx] € B, (X, 0X).

e (On the bordism modules of spheres) For every n > 1, consider again S™
and (D", S"1). If m < n, by transversality we can assume that every class
ain B,,(S™) is represented by a smooth and non surjective map f : M — S";
say that oo ¢ f(M). Then f factorizes through R" C R"Uoco = S™, hence it
is homotopic to a constant map. By “homotopy” a belongs to B, C B,,(S™),
hence if m < n, B,,(S™) = By,.

Referring to the long exact sequence for the pair (S™, D7), using that
D™ is contractible and “homotopy”, we have that 9 = 0; so j, is surjective
and i, is injective. In particular, we have

Nm(S™) ~ Nm © M (S™, D7) ~ Nim © 1 (D" Sn_l)

where for the last isomorphism we have applied “excision” and “homotopy”
as above.

Referring to the long exact sequence for the pair (D", S"~!), we see that
ix 18 surjective, hence j, = 0, 0 is injective. Hence we have, in particular,
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that

1" 1) ~ 1 @ (D™, 771 5
hence

nm—l(Sn_l) D Nm ~ nm(Sn) D Nm—1 -

By a similar inductive argument already used to compute H,(S™) when
the theory H also satisfies “dimension”, we can eventually achieve the de-
termination of 7,(S™).

PROPOSITION 10.10. (1) For every m > 0, 0m(S%) = 1m @ 1.
(2) For every n > 1, for every 0 < m < n, 0,,(S™) = M.
(8) For everyn>1, k> 1,

Mk (S™) = Mk © Ny -

Precisely, every class in n,11(S™) either belongs to nnik or is of the form
[N x 8™ idgn o 7| as in Proposition 10.9

It is already clear from these few remarks that the determination of B,,,
for every m > 0 (that is, of the actual failure of “dimension”) is a key point
of this story.

10.6. Relation between bordism and homotopy group functors

Here we assume some familiarity with the homotopy group 7, (X, zo),
m > 1, of the pointed topological space (X, zg) (see for instance [Hatch]).
When m =1 it is called the fundamental group. Let us recall a few facts.

e As a set m, (X, xg) is formed by the classes < f > of pointed contin-
uous maps f : (S™,p) — (X, xg) considered up to pointed homotopy. It is
endowed with a natural group operation “-” well defined on any given rep-
resentatives. The 1 element is the class of the constant pointed map. They
are Abelian for m > 2, while the fundamental group is not in general. If
X is path-connected, up to group isomorphism they do not depend on the
choice of the base point.

e Similarly to the bordism, we have for every m > 1 a covariant functor
(X,.’L‘o) = Wm(X,l'())

g: (X,z0) = (Y,y0) = gu: (X, 20) = (Y, 90), gu(< f>) =< gof >
from the category of pointed topological spaces and pointed continuous maps
to the category of groups (Abelian for m > 2) and group homomorphisms.

e There is a relative version for pointed pairs (X, A, x¢) (zg € A) of
topological spaces. Then the elements of 7,,(X, A, x() are relative homotopy
classes < f > of maps f : (D™,S™ 1 p) — (X,A4,20). As usual, the
“absolute” theory is incorporated by identifying (X, zg) with (X, zg, z¢). If
A # {xo}, then 7, (X, A, z¢) is Abelian for m > 3. Similarly to the bordism,
for every m > 2 there is a natural homomorphism

0 (X, A, z0) = m—1(4, 20), (< f>)=<df > .
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Together with the homomorphisms
Bt T (A, 20) = T (X, 20)y  Ju : T (X, o) — i (X, A, )

induced by the inclusions, they give rise to the homotopy long exact sequence
of the pointed pair (X, A, z)

e (A, 20) 5 T (X, 20) L5 o (X, A, 20) D w1 (A, 20) — -+

For every m > 1, the map (in the oriented case we stipulate that D™
inherits the standard orientation of R™)

han - Fm(X?Ava) - Bm(Xa A)> hm(< f >) = [Dm,sm_lyf]

obtained by “forgetting the base points” and replacing homotopy by bordism
is well defined. It is well defined because homotopy is a special case of
bordism where only the cylinders are permitted.

ProposITION 10.11. (1) For every m > 1, hy, is a group homomor-
phism.

(2) The family of homomorphisms {hy,} is functorial (“g.oh = hog.”)
and commutes with the respective long exact sequences.

Proof : Both the respective morphisms g, and long exact sequences have
the very same definition on representatives. Then (2) follows because the h’s
are well defined. As for (1), for simplicity, we consider the absolute case m =
1, but the argument generalizes without difficulty. Realize an elementary
bordism W between S]] S! and S! obtained by attaching a 1-handle to
(STTISY) x [0,1] at (ST]]S!) x {1}. There is a properly embedded arc
D ~ D! (essentially the core of the handle) which intersects (S]] S!) x {0}
at two points belonging to different components and a properly embedded
arc D' dual to D (essentially the co-core of the handle) which intersects the
other component of 9W in two points. The set W\ (DUD’) is diffeomorphic
to the cylinder € = ((S"\ {p}) [1(5\ {p})) x [0,1]. Let fo. fi : (S',p) —
(X,z9). Up to the natural identification, this induces a map F' : C — X,
F(xz,t) :== fo]] fi(x) which extends to a continuous map F : W — X by
setting it constantly equal to g on D U D’. This establishes a bordism
between (S', fo) [[(S', f1) and a map g : S — X. Recalling the definition
of the operation on 71 (X, zg) (see [Hatch]), it is immediate that

[Shgl=hi(< fo>- < fi>);
hence
hi(< fo > < fi>)=m(< fo>)+hi(< f1>)
as desired.
[ ]
In general, the study of both ker(h,,) and its image is a difficult question,

even if X is a compact smooth manifold. We can say something more for
m = 1.
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On the 1-bordism. It is evident that the homorphism
o1 : Ql(X) — 7’]1(X)

is surjective: given [M, f] in 71(X), it is enough to arbitrarily orient the
components of M (each diffeomorphic to S DY to get [M, f] in Q1(X) such
that oy ([M, f]) = [M, f].

PROPOSITION 10.12. Assume that X is path connected. Then the homo-
morphism hy : m (X, x0) — Q1(X) is surjective, hence the oriented bordism
1 (X) is a Abelian quotient group of m (X, x0). By composition with the
surjective homomorphism o1, the same fact holds for n(X).

Proof : Let [SY, f] € Q1(X). Let p € S* be the base point and let
g = f(p). Up to isotopy, hence up to bordism, we can assume that f
is constantly equal to ¢ on a closed interval J such that p € J C S
Let J = J1UJy, JiNJy = {p}. Let v; : J; = X be a continuous path
joining ¢ and the base point xy and such that 7;(p) = x¢. Then define
' (SYp) = (X,20) to be equal to 7; on J; and equal to f outside J.
Clearly [S!, f] belongs to the image of hy. We claim that [S!, f] = [S!, f'].
In fact it is not hard to prove that they are homotopic. For a general [M, f]
we can assume that M is the union of a finite number of copies S} of S1.
Consider the corresponding pointed copies (Sjl,pj). Let ¢; = f(p;). By
applying the above construction for every j, we can assume that [M, f] is
the sum of classes each one being the image via hy of some o € 7 (X, zp).
Finally, by applying inductively on the number of components the same
argument used above to show that h; is a homomorphism, we conclude that
[M, f] is the image of the product of such ¢;’s.
|

We will complete the analysis of 1 (X) as a quotient of the fundamental
group in Chapter 15, Proposition 15.3.

10.7. Bordism categories

There is another important way to organize the bordism matter. As
usual, M,, either denotes S,, or O,,, B either denotes n or €. For every
m > 0, we define the bordism category CATp(m + 1).

e M,, is the class of objects (recall that ) is also an object).

e For every couple of objects M, N € M, a morphism (“arrow”) M +— N
is of the form

([pO]a [:01]¢ [VV, ‘/07 Vvl])

where (W, Vp, V1) is a triad of compact smooth manifolds (recall that V) and
V1 are union of components of OW, and OW = V; I1 V) considered up to
diffeomorphisms which are isotopic to the identity on a neighbourhood of the
boundary; pg : M — Vp and p; : N — V; are diffeomorphisms (preserving
the orientation in the oriented setting) considered up to isotopy.



10.8. A GLANCE AT TQFT 197

e Two arrows f : M~ N, g: M’ — N’ can be composed if N = M’. In
such a case, if f = ([po], [p1], W, Vo, V1]), g = ([p0], 1], W', V5, V{]), then

gof= ([90]’ [pll]ﬂ [Wv Vo, Vll])
where }
W =Wy W, ¢ =phop " :Vi— V.
It is consistent because W is defined up to diffeomorphism relatively to the

boundary and only depends on the isotopy class of the gluing diffeomor-
phism. Note again that gluing can be performed in the oriented setting.

e For every object M € M,,,, M # (), the unit arrow is
Ly = ([ida], [idar], [M > [0,1], M x {0}, M x {1}]) .

The discussion made in Chapter 9 about Morse functions on triads, dis-
sections, and handle-decompositions can be rephrased within the bordism
category: every arrow is the composition of elementary arrows that is sup-
ported by triads admitting a handle decomposition with only one handle (of
some index).

10.8. A glance at TQFT

An (m+1) topological quantum field theory (TQFT) is a kind of nontriv-
ial representation of CAT(m+ 1) in the category of vector spaces on some
scalar field K. In the last decades, this has emerged as a potent paradigm,
the source of plenty of so-called “quantum invariants” for 3-dimensional
manifolds and the right conceptual framework for deep 4-dimensional in-
variants. The actual categorical definition involves many subtleties (see for
instance [Tur]). Here we merely provide a rough outline of the main fea-
tures.

First, we note that the objects M, of a bordism category are endowed
with the disjoint union operation “II”.

Let K be a field and denote by Vg the category having as objects the
class Vi of finite-dimensional K-vector spaces and as morphisms the K-
linear maps. The class Vi is also endowed with an operation “®” given by
the tensor product.

An (m+ 1) TQFT is a morphism of categories

CATB(m + 1) = Vg

which satisfies certain conditions:

e To every object M € M,, is associated an object Z(M) € V.

e To every arrow f: M — N in CATp(m + 1) is associated a linear
map Z(f): Z(M) — Z(N), in such a way that the composition is
respected:

Z(gof)=2(g)oZ(f) -
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e The correspondence M = Z(M) respects the operations on the
objects:
Z(IMUN)=Z(M)® Z(N) .
Moreover, there are the following ‘nontriviality requirements’:

e Z()) = K (the space of “states” of the “quantum” empty set is
nontrivial).
. Z(lM) = idZ(M)-
e Z(M) is not constantly equal to K and Z(f) is not constantly equal
to ldK
In the oriented setting, on O, there is the involution M — —M. On Vi
there is the duality “involution” Z — Z* (where Z is canonically identified
with its bidual space (Z*)*). Here we also require

o Z(—M) = Z(M)".

Every TQFT (if any) associates to every M € M, 11, a scalar u(M)
which is an invariant up to (possibly oriented) diffeomorphism. As M is
compact and boundaryless, and (0,0, [M,0,0]) is an arrow fiay @ 0 = 0,
then Z(fian) : K — K and p([M]) := Z(fjan)(1).

We realize quickly that the existence of such a TQFT is not evident at
all. A possible approach could be to associate to all nonempty connected
M € S,, the same vector space Z(M) =V (either V or V*, in such a way
that Z(—M) = V*, in the oriented setting). As every M is the disjoint union
of its connected components, Z (M) is the tensor product of some copies of
V (of V or V*). Then we could try to define first the elementary Z(e)
associated with the elementary arrows in CATg(m + 1), perhaps in such a
way that they depend only on the handle index. A generic Z(f) should be
a composition of such elementary morphisms. The key, and hard point, is
that the decomposition by elementary arrows in CATg(m + 1) is far from
be unique (and also any triad supports infinitely many Morse functions)
but the resulting composite Z(f) should not depend on the choice of the
decomposition. This means that our elementary Z(e)’s must satisfy a huge
collection of (a priori implicit) relations. If we take V' = K™ for some n,
V* = M(1,n,K), and the unknown Z(e)’s in matrix form, we should find
nontrivial solutions of a huge system of matrix equations. It is not evident
that such a solution exists (even if we take V' = K). We will point out a
“baby” (nontrivial) TQFT in Chapter 14.



CHAPTER 11

Smooth cobordism

We specialize the bordism modules B,,(X, R) introduced in Chapter
10 to X which varies among the boundaryless compact smooth manifolds.
More precisely, if X is not oriented (even nonorientable), then we consider
M (X) = B (X;Z/27); if X is oriented, we consider O, (X) = B (X;Z). A
first important fact, already used in Section 10.5, is that by the approxima-
tion theorems of continuous maps by smooth maps, we can assume that all
maps entering the definition of the bordism modules are smooth; moreover,
in dealing with functoriality, we can also assume that the maps g : X — Y
are smooth. Therefore, all discussion will have a differential/topological
character. The main issue of this chapter is that using transversality, these
“smooth” bordism modules (renamed “cobordism” modules up to a suitable
re-indexing) can be embodied into contravariant functors and their direct
sum can be endowed with a functorial graded ring structure. This multi-
plicative structure is a substantial enrichment of the theory.

11.1. Map transversality

We consider the following variant of the basic transversality setting (Sec-
tion 8.1):

e All involved smooth manifolds admit an embedding in some R™, being
furthermore a closed subset. This is certainly the case if a manifold is
compact.

e All involved smooth maps are proper (i.e. the inverse image of a
compact set is compact). Of course, this is the case if the source manifold
is compact. General topology tells us that proper maps between manifolds
are closed (i.e. the image of a closed set is closed).

e N and Z are boundaryless smooth manifolds and M is a compact
smooth manifold with (possibly empty) boundary M.
o f: M — N, g:Z — N are smooth maps.

In such a situation, we can define the product map
(fxg):MxZ—NxN, (fxg)(x,z) = (f(x),9(2))
and denote by
Ay ={(y,y) € N x N}

199
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the diagonal submanifold of N x N, which is obviously diffeomorphic to
N by the canonical diffeomorphism N — Ay, y — (y,y). Recall that
O(M x Z)=0M x Z.

DEFINITION 11.1. We say that f is transverse to g (and we write f h g)
if (f x g) M Apn. This incorporates that 0f h g.

By using that T{, ,)Ay = Ar,n C T,N & Ty N, we readily check that:

LEMMA 11.2. We have that f i g if and only if for every (z,z) € M x Z
such that f(x) = g(2) =y, then TyN = d,f(TuM) + d.g(T.Z), and for
every (z,z) € OM x Z such 0f(x) = g(z) =y, then TyN = d,0f(T,0M) +
d-9(T.Z).

We have the following version of the first transversality theorem.

THEOREM 11.3. In the given setting:
(1) If f th g then
(Y,0Y) = ((f x 9) ' (An), (3f x g) ' (AN))
is a compact proper submanifold of (M x Z,0M x Z). Moreover,
dim(M x Z) —dim(Y) = dim(N x N) — dim(N) = dim(N) .

(2) If all involved manifolds are oriented, then Y and Y are orientable
and we can fix an orientation procedure such that JY becomes the oriented
boundary of Y.

Proof : Except for the compactness of Y, all statements in (1) are a
direct consequence of Theorem 8.2 (and they hold also without assuming
that g is proper). On the other hand, the compactness of Y follows from the
compactness of M and the properness of g. Point (2) is a direct consequence
of point (2) of Theorem 8.2, once N x N is endowed with the product
orientation of two copies of the given orientation on N, Ay is oriented in
such a way that the canonical diffeomorphism is orientation preserving.

|

REMARK 11.4. If Z C N is a submanifold and g is the inclusion, then
Y ={(z,2) e M x Z; f(z)=2};

that is, the graph of the restriction of f to f~(Z). If Z is also a closed
subset of N, then we are in the setting fixed above, and the projection of Y’
in M is equal to f~!(Z) and is a proper submanifold of (M, M) recovering
the conclusion of Theorem 8.2.

We denote by h (M, N;g) the subspace of £(M,N) formed by the
maps transverse to g. If 9f M g, then we denote by E(M,N,0f) (resp.
M (M, N,0f;g)) the subspace of £(M, N) (th (M, N; g)) formed by the maps
that coincide with df on M. We have the following version of Theorem
8.5.
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THEOREM 11.5. In the given setting,

(1) h (M, N;g) is open dense in E(M,N).

(2) h (M,N,0f;qg) is open dense in E(M,N,0f).

(3) For every h € E(M,N) (resp. h € E(M,N,0f)) there is h e
(M,N;g) (he Mt (M,N,0f;q)) smoothly homotopic to h.

Proof : The proof is not a direct consequence of the statement of Theo-

rem 8.5 but it is a consequence of its proof which can be adapted with minor
changes.

11.2. Cobordism contravariant functors

Let X be a compact boundaryless smooth manifold. Let [M, f] €
B (X; R) (either R = Z/27Z or R = Z according to the convention fixed
at the beginning of this chapter). We say that [M, f] is of codimension k in
X if

k = codimx[M, f] := dim(X) —m .
We can consider the modules B,,(X; R) indexed by Z by stipulating that
B, (X;R) =0 if m < 0. If k is the codimension, set
B*(X;R) := B(X; R)

so we have a formal re-idexing by Z of the family of bordism modules of
X in terms of the codimension, so that B*(X;R) = 0 if £ > dim X. To
stress it, we say that B*(X;R) is the k-cobordism module of X (over R).
Formally, for every k € Z, there are tautological re-indexing isomorphisms

d : Baim(x)—£(X; R) = B*(X;R), D : B*(X; R) = Baim(x)—#(X; R)

dla) =D(a) =« .
For every k € Z, we want to enhance the object correspondence
X = B*(X;R)
with a correspondence
g: X =Y = ¢ :B*Y;R) - B*(X;R)

to build a contravariant functor from the category of compact boundaryless
(possibly oriented) smooth manifolds and smooth maps to the category of
R-modules and R-linear maps. Hence we want that

(goh)* =h"og*
whenever the composition makes sense, and
idy = idgr(x;R) -
We have to define the linear maps g*. We implement the following procedure,

basically it is the same “pull-back” construction that we have used for vector
bundles.
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o If k > dim(Y), then ¢* : {0} — B*(X; R) is uniquely determined.
e Assume that k¥ < dim(Y) and let a € B¥(Y; R). Fix a representative
a=[M,f].

Hence M is compact boundaryless (possibly oriented) of dimension m =
dim(Y') — k. By the transversality theorems, up to homotopy, and hence up
to bordism, we can assume that f M g. Then

V=(fxg9)(Ay)
is a compact boundaryless (possibly oriented) submanifold of M x X such
that dim(M x X) — dim(V) = dim(Y'); that is,

dim(X) — dim(V) = dim(Y) — dim(M) =k .

Hence [V,px] € B¥(X;R), where py is the restriction of the projection
Mx X —X.

ProOPOSITION 11.6. Let g : X — Y be a smooth map between compact
boudaryless (possibly oriented) smooth manifolds. Let o € B¥(Y; R). Let
[V,px] € B¥(X; R) obtained by means of any implementation of the above
“pull-back” procedure starting from a representative o = [M, f]. Then

(1) The map

g : B5(Y; R) = BY(X; R), g*(o) = [V.px]
is well defined (it does not depend on the choice of the implementation).

(2) g* is R-linear.

(3) For every X, idx = idgk(x;p)-

(4) Whenever the composition makes sense, (g o h)* = h* o g*.

(5) If go, 91 : X — Y are homotopic, then g5 = gi. This means that the
cobordism contravariant functor satisfies the homotopy invariance property.

Proof : Assume that ¢* is well defined and prove items (2)-(4). The
procedure distributes on the addends of a disjoint union, so (2) follows easily.

As for (3) , every [M, f] is transverse to idx, hence V is the graph of f
and clearly [V, px] = [M, f].

Concerning (4), if g*([M, f]) = [M', [/l, B*(IM, f']) = [M, f"] axe
the representatives being obtained by iterated application of the pull-back
procedure, then f” th (g o h) and [M”, f7] results from an implementation
of the procedure applied to [M, f] and g o h.

Let us show now (1), that ¢g* is well defined. Let (V,px) and (V',p/)
be obtained by implementing the procedure starting from representatives
(M, f) and (M', f"), f th g, f' tg;let (W, F) realize a bordism of (M, f)
with (M’ f). By applying the transversality theorems, we can assume
that F' th g. Then ((F x g)~'(Ay), Px) realizes a bordism of (V,px) with
(V', ).

Finally we show (5). If F': X x[0,1] — Y realizes a smooth homotopy of
(X, go) with (X, g1), then we can assume that F' verifies suitable transversal-
ity conditions, so that ((f x F)~!(Ay), qoPxx[0,1)), where ¢ : X x[0,1] — X
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is the natural projection, leads to a bordism of ((f x go) ' (Ay),px) with

((f x g1)"(Ay), px)-
| ]

11.2.1. Reduction mod(2). When X is oriented, we already known
the natural “forgetting” homomorphisms

o:B¥X;7) - B¥(X;72/27) .

PropoOSITION 11.7. For every smooth map g : X — Y between oriented
compact boundaryless manifolds and for every a € B*¥(Y;Z), g*(o(a)) =
o(g*()), where the first g* refers to the Z/27Z-cobordism and the second to
the Z-cobordism.

Proof : The construction of g*(o(«)) is obtained by the construction of
g*(a) by forgetting the orientation.
[

11.3. The cobordism cup product

Let X be as above. For every r, s € Z, we are going to define a bilinear

map
U:B"(X;R) x B°(X;R) - B(X;R) .

Let us describe the procedure that defines this “cup” product.

o If at least one among r and s is bigger than dim(X), then a LU = 0.

o Let (o, 8) € B"(X; R) x B°(X; R) and assume that both r and s are
< dim(X). Fix representatives o = [M, f] and § = [N, h]. We claim that

[M x N,f xhl€ B™(X x X;R) .

In fact,
2dim(X)—(dim(M)+dim(N)) = 2dim(X)—(dim(X )—r+dim(X)—s) = r+s.

eLetdx : X — X x X, 0x(x) = (x,x) be the canonical diffeomorphism
to the diagonal Ax. Finally, take

%[M x N, f x h] € BY*(X;R) .

We stress that we are using the contravariant nature of the cobordism func-
tor.

REMARK 11.8. If f h h we can explicitly describe representatives of
6%[M x N, f x h]. In such a case, (f x k) thdx. Then 63 [M x N, f x h] =
[vaX]7 where

V ={(z,p,q) € X x M x N; f(p)=h(q) =z} .

Let
V=(fxh) " (Ax) ={(p.q) € M x N; f(p) = h(q)} .
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Denote by ma (mn) the restriction on V' of the projection onto M (NV).
Then V is the graph of uw := fomy = homy, V and V are canonically
diffeomorphic, and

[f/,px] = [V,u] € BY5(X;R) .

In particular, if f and h are the inclusions of two transverse submanifolds
M and N of X and j is the inclusion of M M N, then

O0%[M x N, f x h] =[M th N,j] .

PROPOSITION 11.9. Let X be a compact boundaryless (possibly oriented)
smooth manifold. Let (o, f) € B"(X;R) x BS(X;R), 6%[M x N, f x h] €
B"t5(X; R) be obtained by any implementation of the above procedure applied
to arbitrary representatives a = [M, f], B = [N, h]. Then:

(1) The class o x B := [M x N, f x h|, whence the class o U :=
0%[M x N, f x h] is well defined (they do not depend on the choice of the
implementation).

(2) U is bilinear.

(8) For every (o, B) € B"(X; R) x B5(X; R),

alp=(-)"FUa.

(4) U is functorial; that is, for every g : X — Y, for every («, ) €
B"(Y;R) x B5(Y; R),

g () U g™ (B) =g (@) .

Proof : Assume that LI is well defined and prove the other items. By the
transversality theorems, the assumption allows us to use representatives that
satisfy all suitable transversality conditions. The disjoint union distributes
to the product of manifolds; (2) follows easily. Item (3) is a local verification
and reduces to Remark 8.3. Let (M, f), (IV, h) be representatives of o and
B such that f th g, hth g and f h h. It follows that (g x g) o dx M (f X h).
By combining the two procedures that define ¢* and U starting from such
representatives in general position, we obtain representatives for both terms
of the equality of (4) that are evidently bordant to each other (in the same
spirit of Remark 11.8). It remains to prove that L is well defined. As 6% is
well defined, it is enough to show that

axf:=[MxN,fxhl€BX xX;R)

only depends on the class a and 5. By symmetry, it is enough to show that
it does not depend on the choice of a representative of a.. If (W, F') realizes
a bordism of (M, f) with (M’, '), then (W x N, F X h) realizes a bordism
of (M x N, f x h) with (M" x N, f" x h).

|
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11.3.1. Reduction mod(2).

PRrROPOSITION 11.10. For every compact oriented boundaryless manifold
X, for every (o, B) € B"(X;7Z) x B*(X;Z), o(a) Uo(B) = o(a U B), where
the first U refers to the Z/2Z-cobordism, the second to the Z-cobordism.

Proof : The construction of o(a) Uo(8) is obtained by the construction
of a U B just by forgetting the orientation.
[

11.3.2. The cobordism ring. The collection of the above cup prod-
ucts gives a globally defined product

LU:B*(X;R)x B*(X;R) — B*(X;R)

on the direct sum R-module

B*(X;R) := ®pezB*(X;R) .
The ring (B*(X; R),+,U) is called the graded R-cobordism ring of X (it is
a graded algebra when R = Z/2Z).

Similarly, the collection of the above g*s defines a global graded ring

homomorphism

9" :B*(Y;R) — B*(X;R) .
We can summarize the above achievements as follows:

X = B*(X;R)
g: X =Y =4g":BY;R) = B*(X;R)

define a contravariant functor from the category of compact boundaryless

(possibly oriented) smooth manifolds and smooth maps to the category of
graded rings and graded ring homomorphisms.

REMARK 11.11. A graded ring satisfying the non-commutative rule (3)
in Proposition 11.9 is sometimes called a “commutative” graded ring.

REMARK 11.12. A particular case of the above constructions is when X
is reduced to one point. In this case the product

B'(R) x B*(R) — B"(R)

for every couple of indices 7, s < 0, is just defined by the product of repre-
sentatives

[IM]U[N] = [M x N] .

REMARK 11.13. (Non-compact X ) Referring to the setting of the tran-
versality theorems of Section 11.1, we can extend the range of cobordism
functors and product to the category of boundaryless, possibly non-compact
manifolds X which can be embedded anyway in some R*, being also a closed
subset, and smooth proper maps between these manifolds.
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11.4. Duality, intersection forms

Assume that X is connected (possibly oriented) and dim(X) = n. Then
B"(X;R) ~By(X;R)~R .

If R =7/27Z, we have a generator fx of B"(X;Z/2Z) represented as x =
[x,1], where x € X and ¢ is the inclusion (it does not depend on the choice
of z because X is path connected). If R = Z, we have two generators of the
form [tx,i]. As usual, we encode the point sign by associating to +z the
orientation on T, X carried by the global orientation of X; this selects again
one generator Sx. By this choice of generators, we have fixed in both cases
an identification of B"(X; R) with R.

For every r,s,set p=n—r,q=n—s. Let r,s be such that r + s =n
(hence also p+q=n, p=s,q=r). Then

U:B"(X;R) x B*(X;R) — R .

Note in particular that
dlax)UpBx =1
where ax = [X,idx]| € B,(X; R) is the bordism fundamental class of X and
d: B,(X;R) — B°(X;R) is the tautological isomorphism.
Using the tautological isomorphisms, all this can be lifted to a bilinear

map

o:B,(X;R) x By(X;R) = R
or to a bilinear pairing

M:B"(X;R) x By(X;R) - R.
This last induces a linear map (¢ = r)

¢" : B"(X;R) - Hom(B,(X; R),R), v = ¢, ¢y(0) =yMo .

Applying the Hom functors, we have a basic way to convert the covariant
bordism funtors into contravariant ones

X = Hom(B,,(X;R),R)

g: X =Y = g!:Hom(B,,(Y;R),R) = Hom(B,,(X;R),R) ,
where gL(v) = v o g«. The homomorphisms ¢", gt and g* are compatible:
“progt=glog".

The map ¢" is, in general, not injective nor surjective. A reason is
the possible existence of nontrivial submodules of B, (X; R) isomorphic to
B. = B.({zo}; R). The image via the tautological isomorphism of such a
submodule in B"(X; R) is contained in the kernel of ¢". If R = Z /27, so that
B, can be realized as a direct addend of B,(X;Z/27Z), then any functional
~ which holds 1 on B, and such that B,.(X;Z/2Z) = B, @ ker~ does not
belong to the image of ¢". If R = Z, then the torsion submodule of B" (X ;Z)
is contained in the kernel of ¢". For every r, we set

H'(X; R) == B"(X; R)/ ker(¢")



11.4. DUALITY, INTERSECTION FORMS 207

and extending the usual re-indexing set
Hp—r(X; R) :=H"(X; R)

where in this last equality only the R-module structure is considered, for-
getting the multiplicative structure. Then the above map ¢" induces an
injective R-linear map

~

¢" H"(X;R) — Hom(H,(X;R),R) .
If X is connected (possibly oriented), then
H(X:R)~R
and is generated by the fundamental class. The map I can be formally
generalized by composing LI with the tautological isomorphisms
M:B"(X; R) x By(X; R) = Bap_(r4¢)(X; R) .
In particular,
M:B"(X;R) x B(X;R) — Bh—(X;R)
and it is a consequence of the definitions that for every o € B"(X; R)
cMax =D(o) .
If dim(X) = 2m, we can consider
U:B™(X;R)xB™"(X;R) = R,
or equivalently
o: B, (X;R)xB,(X;R) =~ R .
This second is also called the R-bordism intersection form of X. These forms
are symmetric on Z/27, while on 7 they are symmetric (resp. antisymmet-

ric) if m is even (m is odd). The kernel of ¢ coincides in this case with the
radical of the form, hence the induced form (also called “intersection form”)

U:H™(X;R) x H™(X;R) = R
determines an inclusion of H™(X; R) as a submodule of its dual module
™ : H™(X; R) — Hom(H,(X; R), R) .

11.4.1. Cobordism for compact manifolds with boundary. We
extend some of the previous constructions to manifolds with nonempty
boundary. Let us strengthen first the notion of map between pairs of spaces

h:(X,A) = (Y,B) ;

we say that it is a strict pair map if (as usual) h(4A) C B and further-
more h(X \ A) C Y \ B. Let X be a compact smooth manifold with
nonempty boundary 0X. For example, the inclusion of a proper submani-
fold (Y,0Y) in (X,0X) is a typical example of a strict map. A strict map
f:(M,0) — (X,0X) sends the boundaryless M in the interior Int(X) of X.
The non-compact manifold Int(X') satisfies the conditions of Remark 11.13;
for example, if X C R¥ for some k (this is possible because X is compact)
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and h : R¥ — R is a non-negative smooth function such that 9X = h=1(0),
then the restriction to X \ 0X of R¥\ X — R¥! 2 — (2,1/h(x)) is an
embedding of Int(X) to a closed subset of R¥*+1,

The usual definitions of the relative bordism modules B,,(X,0X; R) can
be enhanced by stipulating that all involved maps are smooth and strict. Us-
ing the approximation theorem of continuous maps by smooth maps and the
boundary collars to push into the interior what is necessary to make strict
any given “singular” smooth manifold in (X,0X), it is not hard to check
that these enhanced modules are isomorphic to the original ones. More-
over, B, (X; R) is naturally isomorphic to B, (Int(X); R). The re-indexing
B¥(X;R) = Bu(X;R) or B¥(X,0X;R) = B,u(X,0X;R), k = dim(X) — m,
is defined as usual in terms of the codimension in X.

If M is compact boundaryless and g : X — M is a smooth map, then
adapting the above construction, for every k € Z, we define

g*: B¥(M;R) — B*(X,0X;R) .
If N is compact boundaryless and h : N — X is smooth, up to isotopy it is
not restrictive to assume that h(N) C Int(X), and we define

h*: B¥(X,0X;R) — B*(N;R) .
In such a situation, we have

(goh)*:h*og* .
Now, formally using the very same definition given when X is bound-
aryless, we (partially) extend the cup product as follows:

U:B"(X,0X;R) x B5(X;R) — B""*(X; R)
U:B"(X;R) x B5(X;R) —» B (X;R) .
Then we have a linear map
¢" : B"(X,0X;R) — Hom(B,(X;R),R)
which restricts to (we keep the same name)
¢" : B"(X;R) - Hom(B,(X;R),R) .
Finally, we have the induced injective map

¢": H™(X,0X; R) — Hom(H,(X;R),R) .



CHAPTER 12

Applications of cobordism rings

In this chapter, we will see several, sometimes very classical, applications
of the cobordism theory, especially of its multiplicative structure.

12.1. Fundamental class revised, Brouwer’s fixed point theorem

Here, we recover Proposition 10.8 in terms of cobordism. Let X be
a compact boundaryless connected (possibly oriented) smooth n-manifold.
Let [X,idx] € B%(X; R) (often we will simply write [X]). Let Bx € B"(X; R)
be the generator given in Section 11.4 in order to fix an identification
B"(X;R) = R. We have already remarked that

(X]UuBx=1€R;

hence, in particular, [X] # 0. On the other hand, if 7 belongs to the image
via the tautological isomorphism d : B, (X; R) — B%(X; R) of the natural
submodule isomorphic to B,,, then

YUBx =0;
hence [X] # ~. If X has nonempty boundary 0X, we can consider
[X,0X] € B(X,0X;R)

and we have again
[X,0X|UBx =1€R.

The following is a very classical topological application of such a fundamental
class.

THEOREM 12.1. (Brouwer fixed point theorem) For every continuous
map f: D™ — D", there is x € D™ such that f(z) = x.

Proof : The case n = 0 is trivial. For n > 0, assume that there is
such an f without any fixed point. Define ' : D" — S"~! by setting F(x)
equal to the unique point of intersection between S"~! = 9D™ and the ray
emanating from f(x) and passing through x. As f is continuous, it is easy
to verify that F is also continuous and that OF = idgn—1. Hence [S"7!]
should be trivial in B,,_1(S™~!) contrary to Proposition 10.8.

[

209
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12.2. A separation theorem

It is evident that an equatorial S”~' C S™ divides this last in two con-
nected components. If n > 2, every connected hypersurface in S™ shares the
same behaviour.

PROPOSITION 12.2. (1) Let M C S™ be a compact boundaryless con-
nected submanifold, dim(M) =n —1, n > 2. Then S™ \ M has ezactly two
connected components, W and W', and the closures are compact submani-
folds with boundary such that OW = OW' = M.

(2) Let M C R™ be a compact boundaryless connected submanifold,
dim(M) =n—1, n > 2. Then R*\ M has two connected components;
one, say W, has compact closure and OW = M.

Proof : The item (2) follows from (1) by considering R” C R"Uoco = S™,
such that oo does not belong to M. As for (1), we know by Section
10.5 that [M] := [M,iy] € Bn_1(S™Z/2Z) ~ BY(S™;Z/2Z) (ips being
the inclusion) belongs to the submodule isomorphic to B,—1. Hence we
know that [M] belongs to the kernel of the map ¢ : BY(S™;Z/2Z) —
Hom(B1(S™;,Z/27),7/27Z). Assume that S™\ M is connected. Take a small
simple arc « intersecting transversely M at one point. The endpoints of
belong to S™\ M, hence  can be completed to a smooth simple curve 4 in S™
that transversely intersects M at one point. It follows that ¢y ([5,75]) = 1,
and this is a contradiction. Hence S™\ M is not connected. A tubular neigh-
bourhood U of M in S™ is diffeomorphic to M x (—1, 1), in fact M x[0,1) can
be identified with a collar of M in W, where W is a component of S™\ M.
Since U \ M has two connected components, then S™ \ M has at most two
components and this achieves the proof.

12.3. Intersection numbers

Let X be a compact connected (possibly oriented) boundaryless smooth
n-manifold. Let M and N be compact boundaryless (possibly oriented)
submanifolds of X such that dim M = p, dim N = ¢. Assume that p+q = n.
Then

[M]e[N]€R
is the R-intersection number of the two submanifolds. Obviously, it is in-
variant up to isotopy of M or N in X (isotopy is a particular instance of
bordism). Hence if [M] e [N] # 0, then there is no isotopy that separates M

and N. In particular, if M = N (hence n = 2m), then M e M is called the
self-intersection number of the submanifold M.

12.3.1. Lefschetz’s number and fixed point theorem. Let X be
as above a connected compact boundaryless n-manifold. Let f: X — X be
a smooth map. Consider the submanifolds Ay and G(f) of X x X, G(f)
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being the graph of f. If n = dim(X), then
Lo(f) = [Ax]UG(f)] € B¥(X x X;2,/22) = Z,/2Z

is called the Lefschetz number of f mod(2). This is invariant if f is considered
up to homotopy. As usual, this allows us to define this number also when
f is merely a continuous map. It is clear that if Ax N G(f) = 0 (that is, if
f has no fixed points), then Lao(f) = 0. Equivalently, we have the following
“fixed point theorem”:

If Lo(f) # 0, then f has a fized point.

If M is oriented, we can define the Lefschetz number in the oriented setting,
L(f) € B*(X x X;Z) = Z, L(f) = La(f) mod(2)

and repeat verbatim the above considerations.

12.4. Linking numbers

Let X be as in Section 12.3, n > 3. Let (M,0M) be an (n — k)-compact
submanifold (possibly oriented) of X with nonempty boundary, n — k > 1.
M is called a R-Seifert surface of T = OM in X. Let U be a “small”
tubular neighbourhood of 7" in X, such that OU m M. The closure (Y, 9Y")
(Y =0U) of X \ U is a compact n-manifold with nonempty boundary; the
closure (N,0N) of M \ U is a proper (n — k)-submanifold of (Y,0Y). Then
[N,0N] € B¥(Y,0Y; R) (we omit to indicate the inclusion map). Let Z be a
compact boundaryless (possibly oriented) proper k-submanifold of (Y,9Y").
Hence [Z] € B *(Y; R). Then

lka(T, Z) == [N,ON]U [Z] € R

is called the R-linking number of Z with T with respect to the Seifert surface
M. By the uniqueness of tubular neighbourhoods up to isotopy, it is well
defined. Moreover, it is invariant up to isotopy of Z in Int(Y"). In some cases,
the linking number does not depend on the choice of the Seifert surface.

PRrROPOSITION 12.3. In the above setting, assume that X = S™. Then
Ik(T,Z) :=1lky(T,Z) € R

is well defined; that is, it does not depend on the choice of a Seifert surface
of T in S™.

Proof : Let T = OM = 0M'. By (abstractly) gluing M and M’ along
T and taking the union of the inclusions, we get [W, f] € B¥(S™; R). Let us
consider [Z] € B"7*(S™). We have already noticed that

W, flu[Z]=0€R.

On the other hand, it follows from the very geometric definition of the
cobordism cup product that

W, £]U (2] = lhw (T, Z) — Uy (T, Z)
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and the proposition follows.
|

REMARK 12.4. A classical example of linking number is the case where
X = 83 and T, Z are oriented disjoint knots in S? (that is, disjoint subman-
ifolds diffeomorphic to S'). Every oriented knot 7' in S® admits oriented
Seifert surfaces; this is a particular case of Proposition 13.7. However, there
is an elementary way to construct a Seifert surface of 7' (or Z) and to com-
pute the linking number [k(T, Z) from any generic projection of T'II Z in
R? (see [Rolf]). We eventually have

IK(T,Z) =1k(Z,T) € R .

Another classical situation is when X = S™, T ~ SP, Z ~ S9 and these last
are unknotted spheres in S™; that is, they are the boundary of embedded
(p+1) or (¢ + 1) smooth disks respectively.

12.5. Degree

Let X and Y be compact connected boundaryless (possibly oriented)
smooth n-manifolds and let ¢ : X — Y be a continuous map. Let us fix
generators Sx of B"(X;R) = R and By of B"(Y; R) = R as in Section 11.4.
Consider

g :B"(Y;R) = B"(X;R) ;
then define the R-degree of g by

degr(g) :=g"(By) € R .

Although we have already given an operative definition of g* in full general-
ity, it is convenient to spell it again in the present situation: fix yo € Y; up
to homotopy make g smooth and transverse to yg (equivalently move yg a
little to make it a regular value of g). Then g~ *(yo) = {x1,...2,} is a finite
set of points. In the oriented setting they are oriented, that is, endowed
with signs €;, j = 1,...,7. On R = Z/27 the degree is equal to r mod(2);
on Z the degree is the sum of the signs ¢;.

Now we list a few properties of the degree.
o If g is not surjective, then degp g = 0.
e If g: X — Y is a difftomorphism, then degp(g) = £1.

e If h o g and the degrees of all involved maps make sense, then

degr(h o g) = degr(h)degg(9) ;

that is, the degree is multiplicative under composition. This follows imme-
diately from functoriality.

e If g and h are homotopic, then

degr(g) = degg(h) .
This follows from (5) of Proposition 11.6.
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e (Invariance up to bordism) To define the degree of a map g: X — Y, it is
not strictly necessary that X is connected. In fact we can define

deggr(g) = Y  degr(gx.)
Xe

where X, varies among the connected components of X. We can rephrase
the above procedure to compute the degree in such a way it also holds when
X is not connected. Consider [X,g] € BY(Y; R). Given a point pg, define

Jyo : {po} =Y, Jyo(po) = yo. Then

degr(9) =y, (X, 9]) € B'(po; R) = R .
Note that it does not depend on the choice of yg € Y because the maps j, are
homotopic to each other as Y is connected (apply again (5) of Proposition

11.6). Then we eventually extend the above homotopy invariance to the
invariance of the degree up to bordism.

ProprosITION 12.5. If [X0, g0] = [X1,91] € Bn(Y; R), then deggr(g0) =
degp(g1)-

o For every oriented connected X as above, n > 1, for every r € Z there is
g: X — S™ such that degy(g) = .

First we prove it when X = S™, by induction on n > 1. Consider S' as
the unitary circle of C. The restriction of z — 2z to S! has Z-degree equal
to —1. For every r > 1, the restriction of z — 2" has Z-degree equal to r.
As the degree is multiplicative under composition this achieves the result
for n = 1. For a given r € Z, let g : S™ — S” be of degree equal to r; we
have to construct § : S"*! — S"*H! having the same degree. Take § which
fixes the northern and southern poles and holds g(z) = (1 — t*)g(7%z) on
SN {z, 0 = t}, for every t € (—1,1). We check that its Z-degree is equal
to r as well. To finish, it is enough to construct g : X — S™ of Z-degree
equal to +1. Fix a smooth D" contained in a chart of X. By using a tubular
neighbourhood U of 0D™ in X, it is not hard to construct a smooth map
g : X — S™ such that the restriction of g to D" is a diffeomorphism to
D~ = {z € S"| z,41 < 0}, and holds constantly the northern pole of S on
the complement of D" UU in X. Such a g has the required property.

REMARK 12.6. For arbitrary oriented X and Y as above, it is in general
a hard question to determine the set of » € Z which can be realized as the
Z-degree of some g: X — Y.

e Consider again the case X =Y = S" n > 1. If p: " — S™ is the
restriction of a reflection of R"*! along a linear hyperplane, then degy(p) =
—1. Denote by a, : S — S™, an(z) = —x the antipodal map; a, is the
composition of the restriction of n + 1 reflections (e.g. the reflections along
the hyperplanes {z; =0}, j =1,...,n+1). Then we have

degz(an) = (~1)"1 .
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e (Degree and linking number) In the setting of Remark 12.4, let S™ =
R™U oo, 00 € 8™\ (T'U Z). Define

t_
L:TxZ— 8" L(t,2)=—— "
||t — =]

Then we can prove that
deg, (L) = £lk(T,Z) .

It is not so easy to prove it in general. In the particular case of knots in S3,
this can be easily checked using the Seifert surfaces associated to generic
projections in R? (see [Rolf]) .

12.5.1. A proof of the fundamental theorem of algebra. The fun-
damental theorem of algebra states that every non-constant complex poly-
nomial p(Z) € C[Z] has a complex root a, p(a) = 0. There are several
proofs; here is a differential topological one based on the degree.

Let p(Z) be a polynomial of degree m > 1. It is not restrictive to assume
that

m
p(2)=2"+Y a;Zm
j=1

is monic. Define the homotopy through polynomial maps:

pi(2) =tp(z) + (1 —1)z™ = 2" ++(>_a;2™7), t€[0,1].
j=1

By the compactness of [0, 1], the ratios p;(z)/2™ tend uniformly to 1 when
|z| = +00. Hence there is R big enough such that, for every ¢t € [0, 1], the
roots of p;(Z) are in the open ball B = {|z| < R}, with boundary Sg ~ S*.
Hence

pe/|pel - Sr = S
is a well defined smooth map for every t, so that p1/|p1|(z) = p(2)/|p(z)]

and po/|po|(z) = 2™/R™ are homotopic to each other. It is immediate that

degz(po/lpol) = m ,

hence also degz(p/|p|) = m. On the other hand, if p(Z) has no roots, then
p/|p| can be extended to the whole closed ball Bg; it would be homotopically
trivial, hence degy(p/|p|) = 0, a contradiction.

[
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12.6. The Euler class of a vector bundle

Let
E=m:F—>X
be a vector bundle of rank k (that is, k is the dimension of the fibre) over a
compact boundaryless smooth n-manifold X. This manifold X is considered
as a submanifold of ' via the canonical zero section sg : X — E. Then

[X] € B¥(E;7./27)
and set
wh(€) = s5(1X]) € BY(X;2/22) .
This is called the Fuler class of the vector bundle &. Let us describe how to
get nice representatives of this class.

LEMMA 12.7. (1) The subset M I'({, X)) made by the sections s : X — E
of & such that s th X is open and dense in I'(§).

(2) Two sections transverse to X are homotopic to each other through
sections of &.

Proof : As X is compact, the openness is now a routine fact. Let us
show the density. Let s : X — E be any section. By transversality theorems,
there is a map z : X — FE close to s, z th X, z not necessarily a section. If
z is close enough to s, then h = 7o z is a diffeomorphism to X C E. Then
zoh™!: X — E is a section close to s and transverse to X. Every section
is homotopic to sg via a natural fibre-wise radial homotopy.

[ ]

Let s : X — FE be any section of £ transverse to X. Then its zero set

Zs ={z € X| s(x) =0}
is a proper submanifold of X of dimension n — k.

LEMMA 12.8. For any section s : X — FE, s h X, we have
wh(€) = [Z,] € BY(X;Z/22Z) .
This follows immediately from the definition of sg.

PROPOSITION 12.9. For every couple &, p of vector bundles on X of rank
r and s, respectively, then

wHE @ p) = w'(§) Uw(p) .

Proof : By using sections s and s’ of £ and p transverse to X in E(§)
and E(p), respectively, and such that s @ s’ is transverse to X in E (£ @ p),
then

Zyos = Zs h Zy .

We conclude by means of Lemma 12.8.

It is evident that if there exists s such that Z, = (), then w*(¢) = 0.



216 12. APPLICATIONS OF COBORDISM RINGS

The nonvanishing of the Euler class w*(€) is a basic obstruction to the
existence of a nowhere vanishing section of the vector bundle &.

If Kk > n = dim X, then for every s as above Z; = () and this fits with
B¥(X;7Z/27) = 0. It follows that & of rank k > n is strictly isomorphic to
n @ "%, n being of rank n; in other words, every vector bundle over X is
stably equivalent to a vector bundle of rank < dim(X).

ProroSITION 12.10. Let g : X — Y be a smooth map between compact
boundaryless smooth manifolds. Let & be a rank k vector bundle over Y.
Then

wh(g*(€)) = g" (w*(€)) € B*(X;2/22) .

Proof : We stress that the first ¢g* refers to the vector bundle pull-
back while the second refers to the cobordism pull-back. The two pull-back
procedures are formally very similar and equality is a direct consequence.

|

Universal Euler classes. If g : X — &, is any classifying map of
€, so that ¢ is strictly equivalent to ¢g*(73,), then wh(€) = g*(wh(mnr)),
wh(1p 1) € B¥(S,1;Z/2Z). These last can be considered as the universal
Euler classes of vector bundles.

The total cobordism characteristic classes of projective spaces.
Consider the particular case of the real projective space P"(R) = &,11
with the tautological line bundle 7,41 1. Then

= w! (Tay11) = [2'] € BY (P Z/27)
where Z! ~ P" }(R) is any projective hyperplane in P"(R). For every
s> 1,
V7= U§:171 = [2°]
where Z° ~ P" %(R) is any codimension s projective subspace of P"(R).
Set 19 := [Z°] = [P"(R)] the Z/2Z-fundamental class. Clearly, if s < n,
YU =15

hence they do not belong to ker(¢®) and ker(¢" %) respectively. If s > n,
~v* = 0. By definition

anys € B*(P"(R): Z/27)
s=0

is the total Z/2Z-cobordism characteristic class of P"(R). If necessary, we
write v° = 73 to stress that it refers to P"(R). If we consider any linear
inclusion j : P*(R) — P*(R), k < n, P¥(R) = Z"* as above, then for
every m > 0,

m

W=30m') -
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12.6.1. Oriented vector bundles. A rank r vector bundle £ over X is
oriented if it is defined by a maximal fibred atlas with GL™ (k,R) cocycle. If
the base manifold is also oriented, then the total space manifold is naturally
oriented itself. If X is compact boundaryless, then we can repeat the above
constructions in the oriented setting. This defines the oriented Euler class

e'(§) =" ([X]) € B'(X;Z) .

The class w"(€) is the image of e (§) via the natural forgetting map B"(X;Z) —
B"(X;Z/2Z). For every pair of oriented bundles over X of rank r and s,
respectively,

g @ p) =€ (§)Ue(p) € BT(XLZ)

for every smooth map f : X — Y between oriented compact boundaryless
manifolds, for every oriented rank r vector bundle £ bundle over Y,

g (e"(§)) = €' (97(§)) € B'(X3Z) .

A case of main interest is the tangent bundle of X; then
w'(X) =w"(T(X)) € BY(X;Z/2Z) = Z]2Z

provides a basic obstruction to the existence of nowhere vanishing tangent
vector fields on X.
If we consider the rank 1 determinant bundle of X, then

w'(X) := w'(det T(X)) € BY(X;Z/27)

provides a basic obstruction to X being orientable. We will see in Corollary
13.4 that it is a complete obstruction.

We will develop the case of (real and complex) rank 1 bundles (also
called line bundles) in Chapter 13. We will develop the study of the Euler
class of the tangent bundle of X in Chapter 14.

12.7. Borsuk-Ulam theorem

By definition, a map f : S™ — S™ is antipodal preserving if for every
x e S

PRrROPOSITION 12.11. For every n > 1, there does not exist any continu-
ous antipodal preserving map f: S™ — S,

The following corollary is known as the Borsuk-Ulam theorem (BUT).

COROLLARY 12.12. For everyn > 1, for every continuous map f : S™ —
R™, there exists x € S™ such that f(x) = f(—x).
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For example, assuming that the surface of the earth is a round sphere
and that temperature and pressure vary continuously on it in space and
time, then at every instant there is a couple of antipodal points at which we
have the same couple of temperature and pressure values.

Proof of BUT. By contradiction, if a given f does not satisfy the con-
clusion of the Corollary, then

g:8" = R", g(z) = f(z) - f(—2)

is continuous, nowhere vanishing, and for every = € S™,

Then
§: 8" = 85" g(x) = g(x)/||g(=]|

is continuous and would be antipodal preserving, contrary to Proposition
12.11
[ ]

Proof of Proposition 12.11. To lighten the notations, in this proof we
will use ng(x) instead By (x;Z/2Z), and write P™ instead of P™(R).

The case when n = 1 is evident, because S! is connected while S° =
{#£1} is not.

For n = 2, we use some basic facts about the fundamental group of a
manifold and its action on a universal covering space. Assume that there is
such a continuous antipodal preserving map f : S — S'. It induces a map
f : P2 = P! ~ 8! such that the following diagram commutes, the vertical
maps being the natural degree 2 covering maps:

CEREICE
J/p2 . pr1
pz 5 p!

We know that m (P2, z0) ~ Z/27Z, generated by the class of a projective
line passing through the base point, while 1 (P!, f (z9)) ~ Z, generated by
the the identity loop. Hence the induced homomorphism f, : 71 (P2, 20) —
m1(P1, f(x0)) is necessarily trivial. On the other hand, take the two antipo-
dal points x, —z € S? over zy and an arc ¢ in S? that joins them. Then
p2(0) represents a nontrivial element of 71 (P2, ) because it acts nontriv-
ially on S2, which is the universal covering of the projective plane. The class
f*(< p2(0) >) is represented by p; o f o o and again it is nontrivial because
it acts nontrivially on the universal covering space of P! that dominates the
covering p1. This is contrary to the fact that f* = 0.
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If n > 2, we have a similar commutative diagram

gn L g
\l/pn \l/pn—l
pr 4 prt

where both vertical maps are now universal covering maps. Both fundamen-
tal groups are isomorphic to Z /27 and the very same argument used above
shows that . R

fe (P @o) = m (P, f(ao))
is an isomorphism. Any surjective homomorphism g : Z/27Z — G either is
an isomorphism or G = 0 and g is trivial. For every m > 1, the surjective
homorphism

h =01 0hy:m(P™, z0) — m(P™)
is nontrivial (the class of a projective line Z™~! passing through the base
point is sent by h to the nontrivial class [Z7'] € 5 (P™), for via the
tautological isomorphism [Z™ 1] = 47~1 € ym~1(P™), and we know that
Am=1 gyt =1). Hence h is an isomorphism and f induces an isomorphism
(we keep the notation)

ferm(P™) = m (P,
For every m > 1, Hom(m (P™),Z/27) ~ 7Z/27. Then in our situation
fi Hom(m (P 1), 2/27) — Hom(m (P"), Z/27)
is also an isomorphism. For every m > 1,
¢ :n' (P™)/ ker(¢) — Hom(m (P™), Z/27)

is an isomorphism and 7'(P™)/ker(¢) is generated by ~.,. Then, on one
hand we would have

F (1) = s Fo(3(rm—1)) = 0(9) 5

on other hand,

0=f*(0) = fH (Ul vh_1) = Uy, = 1
and this is a contradiction.






CHAPTER 13

Line bundles, hypersurfaces, and cobordism

In this chapter, X denotes a compact boundaryless smooth manifold
and we also assume that X is connected (in general we can apply the next
arguments to each connected component). We will use indifferently the
notations 7;(X) or B;(X;Z/2Z) (resp. Q;(X) or B;j(X;Z)) and so on. Also
recall H"(X;R) := B"(X; R)/ker(¢") defined in Section 11.4. Using the
Euler classes of line bundles over X, we can achieve a good understanding
of n'(X) = BY(X;Z/27Z). 1If X is oriented, we will get information about
Q!(X) and, by using complex line bundles, also about Q?(X).

13.1. Real line bundles and hypersurfaces

Let X be as above. Denote by V; (X)) the set of rank 1 real vector bundles
on X (also called (real) line bundles) considered up to strict equivalence. We
know from Chapter 5 that

Vi(X) ~ [X, P*(R)]

where this last is the set of homotopy classes of classifying maps f €
E(X,P>*(R)), and the bijective correspondence is given via the pull-back
of the tautological line bundle:
(X, PH(R)] = Vi(X), [f] = [/ (7e01)] -
Moreover, by Section 6.10.1 we know that we can “truncate” the classifying
maps so that eventually
Vi(X) ~ [X, P(R))

where m = m(n) is big enough and n = dim X. We will often confuse a
class with a given representative (we write f instead of [f], £ instead of [¢],
and so on). Recall that the tensor product defines an operation

& : V1<X) X Vl(X) — Vl(X)7 (576) _>§®B .
In Section 12.6, we have defined a map
w' : Vi(X) = n'(X), €= w'(§)

which associates to every line bundle its Euler class. Precisely, w! () can be
represented as
1
w'(§) = [Z]
where Z is a smooth compact hypersurface in X given as the zero set Z = Z;
of any section s € I'(¢) transverse to X in E(§), where X is canonically

221
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embedded in the total space of £ by the zero section sy. Moreover, if Zy and
Z1 are two such zero sets, then we can realize the equality of their bordism
classes [Zy] = [Z1] € n'(X) by means of embedded bordisms; that is we have
the following.

There exists a proper hypersurface (Y,0Y) of (X x[0,1], (X x{0})II(X x
{1})) such that 0Y = Zy U Z1, Z; C X x {i}. The map which interpolates
the two inclusions j; : Z; — X s the projection to X.

We denote by
the set of proper smooth hypersurfaces of X considered up to embedded
bordism. There is a natural projection

P2 M (X) = 7' (X)
so that the above map w! factorizes as

1

w' = pow!

through a well defined map
W' 2 Vi(X) = 1 (X)
PROPOSITION 13.1. (1) The map @' : Vi(X) — nk , (X) is bijective.
(2) For every couple (€, 3) € V2,

wH (€@ B) =w' () +w!(8) .
(3) The projection p maps ni_1 (X) to a Z/2Z-submodule H'(X; R) of
BY(X; Z/27), the one made by the (unoriented) cobordism classes that can
be represented by embedded hypersurfaces.

Proof : Let us describe the inverse map of w!'. For every proper hy-
persurface Z of X, we have to construct a line bundle £z on X such that
7 = Zs for some s € I'(£7), s h X. We can find a finite nice atlas of (X, Z),
{(Wj,¢;)} such that, for every j, there is a submersion f; : W; — R, such
that W; N Z = {f; = 0}. On W; N Wj, the ratio f;/f; is defined a priori
outside the zero set of f;; however, by Remark 1.3, it extends to a well
defined, smooth and nowhere vanishing function

9ij Wi W = R, gi;(x) = fi(z)/fi(z) .
Hence
{gij : WinW; — R*}
defines a cocycle of a line bundle £ on X which has the desired properties
by construction.

As for (2), we can assume that £ and 3 are defined by means of cocycles
{mi;} and {v; ;}, respectively, over a same nice atlas of X. Then {yu; jv; ;}
is a cocycle for £ @ . Then if {s;} and {s,} are representations in local
coordinates of sections s and s’ of £ and f3, respectively, such that s M X
and ' h X, s M &, then {s;s;} determines a section ss’ of £ ® 3 such that
[Zs] = wh(€), [Zy] = w'(B); by perturbing ss’ to get s” M X, eventually
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Zg represents wl (€ ® B) and [Zy] = [(Zs,4) 11 (Zy,i")]. In fact Zy can
be considered as an embedded desingularization in X of Z; U Zy, which is
singular along the codimension 2 submanifold Y = Z;, M Z.

Item (3) is a consequence of (1) and (2).

13.2. Real line bundles and Rep(7r,Z/27Z)

Recall that we are assuming that X is connected. We denote by
Rep(m(X),Z/27Z)
the set of group homomorphisms (the base point of X is understood). Recall
the linear map
¢ : n'(X) — Hom(ny, Z/27), py(0) =~MNo .
Recall the surjective homomorphism
hem(X) = m(X) .
Then we define the map
K V1(X) = Rep(m1(X), Z/2Z), K(§) = dpur(e) o h -

Here is a concrete way to describe k(£). As w1 (P*°(R)) = Z/2Z, then V;(S1)
consists of two line bundles: the trivial and the nontrivial one which has the
total space diffeomorphic to an open Mobius band. If

oc=<f:58" = X >em(X)
then x(§)(o) =1 if and only if f*¢ is nontrivial.

PROPOSITION 13.2. The map k : V1(X) — Hom(m1(X),Z/27Z) is bijec-
tive.

Proof : We have already remarked in Example 5.13 that P>(R) is a
K(Z/2Z,1) space. It is a fundamental property of such a space that for
every

o € Rep(mi(X),Z/27)
there is a unique
f e X, PZ(R)]
such that
o= fi:m(X)—=m(P®R)) .
Then
0 =& = [ (Too1)
defines the inverse map of k. Equivalently, we can describe £~ ! in terms of
degree 2 covering maps. It is known that there is a bijection between the de-
gree 2 covering maps over X (up to strict equivalence) and Rep(m1(X), Z/2Z).
For every line bundle &, k(&) corresponds to the double covering of X given
by the unitary bundle with fibre S° associated with &. Viceversa, every de-
gree 2 covering of X can be considered as a fibre bundle defined by a cocycle
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over a finite open covering of X with values in the multiplicative subgroup
{£1} of R*. So it can be considered as the unitary bundle associated to the
line bundle determined by the same cocycle.

]
Referring to Proposition 13.1, we have the following immediate corollar-
ies.
COROLLARY 13.3. (1) The map p : ng, 1 (X) = HY(X;Z/2Z) c BYX;7Z/2Z)
15 bijective.
(2) HY(X;Z/27) ~ HY(X;Z/2Z) ~ Hom(m (X)), Z/27).
(3) Vi(X) ~ HYX;Z/2Z).

Another consequence of the above discussion is that H'(X;Z/27Z) is
finite-dimensional. For, as X is compact, m(X) is finitely generated, hence

m(X) = h(m (X)) is a finite-dimensional Z/2Z-vector space as well as
HYX;Z/27).

COROLLARY 13.4. A compact connected boundaryless smooth manifold

X is orientable if and only if w'(X) =0 € HY(X;Z/27Z).
13.3. Oriented hypersurfaces and Q'
Assume that X is oriented. Then we have the Z-linear map
¢ : Q1 (X) = Hom(Q,(X),Z)
and via the homomorphism
h:m(X) = N(X)
we define a map
ki QN(X)/ ker(¢) — Rep(mi(X); Z) .

As usual, [X, S1] is the set of homotopy classes in £(X, S'). Denote by g1
the usual generator of Q!(S') which fixes the identification Q!(S!) = Z. We
have the Z-linear map

w: [X, S = QYX), f— ff(Bs) .

In fact, f*(Bg1) = [Z] where Z is an oriented proper hypersurface of X of the
form Z = f~1(so), so being any regular value of f. We denote by Qf  (X)
the set of proper oriented hypersurfaces of X considered up to oriented
embedded bordism (this notion is the natural enhancement of the unoriented
one given above). Then we have the projection p : Qf, | (X) — Q!(X) such
that t factorizes as 1 o p for a well defined map

(X, S = Qfp (X))
Finally, we have the map

t:[X,SY = Rep(m(X):;Z), f— fo:m(X) = m(SH)=2Z.
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PROPOSITION 13.5. (1) The map w : [X, S1] — Qf,_ 1 (X) is bijective.
(2) The map ¢ : [X,S'] — Rep(m1(X);Z) is bijective.

(3) The map x : H'(X;7Z) — Rep(m1(X);Z) is bijective.

(4) The projection p : QL (X) — Q1 (X) is injective to a Z-submodule

H'(X;Z) c BNX;Z) .
(5) HY(X;Z) ~ HY(X;Z) ~ Hom(,Z).
(6) HY(X;7Z) is finitely generated.

Proof : Let us define the inverse map of . This is a sample of a general
construction that we will study with all details in Chapter 17. We limit
here to indicate the main points. Let Z be a proper oriented hypersurface
of X. As both X and Z are oriented, we can fix a global trivialization
t:Z x(—1,1) = U of a tubular neighbourhood of Z in X. Let s_ be the
southern pole of S, s, := oo the northern one. Let D ~ (—1,1) be an
open interval in S' centred at s_. Then the composition of ¢t~! with the
projection to (—1,1) defines a local submersion f: U — D C S'. By using
a suitable partition of unity as usual, we can globally define fz : X — S!
such that fz is constantly equal to co on the complement of U, equals f on
t((—1/2,1/2)) and f~1(s_) = Z. We verify that the homotopy class of such
a map fz is invariant up to oriented embedded bordism of hypersurfaces, so
[Z] = [fz] eventually defines the inverse map of w. This achieves (1).

As for (2), it is well known that S! is a K(Z, 1) space. Hence for every
o € Rep(m1(X);Z), there is f7 : X — S, uniquely defined up to homotopy,
such that o = f7 : m(X) — 71(S') = Z. This defines the inverse map of k.

The item (3) follows from (1) and (2) by readily noticing that if [Z] =
w([f]), then f. = ¢([Z]). Items (4) and (5) are a rephrasing of the previous
ones; (6) follows again from the fact that X is compact, hence m(X) is
finitely generated and the homomorphism h is surjective.

13.4. Complex line bundles and O
Assume again that X is oriented. Denote by
Vi (Xa (C)

the set of complex line bundles over X considered up to strict equivalence.
Similarly to the real case,

Vi(X,C) ~ [X, P(C)]

where this last is the space of homotopy classes of classifying maps f €
E(X,P>(C)), and the bijective correspondence is given via the pull-back of
the tautological complex line bundle:

[X, P(C)] = Vi(X,C), [f] = [F(750)] -
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Moreover, we can “truncate” the classifying maps so that eventually
Vi(X,C) ~ [X,P™"(C)]
where m = m(n) is big enough, n = dim(X). Every complex line bundle &
underlies a rank 2 oriented real bundle £r. Viceversa, every rank 2 oriented
real bundle can be endowed with the structure of a complex line bundle by
reducing the structural group to SO(2) and by identifying the rotation by
7/2 to the product by v/—1. Then we can define
e Vi(X;C) = Q*(X), £ — €*(&r)

which associates to every £ the oriented Euler class of its “realification”.
Precisely, €2(¢) can be represented as

*(€) = 7]

where Z is a proper codimension 2 oriented smooth submanifold of X given
as the oriented zero set Z = Zs of any section s € I'({g) transverse to X
in E(&r). If Zy and Z; are two such zero sets, then we can realize the
equality of their bordism classes [Zg] = [Z1] € ©2%(X) by means of oriented
embedded bordisms via proper oriented codimension 2 submanifold (Y, 9Y)
of (X x[0,1], (X x {0})II(X x {1})). Similarly as above, denote by Q%  (X)
the set of codimension 2 oriented proper submanifolds of X considered up
to embedded oriented bordism, and

p: QIZEmb(X) — QQ(X)
the natural projection. The map e? factorizes as p o é2, where
&2 V1(C) — Q30 (X) .
Recall the Z-linear map
$?: Q? = Hom(Q(X),Z)
which, when composed with e? and the homomorphism
h:my(X) = Qo(X) ,
leads to the map
k:V1(C) = Rep(me(X),Z) .
Finally, analogously to the real case, P*°(C) is a K(Z,2)-space ([Hatch]);
hence the map
v: [X,P®(C)] — Rep(ma(X),Z), f— fe:m(X)— m(P>®(C)) =2
is defined and bijective.
PROPOSITION 13.6. (1) The map é*: V1(C) — Q& (X) is bijective.
(2) For every (&, ) € VI(C), €*(§ ®c B) = €*(§) + €*(B).
(8) The map k : V1(C) — Rep(m2(X), Z) is bijective.
(4) The projection p is injective and maps Q% . (X) to a Z-submodule
H?(X;Z) of B*(X;Z).
(5) H?(X; Z) ~ H*(X;Z) ~ Hom(Q(X)/¢%, Z).
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13.4.1. Relative case. If (X,0X) is compact with nonempty bound-
ary, possibly oriented, this is part of the setting of Section 11.4.1. We can
elaborate on a relative version of the previous results. We limit to state the
existence of isomorphisms

HY(X,0X;Z/27) — Hom(H1(X;Z/27),7)27)
HY(X,0X;Z) — Hom(H,(X;Z),7Z)

H2(X,0X;Z) — Hom(H2(X;Z),Z) .

13.5. Seifert’s surfaces

Let X be a compact oriented boundaryless manifold. By applying similar
arguments about complex line bundles or rank 2 oriented real bundles, we
want to prove the following proposition.

ProrosITION 13.7. Let Y C X be a proper oriented codimension 2
submanifold of X. Assume that [Y] € ker(¢); that is, [Y] = 0 € H*(X;Z).
Let m: U — Y be a tubular neighbourhood of Y in X. Let W = X \ Int(U)
with boundary OW = 0U. Then there exists a compact oriented hypersurface
with boundary Z of X such that 8Z =Y. Such a Z is called a Seifert surface
of Y. Precisely, Z is transverse to OW, (Z,0Z) = (ZNW,Z N W) is a
proper oriented hypersurface in (W,0W) and U N Z is a collar of Y in Z.

Proof : Let i : Y — X be the inclusion. Any tubular neighbourhood
p:U — Y of Y in X can be associated to a direct sum decomposition of
the form

F(T(X)=TY) & &
where &g is the “realification” of a complex line bundle on Y. As [Y] €
ker(¢), then e?(€¢) = 0, hence £ is trivial so that U admits global trivializa-
tions which induce trivializations of OW. Let us fix one hg : OW — Y x S*.
Take one oriented fibre D ~ D? of 7 with oriented boundary S ~ S'. We
claim that [S] is of infinite order in € (W'). By contradiction, let us assume
that p # 0 parallel copies of S are the boundary of a singular manifold
g: (V,0V) — (W,0W). Then by gluing V' and p parallel copies of D along
the boundary, we would get an “absolute” singular 2-manifold (\7, g) in X
such that [Y] U [V,§] = p, contrary to the fact that [Y] € ker(¢). There
exists 1 € Hom(§; (W), Z) such that ¢([S]) = 1. We know that ¢ is realized
by a map fy : (W,0W) — S! transverse to a given point ¢ € S'. Denote
by j : OW — W and r : S — OW the two inclusions. Then v := j%(1)
is realized by the restriction f, of fy to W, while the restriction of f, to
S realizes (j o r)!(¢) and is homotopic to the identity. Up to modiyfing
the given trivialization ho by a suitable one h, f, factorizes as p o h, where
h:0W =Y xSand p:Y x S' — S!is the projection to the second
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factor. Then (Z,07) = (fgl(q),f,;l(q)) and Z, obtained by gluing along
0Z the mapping cylinder of the restriction of 7 to it, achieve the proof.

|
From the last step of the above proof, we have the following corollary.

COROLLARY 13.8. Let X be an oriented compact n-manifold with bound-
ary 0X. Let Z be a proper oriented submanifold of dimension n —2 of 0X.
Assume that [Z] = 0 in H*(X;Z). Then there is a proper oriented hyper-
surface (W, 0W) such that Z = OW.

We also have the following version of Corollary 13.8 when Z is of codi-
mension 2 in 0X.

PROPOSITION 13.9. Let X be an oriented compact n-manifold with bound-
ary 0X. Let Z be e proper submanifold of dimension n — 3 of 0X. Assume
that [Z) = 0 in H3(X;Z). Then there is a proper codimension-2 oriented
submanifold (W,0W) of (X,0X) such that Z = OW.

Proof : The hypotheses put us in a situation analogous to the last step in
the proof of Proposition 13.7, that is, to Corollary 13.8. Here S! is replaced
by P™(C) (n big enough) in the sense that both carry special instances of
the Pontryagin-Thom’s construction, which will be considered in Chapter
17 in full generality. Let fo : Z — P 1(C) be a classifying map of the
oriented normal rank-2 bundle of Z in dX. Note that P"(C) \ {zo}, z¢ €
P"(C) \ P"1(C), is diffeomorphic to the total space of the tautological
vector bundle on P"~!(C). Hence fy extends to a map f : 9X — P"(C)
such that f M P"71(C) and Z = f~1}(P"1(C)). As [Z] = 0 in H3(X;Z), if
n is big enough then f can be extended to a map F': X — P"(C) which we
can assume is transverse to P"~1(C). Finally, W = F~1(P"~1(C)) satisfies
the required property.

[

As a corollary, we have a weak version of Proposition 13.7 when Y has
codimension 3.

COROLLARY 13.10. Let Y C X be a proper oriented codimension 3 sub-
manifold of X. Assume that the normal bundle of Y in X has a non-
vanishing section s and letY' = s(Y') be a copy of Y in the boundary OU of a
tubular neighbourhood of Y in X. Assume that [Y'] = 0 in H3(X\Int(U); Z).
Then there is a proper oriented codimension-2 submanifold (W,0W) of (X \
Int(U),dU) such that OW =Y.

REMARK 13.11. (Nonorientable Seifert surfaces) In the statement of
Proposition 13.7, do not assume that X and Y are orientable and use the
space H?(X;Z/27) instead. It is natural to inquire about the existence of
possibly nonorientable Seifert surfaces. We see an immediate obstruction: if
a Seifert surface exists and i*(T'(X)) = T(Y) @ is as above (where £ is now
not necessarily trivial or orientable), then £ has a nowhere vanishing section.
The above proof can be adapted to show that this is the only obstruction.



CHAPTER 14

Euler-Poincaré characteristic

X will denote a compact connected oriented boundaryless smooth n-
manifold. Then the tangent bundle 7 : T(X) — X is tautologically an
oriented rank n vector bundle on X: the orientation of X determines, in
a coherent way, an orientation on every fibre T, X of T'(X). Then we can
consider the oriented Euler class

e X)e Q"X)=B"(X;Z)=17.
By a traditional change of notation
X(X):=e"(X)eZ

is called the Euler-Poincaré characteristic of X . If X is not connected, x(X)
is defined as the sum of the characteristics of its connected components.

Recall that x(X) is computed by means of any section s of T'(X) trans-
verse to X. In other words, x(X) is the self-intersection number of X in
T(X). Such a section s h X is a tangent vector field on X with only non-
degenerate zeros: s can be expressed in local coordinates at every such a
zero p ~ 0 in the form

5(2) = (@, (@) ,

where fp : (R",0) — (R",0) is a diffeomorphism. The sign e(p) = %1 of the
zero p is readily computed as

e(p) = sign(det do fp)
so that

p;s(p)=0
14.1. E-P characteristic via Morse functions

Let f : X — R be a Morse function with critical points pi,...,p, of
index ¢q1,...,q,. Let Vyf be an adapted gradient field of f as in Section
9.1. Then pq,...,p, are also the zeros of this field. It is easy to check by
using the Morse local coordinates that they are non-degenerate zeros and

their sign is given by
e(pj) = (=1)¥ .

Hence we have
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This has the following interesting corollary.
COROLLARY 14.1. If dim(X) = n is odd, then x(X) = 0.
Proof : Consider the Morse function 1 — f; f and 1 — f have the same

critical points p1,...,py, of index ¢; and n —gj, j = 1,...,r, respectively.
Then
' T
X(X) =) (=1)% = (-1)"% ;
j=1 j=1

as n is odd, this implies that x(X) = —x(X).
[

REMARK 14.2. If we consider the handle decomposition of X, H, asso-
ciated to a Morse function f, the above expression of y(X) can be rewritten
in terms of handle indices; that is, x(X) = x(H) (see Section 9.3). The
characteristic y(#) is defined for every handle decomposition, not neces-
sarily associated to any Morse function. We know that it is invariant for
the handle move-equivalence. Hence, at least for the handle decompositions
which are move-equivalent to one carried by a Morse function, x(#) has an
intrinsic meaning.

14.2. The index of an isolated zero of a tangent vector field

We are going to reformulate the sign €(p) of a non-degenerate zero of a
tangent vector field on X in a way that will make sense also for any isolated
zero (not necessarily non-degenerate). Let p be an isolated zero of a vector
field s. Let us implement the following procedure:

(1) Take local coordinates of X at p ~ 0, so that s is of the form

s(z) = (z, fp(2))
where
fp+ (R",0) = (R",0)
is a smooth map such that fp_l(O) = {0}.
(2) It is well defined the smooth map

To/llfpll : R

(3) We can assume that the standard orientation of R™ associated to
the standard basis is coherent with the global orientation of X, so
that S”~! is oriented as the boundary of the oriented disk D™ C R™.

(4) Finally set

ip = deg(fp/[|fpll) € Z .

LEMMA 14.3. (1) ip(s) = ip = deg(fp/||fpl]) € Z is well defined (i.e. it
does not depend on the specific implementation of the procedure) and it is
called the index of the isolated zero p of the tangent vector field s.

(2) If p is a non-degenerate zero of s, then (with the notations fixed
above)

ip(s) = €(p) = sign(det do fp) -
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Proof : Let ¢ : (R™,0) — (R™,0) be a change of coordinates relating
two different implementations. Then D" := ¢~(D") is a smooth oriented
n-disk around 0, with oriented boundary ¥ diffeomorphic to S™~!. Let
s(x) = (z, fp(x)) be the expression of s in the source local coordinates. Set

9:= fo/llfll : R*\ {0} — "7
It is clear that i, computed with respect to the target local coordinates
is equal to the degree of the restriction of g to ¥. So we have to prove
that this degree equals i, computed for the source local coordinates. There
is 1 > € > 0 small enough such that the closed n-disk eD™ (with bound-
ary €S"1) is contained in the interior of D®. Then the restriction of g to
D™ \ Int(eD") establishes an oriented bordism of gjgn-1 With ggn-1 ; simi-
larly, the restriction of g to D™ \ Int(eD") establishes a bordism of g5, with
glesn—1. We can conclude by applying twice the invariance of the degree up
to bordism, as in Proposition 12.5. This achieves (1).

As for (2), assume that f, is a diffeomorphism. The result is immediate
if f, is a linear isomorphism. Then we can conclude using the results of
Section 1.13 and the invariance properties of the degree again.

|

14.3. Index theorem

Let s be a tangent vector field on X with only isolated zeros, say
P1,--.,pr (there is a finite number because X is compact). Then we can
set

X(X? 3) = Zipj(s) )
j=1

if s M X (that is, all zeros are non-degenerate) then we know that

X(X,5) = x(X)
has an intrinsic meaning which does not depend on the choice of the field s.
The next theorem extends this fact to an arbitrary field as above.

THEOREM 14.4. For every tangent vector field s on X with only isolated
zeros, we have

X(X,5) = x(X) .

Proof : For every zero p; of s, fix an implementation of the procedure
that computes ip,(s). Hence ip,(s) = deg(g; : S}‘_l — S"71). We can
also assume that these charts are pairwise disjoint. Let § be a section of
T(X), s M X, very close to s. Then the non-degenerate zeros of § distribute

in bunches z;1,...,2;,;, contained in the interior of the n-disk D}, j =
1,...,7. Fix one of these zeros p = p; and consider the corresponding
215020, € DV = D;L. We can take a system of pairwise disjoint small

n-disks D}' centred at z;, contained in the interior of D". As s and 5 are
homotopic along S"~! = D", then we can use 3 instead of s in order to
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compute iy, (s) via the degree. On the other hand, we can use the restriction
of 5 to 0D} to compute the index of the non-degenerate zero z; of 5. The
normalized field is defined on D™\ (U;Int(D}")) and this establishes a bordism
between the restriction on the boundary components. By the invariance of
the degree up to bordism, we realize that

ip(s) =Y ix(5) -
i
By taking the sum over all zeros of s, we eventually get

X(X, s) = lew(g) = X(X> .
Iyt

14.4. E-P characteristic for nonoriented manifolds

Let us fix first the behaviour of xy when the orientation changes. So let
X be as above and —X denote X endowed with the opposite orientation.

LEMMA 14.5. x(X) = x(—X).

Proof : Use the same given tangent field s with isolated zeros to compute
both characteristic numbers. As T'(X) is tautologically oriented in agree-
ment with the orientation of X, it is immediate that the index of every zero
of s does not depend on the choice of this orientation.

[

The computation of the index of an isolated zero p of s is purely local
task: we do not need a global orientation of X to compute it; a local orien-
tation of X at p suffices and the same argument of the above lemma shows
that it does not depend on the choice of the local orientation.

This suggests that the procedure to compute y(X) can be extended to
every X not oriented and even nonorientable. In the computation of the
indices, it is enough to replace a global orientation of X (if any) with an
arbitrary system of local orientations at the zeros of a given tangent field
s with isolated zeros. Then we have defined in general x(X,s), that might
depend on the choice of s. In fact, it does not. If X is orientable we have
already achieved this result. Assume that X is connected and nonorientable.
Let p : X — X be the degree 2 orientation covering of X, where X is the
connected orientable total space of the unitary determinant bundle of X.
Every field s on X as above lifts to a field § on X so that every isolated
zero p of s lifts to a couple p+ of isolated zeros of 5. It follows from the very
definition that

ip(s) = ip,(3) ,

so eventually

X(X,5) = 5x(X,8) = 2 x(X)
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If X is orientable, then X consists of two copies of X, so that also in this

X(X) = 2x(X)

Summing up,

1 -
X(X) = §X(X) €L
is always a well defined characteristic number of X, and in every case (X
being orientable or not) can be computed as the sum of indices of any tangent
vector field s on X with isolated zeros.
Recall that we also have the nonoriented cobordism Euler class

w(X) € (X)) = BNX;Z/27) = 7./27. .

Clearly
w(X) = x(X) mod(2) ,

and sometimes we write

X(2)(X) = w"(X) .
14.5. Examples and properties of y

e The unit sphere S™ admits a Morse function with just one minimum
and one maximum (for example, take the restriction of the projection to the
Tpyi1-axis), then x(S™) = 1+ (—1)" and it is zero when n is odd (as it must
be), while x(S™) = 2 if n is even. This implies that an even-dimensional
sphere does not admit any nowhere vanishing tangent vector field.

PROPOSITION 14.6. S™ admits a nowhere vanishing tangent vector field
if and only if n is odd.

Proof : We have to exhibit such a tangent vector field on S™ when n is
odd. For n = 1, let S' C R? be the unit circle. For every p = (z,y) € S!,
set s(p) = (—y, ). In general, for every p = (z1,91,- .., Tnt1,Ynt1) € S™ C
Rn+1’ set 8(p) = (_y17 L1y —Yn+1, xn—‘rl)-

[
elf7: X > X isa degree d covering map, then

X(X) = dx(X) .

We can argue as above for the degree 2 covering maps, by lifting to X any
tangent vector field s with isolated zeros on X; every zero p of s lifts to d
isolated zeros of § sharing the same index i,(s). In particular, by considering
the natural degree 2 covering map 7 : S™ — P"(R), we have x(P"(R)) =0
if n is odd, while x(P"™(R)) = 1 if n is even.

e Consider the complex projective space P™(C) as the quotient space of
the unitary sphere $2"*t!1 c C"*!. We can verify (the reader can do it as
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an exercise by using the standard atlas of P"(C) with n + 1 complex affine
charts) that

n
f([zﬂa FARERE 7zn]) = Z(] + 1)"2]‘2
§j=0
defines a Morse function on P"(C) with exactly n + 1 critical points
po=1[1,0,...,0],....,pn=[0,...,0,1]
and every even index between 0 and 2n occurs exactly once. Hence
\(PH(C) =n+1.
See Remark 14.12 for another way to get this result.

e The characteristic x is multiplicative for the product of manifolds. That
is, if X and X’ are compact boundaryless manifolds as above, then

X(X x X') = x(X)x(X') .

In fact if s (') is a tangent field on X (on X’) with non-degenerate zeros
Pis--->pr (P),...,DL), then s x s defines a field on X x X’ with rr’ non-
degenerate zeros (p;,p;), j=1,...,r,i=1,...,7/, each one having index

Z.(pjvpé)(s xs') = ip, (S)ip;(sl) .
For example,
(X xS =0
for every X (in fact, in this case, we can explicitly define a nowhere vanishing
tangent vector field on X x S' which restricts to the standard field considered

above on every S! fibre). Whenever both n and m are even, then

X(P"(R) x P™(R)) = 1.

14.6. The relative E-P characteristic of a triad, y-additivity

Here we adopt the setting of Chapter 9. A relative tangent vector field on
a triad (W, Vp, V1) is defined by the property that it looks like the adapted
gradient of a Morse function f : W — [0, 1] at the boundary OW = V5 11V; of
W. Hence it is ingoing W along Vjy and outgoing along V;. We can develop,
with minor changes, a notion of relative E-P characteristic for triads. If s
is such a relative field with isolated zeros, we define as usual x(s) as the
sum of the indices of its zeros. Using the double of W, we can reduce to the
boundaryless case the verification that

X(W, Vo) := x(s)
is well defined. Let s’ be another relative field. By gluing each s and s’
with —s along the boundary, we get two fields z and 2/, respectively, with
isolated zeros on the double D(W). Use them to compute x(D(W)). We
have x(D(W)) = x(s) + x(=s) = x(s') + x(—s) hence x(s) = x(s') as
desired.
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Every W with nonempty boundary gives rise to several triads (W, Vj, V4);
among these are (W, (),0W) and (W, W, ). The notation

X(W) := x(W,0,0W)

is compatible with

when W is boundaryless.
If f: W — [0,1] is a Morse function on the triad (W, Vp, V1), then

f=1— fis a Morse function on (W, V1, Vp).
LEMMA 14.7.
X(W, Vo) = (=1) Wy, v3) .

The lemma follows by using two adapted gradient fields to compute the
relative characteristics.

Note that x(D™) = 1: use a Morse function on (D", (), S"~1) with just
one minimum.

If X is boundaryless and Y is with boundary, then the very same ar-
gument used when Y is boundaryless allows to extend the multiplicative

property.

LEMMA 14.8.
X(X xY) = x(X)x(Y) .
In particular,
X(X x D") = x(X) .

14.6.1. Additive property of x. If (W,V,, Vi), (W', V{, V) are tri-
ads and ¢ : Vi — Vj is a diffeomorphism, we get a new composite triad
(W?”, Vo, V{), where W” = W II, W’. Any couple of relative fields v and
v’ with isolated zeros on the given two triads, respectively, can be glued
together to produce a relative field v” having as zeros the union of the zeros
of v and v/, each one keeping its index. Then we have

xX(W7, Vo, Vi) = x(W, Vo, Vi) + x (W', Vg, V) .
This additive property of x has remarkable consequences.

14.6.2. A baby TQFT. In Section 10.8, we have roughly outlined the
axioms of a so-called TQFT and posed the question about the existence of
any “nontrivial” one. We use x to provide a first nontrivial example. Con-
sider CAT,,(n+1). Associate to every object M the vector space Z(M) = C.
To every arrow f, carried by a triad (W, My, M), associate the unitary C-
linear map

Z(f) : Z(Mo) — Z(My), z — eXW:Mo)
By the additive property of y, it is easy to check that all axioms are satisfied.
This shows, at least, that there are not logical contradictions within the given
pattern of axioms.
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14.7. E-P characteristic of tubular neighbourhoods and the
Gauss map

The identity x(X x D™) = x(X) is a special case of the following.

PROPOSITION 14.9. Let p : U — X be a closed tubular neighbourhood of
a submanifold X of some Y. Then x(U) = x(X).

Proof : It is enough to show the equality for an e-neighbourhood N(X)
of the zero section X of a vector bundle 7 : EF — X endowed with a field of
positive definite scalar products on every fibre. Let v be a tangent field on
X with non-degenerate zeros. Define the field on N.(X),

w(z) = (z = p(2)) +ov(p(2)) -

We check that w is a field on the triad (N.(X),0,0N.(X)) and that the
zeros of w coincide with the zeros of v, are non-degenerate and keep the
sign. The proposition follows.

[ ]

In the special case X C RF, assume that U has been constructed using
the standard metric on R*. By removing from the interior of U a system
of pairwise disjoint small open disks D, around each zero of w, we get a
manifold W with boundary (HpS;f_l) IT1 U on which the normalized field

o := w/||wl|| is well defined, as well as the map o : W — S*=1. The
restriction of to to QU is a field of unitary vectors pointing out from U (in
fact normal to the boundary). This restriction, say gy is called the Gauss
map of the hypersurface OU.

COROLLARY 14.10. Let p : U — X be a tubular neighbourhood of X in
R*. Then

X(X) = deg(gov)
where gay is the Gauss map of the hypersurface U .

The corollary follows by computing the characteristic as the sum of zero
indices and using the bordism invariance of the degree.

If X itself is an oriented hypersurface in R¥, k > 2, we can define
its Gauss map gy : X — S*1, where this field of oriented unitary nor-
mal vectors along X is determined by the fact that, for every z € X,
gx(z) o T, X =T L R¥ as oriented vector spaces, where R* is endowed with
the standard orientation. In this case, OU consists of two parallel copies of
X with opposite orientations. the last corollary specializes to

COROLLARY 14.11. Let X be an oriented hypersurface of R¥.
(1) If k is even, then x(X) =0;
(2) If k is odd, then

X(X) = 2deg(gx)

where gx is the Gauss map of X.
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The corollary follows by using that the degree of the antipodal map
ap_1 : SF71 — Sk=1i5 equal to (—1)*.

REMARK 14.12. We can compute inductively the characteristic of real
and complex projective spaces by decomposing P"(K) as the union of a
tubular neighbourhood of P"~}(K) C P"(K) and its complement, and ap-
plying Proposition 14.9 together with the additivity of .

14.8. Nontriviality of n, and €,

The integer E-P characteristic is not invariant up to bordism. For ex-
ample, [S?] = [S1 x S'] =0 € 72, but x(5%) =2 # 0 = x(S! x S). On the
other hand, the E-P characteristic mod(2) is bordism invariant.

PROPOSITION 14.13. Let [X] =0 € n,. Then x(2)(X) =0 € Z/27Z.

Proof : If n is odd, we know in general that x(X) = 0. Assume that n
is even. Let X = OW, W being a compact manifold with boundary. Take
the double D(W). The double D(W) can be presented as the composition
of the triad

(X x DY 0, (X x {=1} 11 (X x {1})))
followed by two copies of the triad
(W, X,0)
glued to X x D! along X x {41}, respectively. By the additive property
X(D(W)) = x(X x D') +2x(W, X, 0) .

By Lemmas 14.8 and 14.7, and the fact that n + 1 is odd and the double is
boundaryless, we have

X(X) = x(D(W)) = 2x(W, X, 0) = 2x(W) € Z

so that
X(2)(X) =0¢€ Z/QZ .

[ ]
As an immediate corollary, we have the nontriviality of no, and Qy4y.

COROLLARY 14.14. For every even n > 1, nop, # 0 and Q4 # 0.

Proof : We know that y(P?"(R)) = 1, hence [P?"(R)] # 0 € 7n2n.
Similarly x(2)(P?"(C)) = 1, hence [P**(C)] # 0 € Q.
[

By using the multiplicative property of x and the obvious fact that it is
additive under disjoint union, we also have the following.

COROLLARY 14.15. x(2) : 1° — Z/2Z is a well defined nontrivial ring
homomorphism.
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Every P%(R) x P*(R), where a and b are even, is nontrivial in 7,,. For
example, in 7y we have the nontrivial elements [P*(R)], [P%(R) x P%(R)],
[P2(C)]. At present, we are not able to decide whether they are independent
or not. Similarly, we have that P%(C) x P?(C), where a and b are even, is
nontrivial in Qy(q1p).-

14.9. Combinatorial E-P characteristic

We have treated the E-P characteristic of smooth manifolds in purely
differential topological terms. However, the reader is probably aware that
the name E-P characteristic is used in other different contexts. Probably,
she/he has at least encountered a combinatorial formula producing the value
2 = x(5?) for every polyhedral realization of the sphere as the boundary of
a convex polytope in R®. In this very sketchy section, we would outline a
few bridges between such different ways to recover the E-P characteristic.

14.9.1. Piece-wise smooth triangulations and the combinato-
rial characteristic. Recall that an m-simplex ¢ in some Euclidean space
R" h > m, is the convex hull of m + 1 affinely independent points (that
is, they span an m-dimensional affine subspace of R"). These are called the
vertices of o. By removing one vertex, say p, we determine an (m — 1) sim-
plex o, which is the (m — 1) face of o opposite to the vertex p. By iterating
the face operation we get the iterated k-faces of o, 0 < k < m, where the
vertices are the O-faces and o itself is the unique m-face. By definition, a
finite simplicial complex is a finite family K of simplexes in some R" such
that

e KC is closed for the iterated faces.
e Two simplexes of K may intersect each other only at a common
iterated face.

The union |K| of the simplexes of K is a topological subspace of R” called
the geometric support of the complex K.

Let X be a compact boundaryless smooth manifold. A piece-wise smooth
triangulation of X is given by a homeomorphism

7Kl =X

where K is a finite simplicial complex in some R” and the restriction of 7 to
every n-symplex of K is a smooth embedding in X. If 0X # (), we require
furthermore that 7),-1(5x) is a triangulation of 0.X.

PROPOSITION 14.16. Let 7 : |[K| — X be a piece-wise smooth triangu-
lation of the compact boundaryless smooth n-manifold X. Then there is a
tangent, the so-called Whitney vector field v on X, whose zero set coincides
with the set of images of the barycenters & of the simplexes o of K and every

zero has index equal to (—1)3m(@)
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COROLLARY 14.17. For every piece-wise triangulation T : |K| — X as
above,

§=0
where c¢; is the number of j-dimensional simplexes of K. In particular,

the combinatorial characteristic x(K) does not depend on the choice of the
triangulation of X.

A few comments about the proof. The Whitney field v, can be explicitly
defined using the barycentric coordinates on the simplexes of K, see for
instance [HT]. Every barycenter of an n-simplex of K corresponds to a
source of v, and every vertex of K corresponds to a pit; in general, the
barycenter of a j-simplex corresponds to a saddle point with a j-dimensional
space of ingoing directions tangent to the simplex and an (n— j)-dimensional
space of outgoing directions transverse to the simplex.

For the existence and a suitable form of uniqueness up to subdivision of
piece-wise smooth triangulations, see [Mu].

14.9.2. Homological characteristic. Here we want to recover the
combinatorial characteristic in an algebraic/topological setting.

Fix any field F' (for example F' = Z/27,Q, R, C).

Given a triangulation of X as above, enhance K by fixing an orientation
on each simplex o of I, induced by the choice of orientation on the affine
subspace of R” spanned by the vertices of . We can define the simplicial
homology of the oriented complex IC with coefficients in F' as follows.

e For every 0 < j < n, set Cj(K;F) as the finite-dimensional F-
vector space having as a basis the oriented j-simplexes of K (note that
—o, considered as the simplex endowed with the opposite orientation, is
confused with —1o, i.e. the product of o with the scalar —1 € F'). Hence ,
dim Cj(K; F) = ¢;.

e Every (j—1)-face o’ of the oriented j-simplex o of K inherits a bound-
ary orientation accordingly with our usual convention. Hence o’ has two
orientations, the one fixed above and the boundary orientation. Give it the
sign €(o’, o) = 1 if these orientations agree and the sign —1 otherwise. Then
define the unique F-linear map

aj : Cj(’C; F) — Cj_l(’C, F)
which on every oriented j-simplex ¢ holds

0j(0) = Ze(a’,o’)a’ ,

0./

where ¢’ varies among the (j — 1) faces of o. It is not hard to verify that

8]-_108]-:0,
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basically because two (j — 1) faces of the oriented j-simplex o both endowed
with the boundary orientation induce opposite boundary orientations on
their common (j — 2) face of 0. Hence we can define the quotient F-vector
spaces
H;(K; F) = ker(0;)/Im(9j41)

and these are the desired simplicial F-homology spaces of the oriented
complex K. By using the elementary dimension formula for any finite-
dimensional linear map f: V — W:

dim(V) = dim(ker(f)) + dim(Im(f)) ,
it is not hard to check that the F-homological characteristic

n n
X(Ho(K; F)) =Y (=1) dim H;(K; F) = > (—1) dim C;(K; F)
§=0 §=0
hence it equals the combinatorial characteristic, so that
X(H.(IC;F)) - X(X) :
Remarkably, it does not depend on the choice of the oriented triangulation
of X and not even of the field F'. It is a fundamental result of algebraic
topology (see [Hatch|, [Mu2]) that even the single dimensions (also-called
the F-Betti numbers of X)
dim H;(X; F) := dim H;(K; F)
do not depend on the choice of the triangulation with oriented simplexes,
although they depend on the field F'.



CHAPTER 15

Surfaces

We apply several tools developed in the previous chapters to classify
the compact surfaces (i.e. smooth 2-manifolds) and also to determine both
bordisms 72 and 2.

Let M be a compact connected boundaryless surface. We know from
Chapter 9 that M admits a ‘reduced’ ordered handle decomposition with
one 0-handle, followed by x disjoint 1-handles and one final 2-handle, where
k= k(M) is intrinsically determined by k(M) =2 — x(M).

Recall that for any handle decomposition H of M, its characteristic

2
X(H) = S(=18() |

j=0

b(j) being the number of index-j handles, is preserved by the basic moves on
handle decompositions; if H is associated to a Morse function on M, then
X(H) = x(M). Finally, we can get a reduced ordered decomposition of M
by performing some basic moves on any given decomposition.

REMARK 15.1. We want to argue that for any ordered handle decompo-
sition ‘H of M with one 0-handle, one 2-handle, and a few disjoint 1-handles,
the number of 1-handles is always equal to x(M). It is not hard to triangu-
late M in the following way: take a vertex internal to every handles; take as
further vertices on the boundary of the 0-handle the union of the boundaries
of the attaching 1-disks of the 1-handles. They also provide a triangulation
of the boundary of every 1-handle. Triangulate both the one 0-handle and
every l-handle by the cones on the boundary with centre at the respec-
tive internal vertex. These triangulations match and give a triangulation of
the union of the 0-handle with the 1-handles. The resulting surface has as
boundary a triangulated circle. Finally, complete it to a triangulation of the
whole of M by means again of the cones with centre at the internal vertex
of the 2-handle. By using the combinatorial computation of x(M) applied
to such a triangulation, we can easily check that the number of 1-handles is
always equal to k(M ), as desired.

e Recall from Section 7.5.2 that, in dimension 2, connected sum and
weak connected sum are equivalent to each other; moreover, every twisted
2-sphere is diffeomorphic to the standard sphere S2.

241
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So let v C M be any dividing connected simple curve -; that is,
M \ Y= N1 II N2

where N; is a nonempty connected open set of M and the closure Nj is a
compact smooth manifold with boundary 8Nj = 7. Let M; be the bound-
aryless surface obtained from N; by filling ON; with a 2-disk glued along
the boundary; then (up to diffeomorphism)

M ~ MM, .

To be more precise, the result is uniquely determined if at least one among
M7 and M> is nonorientable, or both are orientable and admit orienta-
tion reversing diffeomorphisms. For the moment, let us say that M is “a”
connected sum of M; and Ms; however, this precision will eventually be
immaterial. By the additive property of y, we have

K(M) = k(M) + r(Ma) .
e Let us consider 1y (M) = B1(M;Z/27Z).
LEMMA 15.2. 01 (M) is a Z/2Z-vector space of finite dimension < k(M).

Proof : By Section 10.6 there is a surjective homomorphism (a base
point being understood)

T (M) — ni(M) .

By using a reduced ordered handle decomposition of M as above and ap-
plying (an elementary version of) the Van Kampen theorem, we see that
71 (M) has a presentation with x generators and one relation; for the union
of the 0-handle with the x 1-handles has the homotopy type of a wedge of
r copies of ST whose fundamental group is a free group with x generators;
the defining relation between them is given by the attaching map of the
2-handle. The lemma follows.

LEMMA 15.3. Every o € n1(M) can be represented by a connected simple
smooth curve C traced on M.

Proof : We already know from general results in Chapter 13 that a
codimension-1 class can be represented by hypersurfaces. In the present
2-dimensional situation, we can get an elementary direct proof of this fact
as follows. Certainly, o = [f : C — M] where C is a finite union of copies
of S'. By a standard ‘general position’ argument (see Section 8.2) we can
assume that up to homotopy, hence up to bordism, f : C — M is a generic
immersion possibly having simple double points in its image f(C) C M. In
local coordinates, every crossing of f(C) is of the form {zy = 0} and has
two local ‘simplifications’ of the form {zy £ ¢(z,y)e = 0}, where ¢ > 0 is
small enough and ¢ is a suitable bump function with support in a small disk
centred at 0. By locally simplifying each crossing of f(C) (choose arbitrarily
one way), we get a l-submanifold C’ of M. It is not hard to verify that
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a=[f:C — M]=][C] €m(M). The manifold C’ is not necessarily
connected. In order to modify C” to get a connected representative C' of
a, first we can remove all dividing components of C’ (keeping the name); if
(' is not connected then apply the following argument that decreases the
number of components by 1. We can find two components C7 and Cy of C’
which can be connected by a smooth arc I whose internal part is embedded
in M\ C’, one endpoint z; is on Cj, j = 1,2, and is transverse to C1 UCs. [
can be thickened to an embedded 1-handle H ~ I x [—1,1] which intersects
Cj at {z;} x [-1,1] and is contained in M \ C’ elsewhere. Then consider

C” = (C’ \ (CLuCy)ucCH,

where

C*=((CLUCy) \ H)U (I x {+1})
up to corner smoothing. Hence CyUC5 has been replaced with the connected
curve C*. Again, it is not hard to show that [C'] = [C”] € n1(M). By iter-
ating the procedure, we eventually get a required connected representative
C of a.

]
e Consider now the symmetric intersection form (Section 11.4)

o 771(M) X m(M) — Z/QZ .
LEMMA 15.4. The intersection form on n1(M) is non-degenerate.

Proof : We have to show that if a # 0 in 7y (M), then there is 5 €
n (M) such that « @ § =1 € Z/27Z. Let C C M be a connected smooth
representative of o as in Lemma 15.3. As « # 0, then M \ C is connected
(otherwise C' would be the boundary of the closure of a component of M\ C,
so that [C] = 0). Take a fibre I, necessarily transverse to C' at one point,
of a tubular neighbourhood of C' in M. Also M \ (C' UI) is connected, so
that the endpoints of the interval I can be connected by a smooth simple
arc v whose internal part is contained in M \ (C'UI). Then (possibly by
corner smoothing) C’ := I U+~ is a smooth boundaryless curve in M which
intersects C' transversely at one point, hence [C] e [C'] = 1.
[
The next lemma follows from Chapter 13 .

LEMMA 15.5. Let C C M be a connected smooth boundaryless curve.
Then there are two possibilities: either [C]e[C] = 1, and this happens if and
only if C has tubular neighbourhood in M diffeomorphic to a Mébius band,
or [C] @ [C] = 0, and this happens if and only if C has a product tubular
neighbourhood in M.

The following lemma is obvious.
LEMMA 15.6. If f : M — M’ is a surface diffeomorphism, then
fir (m(M),enr) — (m(M'), orr)
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is an isometry; that is, f« is a Z/2Z-linear isomorphism and for every a, 8 €
m (M)}
aey B= fula)ey fi(B) .

Hence the isometry class of the non-degenerate symmetric intersection
form on ny(x) is invariant up to diffeomorphism.

In what follows, we will abuse the notation by confusing a form with
its isometry class. If (V,p) and (V’,p') are finite-dimensional Z/2Z-vector
spaces endowed with non-degenerate symmetric forms, we can define the
orthogonal direct sum (V,p) L (V’,p’) which denotes the non-degenerate
symmetric form p L p’ on V & V' that restricts to p (resp. p’) on V (V')
and such that V and V' are orthogonal to each other. We have

LEMMA 15.7. If the surface M is a connected sum
M ~ Mi#M;
then (up to isometry)
(m (M), enr) = (m (M), enr,) L (m(Ma), ens,) -

Proof : We adopt the notations fixed at the beginning of the section. We
can assume that the connected sum has been realized by a connected dividing
curve v in M. It is easy to see that the linear map i, : 71 (IN;) — ni(M;)
induced by the inclusion is an isomorphism, j = 1,2. Denote by V; the
image of 71 (N;) in 71 (M) by the inclusion. It is evident that Vi and V5
are orthogonal to each other with respect to ej;. It is enough to show that
m (M) = Vi + Vs, whence 11 (M) =V, L V5 because o) is non-degenerate,
and that Vj is actually isomorphic to n1(N;), j = 1,2. Let a € n1(M) and
C C M be a smooth representative as above. By transversality, we can
assume that C' . As [y] = 0 in n1(M), then C N~ consists of an even
number of points {p1,...,psq}. We can assume that they are the endpoints
of a family {I3,..., I} of pairwise disjoint intervals embedded into ~. Take
a ‘small’ tubular neighbourhood U ~ v x [-1,1] of v in M. Then M \ U
consists of two connected components W7 and W5 such that W; C N;. The
boundary of W; is a parallel copy v; of v. Denote by I; ;,j = 1,2, i =1,...d,
the parallel copy in v; of the interval I;. Finally, for j = 1,2, set

d
Cj=(Cnwyu (L) -
=1

Up to corner smoothing, C; is a smooth curve (not necessarily connected)
in N; and it is easy to see that
[CLILCy] = [CT € m(M) ;

this shows that n;(M) = Vi + V,. Finally, let o € n1(Ny) ~ m (M) and
denote by o its image in 7, (M) by the inclusion. If «v is not zero, as ey,
is non-degenerate, then there is 8 € 7;(Np) such that « ey, 8 = 1; due to
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the geometric way one computes the intersection forms, it also follows that
o/ ep; 8/ =1, whence o’ is non-zero.
|
We are going to see that the isometry class of the intersection form
contains all relevant information about the diffeomorphism type.

15.1. Classification of symmetric bilinear forms on Z /27

Here we classify non-degenerate symmetric bilinear forms on Z/2Z-vector
spaces of finite dimension, up to isometry. We denote by U the unique 1-
dimensional isometry class; by H the isometry class of hyperbolic planes, i.e.
2-dimensional spaces endowed with a non-degenerate symmetric form ad-
mitting a basis made by isotropic vectors (recall that a vector v is isotropic
for a form g if f(v,v) = 0). Although H is non-degenerate, it is totally
isotropic (every vector is so). This depends on the fact that the character-
istic of the field Z/27Z is equal to 2; in characteristic # 2 the zero-form is
the only totally isotropic by the so-called ‘polarization formula’. For every
n > 1, denote by nU (resp. nH) the orthogonal direct sum of n copies of
U (resp. of H).

PROPOSITION 15.8. Let (V, 3) be a finite-dimensional Z/2Z-vector space
endowed with a non-degenerate symmetric bilinear form, dimV > 0. Then
we have one of the following exclusive occurrences:

(1) (V,B) admits an orthogonal basis so that it is isometric to nU, n =
dim V', and this happens if and only if it is not totally isotropic.

(2) dimV = 2n, (V, B) is isometric to nH, and this happens if and only
if it is totally isotropic.

Proof : Assume first that (V, ) is totally isotropic. Let B = {vy,... v}
be a basis of V, B* = {v},..., v} its dual basis, w; the vector which rep-
resents the functional v} by means of the non-degenerate form 3. Then
the subspaces spanned by {v1,w;} endowed with the restriction of f is a
hyperbolic plane H. As this last is non-degenerate, then (up to isometry)

(V.f)=H LH",

all spaces being endowed with the restriction of 3. The restriction to H+
is non-degenerate and totally isotropic, and dimH* = dimV — 2. So we
can achieve the item (2) by induction on the dimension. Assume now that
v € (V, ) is not isotropic. Then the subspace spanned by v endowed with
the restriction of  represents U and (up to isometry)

(V.8)=ULU".
By iterating the argument, we get that either
(V,8) =nU, n=dimV

or

(V,8) = kU LT



246 15. SURFACES

for some k > 1, where T is totally isotropic, dimT" > 0. If we are not in the
first case, we apply (2) to T, and get

(V,8) = kU L hH

for some k,h > 1. Finally, item (1) is achieved by means of the following
lemma. By the way, it also shows that | does not satisfy the ‘cancellation

property’.
LEMMA 15.9. Up to isometry, U L H = 3U.

Proof : Let D = {u,w,t} be a basis for U L H adapted to the de-
composition so that {w,t} is a basis of the hyperbolic plane. Let N be the
subspace spanned by {u 4+ w,u + t}. We readily verify that this last is an
orthogonal basis of N so that N = 2U. Then U L H= N L N and the
last space is 1-dimensional and non-degenerate, so eventually U 1 H = 3U.

[
The proof of Proposition 15.8 is now complete.

15.2. Classification of compact surfaces
We are going to prove the following topological classification theorem.

THEOREM 15.10. (0) Let M be a compact connected boundaryless sur-
face. Then the following facts are equivalent to each other:
o M is diffeomorphic to S?;
o k(M) =0;
e dimn; (M) = 0.
(1) For everyn > 1, the isometry class nU is realized by the intersection

form of n1(nP2(R)), where nP%(R) denotes the connected sum of n copies
of the real projective plane.

(2) For everyn > 1, the isometry class nH is realized by the intersection
form of m(n(S* x S1)), where n(S' x S') denotes the connected sum of n
copies of the torus.

(8) Two compact connected boundaryless surfaces M and M' are diffeo-
morphic if and only if the intersection forms on m (M) and n1(M'), respec-
tively, are isometric to each other.

This theorem has several interesting corollaries.

COROLLARY 15.11. In the hypotheses of Theorem 15.2:
(1) dimn (M) = k(M) = 2 — x(M). If M is orientable then k(M) =
2g(M) is even (g(M) is called the genus of M ).

(2) Two surfaces M and M’ are diffeomorphic if and only if x(M) =
X(M'"), and either they are both orientable or both nonorientable.
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(8) Every orientable surface M admits orientation reversing diffeomor-
phisms. Hence the connected sum of two surfaces Mi# Mo is always uniquely
defined up to diffeomorphism.

(4) Every M can be embedded in R*. If M is orientable, then it can be
embedded in R3.

Proofs. First, item (0) of Theorem 15.10; that is, the characterization
of the 2-sphere up to diffeomorphism. If k(M) = 0, then M has a handle
decomposition with only one 0-handle and one 2-handle. So it is a twisted 2-
sphere, whence it is diffeomorphic to S?. Then M is simply connected, hence
dimn; (M) = 0. Let us show now that if k(M) > 0 then dimn;(M) > 0.
Take a reduced ordered handle decomposition with (M) 1-handles. The
core of every 1-handle can be completed with a simple arc embedded in the
0-handle to get a connected simple smooth curve C' in M. There are two
possibilities: either [C] ey; [C] = 1 or there are two such curves C' and C’
such that [C] @ [C'] = 1 (here we use that the boundary of the union of
the 0-handle with the disjoint 1-handles must be connected). In any case,
dimn; (M) > 0. The other implications of item (0) are evident.

Let us show now that U and H can be realized. P?(R) can be obtained
by gluing a 2-disk along the boundary of a Mobius band. By the Van
Kampen theorem, we realize that 71 (P?(R)) ~ Z/27Z and it is generated
by the core C of the M&bius band. Another way to check this fact is by
using the orientation covering S? — P2(R). Then also 1 (P%(R)) ~ Z/2Z,
generated by [C] and [C] e [C] = 1. The above Mobius band can be realized
by attaching one 1-handle to an initial 0-handle, and we get P?(R) by adding
one final 2-handle; this provides a reduced ordered handle decomposition
with x(P2(R)) = 1 1-handle. By the way, we realize also that if x(M) = 1
then M is diffeomorphic to P?(R).

The fundamental group 71(S! x S') ~ Z @ Z and is generated by the
simple loops C; = S x {by}, Co = {ag} x S' with base point (ag, bo).
It is immediate that [C1] e [Co] = 1 in m (ST x St), while [C}] e [C}] =
0, j = 1,2. Hence [Ci] and [Cy] are non-zero and linearly independent,
dimn;(S! x S') = 2 and the intersection form realizes H. The union B of
a tubular neighbourhood U; of Cj with a tubular neighbourhood Us of Cy
can be realized by attaching two disjoint 1-handles to one initial 0-handle,
and we get S' x S! by adding one final 2-handle; this provides a reduced
ordered handle decomposition with x(S! x S') = 2 1-handles.

Now items (1) and (2) of Theorem 15.10 follow from Lemma 15.7. Note
that every nP?(R) is not orientable (because it contains a connected curve
C such that [C] e [C] = 1) while every n(S' x S!) is orientable, and that all
items of Corollary 15.11 hold at least if we limit to consider surfaces M, M’
belonging to the families of nP?(R)’s or n(S* x S1)’s.

It remains to prove item (3) of Theorem 15.10. This is the main point.
Thanks to the above characterization of the 2-sphere, we can assume that
dimn; (M) > 0. We will follow the proof of the algebraic classification
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Theorem 15.8, pointing out, step by step, a topological counterpart. We
have already obtained the counterpart of nU and nH. Assume first that
(m (M), epr) is totally isotropic. Then every connected smooth simple curve
C C M has a product tubular neighbourhood, as [C] ey; [C] = 0. Take
such a curve C such that [C] # 0. By the proof of Lemma 15.3, there is
another connected curve ¢/ C M which transversely intersects C at one
point (so that [C] e [C'] = 1, [C'] # 0, and [C'] eps [C'] = 0). We check

straightforwardly that the union B of a tubular neighbourhood U of C' with
a tubular neighbourhood U’ of C’ is diffeomorphic to the union B of tubular
neighbourhoods of the geometric generators of 71 (S x S!) considered above.
Hence the boundary of B is a connected dividing curve in M and this gives
rise to a connected sum decomposition

M ~ (S* x SH#M' |
and we know that
k(M) = k(M) -2 .

Again by Lemma 15.7, (11 (M’), epp) is also totally isotropic. Then we can
conclude by induction on the dimension that in the totally isotropic case

M ~n(St x SY, 2n = k(M) =2 — (M) .

Assume now that there is o € 1 (M) such that cep;ao=1. Let C C M
be a connected simple smooth representative of o. Then a tubular neigh-
bourhood U of C is a Md&bius band, its boundary is a dividing curve, we
have a connected sum decomposition

M ~ PYR)#M’
and we know that
k(M) = k(M) —1.
By iterating the argument, either we get
M ~ k(M)P?*(R)
or
M ~ EP3(R)#M’

for some k > 1, where dimn;(M’) > 0 and e, is totally isotropic. By
applying the above result in this case, we eventually get

M ~ EP%(R)#h(S' x S1) |

k(M) =Fk+2h,

for some k,h > 1. We conclude by applying the following final lemma. By
the way, it shows also that # does not satisfy the ‘cancellation property’.

LEMMA 15.12. P2(R)#(S* x S1) ~ 3P2(R).
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Proof : First, we outline a bare hands proof. After, we will outline
another (equivalent) proof based on a transparent geometric construction,
using the blowing up of Section 7.10.1.

First proof. Consider S' x S! with the geometric generators C; and Cs
of m1(S! x S1) transversely intersecting at the base point (ag,by) as above.
Remove an open 2-disk D centred at (ag,bp) and glue a Mdbius band M
along the boundary to get (S' x S1)#P?(R). Then (C; U Cs)\ D can be
completed by means of two fibres of the natural fibration of M over its
core getting two disjoint simple curves C; and Cy in (S* x S)#P?(R),
each transversely intersecting the core of M at one point. We check that
these curves have disjoint M&bius band tubular neighbourhoods U; and Us,
respectively, which can be filled to give two copies of P2(R); moreover, (S* x
SH#P2(R) \ (Uy U Us) is connected. By filling each boundary component
with a 2-disk, we get a connected boundaryless surface Z such that

(5% x SH#P(R) ~ P*(R)#Z#P*(R)
and k(Z) = 1, so that eventually Z ~ P2(R).

Second proof. Consider the product P*(R) x P}(R) ~ S* x S, endowed
with a couple of homogeneous coordinates (¢,s) = ((t1,t2), (s1,52)). Let
P3(R) with homogeneous coordinates z = (x1, z2, x3,74). Define

¥ PYR) x PYR) = P3(R)

Y(t,s) = (t151,t152, tas1,t252) -
We verify that i is a well defined smooth embedding onto the quadric
Q C P3(R) defined by the homogeneous equation x1z4 = zox3. Let pg =
(1,0,0,0) € @ and consider the “stereographic projection”

¢:V\{po} = P

where P ~ P2(R) is the projective plane P C P3(R) defined by the equation
x1 = 0. Denote by T the plane tangent to @ at pg. It is defined by the
equation 4 = 0. The intersection T N () consists of the union of the two
lines passing through po, I = {x4 = z9 = 0} and lo = {24 = 23 = 0}.
The intersection T'N P is the line lg = {x1 = x4 = 0}. We verify that the
restriction of ¢ is a diffeomorphism

qbQ\(llUlQ)*)P\lo

Let us blow up P3(R) at the point py and take the strict transform Q. We
know from the results of Section 7.10.1 that Q ~ (S* x $1)#P?(R). Blow up
P3(R) at the two points p; = ;NP = (0,1,0,0) and ps = NP = (0,0,1,0).
Take the strict transform P ~ 3P2(R). Finally, one verifies that ¢ extends
to a diffeomorphism

$:Q— P.
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The proof of Theorem 15.10 and of Corollary 15.11 is now complete.
|

The above classification extends to compact connected surfaces with
boundary. We limit to a few indications. Details are left to the reader.

e Let M be a compact connected smooth surface with » > 1 boundary
components. Denote by M the boundaryless surface obtained by filling each
boundary component with a 2-disk. Viceversa, M is obtained from M by
removing the interior of r disjoint closed 2-disks. By the uniqueness of the
disks up to isotopy, M is determined up to diffeomorphism by r and the
diffeomorphism type of M.

e The radical Rad(ey;) C n1(M) of the intersection form ej; is of di-
mension 7 —1 and is generated by the boundary components of M. The non-
degenerate form e/, uniquely induced up to isometry by ey; on ny (M )/Rad(eys),
is isometric to e,,. Hence M is determined up to diffeomorphism by the
isometry class of the intersection form e,s; that is, by dim Rad(e,s) and the
isometry class of e .

e Two compact connected smooth surfaces with boundary M and M’
are diffeomorphic if and only if they have the same number of boundary
components, x(M) = x(M'), and either they are both orientable or both
nonorientable.

15.3. ©;(X) as the Abelianization of the fundamental group
Recall that in Proposition 10.12 we established a natural epimorphism
h1 : 7[‘1(X,1‘0) — Ql(X) R

X being a path-connected topological space. Now we are able to determine
the kernel of this epimorphism.

PRrROPOSITION 15.13. The kernel ker h1 coincides with the commutator
subgroup of m1(X, zp), hence Q1 (X) is the Abelianization of the fundamental

group.

Proof : Let v : (S',p) — (X,z0) be a homotopically non-trivial loop
which represents 0 € €;(X). Then 7 can be extended to a map h: ¥ — X
where ¥ is a compact orientable surface with boundary 0% = S' such that,
by attaching a 2-disk along 0%, we get a boundaryless compact orientable
surface ¥ of a certain genus g > 1. By using the concrete models for such a
surface provided by the classification theorem, we see that there is embed-
ded in ¥ a wedge of 2g-simple loops based at p, not intersecting D? \ {p},
such that by cutting the surface along these loops we get a 4g-gon, and
retracts to that wedge within 3. Finally, we realize that these loops can
be distributed into two families, a1,...ag4, b1,...,by, in such a way that the
above retraction realizes a homotopy between v and the composite loop

—1;—1 —1;—1 —1;—-1
arbray "b] asbaay by -"agbgag bg .
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The proposition follows.

The above proposition means that every homomorphism
¢ :m((X,x0) = G,
G being Abelian, factorizes as ¢ = ¢ o hy, ¢ : 2 (X) = G.

15.4. QQ and M2

THEOREM 15.14. (1) Q3 = 0;
(2) m2 ~ ZJ2Z and is generated by [P2(R)].
(3) o — Z/2Z, ¢([M]) = x(2)(M) is a well defined isomorphism.

Proof : Recall that
[Mi# M) = [My] + [My] € ny

(resp. € g in the oriented setting). It follows from the classification that
every compact connected oriented surface is the boundary of an oriented
3-manifold (in fact n(S! x S1) can be embedded in S® = R3Uoo and divides
it). Hence Qg = 0.

On the other hand, for every compact connected surface M,

[M#2P*(R)] = [M] € 72
and
M#2P%(R) ~ (k(M) + 2)P?(R)
by the classification. Hence
[M] = x(2)(M)[P*(R)] € 12 .

As [P?(R)] # 0, then items (2) and (3) follow.
]

15.4.1. The group 72 as a Witt group. Apparently, Theorem 15.14
is exhaustive. However, the topological classification of surfaces runs par-
allel to the algebraic classification of Z/2Z-symmetric bilinear forms up to
isometry. We would like to recast the content of Theorem 15.14 within this
vein.

Denote by I(Z/27) the set of isometry classes of non-degenerate sym-
metric bilinear forms defined on Z/2Z-vector spaces of arbitrary finite di-
mension. The set I(Z/2Z) is a semigroup provided it is endowed with the
operation L. An element S € I(Z/27Z) is said neutral if dimS = 2m is
even and there is a subspace Z C S, dimZ = m, such that Z = Z+. It
follows from Theorem 15.8 that S is neutral if and only if either S = 2mU
or S = mH, for some m. Put on I(Z/2Z) the equivalence relation X ~ X’
if and only if there are neutral spaces S, S’ such that

X1S=Xx"1¢5.
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Denote by W(Z/2Z) the quotient set. For every X € I(Z/2Z), X 1 X
is neutral, hence | descends to W(Z/27Z) and makes it an Abelian group
called the Witt group of the field Z/27Z; 0 € W(Z/2Z) is the class of neutral
spaces, and for every [X| € W(Z/2Z), —[X]| = [X]. It follows from Theorem
15.8 that

T2y : W(Z/2Z) — Z)2Z, 7(5)([X]) := dim X mod(2)

is a well defined isomorphism of groups. Finally, Theorem 15.14 can be
reformulated as follows.

THEOREM 15.15.
o < 1y — W(Z/2Z), w((M]) = o]
is a well defined isomorphism; moreover,
T(2) © 0 = X(2) -
]

15.4.2. A direct derivation of (25 and 75. Theorem 15.14 has been
derived as a corollary of the classification. Here, we outline a direct deriva-
tion; the mechanism is interesting. For example, if M is orientable, start-
ing from a 2-dimensional handle decomposition of M, it produces a 3-
dimensional handle decomposition of a certain orientable 3-manifold such
that the given surface is its boundary; in a sense, M builds its ‘simplest
bulk’.

For every compact connected surface M as usual, take a reduced ordered
handle decomposition with k = k(M) 1-handles. Starting from (Mo, 0My) =
(D?,SY), we have a sequence (M;,dM;), i =1,...,k, obtained by attaching
one l-handle to (M;_1,0M;_1); finally, M is obtained by attaching a 2-
handle to (M,,dM,;). Consider the product 3-manifold W = M x [0, 1]. On
the copy M’ = M x {1} of M, consider the family of pairwise disjoint not
necessarily connected curves OM;, i = 0, ..., k. There is a system of pairwise
disjoint tubular neighbourhoods U; ~ dM; x [—1,1] of these curves in M.
Let us attach to W at M’ a family of « disjoint three-dimensional 2-handles,
each one attached to U;, i = 0, ..., k. In this way, we get a 3-manifold W’
such that

OW' = (M x {0}) 1 M”

where M” has k+ 2 connected components, each one associated with one of
the handles of the original decomposition of M. It is not hard to see that
a component of M” corresponding either to the 0-handle or the 2-handle
of M is diffeomorphic to S?. For a component associated with a 1-handle,
there are two possibilities:

(1) Starting from an annulus A ~ S' x [0, 1] we attach the 1-handle to
S' x {1} in such a way that the resulting surface is orientable; then
this surface is a ‘pant’ P and the corresponding component of M”
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is obtained by filling every component of 0P with a 2-disk so that
it is diffeomorphic to S2.

(2) Starting from an annulus A ~ S! x [0, 1] we attach the 1-handle to
S' x {1} in such a way that the resulting surface is nonorientable;
then this surface is a Mobius band M and the corresponding com-
ponent of M” is obtained by filling M with a 2-disk so that it is
diffeomorphic to P2(R).

It follows that M is bordant with the disjoint union of & copies of P?(R)
for some k > 0. This is enough to conclude that 1y ~ Z/27Z and is generated
by [P?(R)].

Assume now that M is orientable. Hence W is orientable, and also W’
is orientable because attaching a 2-handle does not destroy the orientability.
Also OW' is orientable so that M” is a disjoint union of 2-spheres. This is
enough to conclude that (23 = 0. But we can say more. Let W” be obtained
from W' by filling every component of M” with a 3-disk. By construction,
W?” is obtained from W by attaching a few disjoint 2-handles followed by
a few 3-handles. By considering the dual decomposition, we see that W is
obtained starting from a few 0-handles followed by a few disjoint 1-handles.
By cancellation of 0-handles, we can assume that there is only one 0-handle.
By sliding handles, we realize that up to diffeomorphism W” = Hj is
uniquely determined by the number A of 1-handles, it is called a handlebody
of genus h, and M = 9H;,. By some elementary considerations about the
Euler-Poincaré characteristic, we finally realize that k(M) = 2h; in this way
we have re-obtained a classification up to diffeomorphism, at least in the
orientable case.

15.5. Stable equivalence

The classification of surfaces up to diffeomorphism contains a coarse
classification up to stabilization: let us say that two (compact connected
boundaryless, as usual) surfaces M and M’ are stably equivalent if there are
n,m € N such that

M#nP*(R) ~ M'#mP?(R) .

As an immediate corollary of the full classification, we have that every sur-
face is stably equivalent to each other. In the orientable setting, we have a
similar result up to stabilization by some n(S! x S1).

This coarse classification deserves to be pointed out because it is a sort
of toy model of phenomena occurring, for example, in dimension 4 (even
though a full classification is not known in such a case), and also because of
the different flavour it acquires once we interpret #P2?(R) as the blowing up
at a point, according to Section 7.10.1. Then a stable equivalence between
M and M’ is realized by an M which dominates both, being obtained by
blowing up some points of each respectively; equivalently, we can say that
M’ is obtained from M by firstly blowing up some points of M and then
performing a certain blowing down to M’.
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Recall (Remark 7.34) that a compact real algebraic set X is rational if it
is birationally equivalent to the projective space of the same dimension; that
is, X contains a nonempty Zariski open set which is algebraically isomorphic
to a Zariski open set in the projective space of the same dimension. If
X = B(P™"(R),Y) is obtained from P™(R) by blowing up along a regular
algebraic centre (in particular a finite set of points), then X is a rational
regular algebraic set. A so-called “Nash’s conjecture” stated in [Na| asked
if every compact smooth manifold admits any rational regular real algebraic
model, up to diffeomorphism. We have a rather complete answer in the case
of surfaces:

e Every nonorientable surface M ~ P2(R)#nP?(R) ~ B(P?(R),Y),
k(M) =mn+1,Y consisting of n points, has a rational model,

e If M is orientable, M#P?(R) admits a rational model B(P%(R),Y),
where Y consists of 2n = k(M) points. We can ask if ¥ can be chosen
in such a way that a blowing down that returns M can be done in the
algebraic setting, providing a rational model for M itself. For example, in
the second proof of Lemma 15.12, we see such a mechanism which produces
PY(R) x PY(R) ~ S! x S! by blowing down B(P?(R), {p1,p2}), collapsing
to a point po the strict transform of the line of P?(R) passing through the
points p; and pa. We can prove in general that if Y = {pi,...,pan} is
contained in a projective line I C P2(R), then by blowing down to a point
po the strict transform [ of [ in B(P2(R),Y) we get a rational algebraic set
X, which is homeomorphic to M via an algebraic homeomorphism which
restricts to an algebraic isomorphism between regular Zariski open sets

B(P*(R),Y)\l— X\ {po} .

However, if n > 1, X is not regular as it has one isolated singularity at
po- These rational models with one isolated singularity are the best we can
do because it is known since Comessati [COM] that S x S! is the only
orientable surface admitting a regular rational model.

15.6. Quadratic enhancement of surface intersection forms

Let (n1(M),epr) be as above, where M is a compact connected bound-
aryless surface. In several situations, one is interested in the immersions of
M in a given higher-dimensional manifold, considered up to suitable equiv-
alence relations which often enhance the abstract surface bordism. In such
situations, so-called quadratic enhancements of the intersection form nat-
urally arise. In this section, we will develop a few aspects of the abstract
theory of such structures. Many proofs are simple exercises and we will
omit them. Later in the text, we will see concrete applications (see Sections
17.4.3, 19.7.1, 19.8, 20.6).

Let (V,B) be a finite-dimensional Z/2Z-vector space endowed with a
non-degenerate symmetric bilinear form (.
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(Totally isotropic case) Assume first that [ is totally isotropic, so that
(V, ) is isometric to gH, dim V' = 2g.

DEFINITION 15.16. A map ¢ : V — Z/27Z is a quadratic enhancement of
(V,B) (sometimes we simply say “of 5”) if for every z,y € V,

q(z +y) =q(x) +q(y) + B(z,y) .

We can enhance the equivalence relation “up to isometry” to the set of
such triples:

[V, B, ar) = (Va, Ba,s q2)
is an isometry if and only if

(1, B1) = (Va, Ba)
is an isometry in the usual sense and, moreover, for every x € Vi, qi(x) =
q2(f(z)). We denote by
H
I,(Z/27)
the set of isometry classes of these triples. The operation “1” gives it a
semigroup structure.

It is rather easy to enhance the results of Section 15.1 (in the totally
isotropic case); as usual, sometimes we will confuse representatives with
their isometry classes.

Up to isometry there are exactly two quadratic enhancement of H (en-
dowed with the standard hyperbolic basis {eg,e1}):

e qo(e0) = qoler) = 0, qo(eg + e1) = 1; denote by H*C the corre-
sponding equipped space;

e qi1(eo) = q1(e1) = q1(ep+e1) = 1; denote by H! the corresponding
equipped space.

Then every triple (V, 3, q) is isometric to
mH | pH!

for some m,n € N such that 2(m +n) = 2g = dim V. Such integers m and
n are not unique; in fact we have the following.

LEMMA 15.17. H%0 | HOO = HL | HUL,

ProposITION 15.18. (1)
Arf : (IDNZ/227), L) — (Z/2Z,+), Arf([V,$,q]) =n mod(2) ,

provided that [V, 3,q] = mH®® L nHY for some (m,n) € N2, is a well
defined surjective semigroup homomorphism.

(2) Arf([V, 8, q]) = 1 if and only if |¢~(1)| > |¢~*(0)|; Arf([V,5,q]) = 0
if and only if |g~*(1)] < [¢~'(0)]-
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(3) If [V, 8] = gH and the j-copy of H is endowed with its standard
hyperbolic basis {e},el}, j=1,...,g, then

Arf([V, 8,4) =D ale)alel)
J
Arf is called the Arf invariant.
We can define the Witt group associated to the semigroup

(ITN(Z/2Z), 1) .

The class [V, 8,q] € I;N(Z/2Z), dimV = 2g, is said neutral if there is a
subspace Z C V such that dim Z = ¢, Z = Z* and ¢ vanishes on Z. Put on
I ;{(Z/ 27) the equivalence relation X ~ X’ if and only if there are neutral
spaces S, S’ such that

X1S=X"19".
Denote by W(IH(Z/QZ) the quotient set. The operation L descends to
WqH (Z/2Z) and makes it an Abelian group.

PROPOSITION 15.19. The Arf homomorphism passes to the quotient
At WH(Z/2Z) — 2/2Z
and is a group isomorphism. The Witt group is generated by H!.

We know that (I'™(Z/27Z), 1) is isomorphic to the semigroup of ori-
entable compact connected boundaryless surfaces (considered up to diffeo-
morphism) endowed with the “#” operation. The isomorphism is given
by associating to every surface M the class of (n1(M),e5r). So the above
algebraic discussion can be interpreted in such a topological setting. In par-
ticular, the bases evoked in item (3) of Proposition 15.18 can be realized
geometrically: if M is a surface of genus g then we can find two families of
g smooth circles {A1,..., A4} and {Bi,..., By} such that

OAzﬂAJZBZﬂBJZQIfl#.],

e A; and Bj; intersect transversely at one point if and only if i = j,
otherwise A4; N B;j = ().

These 2¢ circles form a basis of 71 (M); if ¢ is a quadratic enhancement
of ey, then

Arf(q) =) a([A)a([By]) -
J
The set WqH(Z/ 2Z) can be considered as a formal nontrivial refinement
of QQ =0.

(General case) Now we consider arbitrary non-degenerate spaces (V, 3).
In this generality, the notion of quadratic enhancement is subtler, due to
the presence of nonisotropic elements. The key point is to consider Z/4Z
instead of Z/27Z-valued forms q.
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DEFINITION 15.20. A map
q:V —=>72/AZ
is a quadratic enhancement of § if for every z,y € V,

q9(z +y) = q(x) + q(y) + 26(z,y) ,
where a — 2a is the unique nontrivial homomorphism 7 /27 — 7. /47.

REMARK 15.21. Assume that (V, §) is totally isotropic. If : V — Z /27
is a quadratic enhancement of 3 in the earlier sense, then ¢ = 2q is a
quadratic enhancement in the new sense. On the other hand, if ¢ : V —
Z/AZ is as in Definition 15.20, then it takes only even values and there is a
unique ¢ : V. — 7Z/27 such that ¢ = 2¢. So if we restrict to totally isotropic
spaces we recover the previous setting.

The set of quadratic enhancements of (V, §) has the structure of an affine
space over V.

LEMMA 15.22. There are 249%™V mod (4) quadratic enhancements of
(V,B); if q is one, the others are of the form

q'(z) = q(x) + 2B(u, x)
for a unique u € V.
Proof : The map I(z) := 271(¢/(z) — q(=)) is linear, hence represented

by a unique v € V' by means of the non-degenerate form (.

[
The notion of isometry of triples extends verbatim and we denote by

(1,(Z/)2Z2,72/4AZ), 1)
the semigroup of isometry classes.

e Up to isometry, on H there are two Z/4Z-valued quadratic enhance-
nents, that is q; = 2¢;, j = 0,1, where ¢; : H — 7Z/2Z have already
been defined above. We keep the notations H77 for the associated equipped
spaces.

e Up to isometry, on U there are two quadratic enhancements ¢+ : U —
7./AZ, ¢*(1) = +1. Denote by U¥ the corresponding equipped spaces.

Hence for every (V, 3) totally isotropic, we still have

[V,B,q] = mH"® L nH"', 2(m +n)=dimV .
If (V,3) is not totally isotropic, then

V.5.q] = aU™ L bU*
for some (a,b) € N?, a +b = dimV. As above, we are not claiming that
(a,b) is unique.
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In any case, we say that [V, (,q] is neutral if there exists a subspace
Z C V such that Z = Z+ (so that dim V = 2h is even and dim Z = h) and
¢ vanishes on Z. As above, we can define the Witt group, denoted by

W,(2,/2Z,7,/AZ) |
as a quotient of the semigroup (1,(Z/2Z,Z/4Z),1).
For every [V, 8,q] € I,(Z/2Z,Z/AZ), for every x € V, define
T

Yvpq () = exp(5a(z)) = 4@

Finally, set

1 .
V.8, = dim V' ) .
(B = (5" 3 s
This is called the multiplicative Brown invariant of [V, 3, q].

For every k > 2, denote by Uy the multiplicative subgroup of U(1)
formed by the kth-roots of 1. Denote by
ay : (ZJKZ,+) — Uy,

the natural isomorphism of groups.

LEMMA 15.23. If (V, ) is totally isotropic so that ¢ = 2q for a unique
G:V —Z/2Z
then
Y[V, B, 4]) = aa(Arf([V, B,4]) -

Hence the Brown invariant extends the Arf one.
For every X = [V, 3,q], set —X := [V, 3, —¢q].

LEMMA 15.24. Let X,Y € I,(Z,/2Z,7,/AZ). Then:
(1) (X LY) =~(X)y(Y);

(2) If X is neutral, then v(X) = 1;

(3) AX = 4(—X).

Proof : Ttem (1) follows from the very definition.
As for (2),let X =[V,B3,q], ZCV,dimV =2n,dimZ =n, Z = Z+,
g vanishing on Z. For simplicity we omit the index X in denoting . Let
V =Z & L be any direct sum decomposition. Then
Y L o B8(1,2)
Yg) = (=) D v+ =(72)" > w01 =
\/Q zeZlel ﬂ zeZlel

1
(—=)*"[ O (—1)PEy(0) + 12))] =
1 n B
(ﬁ)z Zl =1,
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where the fourth equality depends on the fact that for every [ # 0, z —
B(l, z) defines a linear form ¢ on Z, and dimker(¢) = dimZ — 1 as f is
non-degenerate.

As for (3), it is enough to show that 4UT = 4U~. Let {e, e2,e3,e4} be
the standard basis of 4C ~ C*. Let pj: C— C* be the linear embedding
such that p;(1) = e;. Then we verify that the linear isomorphism

p=(p1,...,ps) : Ct = C*
induces a required isomorphism

p:4UT 54U .

Finally, we can state the main result of this matter.

THEOREM 15.25. The Brown semigroup morphism ~ passes to the quo-
tient, and in fact it determines, a group isomorphism

¥i=agloy: W,(Z/2Z,2/4Z) — Z/8Z. .
The Witt group is generated by U™T.

Proof : The space Ut L U~ is neutral, then the Witt group is cyclic
generated by UT. By the previous lemma, SU™ is neutral, hence the order
of U™ divides 8. Finally, by direct computation, v(U*t) = exp(Z); that is,
it is a primitive eighth root of 1.

|
The following corollary is easy.

COROLLARY 15.26. The Brown invariant of q, the dimension of V' and

the fact that [ is, or is not, totally isotropic form a complete set of invariants
which classifies [V, 3, q| € 1,(Z/27,Z/AZ).

By rephrasing everything in the topological 2-dimensional setting, we
can say that the Witt group W,(Z/2Z,7/AZ) ~ Z/8Z is a formal enhance-
ment of the Witt group W(Z/2Z) ~ ny ~ Z/2Z.

We conclude this section by outlining a constructive way to build qua-
dratic enhancements of (M, ey;) for a given compact boundaryless surface
M (see [KT], Lemma 3.4). It is enough to define a function ¢ which asso-
ciates an element in Z/4Z to every disjoint union of smooth circles on M
(considered up to ambient isotopy) provided that the following conditions
are satisfied:

(1) The function q is additive on disjoint unions: if Ly II Lo is again a
disjoint union of circles, then q(Ly IT Lo) = q(L1) + q(L2);

(2) If Kj and Ko are two circles that cross transversely at r points,
then by resolving (in one of the two possible ways) each crossing
we get a disjoint union L of embedded circles. Then q(L) = q(K7)+
q(K2) + 2r mod(4).

(3) If K is a smooth circle that bounds a 2-disk in M, then ¢(K) = 0.
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In such a situation, a quadratic enhancement of (1; (M), eys) is defined
by setting g(a) = ¢(C), where C' is any smooth circle representing c.



CHAPTER 16

Bordism characteristic numbers

The Euler-Poincaré characteristic mod(2) is a first example of charac-
teristic number for the nonoriented bordism modules 7,,; that is, for every
m > 0, it defines a homomorphism X(9) : 7, — Z/2Z which is nontriv-
ial for each even m. Pontryagin remarked that a huge family of charac-
teristic numbers can be produced using the cohomology ring with Z/27Z-
coefficients of the infinite Grassmann manifolds &, o and the classifying
map M — B 41 of the stable tangent bundle T (M) @ €' of each compact
boundaryless m-manifold M. These are called SW -characteristic numbers
as they are incorporated in the theory of (cohomological) Stiefel-Whitney
characteristic classes. We do not dispose of cohomology, but it is easy to
reformulate the definition using the cobordism rings, which we have de-
fined from scratch, instead of the cohomology rings. We call (stable) n-
characteristic numbers the ones obtained in this way. In [T|, Thom deter-
mined the ring 1®, using the Pontryagin-Thom construction (that we treat
in Chapter 17) and combining geometric tools and homotopy theory. A
byproduct of Thom’s work is the completeness of the SW- characteristic
numbers: 8 € ny, is equal to zero if and only if every SW- characteristic
number vanishes on (. Later, the authors obtained in [BH] a nice geometric
proof of this remarkable result, ultimately based on transversality and simple
cohomological computations. We show that this proof can be entirely per-
formed using the cobordism rings and eventually get the completeness of the
n-characteristic numbers. The ultimate reason for this is another theorem
of Thom in [T] (the solution of so called Steenrod’s representation problem;
the paper [BH] provides a geometric proof of this result too). Combined
with the Poincaré duality and the “compatibility” between the cohomolog-
ical (with Z/2Z-coefficients) and the n cup products, it implies that SW
and 7 characteristic numbers are basically the same thing. However, we do
not use these facts. We directly get the completeness of the n-characteristic
numbers adapting the proof of [BH]. At the end of the chapter, we extend
1 to Q-characteristic numbers and we briefly discuss why they are not suf-
ficient to completely detect the oriented boundaries. Cohomology cannot
be avoided for the oriented bordism. However, any characteristic number
for Q,, whatever it is defined, should vanish on [M] if the m-manifold M is
parallelizable. At least in this special case we prove that [M] =0 € Q,, for
any choice of the orientation of M, using similar geometric tools.

261
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16.1. n-numbers

Let us give a definition of an 7n-characteristic number modeled on the
Euler-Poincaré characteristic mod(2), x(2). As usual, denote by S, the class
of compact boundaryless smooth n-manifolds. For every X € S, let

txiX—>®m,n

be a “truncated” classifying map of the tangent bundle T'(X), where m =
m(n) big enough only depends on n. An n-characteristic number is a func-
tion
c: S, — 727
such that
(1) It is of the form

((X) = ca(X) = 3 t(@) 1 X))

for some o € n"(B,,,), where X; varies among the connected
components of X. Such a ¢(X) is a diffeomorphism invariant.
(2) If [X] = 0 € ny, then ¢(X) = 0. It follows that ¢ induces a Z/2Z-
linear map
c:mp — L)2Z .

Here is another characteristic n-number besides x (o). For every X, con-
sider the nth-power (with respect to the LI product)

wl (X)n
of the Euler class of the determinant line bundle of X.

PROPOSITION 16.1. ¢,1(x)n is an n-characteristic number, different from
X(2)-

Proof : To see that it is characteristic, it is enough to show that if
X = 0W is a boundary, then ¢, (x)»(X) = 0. Note that

wH(X) = j w' (W) € n' (W, 0W)

where j : OW — W is the inclusion. Then w!'(X)" = (j*(w'(W)))", and
w'(X)™ is represented by the boundary of the proper 1-dimensional subman-
ifold of (W, 0W) which represents w* (W)™ € n™(W, W), hence it consists
of an even number of points. To see that it is different from x(9), consider
for example w!(P*(R))* = 1, while we can show (do it by exercise) that
w'(P%(R) x P2(R))* = 0. We know that both E-P characteristics mod(2)
are equal to 1. Hence [P*(R)] and [P?(R) x P%(R)] are nontrivial indepen-
dent elements of 7y. Similarly, w!(+)* distinguishes [P*(R)] from [P?(C)].
The same argument extends to any couple [P?t*(R)], [P*(R) x P*(R)] in
Na+b, Where both a and b are even.

[
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16.2. Stable n-numbers

It is not so easy to check directly if a function of the form ¢, as above
is a characteristic number or not (that is, if it vanishes on boundaries).
On the other hand, this becomes almost immediate if we consider so-called
“stable classes” in the Grassmannian cobordism. Consider the “stabilized
tautological bundle”

Tm,n D e ;
it corresponds to an evident classifying map
Sn : 6m,n — 6m+1,n+1 .
Then a € 7*(®,,.n) (not necessarily k = n) is by definition a stable class if
a=s,(a)
for some & € nk(ﬁm“,n“). The sum and the product of stable classes are

stable. A class of the form o = (s40---05y,)*(&) is stable for every j > 0.
For every X € &, the classifying map of the stable tangent bundle

T(X)® e

is the composite map
Sx = Spotx .

PROPOSITION 16.2. For every n > 0, if a € n™"(B,,.,,) is a stable class,
then ¢, is a (stable by definition) n-characteristic number defined on S,.

Proof : Assume that X = W, then
FIW)=T(X)®e,

so that sx = tw o j, t\(a) = (tw o j)*(&), where j is the inclusion. Let us
apply to ty and & the geometric procedure that defines g* as in Proposition
11.6. Then we find a smooth map = : (Y,0Y) — (W, X), where Y is a
compact 1-manifold and [0Y, Or| = t% («); hence ¢, vanishes on X because
Y consists of an even number of points. In other words, j.[X]| = 0 € 1, (W)
and t% (o) M [X] =t (&) M [ X] = 0.
[
Note that it is not evident whether x(9) is a stable characteristic number
(see the end of this chapter).

16.3. Completeness of stable n-numbers

The above definition of stable n-characteristic numbers is quite implicit,
as it is based on the cobordism of Grassmann manifolds which we do not
know. Nevertheless, we are going to see that it is enough to show that they
are “complete”. This “completeness” refers to the fact that the necessary
condition to be a boundary established in Proposition 16.2 (the vanishing
of all stable n-characteristic numbers) is also sufficient.

THEOREM 16.3. [X] =0 € n,, if and only if every stable n-characteristic
number vanishes on X.
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We will propose a geometric proof extracted from [BH], provided that
it is entirely performed using the cobordism rings instead of the cohomology
rings with Z/2Z-coefficients.

It is enough to show the “if” implication. This will be an immediate
consequence of the next two lemmas.

By the classification of compact 1-manifolds, if n = 0 then X is a bound-
ary if and only if it consists of an even number of points, thus it is easy to
check that Theorem 16.3 holds true for n = 0. If dim X > 0, there is a
special case such that the stable characteristic numbers clearly vanish, when
(X, sx) is bordant with a constant map (NN, ¢); in other words, [X, sx] be-
longs to a copy of 7, embedded in 7, (&41n+1). Let us prove first that X
is a boundary under such a stronger hypothesis.

LEMMA 16.4. Let dim X > 0 and F : Q — &,q1041 Tealize a bordism
of (X, sx) with a constant map ¢: N — &1 1. Then N (hence X ) is a
boundary.

Proof : The map F' pulls back the tautological bundle over the Grass-
mannian to a rank (n + 1) vector bundle £ on @ which restricts to 7x :=
T(X) @ €' on X and to a trivial bundle €™ on N. Denote by D(&),
S(§) = 0D(&) the total spaces of the unitary (n+ 1)-disk and n-sphere bun-
dles of &, respectively. Similarly, denote the restrictions D(7x), S(7x) and
D(e"t1), S(e"*1). Let ¢ be the fibrewise antipodal involution on ¢. Then
S(&) is a compact (2n + 1)-manifold with boundary

9S(&) = S(rx) W S(")

equipped with the involution tg (the restriction of ¢). Consider the (2n+1)-
manifold with boundary

Y =X xX x[-1,1]
equipped with the involution
oz, y,t) = (y,z,—t)
so that dY is an invariant set of o. The fixed point set of ¢ is given by
X =Ax x {0} ={(z,2,0)} CY

which can be naturally identified with X itself. We can find a tubular
neighbourhood U of X in Y such that, removing the interior of U from Y,
we get a compact (2n + 1)-manifold Z, with boundary

0Z =0oU L1 9Y

such that (Z,07) is invariant for o and the restriction of o to U can be
identified with the restriction of tg to S(7x). Then we can glue Z and S(&)
along OU ~ S(7x) and get a compact (2n + 1)-manifold W with boundary

OW =9y I S(e")
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equipped with a smooth fixed point free involution oy, which coincides with
oIl tg on OW. The quotient space W := W/ow is a smooth manifold with
boundary such that the quotient map

qg: W —=W

is a degree 2 smooth covering map. The restriction of ¢ to Y is a trivial
covering, while
S(e") Jow ~ N x P*(R)
and the restriction of ¢ to S(€"*!) ~ N x S™ can be identified with the
map Idy x s, s : S — P"™(R), being the standard double covering. The
associated real line bundle on W (see Chapter 13) is the pull-back by a
classifying map
¢ : W — PYR)

for some a big enough, considered up to homotopy. By the above remark
about the restriction of the covering to W, we can assume that ¢y is
a constant map, while ¢y p»(r) is the composition of the projection N x
P"(R) — P"™(R) followed by the inclusion P*(R) C P%(R). Let P* "(R)
be a projective subspace of P%(R) which intersects P™(R) transversely at
one point zg. We can also assume that ¢(0Y) N P ™(R) = (), so that
Plaw h P47 "(R) and

Soy P "(R)) = N x {zmo} ~ N .

Finally, using usual transversality theorems, we can also assume that the
whole map ¢ is transverse to P*~"(R) so that the proper (n+1)-submanifold
(R,0R) of W, 0W) given by R = ¢~ 1(P* "(R)) is such that N x{x} = OR.
This achieves the proof of Lemma 16.4.

|

As Theorem 16.3 holds true for n = 0, we will argue by induction on the
dimension n > 0. The inductive step is provided by the following lemma
combined with Lemma 16.4.

LEMMA 16.5. Letdim X = n > 0. Assume that all stable n-characteristic
numbers of X wanish, and that Theorem 16.8 holds true for all dimen-
sions m smaller than n. Then (X,sx) is bordant with a constant map
c: N — ®m+1,n+1.

Proof : This proof is not completely self-contained within the content
of this text. In fact, we consider a triangulation K of &,,;1,+1 made by
smoothly embedded simplices, whose existence has been evoked in Section
14.9.1 (without a proof). The interior of every such an h-simplex is a sub-
manifold of &,,11 41 diffeomorphic to R and called an (open) h-cell of
K. Alternatively, we can use the open cells of the natural cellular decom-
position of the Grassmannian depicted in Section 3.5 (the geometric prop-
erties of this decomposition had been only sketched as well). For every
0 < h < dim&,,41 541, the union of the cells of dimension less or equal to
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h is called the h-skeleton Kj, of K. Fix a base point z. in each open cell
e and call it the “centre” of the cell. For every h as above, by removing
the centre from every h-cell, we get a subspace Kj of Kj, which retracts
to Kp—1. By basic transversality, we can assume that the smooth map sy
misses the centre of every cell of dimension greater than n = dim X; hence,
up to (continuous) homotopy, we can assume that

sx 1 X = Gppintl

s continuous with values in the n-skeleton IC,, it is smooth on 5;(1(/Cn \
Kn-1), and is transverse to the centre x. of every n-cell e.

We claim that for every n-cell e, the O-submanifold Y := sy'(z,) of X
consists of an even number of points; that is, it is a O-dimensional boundary.
In fact, by collapsing K,, \ {e} to one point, we get a projection

e K — ST

which restricts to a smooth embedding of the n-cell e to R™ C R"Uoco = S™,
so that we will confuse x, with pe(x.). Then

Y = (pe o SX)_I(‘/L'e)

and we easily realize that

[Y] = sx (pe(lze]) € n"(X)
which vanishes as it is a stable n-characteristic number of X. Fix a small
n-ball D around z. in e. Then

53 (D) = (D1 UDy)U---U(DsU Dgy1)

and the restriction of sx to every f)j is a diffeomorphism to D. Remove
from X the interior of every bj and pairwise glue together the boundary
components Dy;_1 and Daj, j = 1,2, ..., (s+1)/2, by means of the above
identifications with dD. Do it simultaneously at the centre of every n-cell.
Then we get a boundaryless n-manifold Ny such that the map sx descends
to a stable classifying map

51 = SNy ¢ N1 — ’Cn C Qjm+1,n+l 5

which misses the centres of every n-cell; hence up to homotopy we may
assume that s takes values in K,_1, it is smooth on sl_l(lcn_l \Kn—2), and
is transverse to the centre of every (n — 1)-cell. Moreover, it is not hard to
check that, by construction (X, sx), is bordant with (N1, s1), so that also all
stable n-characteristic numbers of N1 vanish.

Now we proceed by induction on the codimension of the skeleton to
eventually reach (NN, s,), which takes values in Ky and is bordant with
(Nn—1,5n—1) (hence with the initial (X,sx)). As the Grassmannian is
connected, (Ny,s,) will be homotopic to a required constant map (N, c),
N = N,, (this last step is not necessary if we use the natural cellular decom-
position which has only one 0-cell).
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So let us assume inductively that for some A > 1 we have obtained
sp=25N, : Nn = Kn_h C Gnigint1

bordant with (X, sx), which is smooth on s, * (K- \Kp—p—1), transverse to
the centre x. of every (n— h)-cell e, and such that the stable n-characteristic
numbers of N}, vanish.

By a similar argument as above, for every such a cell e, there is a col-
lapsing projection

Pe: Knop — gn—h

which restricts to a smooth embedding of the cell e to R c R* " Uoo =
Snh: by confusing . with pe(z.), set Y = (pe o s,) " (2.). Using the ter-
minology that we will define in Chapter 17, Y is framed; that is, it has a
trivialized tubular neighbourhood U ~ Y x D" " in N}, such that the re-
striction of s;, to U can be identified with the projection Y x D"~ — Dn—h,
where D™ " is a small disk in e around .. We claim that this h-submanifold
Y of Ny is a boundary. Let us conclude assuming this fact. Then Y is a
boundary of a manifold W. We make a surgery on Np, by replacing the above
product neighbourhood U ~ Y x D*" with W x D" "; do it simultane-
ously at every (n — h)-cell. We get a manifold Nj1; the map s;, descends
to sp+1 @ Npt1 — Gpyp1n+1, which can be identified with the projection
W x 9D" " — 9D" " at every (n — h)-cell. By construction (Np,i1,Sh41)
is bordant with (IVy, sp,) and this eventually achieves the inductive step. Fi-
nally, let us prove now that Y is a boundary. By the inductive assumption of
Lemma 16.5, it is enough to show that every stable n-characteristic number
of Y vanishes. As Y is framed in N, this implies that a stable classifying
map sy for Y is given by s, 04, where j : Y — Np, is the inclusion. We have
to show that for every a € n"(&,11.041),

sy ()N Y] =0€Z/27 .
As sy = sp 0 j, the geometric definition of the cobordism products implies
that
sy (@) M[Y] = sp(a) N5 ([Y]) = sp(pelee] Ua) N [Ny] € Z/2Z
the last term vanishes, being a stable n-characteristic number of Nj,.
The proofs of Lemma 16.5 and of Theorem 16.3 are now complete.

16.4. On parallelizable manifolds

Recall that a compact boundaryless n-manifold X is parallelizable if
the tangent bundle admits a global trivialization so that its total space is
diffeomorphic to X xR™; in such a case, X is orientable. If X is parallelizable,
then any classifying map tx : X — &, , of T'(X) is homotopic to a constant
map as well as any stable classifying map sx : X — &pq1p041. If X is
parallelizable and dim X = n > 0, certainly it satisfies the hypothesis of
Lemma 16.4, hence [X] = 0 € 7,,. We can strengthen this result.
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PROPOSITION 16.6. Let X be a parallelizable and oriented compact bound-
aryless n-manifold, n > 0. Then [X] =0 € Q,.

Proof : It is enough to prove the statement when X is connected. We
will use and refine the proof of Lemma 16.4. If dim X = n is even, we can
apply such a proof starting from a homotopy F : X x [0,1] = i1 nt1
between sx and a constant map. Clearly X x [0, 1] is orientable. At the
end of the proof, we may assume that both P?(R) and P* "(R) are odd-
dimensional, hence they are both orientable. We conclude using the oriented
version of the transversality theorems.

If dim X = n is odd, we modify the construction as follows: we consider

Y=XxX

endowed with the involution o(x,y) = (y,z). The fixed point set consists
of the diagonal Ax which is naturally identified with X itself. A tubular
neighbourhood U of Ax can be identified with the unitary disk bundle of
T(X), hence with the product X x D™. By removing the interior of U from
Y, we get a compact 2n-manifold W with boundary OW = X x S"~ L o
restricts to a fixed point free involution on W, and it can be identified with
the fibrewise antipodal map on W, that is the trivial unitary sphere bundle
of T(X). Then the proof runs similarly to the one of Lemma 16.4. In the
end, we can assume that both P*(R) and P4 "*!(R) are orientable and
conclude again by oriented transversality.

[

16.5. On -characteristic numbers

Via the forgetting projection Q* — n®, every stable n-characteristic num-
ber lifts to a stable 2-characteristic number, with the obvious meaning of
the term.

If the manifold X is oriented we can consider also the complexification
T (X) of the tangent bundle: every real vector bundle £ can be complexified
to &c via the inclusion R C C, so that every real cocycle defining & can be
considered as a cocycle defining £¢. Then T (X) corresponds to a classifying
map

tX,(C X — ®m,n((c) .

We can repeat almost verbatim the above definition of stable characteristic
numbers in the complexified setting. This gives rise to further stable €2-
characteristic numbers with values in Z instead of Z/27Z. We call generically
stable Q) -characteristic numbers any one belonging to the union of such two
families. One would wonder that an 2-analogous of Theorem 16.3 holds as
well in terms of these {2-characteristic numbers; unfortunately, the situation
is more complicated. The classical treatment of the stable characteristic
numbers (see [MS], [BT]) is developed using the singular cohomology ring
of real or complex Grassmannians with Z/2Z or Z coefficients (instead of
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cobordism). They are called Stiefel-Whitney and Pontryagin numbers, re-
spectively. All this is part of the theory of Stiefel-Whitney or Pontryagin
classes of vector bundles, which we do not develop in this text. Above, we
have just ‘lifted’ some facts of this theory in terms of the cobordism rings
that we have introduced from scratch. In the case of n, “to lift” is a quite
appropriate term because, by the considerations in the introduction of the
chapter, we can prove that, for every compact boundaryless n-manifold X,
there is a ring epimorphism from the n-cobordism to the Z/27Z-cohomology
of X. Hence, stable n-characteristic numbers and SW-numbers essentially
are the same thing. Incidentally, using the properties of the SW classes, one
can prove that x(9) is a stable characteristic number.

In the oriented case, the {)-characteristic numbers do not recover all
Pontryagin numbers. We cannot avoid cohomology in the oriented setting.
By using Stiefel-Whitney and Pontryagin numbers, we have the following
oriented version of Theorem 16.3. The proof [Wall] is quite complicated.
Parallelizable manifolds as in Proposition 16.6 represent the basic instance
for this theorem.

THEOREM 16.7. Let X be a compact oriented boundaryless n-manifold.
Then [X] =0 € Q,, if and only if all Stiefel-Whitney and Pontryagin num-
bers of X wanish.






CHAPTER 17

The Pontryagin-Thom construction

The original Pontryagin construction was invented to rephrase the ho-
motopy groups of spheres in terms of a certain, more geometric bordism
theory, presumably more accessible at that time (about 1938). Viceversa,
later Thom’s extension of Pontryagin construction was mainly intended as
a way to rephrase the bordism ring n* (or °) in terms of the homotopy
groups of certain so-called Thom’s spaces, more accessible at that time after
the impressive progress in homotopy theory since Serre’s Thesis ( [Se] about
1954).

Let us start by describing the Pontryagin construction (see the later ex-
position in [Pont] and also [M1], [DNF] Chapter 5 of the second part). We
are primarily interested here in the determination of the homotopy groups

7"'m(Snap>

for m,n > 1. We know that we can manage with them in a purely differential
topological way. We know that

(St p) ~ Z, 7 (S, p) =1 for m > 1,

Tm(S™,p)=1forn>2, 1<m<n.

Hence we will assume that m > n > 1. In such a case, m,,(S™, p) is Abelian,
the base point is immaterial and the group can be identified with [S™, S™],
the set of smooth homotopy classes of maps f : S™ — S™. Moreover, it
is convenient to extend the discussion to [M, S™] where M is any compact,
connected boundaryless smooth m-manifold, m >n > 1.

17.1. Embedded and framed bordism

In Chapter 13, we have already encountered instances of embedded bor-
dism within a given manifold. Let us state it in general.

DEFINITION 17.1. Let M be a compact connected boundaryless m-

manifold. Let 0 < k < m. Given compact boundaryless smooth k-submanifolds

Vo, Vi of M, we say that Vj is bordant with Vi within M (and we write
Vo ~par Vi) if there is a smooth triad (W, Vp, V1), properly embedded in
M x [ag,a1], for some ag < aq, such that for j = 0,1,

OW N (M x {aj}) =V .

271
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“ )

The relation “~jp3” is an equivalence relation on the set of compact
boundaryless k-submanifolds of M: every such a V is in relation with itself
because the cylinder V' X [ag, a1] properly embeds in M X [ag, a1]; the relation
is obviously symmetric; as for the transitivity, up to isotopy we can normalize
the proper embeddings of the triads (W, Vp, V1) in such a way that they are
locally cylinder-like near the boundary. Given properly embedded triads
(W, Vo, Vi) in M X [ag, a1] and (W', V{, V{) in M x [af), a}], such that V; = V],
then we can construct (W”,Vp, V{) in M x [ag, a1 +a) — ap) just by stacking
M x [ag,a)] over M X [ag, a1].

We denote by

b
i (M)
the quotient set.

By restriction to oriented k-submanifolds of M, we can get an oriented
version of the above definition leading to a quotient set

b
Note that we are not assuming here that M is oriented.
Let M be as above.

DEFINITION 17.2. A compact boundaryless k-submanifold V' C M is
framed if it is endowed with a framing. This last is of the form

f: (Sla"'asm—k‘) )
where

(1) Every s; is a nowhere vanishing section of the bundle i{,T'(M),
AT VM

being the inclusion;

(2) For every z € V, the vectors s1(x), ..., Sm_i(x) are linearly inde-
pendent in T, M;

(3) For every x € V, T, M =T,V @ F,, where

F, := Span{s1(z),...,sm—k(x)} .

Hence z — F, defines a smooth field of transverse (m — k)-planes along
V' tangent to M and the framing provides a global trivialization of the
associated normal bundle F', so that

iy T(M) ~T(VYOF ~T(V)® ™",

thereby providing a global trivialization of every tubular neighbourhood of
V in M constructed using such a field. This means, in particular, that a
necessary (and sufficient) condition so that V' admits a framing is that it
has globally trivializable tubular neighbourhoods in M.

We are going to specialize and enhance the embedded bordism to framed
submanifolds. First, let us extend the definition of framing to properly
embedded triads. Let (W, Vp, V1) be a properly embedded (k + 1)-triad in
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M x lag, a1]; from now on we will assume by default that the embedding is
normalized (i.e. cylinder-like near the boundary as above). A framing of
the triad in M x [ag, a1] is of the form

f: (Sla"'asm—k‘) )

where these are point-wise linearly independent sections of the bundle
la/T(M X [ao,al]) .

They induce a smooth field of transverse (m — k)-planes along W tangent

to M x [ag,a1], and we require furthermore that the restriction of f to the
boundary defines a framing of V; in M, j =0, 1.

DEFINITION 17.3. Let (Vp,fo) and (V4,f1) be framed k-submanifolds of
M. We say that (Vp,fo) is framed bordant with (Vi,f1) within M , and we
write

(‘/07 fO) ~fb (VYD fl)
if there is a properly embedded framed triad ((W,Vp, V1), fw) in some M x
[ag, a1] such that the restriction of the framing fy to the boundary coincides
with the union of the framings fy and f;.

As above, we check that this defines an equivalence relation on the set
of framed k-submanifolds of M, and we denote by

f
i (M)
the quotient set.

REMARK 17.4. If M is oriented, then every framed submanifold (V/§) is
naturally oriented itself using the orientation procedure stated in Theorem
8.2 (every T,V is endowed with the orientation such that when followed
by the orientation of F, determined by f(x) it recovers the orientation of
T, M). Similarly any framed triad ((W, Vh, Vi), fw) properly embedded in
some M X [ag,a;] dominates an embedded oriented bordism of Vy with Vj.
Hence, if M is oriented, we can write 3 (M) instead of ny (M).

17.2. The Pontryagin map

Let us keep the above setting. We establish the following procedure.

e Fix zg € S". For every a € [M,S"], thanks to transversality take
f: M — S™ belonging to o and such that f h {z¢}.

o V := f1(xg) is submanifold of M of dimension dimV = k := m —
n. Fix a positive basis B of T,;,S™ (as usual, the unitary sphere is the
oriented boundary of the unit disk D"! of R"*! endowed with the standard
orientation). For every x € V, set

i(x) = (duf)~'(B) ;
by the very definition of transversality, this defines a framing f of V in M.
Hence we have constructed a framed k-submanifold (V) of M. We denote
by [V, §] its class in nf (M).
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PROPOSITION 17.5. Let M be a connected boundaryless compact smooth
m-manifold M, m > n, k =m —n. Let us associate to every o € [M,S™] a
class p(a) = [V,f] € n{ (M) by means of an arbitrary implementation of the
procedure stated above. Then this well defines the Pontryagin map

p[M, 8" = 0 (M) .

Proof : Every implementation of the procedure involves a few arbitrary
choices. We have to check that they are immaterial with respect to the
framed bordism class of the resulting framed manifold (V,§). Given a €
[M,S™], let us assume first that two implementations just differ by the
choice of the maps fy and f1 in « and transverse to xg € S™. By the basic
transversality theorems, we can assume that a homotopy F' : M x [0, 1] — S™
which connects fy to fi is also transverse to xg € S™; hence W = F~1(x()
endowed with the framing x — (d,F)~!(B) gives rise to a framed cobordism
between (Vp, fo) and (V4,f1) constructed by means of fy and f; respectively.
Assume now that the two implementations just differ by the choice of the
positive bases By and B; of T,,S™. Then the resulting framed manifolds
(V,fo) and (V,f1) just differ by the framing. As GL*(n,R) is connected,
there is a smooth path B, ¢t € [0,1], of such bases connecting By and Bj.
Clearly this gives rise to a 1-family of framed manifolds of the form (V,f;),
and eventually to a framing of V' x [0, 1] properly embedded in M x [0, 1]
which realizes a framed bordism between (V,fo) and (V,f;1). Finally, let
us assume that we deal with two different points zg,z; € S™. By the
homogeneity of S™, there is a diffeotopy h¢, t € [0,1], of S™ such that
ho = Idgn, hi(xg) = 1. Given fy € a, fo h {xo}, clearly also f1 := hy o f
belongs to a and fi M {x1}. Thanks to the above results, it is enough to
show that the framed manifold (Vp,fy) constructed by using zg, B, fo and
the framed manifold (V7,f1) constructed by means of x1, By := dy,h1(B), fi
belong to the same framed cobordism class. This is easy to achieve by using
the 1-parameter family of framed manifolds (V;, f;) constructed by means of
xy = hy(x0), By := dyyhe(B), fi := fo o hy. The proposition is proved.

[

We can state the main result about this Pontryagin construction.

THEOREM 17.6. Let M be a compact, connected and boundaryless smooth
m-manifold, m >n > 1, k =m —n. Then the Pontryagin map

P [M, 5" =l (M)
1s bijective.
REMARK 17.7. Following Remark 17.4, if M is oriented then the Pon-

tryagin map takes values in Q7 (M) and is bijective.

Before giving a proof, let us state immediately an interesting corollary,
earlier due to Hopf.

COROLLARY 17.8. Assume that dim M = dim S™ > 1.
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1) If M is oriented, then fo, f1 : M — S™ are homotopic to each other
if and only if
degy(fo) = degz(f1) -
2) If M is nonorientable, then fo, f1 : M — S™ are homotopic to each
other if and only if
degy /o7,(fo) = degz az(f1) -

Proof : As M and the sphere have the same dimension, the respective
framed manifolds (Vp, fo) and (V4, f1) constructed by means of fy or f; consist
of a finite number of (possibly oriented) points. It follows from the very
definition of degp, R = Z,7 /27, that they are framed bordant (possibly in
the oriented setting) if and only if the two maps have the same degree. The
result follows by Theorem 17.6.

[

COROLLARY 17.9. If M is oriented, the map degy : [M,S™] — Z is
bijective.

Proof : We already remarked in Section 12.5 that it is surjective. By
the above corollary, it is also injective.
|
Proof of Theorem 17.6: Let us show first that the Pontryagin map is
surjective. Let (V,f) be a framed k-submanifold of M. It is enough to
prove that there is a map f : M — S™ such that [(V, )] is produced by some
implementation of the procedure used to define the Pontryagin map, starting
from the map f. As usual, let us decompose the sphere as S = DT U D™,
such that D¥ N D~ = S"!. By the stereographic projection from the
northern pole, we can identify D~ with the unit disk D"; take zg = 0 €
D™ C S". By using the framing f, we can define a global trivialization

7:VxD"=U

of a tubular neighbourhood of V in M, such that the restriction of 7 to
V x {0} is the identity. Then we can define the map

f: U— D", f(u) =gor !,
7 being the projection V' x D™ — D". By construction,
° jirh {0}.
o [THO)=V.
e Up to framed bordism (use again that GL*(n,R) is connected), the

framing f can be recovered by the usual construction applied to 0,

f and a basis B of TopD™.

By using a collar of U in M and a collar bump function, it is not hard
to extend f to a smooth map

f:M—=8"
such that
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o f=FfonU;

e The map f sends the complement of U in Dt and is constantly
equal to the northern pole of S”, say oo, on the complement of a
slightly bigger tubular neighbourhood of V' in M;

. F710) = F1(0) = V.

By construction, the map f has the desired property. So we have proved
that the Pontryagin map is surjective.

Let us prove now that it is injective. Let us say that amap f: M — S™is
in standard form if it has the qualitative properties of the map f constructed
above to prove the surjectivity. Let us prove first the result for the homotopy
classes that admit representatives in standard form.

LEMMA 17.10. Assume that fo, f1 : M — S™ are in standard form, let ag
and a1 be the respective homotopy classes, and assume that p(ag) = p(aq).
Then oy = .

Proof : Let (Vo,fo) and (V1,f1) be framed manifolds obtained by imple-
menting the procedure with respect to 0, B and fy or fi. By hypothesis
there is a properly embedded framed triad ((W,Vp, V1), fw) in M x [0, 1]
which realizes a framed bordism between them. Let us apply to the triad
the construction used above to define f . This produces a suitable map

F: Uy — D",
where Uy is a properly embedded relative tubular neighbourhood of W in
M % [0,1] which restricts to tubular neighbourhoods U; of V; in M, j =0, 1.
As we have extended above f to f : M — S" (in normal form), we can
extend F to
F:Mx]0,1] — 8"

in relative normal form with respect to Uys. As fy and fi; are themselves
in normal form by hypothesis, up to diffeotopy we can assume that the
restriction of F' to the boundary recovers the given maps fy and fi. Then
F establishes a required homotopy between them.

|

To achieve the proof of the main theorem, it is enough to prove that the
assumptions in the above lemma are not restrictive. Let g : M — S™. It is
not restrictive to assume that g h 0. Let (V,§) be obtained by implementing
the usual procedure using 0, B and g. Let f: M — S™ be a map in normal
form obtained from (V,f) as in the proof of surjectivity. Up to diffeotopy,
we can assume that the tubular neighbourhood U of V' which supports f
coincides with ¢g71(D™) and that eventually g and f coincide on U. Both f
and g send the complement of U in D' which retracts to oo. Using these
facts, it is an exercise to show that f and g are homotopic. This completes
the proof of the main Theorem 17.6.

|
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17.3. Characterization of combable manifolds

Recall that a manifold is combable if it carries a nowhere vanishing tan-
gent vector field. We are now able to characterize this property.

THEOREM 17.11. Let M be a compact connected boundaryless smooth
manifold. Then M is combable if and only if x(M) = 0. In particular, if
m = dim M 1is odd, then M is combable.

Proof : We already know that x(M) = 0 is a necessary condition. Let
us prove the other implication. Let v be any tangent vector field on M with
isolated zeros. By using the homogeneity of M, up to a diffeotopy we can
assume that there is a chart ¢ : W — R™ such that the zeros z1,..., g
of v are contained in W and their images are contained in the unitary disk
D™ c R™. For simplicity, let us keep the name v for its expression in such
local coordinates, and x; for the images of the zero sets in D™. We can
fix an auxiliary Riemannian metric g on M, which restricts as the standard
FEuclidean metric gg on a neighbourhood of D™. Fix a system of small
pairwise disjoint disks D; C D™, centred at the z;, j = 1,...,k. The
field v := v/||v||4 is well defined on M \ U;Int(D;) and homotopic to the
restriction of v. The restriction of o to D™ \ U;Int(D;) defines a map

p: D™\ U;Int(D;) — S™1

Assume first that M is oriented. By the bordism invariance of the degree,
we have
degz(pjopm) =Y _ degz(pop,)
J

and the second term is equal to x(M) = 0. By Corollary 17.8, pjgpm is
homotopically trivial, hence can be extended to a map p : D™ — S™1,
By matching this last map with the restriction of © to M \ Int(D™), we
eventually get a nowhere vanishing vector field on M. If M is not orientable,
arguing similarly to the proof of Proposition 7.8, we can assume that the
local picture at D™ agrees with the one in the oriented case and we can
conclude as well.

|

The above result extends to triads with very similar proof.

PROPOSITION 17.12. A smooth triad (W, Vy, V1) carries a nowhere van-
ishing triad tangent vector field if and only if the relative characteristic

xX(W, Vo) = 0.
17.4. On (stable) homotopy groups of spheres

In accordance with the basic motivation of the Pontryagin construction,
let us manage with

T (S™) ~ [S™, 8] ~ O, (S™)
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for m > n > 1, in terms of framed bordism. The first step is to transport on
Q7 . (S™) the group operation of m,,(S™). Recall that the operation of the
ordinary bordism modules is induced by the disjoint union of representatives;
moreover, disjoint union and connected sum belong to the same bordism
class. This implies that every ordinary bordism class can be represented by
connected manifolds. The operation of the framed bordism of the spheres is
an embedded version of the disjoint union, again with the help of connected
sum. Let (Vi,f1) and (Va,f2) be oriented framed (m — n)-submanifolds of
S™: then the operation on 7, (S™) is defined by

Vi, 1] + [Va, fol = [(Va, 1) T (Va, f2)]

where we assume at first that the given framed manifolds are embedded in
two disjoint copies of S™, and the disjoint union (Vi, f1) I (Va, f2) means the
framed submanifold of

S™ = SmHS™
understanding that the connected sum is performed at disks which are re-
spectively disjoint from the two given framed submanifolds. It is not hard

to verify that this operation is well defined and recovers (via the Pontryagin
map) the usual operation of the homotopy group m,,(S™).

REMARK 17.13. In the ordinary setting, we have noticed that every
class has connected representatives. Through embedded connected sums
performed by attaching embedded 1-handles, we can obtain that also every
class in Qf (S™), k > 0, has a representative [V,f] with connected V. This
is eagy if we forget the framing, but more complicated taking it into account
(see [Pont] or [DNF] second part, Chapter 5, Section 23).

PROPOSITION 17.14. For every m > 2, deg : 7, (S™) — Z is an iso-
morphism of Z-modules, and [S™,idgm]| is a generator of mp, (S™).

The same result was already known for m = 1.

17.4.1. The J-homomorphism. For every m,n > 1, there is an im-
portant homomorphism (earlier defined by Whitehead)
J T (SO(n)) = mpman(S™)
which can be naturally expressed in terms of

J 1 (SO(n)) — Q2 (8™ .

In fact, by taking the usual equatorial embedding S™ C S™T" every a €
a € mp(SO(n)) can be considered as a framing f, of S™ in S™*"; hence
J(a) = [S™, fq] is well defined.
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17.4.2. Freudenthal’s homomorphism, stable homotopy groups.
Let S™ c S™*! be the usual equatorial embedding. Set m = k 4 n, so that
m+1=k+ (n+1). If (V,f) is an oriented framed k-submanifold of 5™,
then we can consider the framed k-submanifold of S™*1, (V,sf), where the
framing sf is obtained by completing f with the unitary normal vectors along
S™ which point toward the northern pole of ™1, It is an easy consequence
of the definition of the operation, that this induces a Z-modules homomor-
phism

5 QL (S™) = Qf (S
that is, via the Pontryagin map, a homomorphism
5 k(S = Tpgran(S™T)

called Freudenthal suspension homomorphism. Using the same “general
position argument” employed for the weak Whitney embedding theorem
(Corollary 6.29), we have:

PROPOSITION 17.15. For every k > 1,
1) If n > k+1 then

5 Tpgk(S™) = Tna14k(S™)

1S surjective;

2) If n > k+2 then
S 7Tn+k-<Sn) — 7rn+1+k(sn+1>

18 an isomorphism.

We say that, for every k& > 0, the homotopy groups m,1x(S™) stabilize
for n > k + 2, being all isomorphic to the (by definition) stable homotopy
group denoted by 77°.

By keeping the above notations, it is convenient to organize the groups

Tk (S™) ~ QF (")

as being indexed by the couples of integers (k,n), k > 0, n > 2, endowed
with the lexicographic order. So for every k, by increasing n we encounter
a few groups in the “unstable regime”, until we reach

ﬂ_go ~ 71’2+2k(5k+2) ~ Q{(S2+2k) )

17.4.3. Homotopy groups of spheres for small k. The descriptor
“small” here will mean k < 3. Pontryagin himself succeeded to compute the
cases k < 2. We will give some information about these cases. Certain key
constructions will be described with some details, but we will omit many
verifications, especially when k£ = 2. Our presentation is similar to the one
in Chapter 5 of the second part of [DNF]. The reader could try to fill the
missed facts or refer to the exposition [Pont] which contains detailed proofs.
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(k = 0) In agreement with Proposition 17.14, the situation stabilizes
immediately:
T ~ ma(SH) ~Z .
(k =1) The group in the unstable regime is
m3(5%) ~ Qf (%)
while
T ~ QF (5%) ~ m(S?) .
Let us analyze the first one. Every finite family of embedded r smooth circles
in S3 can be transformed into the boundary of r pairwise disjoint embed-
ded smooth 2-disks by means of a generic homotopy which is an embedding
for every t € [0,1], except for a finite number of ¢ at which two branches
of two circles (possibly the same one) cross each other with distinct tan-
gents. Such a generic homotopy induces an embedded framed bordism. So
Qf (83) is generated by classes of the form [S!, f], where S* is the standard
S c 82 c 83 via equatorial embeddings; such representatives only differ
by the framings. We can take as reference framing fy, the one having as
first component a transverse field along a collar of S' in the standard 2-disk

Dt c S%. In fact, [S',fo] corresponds to 1 € 73(S?). In this way every
framing is of the form f = hsfo for a map

hi: S' = SO(2) .

As SO(2) ~ S, the class aj of hy belongs to Z ~ 71 (SO(2)). We claim that
(ST 1] = [S1, 2] € QF (93) if and only if o, = ayj,. In fact, if f: 53 — 52
corresponds to (S, ) via the Pontryagin construction, then we realize that
aj coincides with the linking number of two generic fibres of f over two
distinct regular values (this is called the Hopf number of f). By the above
consideration we have a well defined and surjective map

m3(S%) = Qf (S*) ~Z ;
using the interpretation of the linking number as the degree of the map
defined at the end of Section 12.5 and the bordism invariance of the degree,
we check directly that the above map is also injective. Eventually we have
that
m3(S%) ~ QF (S3) ~ 7 .
We can also exhibit a very interesting geometric generator. This is the so-
called Hopf map: let S be realized as the unitary sphere in C? and recall
that
P}(C) ~ §*
the Riemann sphere. Then the mentioned map is
h:S%— 52

given by the restriction of the natural projection C?\ {0} — P*(C). We can
see that b is a fibre bundle map with fibre S'; the union of two distinct fibres
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is the so-called (oriented) Hopf link formed by two simply linked unknotted
knots in S with linking number equal to 1.

With similar and easier considerations (now every embedding of S! is
“standard” by dimensional reasons), we see that Qf (S*) is generated by
classes of the form [S',f], and every framing induces a classifying map
a; € m1(50(3)); we know that SO(3) ~ P3(R) (see Example 4.8), so that
m1(SO(3)) ~ Z/2Z, and eventually

7 ~ (81 ~ 1y (S%) ~ 227
Again we can exhibit geometric generators. We have
"2 m3(8?%) = w1 (ST

then

s"72([b]) = [ba
for a suitable “suspended Hopf map”

b : ST — gn
eventually generates m,41(S™) for n > 3.

(k = 2) We have 74(S?) and 75(S%) in the unstable range, while 75° ~
76(S4). It turns out that they are all isomorphic to Z/2Z. Again we can
exhibit geometric generators. In fact, the class of the map

gi=hobs: 5 =5
generates m4(S?), while
s"2((g]) = [n]
generates mp42(S™) for n > 2.

This is subtler to establish than the case k = 1. It is achieved via the
following steps.

(a) The map

m4(S%) = ma(S?), [a: S* = S = [hoq]
is an isomorphism. Assuming it, m4(S?) ~ m4(S®) ~ Z/2Z by the case
k=1.

(b) One constructs geometrically an explicit isomorphism

§:me(Sh) = 72/27 .
This determines the stable group m5°.

(c) One shows that
5 my(S?) — m5(S°)
is surjective.
Assuming (a), (b) and (c), and recalling that s : m5(S®) — m6(S?) is
surjective by Proposition 17.15, it follows that also 75(S3%) ~ Z/2Z.

We limit to outline a proof of steps (a) and (b). Step (b) is where the
Pontryagin construction is applied. Step (a) follows from some general facts
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in homotopy theory. Even omitting several verifications, we believe that
some key ideas are rather transparent.

(a) A fundamental tool in homotopy theory is the so-called homotopy
long exact sequence of a fibre bundle (see for instance [Hul, [Hatch]). We
apply it to the Hopf fibration b : S3 — S? with fibre S'; extract from the
exact sequence the strings

e = (SY) = (S3) = T (S?) = 1 (ST = ..

where the middle homomorphism is b, induced by h. As m,,(S1) = 1 for
m > 2, we get that for n > 3,

T (S%) ~ 1 (5?) ;
in particular,
74(S%) ~ m4(S?)
as desired. Note that this also proves again that m(S3) = m(5?) ~ Z.

(b) This is the most interesting step. To construct the isomorphism §
we will use several facts about surfaces discussed in Chapter 15. Let (V)
be a framed surface in S°, representing a class in 3 (S%). We can assume
that V' is connected (recall Remark 17.13), then it is orientable of a certain
genus g > 0. By dimensional reasons, up to diffeotopy V is embedded in a
standard way in S% C S%. So only the framing contribution is relevant. Let
C be a compact oriented smooth circle on V. The restriction of the framing
f=(s1,...,84) to C' can be completed by adding s5, that is a normal field
along C' tangent to V' which, together with an oriented field tangent to C,
gives the orientation of T,V at every « € C. In this way we have constructed
a framed circle (C, f¢) representing an element of Q7 (S®) ~ Z/2Z. Hence we
can associate to (C,f¢) the corresponding value ¢(C) = ¢([C, fc|) € Z/2Z.
Such a value does not depend on the orientation of C. If L = II;Cj is a
disjoint union of smooth circles on V, set

o)=Y a(Cy) e 2/22..
J
LEMMA 17.16. The map
qvy m(V) = Z/2Z, quy(a)=q(C),
provided that C' is any smooth circle on V' which represents «, is a well

defined quadratic enhancement of (n1(V),e)

To prove the lemma, one verifies that the function ¢ defined so far sat-
isfies the conditions stated at the end of Chapter 15.

We can associate to (V,f), the Arf invariant Arf(qyj)) € Z/27Z.

ProprosITION 17.17.
0: QQI(SG) — Z/2Z, 6(a) = Arf(qeyy)
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is a well defined isomorphism, provided that (V,f) represents o and V is
connected.

Thus QJ (S%) is isomorphic to the Witt group WqH(Z/ 2Z) and realizes
in a geometric way the formal nontrivial enhancement of {22 = 0 mentioned
in Section 15.6. The group Q3 (S%) is generated by a framed torus S x S*
embedded in the standard way in S® C S%, such that the framing realizes
H!. Let us outline now the key step in the proof of Proposition 17.17.
Let (V,f) be as above. Let C' be smooth circle traced on V, and assume
that q([C,fc]) = 0. Abstractly, we can attach a 2-handle to V x [0, 1]
at V' x {1} in such a way that the embedded attaching tube is a tubular
neighbourhood of C'in V. In this way, we have constructed a triad (W, V, V")
such that g(V') = g(V) — 1. By easy dimensional reasons, we can extend
the embedding V C S% to a proper embedding of the triad (W,V,V’) in
S6 x [0,1]. Then we realize that the condition ¢([C,§c]) = 0 is sufficient
(and necessary) so that this can be enhanced to a framed bordism between
(V,f) and (V',§') for some framing . Moreover, Arf(qeys)) = Arf(qu ).
If g(V) > 2, then there exists C such that ¢([C,fc]) = 0. Repeatedly
applying the above argument, we eventually reach either a framed sphere
which represents the null class or a generating framed torus.

(k = 3) This remarkably more complicated case was settled (using the
Pontryagin construction) by Rohlin in a series of four papers in 1951-52 of
great historical importance, mostly for the relation with the theory of 4-
manifolds. We refer to [GM] for the translation (in french) of these papers
and deep commentaries. Here, we limit to state the final results. We will
come back to it in Chapter 20, Section 20.6.

There is a quaternionic version of the Hopf map (recall Example 4.8)

bH:S7—>S4

obtained in the following way. Let us identify R* with H?, with quaternionic
coordinates (qo, g1). The unitary sphere S” is defined by the equation |qo|?+
|g1|> = 1. The group of unitary quaternion (|¢| = 1) SU(2) acts on S7 by
left multiplication. The quotient space is diffeomorphic to S*, and pH is
just the quotient projection. It is a fibre bundle map with fibre S3. Then
we have the following.

o 16(S3) ~ Z/12Z;
o 17(8%) ~ 7Z x 7/127Z, where the first free factor is generated by [HH],
the finite factor is generated by the suspension of a generator of 7g(S?);

o T13(S™) ~ Z/247, and is generated by s"~2([hH]), for every n > 5.

This geometric way of dealing with the homotopy groups of spheres has
been worked out only for k& < 3. Presumably, the difficulty would increase
too much with k. On the other hand, especially from the viewpoint of low-
dimensional differential topology, the main interest of such a direct method
consists of the method itself. Since Serre’s thesis ([Se]), powerful tools
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(including the use of so-called spectral sequences) have been developed in
homotopy theory; being interested only in the final result, the above cases
k < 3 become first “trivial” applications of these potent methods. Moreover,
we can get some general structural information; for example, we have the
following Serre’s result.

PROPOSITION 17.18. For every k > 0 and n > 1, the homotopy group
Ttk (S™) is finite with the following exceptions:

o k=0, as m,(S") ~ Z;

e k=2h—1,n=2h, h >0, where 1,1 x(S") ~Z @ F, F being a finite
group.

[

Nevertheless, in spite of such powerful tools, the groups m,4%(S™) (even

the stable groups 7;°) are largely unknown; their behaviour for increasing
k is quite irregular (see [To]).

17.5. Thom’s spaces

Here the purpose is to reduce the determination of the bordism Z/27Z-
vector spaces 1 to the homotopy groups of certain so-called Thom’s spaces,
TZ. Having the Pontryagin construction as an ideal model, S™ would be the
“Thom space” for the framed bordism Qf (S™tk).

To reach a setting closer to the Pontryagin construction, let us recover
first the “absolute” bordism in the embedded one into spheres. For every
sphere S™, m > k, consider the sets n;;mb(sm) defined in Section 17.1.
Employing the embedded disjoint union already used above to define the
operation on Qf (S™), we can endow n{™?(S™) with a Z/2Z-vector space
structure, so that the natural map obtained by forgetting the embedding is
a Z/2Z-linear map:

Grom 17" (S™) =
Via the usual equatorial embedding S™ C S™*!, we get linear maps

Sk + TEH(S™) > (ST

By means of general position considerations as in the weak Whitney embed-
ding theorem, and dealing also with proper embeddings in S™ x [0, 1], we
easily have the following.

LEMMA 17.19. 1) If m > 2k + 1, then ¢y, is surjective;
2) If m > 2k+2, then ¢p , is a isomorphism; moreover ¢ m = Gk m+1 0
Skm-

From now on, we stipulate that, for every k > 0, we will take m > 2k +2
and set h =m — k.
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Let M be an (r+ h)-manifold which is the interior of a (possibly bound-
aryless) compact smooth manifold with boundary; let Y C M be a bound-
aryless compact r-submanifold. The following facts are now well-known.

If f : S™ — M s transverse to Y, then Vy = f~1(Y) is a compact
boundaryless k-submanifold of S™; if fo and fi are homotopic and both
transverse to Y, then [Vy,] = [Vy,] € ng™(S™). Then, using the transver-
sality theorems, we well define the map

(5™, M] = n™ (™), a=[f: 8™ = M] = [f~1(Y)]

provided that f is any representative of « transverse to Y. Recall that in
our situation
[S™, M| ~ (M) .

This would suggest looking for such a pair (M,Y") (if any) such that the
map defined so far is bijective. The pair (S™, {x¢}) has played this role for
the framed bordism Q] (S"F).

With this perspective in mind, let us recall a construction already em-
ployed in Section 6.6. For every (k,m) as above, h = m — k, take the
tautological vector bundle

T V<®m,h) — Q5m,h R

the Grassmannian &,, j, being identified with the zero section of this bundle.
As usual, present the sphere as S™ = R™ U oco. Up to diffeotopy, every
compact boundaryless k-submanifold V' of S™ misses oo; that is, V C R™ C
S™. Let
vV = G, v(z) = (T,V)*

be the orthogonal distribution of h-planes along V with respect to a Rie-
mannian metric on R™, for instance the standard one gg. We can use v
to build a tubular neighbourhood p : U — V of V in R™ and this can be
incorporated into a commutative diagram of maps

U L V(@)

Ip Ir

Vi 5 G

where the image of f is contained in a tubular neighbourhood of the zero sec-
tion in V(B,,. 1), f is a fibred map, it is transverse to &,, 5, and f‘l(QSm,h) =
V. It would be tempting to take (M,Y) = (V(Snp), & 1), but we imme-
diately realize that there is no reason to believe that f can be extended to
the whole of S™. The situation is very similar to the step in the proof of
the surjectivity of the Pontryagin map, when we have constructed the map
also called f : U — R", where (R™,{0}) played the role of (V(Sm.1), Bm.n)-
The key fact to extend that map f to a map f : S™ — S™ was that the
complement of the image of f retracts to the northern pole of S™; note
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that S™ = R™ U co can be considered as the one-point compactification of
R™. This suggests a very simple way to compactify V(®,, ) and make the
extension of the present map f possible. Set

Tnm,h = V(ﬁm,h) U oo ;

that is, the one-point compactification. This space has some remarkable
features:

e It is no longer a manifold; however, the only non-manifold point is
just the added point at infinity;

e This point co has a fundamental system of conical neighbourhoods
centred at it and with base diffeomorphic to the total space of the
unitary bundle of the tautological bundle T;

e The one-point compactification (which is isomorphic to the sphere
Sh) of every fibre of 7 is embedded in T, n, which can be considered
as the wedge of such infinite family of h-spheres, based at oc;

. T?n,h \ 8,1, retracts to oo.

Although it is not a manifold, T"m,n is a rather tame path connected
compact space; in particular, it has the structure of a finite CW complex
whose homotopy groups lend themselves to being treated by the powerful
tools mentioned above.

Arguing similarly to the Pontryagin construction, we can extend the
above map

f:U = V(Bmp)
to a map

f:8m— TZz,h
such that the complement of U is mapped in the complement of the image
of U in sz n» J is constantly equal to oo on the complement of a slightly

bigger tubular neighbourhood U’ of V in S™, and f is smooth on U’. Let
us say that a map sharing these properties of f is in standard form.

LEMMA 17.20. Every o € [S™, T 1 has representatives in standard
form.

Proof : Let a =[g : S™ — T;?n,h]’ Up to a first homotopy we can assume
that g is smooth on D~ C S™ (as usual D~ ~ D™), g1 (c0) N D~ = () and
gip- 1s transverse to &, . Then we can construct f : 5™ — T?n,h in
normal form, which coincides with g on the tubular neighbourhood U of
V = g_l((’im,h) involved in the construction of f , and therefore of f itself.
Set A= g(U) = f(U). As T} , \ A is contractible to oo, we can conclude
that g and f are homotopic.

[

We summarize the above discussion in the following main result of the
present section. Thanks to Lemma 17.20, the proof runs parallel to the one
of Theorem 17.6; details are omitted.
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THEOREM 17.21. For every k >0, m > 2k + 2, h=m — k, the map
tn 2 [S7 T ] = mE™(S™), tmn(@) = [f 7 (Smn)]

provided that f : S™ — T . is any representative in normal form of a, is
well defined and eventually establishes group isomorphisms

T (Tt ) ~ 1" (S™) ~ i
Every such a Tzl ;, is called a Thom spaces for 7. Sometimes, we prefer

to write them as T} .y the homotopy groups T (T} ) Stabilize when
h>k+2.

17.5.1. On Thom’s spaces for Q. First, we identify Q with Q§m(S™),
m > 2k+2. Then we replace the tautological bundle 7 with the tautological
bundle of the Grassmannian of oriented h-planes in R (see Chapter 4)
FV(Gmn) = G
The fibres of this bundle are tautologically oriented. Set T% 5, as the one-

point compactification of V(&,, ). For every [V] € Q;(S™), in a very similar
way as above, we can construct

f U — V(émﬁ)
which extends to a map in standard form
frS™ =T,

The given orientation of V' coincides with the one obtained by the usual
rule, already employed in the Pontryagin construction.

THEOREM 17.22. For every k >0, m > 2k + 2, h =m — k, the map
b [S7 T ] = QF(S™), tn(@) = [f 1 ()]
provided that f : S™ — T% 5 s any representative in normal form of «, is
well defined and eventually establishes group isomorphisms

T (Ton ) ~ QET(S™) ~

Every such a T%,h = T% o 18 called a Thom spaces for €;; again, the
homotopy groups mgyp, (Ti2 +h’h) stabilize when h > k + 2.

17.5.2. On the determination of 7,. The homotopy groups m,, (T}, ,)
look qualitatively simpler than those of spheres; for example, we know that
they are Z/2Z-vector spaces. They can be computed by advanced homotopy
theory methods ([Se]), providing the full determination of

Ne = DxNk -

Recall that ne has furthermore a Z/27Z-graded algebra structure, where the
product is induced by the Cartesian product of manifolds (Remark 11.12):

V] [W] = [V x W].
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In [T], this algebra has been eventually determined.

THEOREM 17.23. The Z/27Z-graded algebra ne is isomorphic to the poly-
nomial algebra
Z)27[X;; i € J]
where
J=N\{2 -1; jeN}.

We can give explicit geometric generators (see [M5]). For every m < n,
let H,,, denote the regular real algebraic hypersurface in the product of
projective spaces P™(R) x P"(R), defined in terms of the respective homo-
geneous coordinates (wy, ..., wy) and (zo,...,,2,), as the locus

Hpn = {wozo + w121 + -+ + Wiz = 0} .
Then take
{Xy; = [PY(R)], j > 1},
{Xokr1yy = [Hor gy o], k> 1} .
As a remarkable qualitative consequence, we have the following.

COROLLARY 17.24. For every k > 0, every o € ny can be represented by
regular real algebraic projective sets.

The determination of {24 can be performed in the same vein, however the
proof, even the statement of the result, is more complicated (see [Wall)).

17.5.3. On Nash-Tognoli theorem. We have discussed in the last
section of Chapter 6 how every compact boundaryless m-submanifold M of
R™ can be approximated by a Nash manifold M’ (normal if the embedding
dimension is big enough). As already said, in his paper [Na], Nash also
stated a few conjectures/questions towards potential improvements of this
result (see also Sections 15.5, 19.8). The most natural conjecture was that
M can be approximated by a regular real algebraic set (not only by some
“analytic sheet” of it). A first step was accomplished in [Wa2] by proving
the conjecture under the restrictive hypotheses that the embedding dimen-
sion is big enough (as for normality), and [M] = 0 € 5, (i.e. it is a boundary
M = 0W). Roughly, one realizes the double D(WW) C R" in such a way that
M is the transverse intersection of D(W) with a hyperplane P. Then one
shows that D(WW) can be approximated by a normal Nash manifold N made
by regular components of a real algebraic set X such that X \ N is far from
the hyperplane. Finally, M’ = P M X is a required regular real algebraic
approximation of M. Corollary 17.24 can be expressed by saying that the
conjecture holds up to bordism. By using this fact, the actual conjecture has
been proved in general [Tog], assuming again that the embedding dimen-
sion is big enough. By Corollary 17.24, there is a regular m-dimensional real
algebraic set Y. such that M 11X = OW. A suitable relative approximation
theorem allows us to refine the above construction in such a way that

PhX=MIX;
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as both M’ II ¥ and X are regular algebraic sets, it is not hard to conclude
that M’ is also regular algebraic, hence it is a required approximation of M.
In [Ki|, Nash-Tognoli’s theorem is refined in the projective setting and it is
proved that M C P"(R) can be approximated by regular algebraic subsets
of the projective space.

We know that Nash maps are dense in £(M, N), provided that M and
N are compact embedded Nash manifolds. Moreover, the Nash structure on
M 1is unique up to Nash diffeomorphism. After the Nash-Tognoli theorem,
we can pose analogous, much subtler questions in the real algebraic setting.
We recall some results from [BTo| and [BD]. It is not hard to see that,
in general, a regular real algebraic model M of a compact smooth manifold
M is not unique up to algebraic isomorphism. Given algebraic models, the
algebraic maps are, in general, not dense in & (M ,N ). Given a smooth
map f : M — N, there is an algebraic model M and an algebraic map
f : M — N that approximates f, if and only if f is bordant with an algebraic
map g : X — N. This holds, for example, if N = &, 1 is any Grassmann
algebraic set. Elaborating on this fact, we can prove that every M admits
an algebraic model M such that the ring K(M), as in Section 5.7.2, can be
entirely realized by real algebraic vector bundles. On the negative side, there
are compact smooth manifolds M and N and smooth maps f : M — N such
that, for any algebraic model N of N, f is not bordant with any algebraic
map ¢ : X — N. For more details about this matter see also [BCR].






CHAPTER 18

High-dimensional manifolds

In this context, “high” means of dimension greater or equal to 6. The
reason for this specific distinction, “low dimensions less or equal to 57 ws
“high dimensions greater or equal to 6”, mainly depends on the fact that in
high dimension Smale’s [S2] h-cobordism theorem holds, and, moreover, we
have a “stable” proof; that is, working in the same way for every high di-
mension. Such proof does not work for low dimensions. In dimension 5, the
h-cobordism theorem fails and this reflects specific phenomena of a persistent
geometric intersection between surfaces embedded in boundaryless compact
simply connected 4-manifolds, even though they have vanishing algebraic
intersection number. In dimension 4, the proof does not apply because of
specific geometric linking phenomena between knots in S% with vanishing
(algebraic) linking number; the validity of the 4-dimensional h-cobordism
theorem still is an open question. The 3-dimensional h-cobordism theorem
is equivalent to the celebrated Poincaré conjecture; this last has been even-
tually proved using deep 3-dimensional methods of geometric analysis. In a
sense, dimension 5 is really in the border; as already said, it is influenced
by the behaviours of 4-dimensional manifolds; but on the other hand, with
some specific additional care, it shares some remarkable behaviours with
higher dimensions.

We will not provide a proof of the h-cobordism theorem (see [M3] for a
proof in terms of Morse functions, see [RS] for a proof in terms of handle
decompositions which actually works also for PL manifolds); rather we will
focus on a key point where the high-dimensional assumption is crucial.

Together with Chapter 15, Chapters 19 and 20 will be devoted to some
aspects of low-dimensional theory.

18.1. On the h-cobordism theorem
Let us start with a definition.

DEFINITION 18.1. Let (W, Vy, V1) be a smooth m-dimensional triad (m =
dim W). It is an h-cobordism if both inclusions j; : V; — W, i = 0,1, are
homotopy equivalences (i.e. they have an inverse up to smooth homotopy
ri : W — V; such that (by definition) r; o j; is homotopic to idy;, and j; o7
is homotopic to idyy).

The basic example of h-cobordism is a cylinder (V' x [0,1],V, V). The
general, vague question is under which minimal hypotheses the cylinders are

291
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the unique instance of h-cobordism up to diffeomorphism of triads. We can
formulate the following more specific question.

QUESTION 18.2. (Simply connected m-dimensional h-cobordism ques-
tion) Let (W,Vy, V1) be an h-cobordism, dimW = m; assume that W
(whence both Vi and Vi) is simply connected. Is it true that the triad is
diffeomorphic to the cylinder (Vj x [0, 1], Vp, V1), so that, in particular, Vj is
diffeomorphic to V17?7

Note that the question is empty for m = 2. Assuming the positive
answer, let us derive some important consequences.

ProPOSITION 18.3. Assume that m-dimensional simply connected h-
cobordisms are diffeomorphic to cylinders. Then the following facts hold.

(1) (Characterization of the m-disk) Every contractible compact m-manifold
M with simply connected boundary is diffeomorphic to the closed disk D™.

(2) (Generalized Poincaré conjecture) If ¥ is a compact m-manifold
which is homotopically equivalent to S™ (i.e. it is a homotopy sphere),
then it is homeomorphic to S™.

(3) (Smooth Schoenfliess property) If ¥ is a smooth embedded (m — 1)-
sphere in S™, then there is a diffeotopy of S™ that sends ¥ to the standard
equator S™~t C §™.

Sketch of proof. Some of the facts claimed below are not so evident;
to prove them one should dispose of more advanced algebraic/topological
tools; we limit to an outline.

(1) Remove from M a standard m-disk D embedded in a chart of M. Set
W = M\Int(D). The triad (W, 0D, 0M ) is a simply connected h-cobordism,
hence it is diffeomorphic to the cylinder (S™~! x [0,1], S™~1, S™~1) and M
is diffeomorphic to the manifold obtained by gluing D to this cylinder by a
diffeomorphism ¢ : 9D — ™~ x {1}; it is not hard to conclude that M is
diffeomorphic to D™.

(2) Remove from ¥ a standard m-disk D in a chart as above. The
manifold M = ¥ \ Int(D) verifies the hypothesis of item (1), then it is
diffeomorphic to a disk, ¥ is eventually a twisted sphere (see Section 7.5.2
) and we know that it is homeomorphic (not necessarily diffeomorphic) to
S,

(3) By the separation theorem of Section 12.2, S™ \ ¥ has two con-
nected components; the closure of each one of these components verifies the
hypothesis of item (1), hence it is an embedded smooth m-disk in S™ and
we conclude through the uniqueness of disks up to diffeotopy.

[ |

REMARK 18.4. The above proposition shows that the h-cobordism ques-
tion is strictly related to (in fact, motivated by) fundamental questions about
the topology of smooth manifolds. For example, for m = 3, if (W, Vy, V1) is
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a simply connected h-cobordism, then V ~ Vi ~ S2 by the classification of
surfaces. As a 3-dimensional twisted sphere is a true sphere, it follows that
a positive answer to question 18.2 for m = 3 is equivalent to the validity
of the original celebrated Poincaré conjecture, with the further refinement
that, for m = 3, every smooth homotopy sphere ¥ is diffeomorphic to S>.
Probably, the reader is aware that this has been proved by G. Perelman at
the beginning of the new century, by achieving the program based on the
Ricci flows of Riemannian metrics on 3-manifolds, earlier introduced by R.
Hamilton. We stress that this 3-dimensional geometric/analytic approach
is very far from the differential /topological methods discussed in this text.
As the 3-dimensional Poincaré conjecture is true, then if (W,Vp, V1) is a
simply connected 4-dimensional h-cobordism, then Vj ~ Vi ~ S3. Thus, as
a twisted 4-sphere is a true sphere, a positive answer to question 18.2 for
m = 4 is equivalent to the fact that every smooth 4-dimensional homotopy
sphere is actually diffeomorphic to S*. This still is an open question, as well
as the validity of the 4-dimensional smooth Schoenfliess property. On the
other hand, we recall that the purely topological 4-dimensional Poincaré con-
jecture (even dealing with topological, not necessarily smooth, 4-manifolds)
has been proved in 1982 by M.H. Freedman [Fr].

Now we can state the high-dimensional simply connected h-cobordism
theorem.

THEOREM 18.5. Let (W, Vy, Vi) be a simply connected h-cobordism and
assume that dimW > 6. Then it is diffeomorphic to the cylinder (Vo X
[0,1], Vo, Vo).

Hence, all consequences stated in Proposition 18.3 hold for m > 6. We
have mentioned before that the h-cobordism theorem fails for m = 5; never-
theless, this dimension shares some behaviour with higher dimensions. Re-
ferring to the statement of Proposition 18.3, we recall for example (without
proof) that:

(1) The characterization of the 5-disk holds under the stronger hypoth-
esis that the boundary of the contractible 5-manifold M is diffeomorphic to
S,

(2) The 5-dimensional generalized Poincaré conjecture holds;

(3) The 5-dimensional smooth Schoenfliess property holds.

18.1.1. On the proof of the high-dimensional h-cobordism the-
orem. The strategy to prove the h-cobordism theorem is based on handle
decompositions (refer to Chapter 9). Given a simply connected h-cobordism
(W, Vo, V1), dim W = m, we can start with an ordered handle decomposition

CoUHU...HFUC,

without 0- and m-handles (Proposition 9.12). If necessary, we can also as-
sume that the handles of a given index ¢ < m are attached simultaneously
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at pairwise disjoint attaching tubes. Note also that, in the hypothesis of the
theorem, all involved manifolds (W and all submanifolds W, of W obtained
by attaching till the rth-handle) are orientable. We dispose of two basic han-
dle moves to possibly make it simpler and simpler. If we succeed, eventually
reaching a decomposition without handles of any index, then the theorem
will be proved. A priori, the only way to reduce the number of handles is
the cancellation of pairs of complementary handles. The core of the proof
is a much more flexible cancellation theorem which applies in the setting of
the theorem. Consider a fragment of a given handle decomposition of the
form

- UHIUHH UL

Then both the (embedded) b-sphere Sy, of Hy and the a-sphere S, of HLf}
are submanifolds of OW,. and dim Sy 4+ dim S, = dim W, = m — 1. Fixing
auxiliary orientations, we can compute their intersection number in OW,.,

[Sb] ° [Sa] € 7.

DEFINITION 18.6. In the situation depicted above, we say that ngHgill

is a pair of algebraically complementary handles if [Sy] @ [S,] = £1.

This extends the notion of complementary handles. Now we can state a
stronger cancellation theorem.

THEOREM 18.7. Let (U, Zy, Z1) be a smooth triad of dimension m which
admits a handle decomposition

CoUHIUHIT Uy

made by two algebraically complementary handles. Assume that both Zy and
Z1 are simply connected, and that

Then the given triad is diffeomorphic to the cylinder (Zy x [0,1], Zy, Zo).

By transversality and handle sliding, we can assume that S h S, in OM,
M = CyU H? and that the intersection consists of an odd number of signed
points, such that the sum of the signs is equal to +1. Therefore, using handle
sliding, we would progressively cancel pairs of intersection points of opposite
sign, so that, at the end, we reach a decomposition made by two genuine
complementary handles that can be cancelled. In the discussion about the
strong Whitney embedding theorem (Section 7.7) of compact n-manifolds
in R?", for n > 3, we have already mentioned the so-called “Whitney trick”
as a tool to cancel pairs of crossing points. The hypotheses of the stronger
cancellation theorem allow applying it. This will be discussed with some
care in the next section.
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18.2. Whitney trick and unlinking spheres

First, we state a lemma under the hypotheses of the stronger cancellation
theorem.

LEMMA 18.8. In the hypotheses of Theorem 18.7, denote by O(CoUH?) =
Zo 11 M, so that the b-sphere S, of HY and the a-sphere S, of HI! are
transverse submanifolds of M. Then M \ (Sp U S,) is simply connected.

Proof : Set m = n+1. Denote by S/, the a-sphere of HY. Its codimension
is dim Zp — dim S, = n — (¢ — 1) > 4. By transversality, also Zp \ S, is
simply connected; as both Zy \ S, and M \ Sy retract to Zp \ Int(7), it
follows that also M \ S, is simply connected. The codimension of S, is
dim M — g = n —q > 3. Therefore, by the same transversality argument, we
have that (M \ Sp) \ So = M \ (Sp U S,) is simply connected.

|

Referring to the last lemma, we can abstractly formalize some features

of the situation occurring on the manifold M.

By a situation (M, R, S,+x) of type (n,r) € N? we mean:

e M is a connected oriented boundaryless smooth manifold of dimension
n;

e R and S are boundaryless compact connected oriented submanifolds
of M such that dimR=7r,dimS=s,n>s>r>0,r+s=n, RMS.

e M\ (SUR) is simply connected,;

e -z € RN S are intersection points of opposite sign.

REMARKS 18.9. (1) In a situation of type (n,r) as above, if both codi-
mensions of S and R are greater or equal to 3, then by a usual transversality
argument, M \ (S U R) is simply connected if and only if M is simply con-
nected.

(2) In situations arising under the hypotheses of Theorem 18.7, we have
furthermore that n > 5 and r > 2.

(Whitney disk) Let (M, R,S,+x) be a situation of type (n,r). By a
Whitney disk D for (M, R, S,+x) we mean the realization of the following
pattern (recall Section 7.7)

(1) There is an embedded smooth circle v in RUS with two corners at +zx.
These divide v in two arcs with closures yr and ~g, respectively; yr (resp.
vs) is contained into an smooth open r-disk (s-disk) Ugr C R (Ug C S). The
open set Ug U Ug is a neighbourhood of v in RU S; Ur h Ug = {£+x} and
Ugr U Ug does not contain other points of RN S.

(2) There are:

e A 2-disk D in R?, with boundary 9D and with two corners a;, as,
which is contained in the union of two smooth arcs Ag, Ag in R? which
intersect transversely at {aj,as};
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e An embedding ¢ : U — M where U is a closed 2-disk in R? containing
DU (ArU Ag), such that
o Y(\) CU,, x=R, S;
o (0D, {a1,a2}) = (v, {1, ¢2});
o for every x € A\, dp(T2U) N T3 Us = dutp (T M)
e (Int(D)) C M\ (RUS).
We summarize (1) and (2) by saying that the smooth 2-disk with corners

D := (D) is properly embedded in (M,R U S) and connects the crossing
points £x. Moreover, we require that

(3) We can extend the embedding ¢ to a parametrization of a neigh-
bourhood of D in M by a standard model; that is, to an embedding

U:UxRIxR 5 M
such that U(Ag x R"~! x {0}) = Ug and ¥(\g x {0} x R*™1) = Ug.

REMARK 18.10. We stress that the existence of a Whitney disk (in par-
ticular condition (3)) for a situation (M, R, S, o, z1) implies that the two
points are of opposite sign.

(Whitney trick) The Whitney trick applies to (M, R, S, +x) at a Whitney
disk connecting +x: thanks to the standard model, such a Whitney disk can
be easily used as a guide to construct an isotopy of R in M with support not
intersecting the other points of RN S and carrying R to R’ M S such that
R'nS=RNS\ {£z} (recall Figure 2 of Chapter 7, by renaming R = P,

S =Q).

DEFINITION 18.11. For every type (n,r) as above, we say that WT(n, r)
holds if every situation (M, R, S, +x) of type (n,r) admits a Whitney disk.

We are going to relate the validity of WT(n,r) with a certain unlinking
property of unknotted spheres in a sphere.

A smooth p-sphere ¥ C S*, k > p > 1, is unknotted if it is the boundary
of a smooth (p 4 1)-disk embedded in S*. The following lemma is easy, by
using the uniqueness of disks up to diffeotopy.

LEMMA 18.12. Let ¥ C S* be unknotted. Let D be a smooth k-disk in S*
disjoint from 3. Then X is the boundary of a smooth (p + 1)-disk embedded
in S*\ D.

A link of unknotted spheres (S*,%,%") of type (k,p) € N? consists of two
disjoint unknotted smooth spheres ¥, %' € S* such that
p=dimX, ¢=dimY, p<q, k=p+q+1.

Such a link (S*, %, %) is (geometrically) unlinked if the two spheres are
the boundary of disjoint (p 4+ 1)- and (g + 1)-disks, respectively. By using
again the unicity of disks up to diffeotopy, we have the following.
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LEMMA 18.13. Up to diffeotopy, there is a unique unlinked link of type
(k. p).

For every link (Sk', ¥, %), give the spheres auxiliary orientations; then
we can define the linking number (recall Section 12.4 and Remarks 12.4 )

k(XY eZ.
A link is algebraically unlinked if
Ik(X,¥)=0.

We know (see the end of Section 12.5) that the choice of auxiliary orienta-
tions is immaterial with respect to the vanishing of the linking number; more-
over this property is symmetric: [k(X, %) = 0 if and only if Ik(X',X) = 0.
Geometrically unlinked links are algebraically unlinked.

DEFINITION 18.14. For every link type (k,p) € N2, we say that the un-
linking property U(k, p) holds, if every link (of unknotted spheres) (S*, %, ¥/)
of type (k,p) which is algebraically unlinked is, in fact, geometrically un-
linked.

It follows from the above discussion that Theorem 18.7 will be a corollary
of item (1) in the next proposition.

PROPOSITION 18.15. (1) For every type (n,r) such thatn > 5 andr > 2,
WT(n,r) holds.

(2) For every link type (k,p) such that k > 4, U(k,p) holds.

Proof : First, let us prove that U(k, 1) holds for every k > 4; for consider
an algebraically unlinked link (S*, %, %), dim¥ = 1, dim ¥ = ¢ = k—2 > 2.
Then S* \ ¥/ is homotopically equivalent to the standard S' ¢ S*¥ and the
embedding of ¥ in S\ ¥’ is homotopically trivial; as k > 2dim X + 1 = 3,
then ¥ is isotopic in S* \ ¥’ to a geometrically unlinked circle.

Next, we prove the following claim.

Claim 1. For every n > 5, if WT(n,r) holds, then U(n,min(r,q)),
g=n—r—1, holds.

Proof of the claim: Consider an algebraically unlinked link (S™,%, %),
dimY = r, dim ¥’ = ¢q. Assume for simplicity that r < ¢q. Let D C S™ be a
(g + 1)-disk such that 0D = ¥’. Then the intersection number [X] e [D] in
S™\ ¥ is equal to 0 € Z. Then as WT(n,r) holds, X is isotopic to X7 such
that ¥” N D = (). We can assume that X7 is embedded in S™\ B, where
B ~ D" is an n-disk of S™ which thickens D. Then we conclude by means
of Lemma 18.12.

Next, we propose two ways to conclude. The first way consists of a direct
proof of item (1); then item (2) will follow as a corollary of Claim 1 and the
case U(k, 1) already achieved. By the second way, both statements will be
proved simultaneously by implementing the concatenated inductive scheme
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obtained by combining Claim 1 with the following Claim 2 (the case U(k, 1)
is the initial step of this induction):

Claim 2. For every k > 4, if U(k,p) holds, then WT(k + 1,p + 1)
holds.

The second way makes fully manifest the strict relationship between
WT and U. The presentation of this second way is very close to Chapter 5
of [RS].

Proof of item (1): As n > 5, by general position we can assume that
points (1) and (2) in the definition of a Whitney disk for (M, R, S, +z) are
fulfilled. It remains to achieve point (3). This is rephrased in terms of a
suitable configuration of sub-bundles of T'(M) over (D, 0D). We can assume
that an auxiliary Riemannian metric g on M is fixed in such a way that R
and S are orthogonal at their intersection points, and the normal bundles
and the associated tubular neighbourhoods are constructed using g. We
use the notation vxY to mean the normal bundle of Y in X. The tangent
bundle T'(R) splits over v as

T(R)lyr =T(yr) ® ER

where Fp is a rank-(r — 1) sub-bundle of (vp;D)|ygr. Thus Ep is tangent to
R and normal to D. The normal bundle vy;.S splits over g as

(vmS)|vs = vpys @ Es

where Eg is a rank-(r — 1) sub-bundle of (va;D)|vs. Thus Eg is normal to
both S and D. The bundles Er and Eg match at the intersection points
+z, so that we have a rank-(r — 1) bundle E defined over the whole 0D. By
construction F is tangent to R and normal to .S. We claim that E can be
extended to a sub-bundle of the whole vy D. Using a trivialization of vy, D
we can encode E as a map E : 0D — &,_o,_1. Then E extends if and
only if it is homotopically trivial. It is known that under our dimensional
hypotheses (see for instance [Steen))

T (Gp_2,-1) =7Z/2Z

and that E as above is homotopically trivial if and only if the corresponding
rank-(r — 1) bundle is orientable. This is the case because the intersection
points have opposite signs. At this point, it is not hard to build compatible
trivializations of the bundles considered so far and achieve point (3) in the
definition of a Whitney disk.

A sketch of proof of Claim 2: Let (M, R,S,+z) of type (k+ 1,p+ 1),
k > 4. Argue as in the above proof of item (1), so that we can assume
that points (1) and (2) in the definition of a Whitney disk for (M, R, S, +x)
are fulfilled. Again, it remains to achieve point (3). Assume that it holds.
We analyze the standard model and then we transport the conclusions in
M around the disk D using the embedding ¥. Up to corner smoothing,
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B :=U x DP x D*P~lis a (k 4 1)-disk, and
(0B,d(Ar x DP x {0}),d(\g x {0} x DF=P~1))
is diffeomorphic to an unlinked link of type (k,p). Moreover, the whole B
can be reconstructed from such an unlinked link. Assume now that, a priori,
only (1) and (2) are verified. We can nevertheless find a smooth (k+ 1)-disk
B in M around D, which retracts to D, such that
aBrhUR = ER, aBrhUs = ES

are smooth spheres in the sphere 9B ~ S* forming a link of type (k, p). To
incorporate it in a standard model, by Lemma 18.13 it is enough to prove
that it is unlinked. As +x have opposite signs, it follows that the link is
algebraically unlinked, and we can conclude because U(k,p) holds by the
hypothesis of Claim 2.

The proposition is proved.

REMARK 18.16. As for low dimensions, we note that:

Figure 1. Whitehead’s link.

e U(3,1) fails. The simplest counterexample is the so-called Whitehead
link; several classical knot invariants show that it is geometrically linked in
spite of the fact that it is algebraically unlinked (see [Rolf]).

e Trying to perform the construction to approach WT(4,2), it is not
hard to realize item (1) in the definition of Whitney disk; however (2) and
even more (3) are very problematic; we will see in Chapter 20 that there are
actual obstructions.






CHAPTER 19

On 3-manifolds

In this chapter, we deal with 3-manifolds. In no way we will touch
Thurston’s geometrization approach that has dominated the study of 3-
manifolds in the last decades. We will not even touch fundamental facts of
3-dimensional geometric topology such as the decomposition in prime man-
ifolds or the so-called JSJ-decomposition. This chapter aims to show how
different tools developed in this text combine to obtain, in a very concrete
way, some primary results about 3-manifolds. An important amount of the
chapter will be devoted to several proofs of “Q23 = 0” and of the equiva-
lent Lickorish-Wallace theorem about surgery equivalence. We also provide
a few elementary proofs that compact orientable boundaryless 3-manifolds
are parallelizable and we study combings of arbitrary 3-manifolds. Each
proof will illuminate different facets of the matter. The last two sections are
more advanced. We will study immersions of surfaces in a given 3-manifold
M, including the determination of the bordism group Zy(M) of immersed
surfaces. An emerging theme will be the quadratic enhancements of the in-
tersection form of a surface associated with such immersions in an orientable
3-manifold. In the last section, we consider the classification of 3-manifolds
up to certain equivalence relations defined in terms of blowing up along
smooth centres.

19.1. Heegaard splitting

We begin with a classical way to realize all compact orientable bound-
aryless 3-manifolds. It is an easy application of handle theory.

Let M be a connected, orientable, boundaryless compact 3-manifold. We
know that there is an ordered handle decomposition H of M with only one 0-
handle, only one 3-handle, and such that both 1- and 2-handles, respectively,
are attached simultaneously at disjoint attaching tubes. Denote by M7 the
submanifolds with boundary of M obtained by attaching the 1-handles at
the boundary of the unique 0-handle. As M is orientable, then also M;
is orientable; by the uniqueness of disks up to diffeotopy applied to the
attaching tubes of 1-handles and handle sliding, M; only depends, up to
diffeomorphism, on the number g > 0 of 1-handles and is called a handlebody
of genus g, denoted by $,. Its boundary ¥ = 0M; is a surface of genus g,
that is diffeomorphic to the connected sum of g copies of the torus S x S1.
If g =1, $; = D? x 8! is also-called a solid torus. Consider the dual handle
decomposition H, so that the 2-handles of H become the 1-handles of H.

301
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Apply the above discussion to M. Then M, = OM, = Y, and also M is
a handlebody of genus g. Then

M:M1UM1

is called a Heegaard splitting of M of genus g and the separating surface ¥
is the corresponding Heegaard surface.

Therefore, every such an M admits a Heegaard splitting of some genus,
and we define the Heegaard genus g (M) of M as the minimum g such that
M has a splitting of genus ¢g. As it often happens, such an invariant is easy
to define but in general, it is hard to compute or even to estimate.

Up to diffeomorphism, a Heegaard splitting of M can be described equiv-
alently as follows: fix a standard model $), of genus g handlebody (for in-
stance embedded in R? and endowed with the standard induced orientation);
let ¥y = 0%y with the boundary orientation. Fix an auxiliary smooth auto-
morphism v of ¥, which reverses the orientation. There is an orientation-
preserving (we say “positive”) smooth automorphism ¢ € Diff *(X,) such
that

M = My U M, Nf)gH'yoqby)g .
Moreover, we know that up to diffeomorphism, the last term only depends
on the isotopy class of ¢; in other words, define

Mod(%,) := Diff ' (%,)/Diff’(3,)

that is the quotient group mod the normal subgroup of automorphisms iso-
topic to the identity. This is called the mapping class group of ¥, (also called
its modular group) and it is an object of main importance and interest. Then
every splitting is of the form

M ~ Hy Uig) Hy ~ H Uyop Hy, [¢] € Mod (%) .

ExaMPLE 19.1. (1) If gy (M) = 0 then M is a twisted, hence a true
smooth 3-sphere.

(2) The 3-manifolds such that g (M) = 1 are classified and called lens
spaces [Brod]. Let us recall the main facts. Realize the torus as the quotient
manifold R?/Z2. The matrix group SL(2,Z) acts linearly on R?, preserving
the lattice Z2. Then the action descends to the quotient. We can prove that

Mod(%1) ~ SL(2,Z) .

Fix an identification of the torus as the boundary ¥ of $); in such a way
that the circle image in R?/Z? of the z-axis of R? becomes a meridian m,
meaning it bounds a 2-disk properly embedded in ()1, 31), while the image
of the y-axis is a longitude [ which transversely intersects m at one point; m,
| form a basis of Q1(31) ~ Z2. Let A € SL(2,7Z), so that A(m) = pm + ¢l,
ged(p,q) = 1. Denote by Ly, the resulting lens space obtained by using
A as gluing map. It is not hard to check via Van Kampen theorem that
m1(Lpgq) ~ Z/pZ. Then L(p,q) is diffeomorphic to L(p, ¢') if and only if

+¢ = ¢*" mod(p) .
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For higher genus, the situation is much more complicated.

19.1.1. Heegaard diagrams and a diagrammatic “calculus”. Hee-
gaard splittings can be encoded by means of suitable Heegaard diagrams.

DEFINITION 19.2. A genus g Heegaard diagram consists of a triple (X, C~,C™T)
where

(1) X is a surface of genus g;

(2) C* ={,... ,c¢} is a family of g disjoint simple smooth circles on
>} whose union does not divide 3, meaning that by removing from
. the interiors of small pairwise disjoint annular neighbourhoods
of these circles we get a 2-sphere with 2¢g holes;

(3) C~ th C*, meaning the union of the ¢;’s Is transverse to the union

of the cj’s.

Given a Heegaard diagram, we can construct a 3-manifold M endowed
with a Heegaard splitting as follows. Take the product ¥ x [—1,1] and
stipulate that the circle of C* are traced on

Y x {£1} = %F .

The surface ¥ is identified with the separating surface ¥ x {0}. Then take
a system of pairwise disjoint annular neighbourhoods Tji for C* on L+,
Consider the TjJr as a system of attaching tubes of disjoint 2-handle attached
to ¥ x [0,1] at ¥*. Thanks to the properties of the circles in C'* this
produces a 3-manifold with boundary diffeomorphic to ¥ II $2. By filling
the spherical component with a 3-handle we get the piece M of the desired
handle decomposition of M. Doing similarly on the other side ¥ x [—1, 0]
we get the piece M7 and eventually the splitting

M~ MU Ml
with Heegaard surface .

REMARK 19.3. The fact that the resulting 3-manifold is unique up to
diffeomorphim follows from Smale theorem recalled in Proposition 7.13, (1),
m = 3.

On the other hand, every Heegaard splitting with Heegaard surface X
gives rise to an encoding Heegaard diagram, possibly by handle sliding to
reach the transversality requirement of the definition.

(Heegaard diagram moves) The elementary handle moves induce elemen-
tary moves on Heegaard diagrams which keep the resulting manifold M fixed
up to diffeomorphism.

e Handle sliding produces the following diagram moves (called H -
diagram sliding):
1) Of course we can modify C* up to ambient isotopy (keeping
that CT th C™);
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2) More substantially we have the following. Let TjjE and TijE
be disjoint annular neighbourhoods of two circles of C* as above.
Connect these annuli by attaching an embedded 1-handle H at
8(Tji HTii) in such a way that, apart from the attaching segments,

H is contained in ¥\ U/_, 7. The boundary of TjlL U Tii UH
contains a component c;- which is the embedded connected sum of
a parallel copy of c;t with a parallel copy of cli. Then get a new
C* by replacing C;t with c;.

e Cancellation/introduction of a pair of complementary handles pro-
duces the following diagram move. Consider the diagram

(St x SY em =8 x {yo},ct = {xo} x ) .

Given any diagram (X, C~, CT) of genus g, replace ¥ with S#(S1 x
S1) provided that the sum is performed at 2-disks disjoint from
C~UCY and ¢~ U ¢t respectively; then add to C* the circle ¢*
to get the new diagram of genus g + 1. In terms of the resulting
3-manifolds, we replace M with M#S> ~ M. This move is called
elementary stabilization.

The stabilization shows, by the way, that for every g > gy(M), M
admits Heegaard splitting of genus g. In particular, S has splittings of any
genus.

THEOREM 19.4. ([Sing|) Two Heegaard diagrams encode Heegaard split-
tings of a same 3-manifold M (considered up to diffeomorphism) if and only
if they become equal up to finite sequences of H-diagram sliding or stabiliza-
tions.

REMARK 19.5. Once the existence of Heegaard splitting has been easily
established, several nontrivial questions naturally arise.

e For a given M, estimate in effective terms its genus gy (M );

e For every g > gy (M), study the Heegaard splittings of M of genus g
up to ambient isotopy.

Concerning the second question, a complete answer is known for the 3-
sphere and lens spaces defined above; that is, for manifolds such that g < 1,
we have the following.

For every g > 1, S% and every lens space have, up to diffeotopy, a unique
Heegaard splitting of genus g.

On the other hand, for g > 2, there are manifolds with nonisotopic
splittings of genus g.

We refer to the body and the references of [BO] for more information
about this question.

19.1.2. From Heegaard diagrams to spines and A-complexes.
This section aims to briefly show other ways to present all orientable 3-
manifolds derived from Heegaard splittings. We will use some of these facts
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in Section 19.6. However, this section is of a purely technical nature and
may be skipped at a first reading.

Let (X,C~,C7) be a Heegaard diagram of M as above. Up to H-sliding,
we can assume that not only C~ th CT, also that every component (called a
region) of ¥\ (C~ UC™) is an open 2-disk. By following the reconstruction
of the Heegaard splitting

MNM1UM1

of M encoded by the diagram, we see that the core of every 2-handle attached
to a circle c of CT x {1} can be extended by means of the annulus ¢x [0, 1] and
we get an embedded 2-disk in M) which transversely intersects ¥ = X x {0}
at c¢. Do it for each ¢ in C* and similarly for each ¢ in C~, getting a disk
in Mj. Denote by P the union of ¥ with all such disks. This P is a kind of
singular surface embedded in M with the following properties:

(1) S(P):=(C~UCT) C X is the singular locus of P;

(2) V(P) := C~ NC™ is the singular locus of S(P) and its points are
the wvertices of P. The components, each diffeomorphic to the open
1-disk (—1,1), of S(P)\ V(P) are the edges of P; at every vertex
there are four edge germs.

(3) The components, each diffeomorphic to an open 2-disk, of P\ S(P)
are the regions of P. Along every edge there are three region germs.
At every vertex there are six region germs.

(4) If BT and B~ are the 0 and 3-handles of the splitting, then P is a
deformation retract of

M := M\ (Int(B~) UInt(BT) .

In fact, there is a mormal retraction r : M — P such that: the
fibre over a region point is diffeomorphic to [—1,1]; the fibre over
an edge point is a tripod that is the wedge of three segments [0, 1]
with common endpoint 0; the fibre over a vertex is a wedge of four
such segments [0, 1]; M can be reconstructed as being the mapping
cylinder of such a normal retraction.

We summarize all this by saying that P is a standard spine of M. By
using the language of C'W-complexes, P is the 2-skeleton of such a complex
over M which is obtained by attaching two 3-cells to it.

Now we can give P a suitable system of region orientations as follows.
Give X, hence every region of P contained in X, an orientation; give every
circle ¢ in C~ UC™ an orientation, hence give the region of P bounded by ¢
the orientation with the prescribed boundary orientation. In this way, S(P)
is a union of oriented circles crossing transversely on X at some vertices; ev-
ery region of P is oriented in such a way that there is a prevailing orientation
induced on every edge of P and this agrees with the one of the circle ¢ in
S(P) which contains the edge. At every vertex of P the four configurations
at the edge germs automatically match. We call such a system of region
orientations a branching b of P.
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We can modify any branched standard spine (P,b) of M obtained so
far to become a branched standard spine (Pg, bg) of My, where Mj is of the
form

My = M\ Int(B) ,

B being some smooth 3-ball in M. Then Py will be the 2-skeleton of a
CW-complex over M with a unique 3-cell. Take a point p on an edge of P
and locally insert an embedded triangle ¢ such that

(1) The interior of ¢ is contained in M \ P;
(2) The point p is a vertex of ¢, ¢ transversely intersects P at the two

edges of ¢ having p as common vertex, so that ¢ has a “free edge”
L.

Take an embedded 1-handle with core parallel to [, intersecting trans-
versely ¢ along its b-tube at [, with attaching tube on P. Then Py results
from P by the surgery which removes the interior of the attaching tube and
replaces it with the union of ¢ and the b-tube. It is easy to see that the
handle has fused the two components of M into one spherical boundary
component of a manifold My of the desired form. By construction, Py is
a standard spine of My and it carries a branching by which agrees with b
on the regions that have not been affected by the surgery. The branched
spines (P, b) or (Pg, bg) can be considered as the 2-skeleton of the dual cell
decomposition to a A-complex structure over M in the sense of [Hatch].
This is a kind of triangulation of M having respectively two vertices or one
vertex, obtained by assembling “abstract” tetrahedra with ordered vertices
by gluing their abstract 2-facets in pairs in such a way that no face remains
unglued and the vertex orders match.

19.1.3. Nonorientable Heegaard splitting. If M is compact con-
nected boundaryless and nonorientable, then using a nice handle decompo-
sition as above, we see that

MNM1UM1,

where M; is nonorientable and is obtained by attaching h + 1 disjoint 2-
handles to the unique 0-handle at the boundary dD? = S? (and similarly
M for the dual decomposition). Up to handle sliding, we can assume that
only one of these 2-handles destroyed the orientability and that M; ~ M;
are completely determined up to diffeomorphism by the handle number h +
1. Let us call it a nonorientable handlebody of genus h. The separating
(nonorientable) Heegaard surface is now diffeomorphic to

Sp = (P(R)#P%(R))#h(S! x §1) .

The reader would imagine how to develop a nonorientable version of Hee-
gaard diagrams and diagram moves supported by such surfaces. Stabiliza-
tion extends verbatim; a bit of care is necessary for the sliding diagram
moves.
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19.2. Surgery equivalence

We define a “surgery” equivalence relation on compact connected bound-
aryless 3-manifolds in terms of certain special 4-dimensional triads; then we
characterize the 3-dimensional oriented boundaries as the manifolds that are
surgery equivalent to the sphere S3.

DEFINITION 19.6. Let My and M; be compact connected boundaryless
nonempty 3-manifolds. We say that M; can be obtained by (longitudinal)
surgery (along a framed link) of My (and we write M; ~, Mp) if there exists
a 4-dimensional triad (W, My, M1) which admits a handle decomposition H
consisting only of 2-handles attached simultaneously at disjoint attaching
tubes.

To justify the terminology let us analyze the situation of the above def-
inition. The decomposition is of the form

CoU (Ul H?) U Cy

where Cy = My x [0,1] and Cy = [-1,0] x M; are respective collars of M
and M7 in W. The union of the embedded attaching spheres of the 2-handles
L=Ul_ K,

is a so-called link in My ~ My x {1}. Every component K is a knot in
My. Moreover, we have a family of disjoint attaching tubes T, each one
equipped with a trivialization (also called a “framing”) by S! x D?, so that
Ks ~ S!' x {0}. The manifold M; is obtained from M, by removing the
interior of these attaching tubes and attaching back a copy of D? x S! to
every boundary component 97}, in such a way that a meridian S* x {zo} of
D?x S1 is mapped to a longitude I ~ S x {yo}, yo € D? of K, determined
by the framing (such a longitude is unique up to isotopy).

This defines an equivalence relation; in particular, My ~, My implies
My ~s Mj because the dual decomposition of such an H also consists of
2-handles only. If My ~, My, then Mj is orientable if and only if M is
orientable, and in such a case any special triad connecting them is necessarily
orientable.

Let us consider for a while the orientable case. We have the following
(see [Wal)).

PropPoOSITION 19.7. Let My, My be compact connected orientable bound-
aryless 3-manifolds. Then My ~, My if and only if there is an orientable
4-dimensional triad (W, My, My); that is, for suitable orientations, [My] =
[Ml] € Q3.

COROLLARY 19.8. M ~, S2 if and only if for every orientation of M,
[M] =0 € Q3.

Proofs: Let us prove the corollary, assuming the proposition. If M; ~,
53, then by completing with one 4-handle attached at S® the dual H* of a
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special decomposition H of a given triad (W, S3, M), we get a triad (V, M, 0)
so that M = 9V. On the other way round, assume that M = 0V for
some orientable connected 4-manifold V. Then the triad (V,(, M) admits
an ordered handle decomposition with one 0-handle, and no 4-handles. By
removing the 0-handle we get an orientable triad (W, S3, M) and we conclude
by applying to it the proposition.

Let us prove now the proposition. One implication is trivial. For the
other, let us start with any orientable triad (W, My, M;). It has an ordered
handle decomposition without both 0 and 4-handles. Moreover, we can
assume that all handles of a given index are attached simultaneously at
disjoint attaching tubes. The idea is to trade first every 1-handle for a 2-
handle in such a way that the 4-manifold W could be modified, but its
boundary is kept fixed. Every 1-handle does not destroy the orientability.
Moreover, by the uniqueness of disks up to diffeotopy, we can assume that
all attaching tubes of the 1-handles are contained in a smooth 3-disk D in
My ~ My x {1}; then after having attached the 1-handles to Cp = My x [0, 1]
at Mo ~ My x {1}, we get a 4-manifold W; such that OW; is the disjoint
union of My with the connected sum of My with some copies of S? x S1. A 4-
manifold V; with the same boundary can be obtained by surgery along a link
L in My formed by d (d being equal to the number of the above 1-handles)
unknotted and unlinked components contained in the above disk D, such
that each component K is endowed with the framing associated with the
distinguished longitude carried by a collar in a 2-disk D, in D such that
0D, = K. In fact, such a surgery performed on S? at one knot component
realizes the standard genus-1 Heegaard splitting of S? x S with Heegaard
surface S! x S € % x S*, the first S! factor being the equator of S2. The
rest of the handle decomposition is unchanged and we get a 4-dimensional
triad (W', My, M7) having an ordered handle decomposition H' without 0,
1 and 4-handles. To also trade the 3-handles for some 2-handles, we manage
similarly by using the dual decomposition of H'. Finally, we get a triad
(W?”, My, Mp) with a handle decomposition H” consisting only of 2-handles.
The proposition is proved.

|
Now we state two main theorems of this chapter.

THEOREM 19.9. (Lickorish-Wallace) Every orientable connected compact
boundaryless 3-manifold M is surgery equivalent to S (M ~, S3).

THEOREM 19.10. Q3 = 0.

By Corollary 19.8, they can be, and have been, considered as a corollary
of each other. For example, Lickorish proved Theorem 19.9 as an application
of his main results about the generators of the mapping class groups of
surfaces and, in doing so, he got a new proof that {23 = 0. On the other
hand, Wallace obtained Theorem 19.9 via Corollary 19.8, as it was already
known (by several different proofs) that 3 = 0. We will develop in great
detail this theme.
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19.2.1. Nonorientable surgery. There is a nonorientable version of
Corollary 19.8. Denote by 91 the nonorientable 3-manifold which is the
boundary of the nonorientable 4-manifold U (unique up to diffeomorphism)
with a handle decomposition consisting of one 0-handle and one 1-handle.
91 is the nonorientable total space of a fibration over S with fibre S2.

PROPOSITION 19.11. Let M be a compact connected boundaryless nonori-
entable 3-manifold. Then M ~, I if and only if [M] =0 € ns.

The proof is similar to the orientable case.

19.3. Proofs of {23 =0

In this section we discuss a few “direct” proofs of Theorem 19.10, so
that Theorem 19.9 will result as a corollary.

e (Via immersions in R® and Seifert’s surfaces) This is the first proof
of Q3 = 0 (Rohlin 1950, see his papers translated in [GM]). If a compact
connected orientable boundaryless 3-manifold M is embedded in R?, then by
Proposition 13.7 it admits an orientable Seifert’s surface W; in particular,
M = OW. To prove the theorem, it is enough to show that for every
orientable M there is an orientable triad (V, M, M) such that M is embedded
in R%. This is a particular case of Theorem 7.27.

o (Via vanishing of characteristic numbers) We will see in Section 19.6
that a compact orientable 3-manifold M is parallelizable (without using that
3 = 0). Then M is an oriented boundary, this being a particular case of
Proposition 16.6. In a sense this is the most “modern” proof, being a special
case of the general determination of bordism groups based on Thom’s spaces
and characteristic numbers.

19.4. Proofs of Lickorish-Wallace theorem

In this section we discuss a few “direct” proofs of Theorem 19.9, so that
Theorem 19.10 will result as a corollary.
These proofs are based on Heegaard splittings.

(Via Dehn twists) The main Lickorish result establishes a distinguished
set of generators of the mapping class group Mod(X). Let C' be a smooth
circle on the surface ;. Assume that C is essential; that is, it is not the
boundary of a smooth disk embedded in ¥,. Fix an auxiliary trivialization

St x[-1,2] = U

of a tubular neighbourhood of C. Give S* x [~1,2] the coordinates (¢, ),
6 € [0,27]. Let p: [—1,2] — [0, 1] be a smooth function which is constantly
equal to 0 on [—1,0] and constantly equal to 1 on [1,2], while it is strictly
increasing on [0, 1]. Then define the diffeomorphism

TC P Xg — Mg
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which is the identity outside U, and is defined on U as 1) o h o ¢~!, where
h(ez‘e’ t) _ (ei(0+27rp(t))’ t) ]

The maps 7¢ and 75 1 are called Dehn’s twists along C. Their classes in
Mod(X,) do not depend on the arbitrary choices we made, including the
fact that C' is considered up to ambient isotopy. We also refer to these
classes as Dehn’s twists.

THEOREM 19.12. [Lick] Mod(%,) is generated by the Dehn twists along
essential smooth circles.

We assume this theorem and show how to deduce that M ~, S3.

LEMMA 19.13. Let [¢] = [1]) o --- o [11] be an element of Mod(X,) ez-
pressed as a composition of k Dehn’s twists. Then there exist two systems
of k disjoint solid tori, Vi,..., Vi and V{,..., V], in the interior of the han-
dlebody $4 such that ¢ extends to a diffeomorphism

b2 g\ UjInt(V;) — 9\ UjInt(V)) .
Proof : If k = 0, then 1 is isotopic to the identity and the statement

is trivially verified. Assume that £k =1, v = 7 = 7'51. Consider a collar

C(Xy) ~ 3y x[0,1] of ¥y = 084 in Hy. Set V ~U(C) x[1/2,1] C C(X) (up
to corner smoothing) where U(C) is a annular neighbourhood of C' in X,.
Set V/ = V. Then an extension of 7 is obtained by taking a parallel copy of
7 on every leaf U(C) x {s}, 0 < s < 1/2, and setting 7 equal to the identity
on the remaining part of $; \ Int(V). If k¥ = 2 we can extend 7 along C5
by the same method, provided that the “tunnel” V5 is more deeply in the
interior of §),, so that V; NV, = () and 7 = id along V5. Then set Vy = V5,
V] = 72(V1), so that 72 o 71 is a desired extension of ¢. Iterating the same
method, by induction we get the result for every k& > 0.

|

Consider any genus g Heegaard splitting presented in the form

M ~ $4 4 9, [¢] € Mod(Z,)
as in Section 19.1; recall that this includes the choice of an auxiliary diffeo-
morphism v which reverses the orientation. We know that also S® admits a
genus g splitting
Sg - 57)9 H[d)/} 57)9 .

Set ) = ¢ tod = (¢ Loy 1)o(yog¢'). Apply the above lemma to . Then
we get an extension

¥+ 9\ UjInt(V;) — 9\ U;Int(V})
which by construction extends to a diffeomorphism

P2 8%\ UInt(V;) — M\ U;Int(V]) |
and this readily shows that M ~, S3.
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(By induction on a Heegaard diagram complexity) Last but not least, we
present the clever proof of [Rourke|. Let us fix an orientation of M; it is
understood that all manifolds produced by the following construction are
oriented and that the orientations are compatible. We are going to realize
that S3 ~, M.

LEMMA 19.14. If M = M #Ms and S3 ~5 M;, j = 1,2, then S ~; M.
Proof : As §3 = S3#53, the lemma follows immediately.

|
We write
M = M(z,y)
to mean that M is encoded by a genus g Heegaard diagram (X, z,y) where
x = {x1,...,24} and y = {y1,...,y,} are the two non-dividing families

of simple smooth circles on the surface ¥, earlier denoted by C~ and C™,
respectively. Recall that x M y.

Let z = {#1,..., 24} be another family of g smooth circles on ¥ whose
union does not divide the surface. Assume that z h 2 and z M y. Recalling
the reconstruction of M = M(x,y) from the diagram, we can assume that
z is traced on the Heegaard surface ¥ ~ ¥ x {0}. Give an orientation to
each z;, fix a system of disjoint tubular neighbourhoods U; of each z; in
M such that OU; M ¥ along a pair of curves parallel to z;, and select the
longitude [; C OU; given by the component of OU; N X whose orientation
is parallel to the one of z;. For every j, up to isotopy there is a unique
framing p; : Sl x D? — Uj so that the longitude [; is carried by p;; thus
we have determined a framed link L := U;(2;,l;) in M = M(z,y). These
trivializations are used as attaching maps of disjoint 2-handles so that we
have constructed a special triad

(W, M, M), M ~y M .

The following simple lemma, which is, in fact, the core of the proof, estab-
lishes a key relationship between surgery equivalence and Heegaard splitting.

LEMMA 19.15. M ~ M (z,2)#M(z,y).

Proof : Denote by My(x,z) the manifold with spherical boundary ob-
tained by removing from M (z, z) the interior of a smooth embedded 3-disk.
Similarly, My(z,y) is obtained from M (z,y). It follows straightforwardly by
comparing the reconstruction of M (z, z) and M(z,y) from the diagrams and
the construction of M by surgery on M along the framed link L := Uj(25,15)
that, up to diffeomorphism, M is obtained by gluing M(z, z) and My(z,y)
by a diffeomorphism between the boundaries. With the terminology of Sec-
tion 7.5.2, M is a weak connected sum of M(z,z) and M(z,y). Then by
Smale’s theorem (Proposition 7.13, (1), m = 3) it is a true connected sum.

[ ]

The last ingredient is a suitable measure of the complexity of the Hee-

gaard diagrams. Let (X, z,y) be such a diagram of genus g. Recall that every
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x; Ny; is a finite set and denote by |z; N y;| the number of elements (we
stress that it is the “geometric” number, no algebraic intersection numbers
are involved). Then set

(X, x,y) = (g,r = rrzlzn |z Ny;]) € N?
where N? is endowed with the lexicographic order. We will achieve the result
by (double) induction on the complexity ¢ of a given splitting of M.

The initial step is when g = 0; in such a case, by the very definition, M
is a twisted 3-sphere, so it is a true smooth sphere again by Smale theorem
(Proposition 7.13, (2), m = 3); the empty surgery does the job.

Let M = M(z,y) be of complexity ¢ = (g,r) and assume that S ~, M’
for every M’ admitting an encoding diagram of complexity ¢ = (¢',7') <
c=(g,7).

If ¢ = (g,1), then the given diagram is a stabilization of a diagram of
genus g — 1, hence S3 ~, M by the inductive hypothesis.

If ¢ = (g,0), it is not restrictive to assume that x1 Ny = 0.

Claim 1. There exists a non-separating circle z1 on % which intersects
each of r1 and y1 transversely at a single point.

Assuming this fact, extend z; to a non-dividing family z of ¢ circles
on ¥, z M x and z M y. Then both M(x,z) and M(z,y) have encoding
diagrams with » = 1 and we conclude by applying the previous case and
Lemmas 19.14, 19.15.

Assume that r > 1. It is not restrictive to assume that r = |z1 Ny |.

Claim 2. There exists a non-separating circle z; on % which intersects
each of x1 and y1 transversely at a number of points strictly less than r.

Assuming this fact, extend z; to a non-dividing family z of ¢ circles
on ¥, z M x and z M y. Then both M(x,z) and M(z,y) have encoding
diagrams of the same genus g but with strictly smaller complexity. Then by
the inductive hypothesis, S? is surgery equivalent to both and again we can
conclude by applying Lemmas 19.14 and 19.15.

It remains to prove the two claims. As for Claim 1, there are two pos-
sibilities; ¥’ := ¥\ (21 U 1) is either connected or nonconnected. Take a
small segment v in ¥ transverse to x; at one point, with endpoints pg, p1;
similarly let 4/ be transverse to y; at one point, with endpoints pf, pj. If
Y is not connected, up to reordering, we can assume that the couples of
endpoints po, p, and p1,p} belong to different connected components. Then
in both cases a smooth circle z; in ¥ with the required properties can be
obtained of the form

z1 :’yUoszy'Uo/ ,
where « is a smooth arc which connects py and p{, and o’ is such an arc
connecting p; and pj.

As for Claim 2, let A and B be two points of x1 Ny which are adjacent
in x1. Then there is an arc « in x1 which intersects y; only at its endpoints
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A and B. These points also divide y; into two arcs, 8 and . As y; does
not separate X, there is at least one of these arcs, say 3, such that a U
does not separate . Then we can construct z; using a parallel copy o’ of «
which near A is in the direction of 3, completed by a segment /3’ close to 3.
One realizes that z; intersects x1 in at most » — 1 points and intersects y; in
at most one point. So z; has the desired properties. This proof of Theorem
19.9 is now complete.

19.4.1. On Kirby’s calculus. We have proved that for every ori-
entable compact connected, boundaryless 3-manifold M, there is a special
triad (W, S3, M) which realizes the surgery equivalence S® ~, M, so that W
admits an ordered handle decomposition consisting only of 2-handles. Every
such a handle decomposition with k 2-handles is encoded by a framed link
L in S® with k constituent knots Kj,j=1,...,k. For every Kj, its framing
is encoded by a parallel longitude /;; fixing auxiliary parallel orientations of
both K and l;, this last is encoded by the linking number L(Kj,[;); that
is, equivalently, by the intersection number of /; with any oriented Seifert
surface of Kj in S3. The natural question is how two framed links repre-
senting a given manifold are related to each other. A handle decomposition
can be modified by handle sliding and this can be translated in terms of the
corresponding framed links. Moreover, we must consider the possibility of
modifying a special triad without changing its boundary. A distinguished
way to do it consists of attaching a 2-handle with attaching circle contained
and unknotted in a 3-ball disjoint from the other link components, and with
framing equal to +1. One realizes that this does not modify the boundary,
while we pass from W to W# +P?(C). This is called an elementary blow-up
move. We can consider also the inverse (negative) move of removing such a
handle. An important Kirby’s result [Kirby2] can be formulated, somewhat
qualitatively, as follows.

THEOREM 19.16. Two framed links L1 and Ly in S carry two realiza-
tions of the surgery equivalence S® ~s M if and only if they are related
to each other by a finite sequence of modifications which either translate
2-handle sliding or are positive/negative elementary blow-up moves.

The proof is rather difficult, based on Cerf’s theory [Ce2]. After such
a qualitative statement, successive efforts have been devoted to convert it
into an efficient diagrammatic calculus on framed links in 3. Kirby himself
found a generator (called “band move”) for the handle sliding; this is not a
‘local’ move and resembles a move described above on Heegaard diagrams.
Later, in [FR], the authors point out an infinite family of local moves (qual-
itatively, “one” move depending on an integer parameter) generating the
whole calculus. Finally, in [Mart2], we can find a generating finite family
of local moves.



314 19. ON 3-MANIFOLDS

19.5. On n3 = 0.

Referring to Section 19.2.1, the following two theorems can be obtained
as a corollary of each other.

THEOREM 19.17. FEvery nonorientable compact connected boundaryless
3-manifold M is surgery equivalent to M (M ~, IMN).

THEOREM 19.18. 13 = 0.

19.5.1. On some proofs that 13 = 0. Certainly, it is contained in the
general statement of Thom’s Theorem 17.23 and, in a sense, this is its first
proof. However, Rohlin claimed, without further explanation (see [GM]),
that the method he had used to prove €23 = 0 also allows proving that n3 = 0.
This is not so immediate. Starting from a generic immersion of M (possibly
nonorientable) in R3, the “embedding up to bordism” of Theorem 7.27 can
be extended; to eliminate the double points of a generic immersion, we have
to consider another case where a circle of double point C' has trivial double
covering C — C, and the components of C' have nonorientable tubular
neighbourhoods in M. Let us assume that M is embedded in R>. If a
tubular neighbourhood U of M in R is associated with a splitting 7' (M) ©¢
of the restriction of T(R®) to M, we cannot assume in general that ¢ has
a nowhere vanishing section and hence we cannot assume that there is a
possibly nonorientable Seifert surface (recall Remark 13.11). To conclude,
it would be enough to find M’ embedded in some 5-manifold X such that
[M] = [M'] € n3, [M'] =0 € H*(X,Z/2Z), and there is a splitting T'(M) @&’
of the restriction of T'(X) to M’ such that & has a nowhere vanishing section.
This can be achieved as follows (see also the suggestion at pag. 91 of [GM]).
Let M be embedded in R® as above. Consider the Euler class of ¢ belonging
to 1 (M). This is represented by a smooth circle C' on M. Take the blow up
X of R® along C (see Section 7.10); let M’ be the blow up of M along C which
is embedded in X as the strict transform of M. One can check that M’ C X
satisfy the required properties. In particular [M’'] = [M] + [S! x P?(R)] =
[M] € ns.

19.5.2. On some proofs that M ~, 9. In [Lick2], Lickorish ex-
tended to nonorientable surfaces his main result on the generators of the
mapping class group. This allows him to also extend the corollary about

the surgery equivalence to the nonorientable case. In [AG], the simpler
clever proof of [Rourke| has been extended to the nonorientable case.

19.6. Combing and framing

A main result of this section will be the following.

FEvery compact connected orientable boundaryless 3-manifold M is par-
allelizable.

Current modern proofs of this primary result in 3-dimensional differen-
tial topology (originally attributed to Stiefel [Sti]) use either a mixture of
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spin structures and Stiefel Whitney classes theories (see for instance [Ge],
Section 4.2), or a refinement due to Kaplan [Ka] of the Lickorish-Wallace
theorem, using the Kirby calculus (see also [FM], Section 9.4.). We do not
dispose of these tools. Nevertheless, by following [BL], we will provide two
self-contained elementary proofs, revealing different aspects of the question.
The first proof uses some ideas of the last-mentioned approach but it avoids
the use of both Lickorish-Wallace Theorem and Kirby calculus. Recall that
one of our proofs that 23 = 0, hence of Lickorish-Wallace theorem, is based
on the fact that M is parallelizable, so we are not introducing any loop in
our discussion. The second proof will result from a study of combings of a
3-manifold, associated with othogonal 2-planes distributions.

From now on, M will denote a compact connected orientable boundary-
less 3-manifold. Like every odd-dimensional manifold, M is combable; that
is, it carries nowhere vanishing tangent vector fields v. These are considered
up to smooth homotopy through such fields, and a homotopy class is called
a combing of M. We will often confuse a combing with suitable representa-
tives determined case by case. If necessary, we use the term ‘field’ instead of
combing, to stress that we are dealing with a certain representative. A fram-
ing F of T(M) is a triple (v, w, z) of pointwise linearly independent tangent
vector fields. Framings are considered up to homotopy as well. Fixing any
auxiliary Riemannian metric g on M, we can assume that a given combing
is represented by a unitary field for g, and every framing is represented by
pointwise orthonormal fields. A framing determines an orientation of M
so that orientability of M is a necessary condition. If M is oriented and
parallelizable, then some framings induce the given orientation. From now
on, we will assume that M is oriented, by fixing an auxiliary orientation.

19.6.1. Framing via even surgery. The first remark is that it is
enough to prove that M is almost-parallelizable. A quasi-framing of M is a
framing of T'(M) over a submanifold of the form

My := M \ Int(B) ,

where B is a smooth 3-disk in M. We say that M is almost-parallelizable if
it admits a quasi-framing. In such a case, by the uniqueness of the disk up
to ambient isotopy, we see that the choice of the disk B is immaterial.

LEMMA 19.19. M is parallelizable if and only if it is almost-parallelizable.

Proof : One implication is trivial. As for the other implication, we can
assume that B is contained in a chart of M and looks standard therein as
well as the auxiliary metric. Then the restriction of a quasi-framing F’ to
OB = S? is encoded by a map

p:S?— S0O(3).

We know that SO(3) ~ P3(R) (Example 4.8), with 3 as universal covering
space, hence m2(SO(3)) ~ m2(S93) = 0. It follows that p extends to

B:B— S0(3),
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and that F’ extends to a framing F of the whole T'(M).
[
Let M be obtained by longitudinal surgery along a framed link L in S3;
we write
M =x(8% L) ;
M is the final boundary of a triad (W, 0, x(S3, L)), where W is obtained by
attaching disjoint 2-handles to D* at S® = 9D*. Every 2-handle D? x D?
determines a constituent knot K of L, so that dD? x D? ~ N(K), N(K)
being a tubular neighbourhood of K in S, dD? x {0} being identified with
a longitude [ on ON(K) along K. The framing of every component K of
L is encoded by the linking number nx € Z between K and the longitude
lr, where K and [ are co-oriented in such a way that the projection of Ly

to K is of degree 1. We say that the surgery is even if for every constituent
knot K of L, nx € 27Z.

PROPOSITION 19.20. Let (W,0, M) be the triad associated to an even
surgery M = x(S3,L). Then W is parallelizable.

Proof : To simplify the notation, we give the proof for a one-component
link, but this generalizes straightforwardly. So let L = (K,n), n € 2Z.
Both D* and D? x D? are parallelizable, so we have to show that they carry
some framings which match on N(K). Fix a reference framing Fy on D*;
the restriction to N(K) of any framing F on the 2-handle is encoded by
amap p: N(K) — SO(4). Viewing S as the group of unit quaternions,
we can construct a 2-fold covering map S% x S — SO(4) showing that
m1(SO(4)) = Z/27Z (see Example 4.8). As the solid torus N(K) retracts to
K ~ S', p determines an element of Z/27Z, and the two framings coincide
on N(K) if and only if this is equal to 0. It can be readily seen that this
element is equal to the number n mod (2).

COROLLARY 19.21. Let M = x(S3,L) be an even surgery. Then M is
stably-parallelizable (i.e. T(M) @ €' is a product bundle).

Proof : Let (W,0,x(S3, L)) be as above. Then T(W)y = T(M) @ v,
where v is a trivial normal line bundle of M = W in W. We know by the
proposition that T (W) is a product bundle.

|
LEMMA 19.22. If M is stably parallelizable then it is almost-parallelizable.

Proof : As T(M) @ ¢! = M x R*, every T, M is an oriented 3-plane in
R*. So we have a smooth classifying map p : M — S2, where the sphere
is considered as the space of oriented 3-planes in R*, and T'(M) is the pull-
back of the corresponding tautological bundle (see Chapter 4). Now we
know that My retracts to a 2-dimensional spine Py as in Section 19.1.2.
Hence the restriction of p to Pg is not surjective; then it is homotopic to a
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constant map. It follows that the restriction of T'(M) to Py, hence to My,
is a product bundle.

REMARK 19.23. Lemma 19.22 holds in every dimension n; the key point
is that M \ Int(B"™) has the homotopy type of a CW-complex of dimension
less than or equal n — 1 (see Section 9.3.1).

Recall the notion of weak connected sum given in Section 7.5.2. We know
by Smale’s theorem that 3-dimensional weak connected sums are veritable
connected sums, but we do not need this fact in the present discussion. The
following lemma is trivial.

LEMMA 19.24. If there exists M’ such that a weak connected sum of M
and M’ is parallelizable, then M is almost parallelizable (hence, paralleliz-

able).

Recall that a Heegaard splitting (of some genus g) of M can be encoded
by a non-dividing family L of g smooth circles on the boundary 05, of a
handlebody $,. We can assume that §), is embedded in a standard way in

53 so that 9, = 93\ §, is also a handlebody of genus g, and we have a
Heegaard splitting of S3. Give every component K of L the framing carried
by a tubular neighbourhood of K in 9f),. Then we have a framed link L in
S3. By applying the proof of Lemma 19.15, we readily prove the following.

LEMMA 19.25. x(S3, L) is a weak connected sum of M and M', for some
M.

By combining the above lemmas, to show that M is almost paralleliz-
able (hence parallelizable) it is enough to show that we can implement the
above construction in such a way that the surgery x(S%, L) is even. Fix any
embedding L C 8%, C $, C S as above. Fix a system yu = {mq,...,my}
of g meridians on 9%, (which bound 2-disks properly embedded in )
and a dual system of g meridians A = {ly,...,l,} for the complementary
handlebody ﬁ’g. A Dehn twist on 05, along a curve m; extends to a diffeo-
morphism of the whole §,. Hence we can modify the family L by applying
any finite sequence of such Dehn twists, keeping the fact that x(S3, L) is a
weak connected sum of M and M’, for some M’. We are reduced to prove
the following lemma.

LEMMA 19.26. Up to a suitable finite sequence of Dehn twists along the
meridians in p, x(S>, L) is an even surgery.

Proof : The question can be reduced to Z/2Z-linear algebra on 71(0).
Start with any surgery x (5%, L) which realizes a weak connected sum of M
and a certain M’ as above. The union of curves in the families ¢ and A form
a symplectic basis of 71(0%)4) with respect to the intersection form. So, by
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confusing classes mod (2) and representatives and setting L = { K1, ..., Ky},
we have the Z/2Z-linear combinations:

g
Kj = Z(azml + bgll) .
=1

The framing mod (2) of K is given by
n; = Zafbf €ZL)2Z .
i

A Dehn twist T} along m; acts on 1;(9$,) so that
Ti(li) = li +mi

while it is the identity on the other 2g — 1 elements of the given basis. All
intersection numbers mod (2) of the curves of L vanish; that is,

K.e K;=0,1,5s=0,...9.

This means that the coefficients of the above linear combinations satisfy the
system of conditions:

g
(19.1) > (ajb; +ajb}) =0, r,s=0,...g.
i=1
We allow ourselves to apply twist combinations of the form 777 ... Tgx g,
Then we want to show that the Z/2Z-linear non homogeneous system

g
(19.2) > (@i +b)aj =0, r=1,...g
i=1
admits a solution in (Z/2Z)9. Note that we tacitly use several times that
z = 2? for every z € Z/2Z. If for every r, all al = 0, then every (z1,...,24)
is a solution. Otherwise we can assume that a} = 1. Then the solution of

the equation
g

Z(mz +b})aj =0

i=1
is of the form z; = Z?:Q cjrj. By replacing in the other equations and
using the relations 19.1, we are reduced to solve a system in xa,...,z, of

the same form
g

D (i +b)ag =0, r=2,...,9,
i=2
with
a; = ajaj +aj, b = aib} + b7 .
One verifies directly that these new coefficients formally satisfy the corre-
sponding conditions 19.1. So we can conclude by recurrence.
]
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Our first proof that M is parallelizable is now complete.

REMARK 19.27. In [Ka] (see also [FM)]) the general result is proved that,
for every M as above, there is an even surgery M = x(S3, L). Starting from
any surgery presentation of M with associated triad (W, (), M), which exists
by the Lickorish-Wallace theorem, the proof consists of an algorithm that
progressively reduces the number of “odd” link components using the moves
of the Kirby calculus. This proof does not use the harder fact that the Kirby
calculus connects any two surgery presentations of M [Kirby2].

Next, we will elaborate on the second proof.

19.6.2. On the cobordism ring of an orientable 3-manifold. We
now specialize the results of Chapters 13. In the present situation, the
relevant co-bordism modules are

HI(M;Z/27), H)(M;Z), j=0,1,2,3 .
We summarize here some properties which we will use.

o H3(M;Z/2Z) ~ HO(M;Z/2Z) ~ Z/2Z by the isomorphism which
associates the usual generator of H3(M;Z/2Z) to the fundamental class
mod (2) [M]; similarly over Z.

o H2(M; Z/22) = n*(M) = m(M)

o H2(M;Z/27) ~ H'(M;Z/2Z) in a natural way: if

a=[F] € H'(M;Z/27)

we can assume that the embedded surface F' C M is connected and does
not divide M if a # 0. If 7y is a smooth simple arc in M transverse to F' at
one point, it can be completed to a smooth circle ¢ by means of an arc 7/
contained in M\ F, so that [F]U[c] = 1. Viceversa, if [c] # 0 € H*(M;Z/27),
then it is part of a basis B of H?(M;Z/2Z) which is finite-dimensional.
The functional [¢]*, belonging to the dual basis composed with the natural
homomorphism 71 (M) — 11 (M), defines a Z/2Z-valued representation of
the fundamental group that can be realized by a connected hypersurface
F, so that in particular [F] U [¢] = 1. Moreover, we can assume that F
transversely intersects ¢ at one point: if F' intersects ¢ at an odd number of
points, we can reduce them to one by attaching suitable embedded 1-handles
along arcs of ¢ and performing surgeries of F.

e If ¢ is a connected oriented smooth circle in M such that [c] = 0 €

H2(M;Z), then there is an oriented Seifert surface for ¢ in M; if [¢] = 0 €
H?(M;7/27) then there is a possibly nonorientable Seifert surface for ¢ in

)

e Consider the natural forgetting morphism H2(M;Z) — H2(M;7Z/27).

LEMMA 19.28. A class a € H?(M;Z) belongs to the kernel of the forget-
ting morphism H2(M;Z) — H*(M;7Z/2Z) if and only if o is an even class;
that is, there is 3 € H2(M;Z) such that o = 28.
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Proof : We can assume that « is represented by a connected oriented
smooth circle c¢. By hypothesis, ¢ is the boundary of a possibly nonorientable
connected compact surface F' embedded in M. If F is orientable, then a = 0
and we are done. If F' is not orientable, it follows from the classification of
surfaces that there is a smooth l-submanifold C' on Int(F’) such that a
tubular neighbourhood U(C) of C' in F' is a union of Mébius strips and
F'\ C is orientable. Then orient F'\ C' in such a way the oriented ¢ inherits
the boundary orientation, and orient consequently C’' := 9U(C) C F \
Int(U(C)). Then [¢] = [C'] € H}(M; Z) and [C'] = 2[C”], where C” is the
union of the cores of U(C) oriented in such a way that the restriction of the
projection of C’ to every core is of positive degree.

19.6.3. Combings and orthogonal plane distributions. Let v be
a field representing a combing of M. Fix an auxiliary metric as above. We
have the distribution of orthogonal tangent 2-planes

{Py := span(v(x))" Yaens -

These planes P, are oriented by the unique orientation which, added to v(z),
agrees with the given orientation on T,M. This defines an oriented rank-2
vector bundle &, on M whose strict equivalence class does not depend on
the choice of the combing representative nor of the auxiliary metric. We
consider the oriented Euler class

e*(€u) € QM) = 0y (M) .

In fact, €2(&,) € H2(M;Z). If €, has a non-vanishing unitary section w
orthogonal to v, then (v,w) extends to the unique orthonormal framing
F = (v,w, z) of T(M) such that the orientations are compatible. So &, is
trivial if and only if it admits a nowhere vanishing section w as above.

LEMMA 19.29. The bundle &, has a non-vanishing section if and only if
the Euler class €?(€,) vanishes.

This is known from section 13.4.

As usual, w?(&,) € H2(M;7Z/27) is the image of €?(£,) via the natural
forgetting map.

The comparison class. We can associate to an ordered pair of unitary
fields (v,v’), representing combings of M, a smooth section v x v’ of &, as
follows. At a point x € M where v(z) # +v'(z), v X V'(2) € Py(x) C T, M
is the “vector product” of v(z) and v/(z), i.e. the only tangent vector such
that

o v xv'(@)lI3

@ =1- g(v,v")?
o v x v (x)is g(x) orthogonal to v(z) and v'(x);
o (v(z),v'(z),v x v'(x)) is an oriented basis of T, M.
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At a point z € M where v(z) = +v'(x), we set v x v'(z) = 0.
If the two unitary fields v and v’ are generic in the respective combings,
the section v x v’ of F, is transverse to the zero section and the zero locus

C={rxeM|vxv(x)=0}C M

is a disjoint collection of simple closed curves. Moreover, C' = Cy U C_,
where

Cy={zeM|v(z)=2(2)} and C_={zreM|v(x)=—2(2)}

By the very definition of €?(&,), C' can be oriented to represent the Euler
class of &,. Indeed, let F(§,) denote the total space of &,, My C E(&,) the
zero-section and My = v x v'(M) C E(&,). Under the natural identification
of M with My, the submanifold C' is identified with My N M;. By transver-
sality, for each x € My N M the natural projection p, : T, E(§,) — Py(z)
isomorphically maps the image under (v x v), of the fiber N,(C) of the
normal bundle of TC' C TM|c to P,(x). Therefore, the given orientation
on &,(x) can be pulled-back to N,(C) and, together with the orientation of
T, M, it induces an orientation on 7,C' in a standard way.

DEFINITION 19.30. For every ordered pair of generic unitary fields (v, v’)
on M as above, we define the comparison class a(v,v') € Q?(M) as the class
[C_] carried by the collection of curves C_ oriented as part of the oriented
zero locus of v x v/ : M — &, representing e2(&,).

LEMMA 19.31. Let (v,v") be a generic pair of unitary fields on M. Then,
(X(’U, ’U/) = —CM(’U,, ’U) and 04(7), —'U/) = Oé(’l)/, —U).

Proof : For each x € C the equality &,(x) = &, (z) holds, with the orien-
tations of &,(x) and &, (x) being the same or different according to, respec-
tively, whether x € C; or x € C_. We may choose a tubular neighborhood
U = U(C) such that the restrictions of the tangent plane fields P,|y and

P,/|y are so close that there is a vector bundle isomorphism <,0 &olu = Evlu

which is the identity map on the intersections P,(x) N Py(x), = € U,
and which is orientation-preserving near Cy = {x € M | v( ) = V(x)}
and orientation-reversing near C_ = {z € M | v(z) = —v'(x)}. Since
po(vxv)=uvxv = -0 xovand —v' X v is obtained by compos-

ing the section v’ x v with the orientation-preserving automorphism of F,,
given by minus the identity on each fiber, the orientation on C_ as part
of the zero locus of v x v/ : M — &, is the opposite of its orientation
as part of the zero locus of v/ x v = —v x v : M — &,. This implies
a(v,v') = —a(v’,v). Similarly, the orientation on C as part of the zero
locus of v x (—v') : M — &, coincides with its orientation as part of the zero
locus of (—v')xv = v/ x(—v) : M — &, which implies a(v, —v') = a(v', —v).
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LEMMA 19.32. Let (v,v") be a generic pair of unitary fields on M. Then,
¢*(&) = €% (&) = 2a(v,v").
Proof : According to the definitions, we have
e2(&) = a(v,v) + alv,—v') and €%(&) = a(v,v) + (v, —v).

The statement follows applying Lemma 19.31, after taking the difference of
the two equations.
|
Pontryagin surgery. Let v be a unitary field on M and C C M an
oriented, simple closed curve such that the positive unit tangent field along
C is equal to v|¢ and there is a trivialization

j:D*x S S UC)
of a tubular neighborhood of C' in M such that

v Oj = J*(a/a¢)7
where ¢ is a periodic coordinate on the S'-factor of D? x S'. Let (p,6)
be polar coordinates on the D?-factor. We say that a unitary field v’ is

obtained from v by a Pontryagin surgery along C if, up to homotopy, v’
coincides with v on M \ U(C) and

0 0
v'oj =7, (— cos(ﬂp)% — sin(ﬂp)ap)
on U(C).
The combing represented by such a field v’ is well defined (it does not
depend on the choices made to define v') and we also say that it is obtained
by a Pontryagin surgery on the combing represented by wv.

LEMMA 19.33. For every combing on M and every 3 € H2(M;Z), there
is a unitary generic pair (v,v') of unitary fields on M such that v represents
the combing and a(v,v") = B.

Proof : Let C C M be an oriented simple closed curve representing
the Poincaré dual of 8 and let j : D? x S' — U(C) be a trivialization of
a neighborhood of C'. Without loss of generality, we may assume that the
pull-back j*(g) of the auxiliary metric g on M is the standard product metric
on D? x S'. We can also assume that a representative v of the combing is
suited to perform a Pontryagin surgery along C. Consider a normal disc
Dy, = j(D* x {¢o}) and let p = Dy, N C. Then T,Dy, coincides, as an
oriented 2-plane, with P,(p) as well as with the g(p)-orthogonal subspace
of T,C inside T,M. Let v' be a unitary combing obtained from v by first
performing a Pontryagin surgery on U(C') and then applying a small generic
perturbation supported on a small neighborhood of M \ U(C). Then (v,?’)
is a generic pair of unitary combings and C' = {x € M | v(z) = —v'(x)}. By
the definition of a(v,v’), to prove the statement it suffices to show that the
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given orientation of C' coincides with its orientation as part of the zero set
of v xv' : M — §,. Near C, we have

(v xv')oj =7 <— sin(wp)i) = Jx <sini)7r,0) <y§c - x;y)) ;

where = pcosf and y = psiné are rectangular coordinates on the D?-
factor. Observe that j, sends the pair (0/0x,0/0y) to an oriented framing of
&,. Using the resulting trivialization of £, we can write locally the restriction
of v x v to the disc Dg,, followed by projection to &, as follows:

sin(7p) (
p

It is easy to compute that (v x v'), o j, sends 9/0x to —mwd/dy and 9/dy

to 70/dz, and since the matrix (Y §) has determinant 7% > 0 this shows

that the restriction of (v x v'), to the normal bundle to C' composed with

the projection to &, is orientation-preserving along C', concluding the proof.

v X v’|D¢0 Dz, y) y,—x) = m(y, —x) + higher order terms.

[
We are ready to state the main theorem of this section.

THEOREM 19.34. Let M be a compact connected oriented boundaryless
3-manifold. The following facts are equivalent to each other and all true.

(1) M is parallelizable.

(2) There exists a combing v of M such that €*(&,) = 0.

(3) There exists a combing v of M such that e(£,) is an even class; that
is, of the form e2(&,) = 23 for some B € H*(M;Z).

(4) For every combing v of M, €*(&,) is an even class.

(5) For every combing v of M, w?(&,) =0 € H2(M;7Z/27).

Proof : Let us prove first the equivalence of the five statements. We will
prove (j) < (j+1) forj=1,...,4.
(1) = (2): If F = (v,w, 2) is a framing of M, then e2(¢,) = 0.
(1) <= (2): We have already remarked above that if €2(&,) = 0, then v
can be extended to a global framing F = (v, w, z).
(2) = (3): This is trivial.
(2) <= (3): If €2(&,) = 28, then by applying the Pontryagin surgery to v
and the class —f3, we get v/ such that
(V) =28+ €e*(v) =0 .
(3) = (4): If €2(&,) = 28 and v’ is another combing, then by Lemma
19.32
e2(v") = 2(a(v,v") — B) .
(3) <= (4): This is trivial.
(4) = (5): This is trivial.
(4) < (5): This follows from Lemma 19.28.

g
=
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The equivalence of the five statements is achieved. Now it is enough to
show that at least one among them is true. We are going to prove it for
statement (5).

PROPOSITION 19.35. For every combing v of M, w*(&,) = 0 € H?(M;Z/27).

Equivalently, we have to show that for every compact closed surface F
embedded in M, possibly F' nonorientable, then
W (&)U [F) =0€Z/2Z ;
that is,
W (i*&) U[F] =0
where ¢ : F — M is the inclusion, and it is not restrictive to assume that F'
is connected.

Consider the restriction ¢*T'(M) of the tangent bundle of M to F. Sim-
ilarly, consider i*£,. Then we have the following two splittings as direct
sum:

*T(M) =i, @ e =T(F) v,
where v denotes the orthogonal line bundle along F', and €! is the restriction
to F' of the trivial line bundle which has v as a nowhere vanishing section.
Here is the key lemma.

LEMMA 19.36. For every combing v of M and every compact closed
embedded surface F we have

WA(i*&) U [F] = wX(T(F)) U [F] + (w(det T(F)) Uw' (v)) U [F] .

Claim. Lemma 19.36 = Proposition 19.35:

Proof of the Claim: If F' is orientable, then the identity of Lemma 19.36
reduces to
W (*&) U [F] = W*(T(F)) U [F] = x2(F)
and we conclude because x(F') is even. If F' is nonorientable, then F ~
hP2(R); that is, the connected sum of h copies of the projective plane.
As M is orientable, then v is isomorphic to the determinant line bundle
det T'(F'), hence also in this case

W (i* ) U [F] = x2(F) + (W (F)UW (F) U[F] =2 —h+h =0mod(2) .

Proof of Lemma 19.36: Consider again the two splittings
P*T(M) =i*¢, e =T(F)@v
realized geometrically by a field of splittings
T.M=P,&l(x)=T,Fdv(z), x€F

where [(z) is the (oriented) line spanned by v(z), while v(x) is the (unori-
ented) line orthogonal to T, F. Let s be a generic section of i*(,); that is,
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a field of vectors s = {s(x) € P,},cr. For every x € F, the direct sum
T,F @ v(z) induces the decompositions

s(x) = sp(z) + su(x), v(z) =vp(z) + v, (x) .

By transversality, we can assume the following.

(1) {s = 0} is a finite number of points representing w?(i*¢,).

(2) s, = {su(z)} and v, = {v,(z)} are generic sections of v, so that
both are smooth curves on F representing w'(v) and moreover are
transverse to each other in F', so that their intersection represents
win) Uwl(n) = wl(det T(F)) Uw!(v).

(3) {s=0}n{v, =0} =0.

(4) sp = {sy(x)} is a generic section of T'(F), so that {sp = 0} is a
finite number of points representing w?(T'(F)).

For every finite set X, let #X denote the number of its elements mod
(2). Then we have

w(i"&) U [F] = ##{s = 0}, w*(T(F) U[F] = #{sr =0} ,
(w!(det T(F)) Ueo (1)) U [F] = #({v, = 0} 1 {5, = 0}) .
So we have to prove that
#{s =0} =#{sp =0} + #({v, =0} N {s, =0}) .
On the other hand, obviously
{sr =0} = ({v, =0} N{sp =0}) I ({v, # 0} N{sp =0}) .
We claim that
{v, # 0y N{sp =0} = {s = 0};
in fact, by item (3) above
{s=0}={v, #0} N {s =0} .
Clearly
{v, #0}N{s =0} C {v, #0} N{sp =0} ;

on the other hand if s(x) # 0, then sp(z) # 0, because the projection
P, — T, F is an isomorphism being v, (x) # 0. It remains to check that

#{v, =0} {sp =0}) = #({v, =0} N{s, =0}) .

Set C = {v, =0} and j : C — F as the inclusion of this smooth curve; for
every z € C, the line v(x) is contained in P, and we have the splitting as
direct sum

Py = (P,NTLF) @ v(z) .

Hence we have a splitting as the direct sum of line bundles,

Je=A®jv.
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These two lines bundles are isomorphic to each other; in fact, along every
component of C, j*£, is trivial because it is oriented. Then the two line
bundles are both trivial or both nontrivial; eventually

WM uCl =Wl ulC] .

We conclude by noticing that the restriction of sy and s, are, respectively
generic sections of these line bundles.
|

The proof of Proposition 19.35, hence of the main Theorem 19.34 (in-
cluding that M is parallelizable), is now complete.

REMARK 19.37. Lemma 19.32 shows, in particular, that the class 2a/(v, v')
does not depend on the choice of the generic pair of fields v and v’ represent-
ing the respective combings. If F = (v, w, 2) is a framing of T'(M), and v’ is
any other generic field, then e(¢,/) = 2a(v’,v). Thanks to the framing, v’ is
encoded by a map s : M — S? and it is not hard to verify (do it by exercise)
that a(v',v) = s*(u) € Q%(M), where u is the usual standard generator of
02(S?) ~ Z. More generally, if ¥ is another combing encoded by the map
§: M — S?% then a(9,v") = §*(u) — s*(u); this shows that the comparison
class itself only depends on the combings, not on the choice of the generic
representatives.

19.6.4. What is the simplest proof that 23 = 0?7 We have earlier
discussed several proofs that 23 = 0 and of the equivalent Lickorish-Wallace
theorem on surgery equivalence. We have finally established that orientable
3-manifolds are parallelizable, thus all those proofs are now complete. We
can ask about the “simplest one”; that is, more precisely, the one with a min-
imal mathematical background. Rohlin’s first proof certainly uses nontrivial
facts about immersions of 3-manifolds in R®. Lickorish’s proof arises as a
corollary of an important result on the surface mapping class group which,
nevertheless, is rather expensive if one is just interested in the corollary.
The proof in [Rourke] is certainly very simple and self-contained, provided
one assumes Smale’s theorem. Then the most basic proof would be by com-
bining one with a minimal background of parallelizability of 3-manifolds (in
particular, we have noticed that Smale’s theorem is not necessary) and the
specialization to the 3-dimensional case of Proposition 16.6.

19.6.5. Classification of framings. We provide a classification of the
framings on M with respect to a given reference framing Fy. Any other
framing F is encoded by a map

pr: M — 50(3)

considered up to homotopy. The set [M,SO(3)] can be endowed with a
group structure by pointwise multiplication. As SO(3) ~ P3(R) there is a
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natural homomorphism (see Section 13.1)
Y [M,SO(3)] = H'(M; Z/2Z), [h] — h*([P*(R)]) -

Denote by p : $3 — SO(3) ~ P3(R) the universal covering. Recall that by
Corollary 17.8

[M, 5% ~ Qf (M) ~ Z
every homotopy class being classified by the common Z-degree of its repre-
sentative maps. There is a natural homomorphism

¢ [M,S%] = [M,P*(R)], [f] = [po f].
Finally we can state
ProrosITION 19.38. The homomorphism sequence
0= 2% [M,P3(R)] & H(M;Z/2Z) — 0
1S exact.

Proof : If po f is homotopic to a constant map, then the homotopy can
be lifted to S3, hence f is homotopically trivial and ¢ is injective.

Given g : M — SO(3), ¥([g]) = 0 if and only if g lifts to S3, hence the
kernel of v is the image of ¢.

We are left to prove that 1 is surjective. We use a spine Py of M)
constructed in Section 19.1.2. First, one proves that every homomorphism
a: 1 (Pg) = Z/2Z is induced by a map j : Pg — P2(R). Let a: (S',e) —
(PY(R),z0), PY(R) C P%(R), be a loop which generates 7 (P?(R)) ~ Z/2Z.
We choose a maximal tree T" in the singular set of the spine Py, and define
j : Sing(Pg) — P2(R) by setting it constantly equal to x¢ on T, while on
every other edge of the singular set it equals either the constant map or the
map a, according to the value of a on the loop determined by such an edge.
On the boundary of every region of Py there is an even number of edges
at which j is not constant, hence the map j extends to the whole of Py.
Now we consider P?(R) C P3(R) ~ SO(3). The map j extends to My, and
finally to the whole of M because m2(S0O(3)) = 0.

19.6.6. Classification of combings. Fix a reference framing Fq of M
as above. The set of combings of M can be identified with [M, 5] ~ Qf (M)
by the Pontryagin construction of Chapter 17. We want to make it explicit.
There is a natural forgetting projection

7 Qf (M) — Q1 (M) .
In fact, 7(v) = v*(u) € Q3(M) = Q1(M), where u = [yo] is a standard
generator of Q?(S?). We have already remarked that
e2(&,) = 2m(v) .

The projection 7 is surjective. So we have to understand the fibre 771(x)
of every x € Q1 (M). If we consider the comparison class a(v,v’) as the first
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obstruction in order that the combings coincide, to distinguish the combings
in a same fibre we have to point out a secondary comparison invariant. Given
an oriented framed knot (K, f) in M which projects to z, we can modify the
framing to (K,nf) by adding n twists to the given framing. This gives a
transitive action of Z on such a fibre. We have to understand when (X, f)
and (K, nf) represent the same element of Qf (M). Assume this is the case,
realized by a framed surface S in M x I. By taking the double of M x I,
diffeomorphic to M x S, the double ¥ of S embedded therein is an oriented
boundaryless surface in M x St such that [$] e [X] =n € Qo(M x S'). We
have
(Bl =A)e[M x{1}] =0,
where A = [K x S']. Then
(Bl =N e(E-A)=[Ne[A]=0
n=2([X] -\ el=[Z—\ec*&).
Then there are two cases:

(1) m(v) is a torsion element; then also €2(,) is so, and then n = 0.
(2) €2(&,) is not a torsion element; if d is the biggest integer such that
m(v) = dp for some 3, then

n =0 mod (2d) .
In summary, we have the following.

PROPOSITION 19.39. (1) Every framing Fy on M determines a surjective

map
7 Qf (M) — Q*(M)
such that for every combing v € Qf (M), 27 (v) = €2(&,).

(2) If €*(&) is a torsion element, set d = 0; then for every v,vy €
7 (7 (vo)), it is defined a secondary comparison invariant h(v,vy) € Z/2dZ =
Z such that v = vg iff and only if h(v,vy) = 0.

(3) If €*(&,) = 2m(v) is mot a torsion element, let d be the mazimum
integer such that w(v) = df for some . Then it is defined a secondary
comparison invariant h(v,vo) € Z/2dZ such that v = vy iff and only if
h(v,vp) = 0.

REMARK 19.40. If ©;(M) has no nontrivial elements of order 2, then
the map 7 does not depend on the choice of the framing Fy. In general, this
is not true. Let M = P3(R). Fix a trivialization b : UP3(R) — P3(R) x S?
of its unitary tangent bundle (associated to a framing F). Identify P3(R)
with SO(3). Consider a new trivialization ¢ defined by c¢(b=1(p, y)) = (p, py)
Let v be a combing encoded by a constant map with respect to b. Then
mp(v) = 0. On the other hand, m.(v) is represented by the loop in SO(3)
given by the rotation in a certain plane, hence it is not trivial.

Finally, we want to outline that Pontryagin surgery acts transitively.
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PROPOSITION 19.41. Let v, vy be combings of M. Then they are con-
nected by a finite sequence of combing Pontryagin surgeries.

Proof : Up to Pontryagin surgery we can assume that the first compari-
son obstruction vanishes: a(v,vg) = 0. Fix a reference framing Fy as above.
Then combings are encoded by [M, S?] ~ Qf (M), and we can assume that
v,v0 belong to the same fibre of 7 : Qf (M) — Q%(M). Tt remains to be
shown that, up to further Pontryagin surgeries on vy which preserve the fi-
bre, the second comparison invariant h(v,vg) also vanishes. As a(v,vp) = 0,
we can assume that v and vy coincide on My = M \ Int(B), where B is
a standard 3-disk in a chart of M diffeomorphic to R?, and they are con-
stantly equal to a base point sg € S% on 9B ~ S2. As B/OB ~ S% and
is endowed with the base point py = [0B], then v and vy determine two
elements v,79 € m3(S%). We know that this last is isomorphic to Z and is
generated by the Hopf map bh; then v = nh, 99 = ngh. It is not hard to
verify that (with the notations of Proposition 19.39)

h(v,v9) = n — ng mod (2d) ,

where d only depends on the given fibre of 7. Then we are essentially reduced
to prove that, starting from the map ¢y : S* — 52, co(x) = s9, for every
n € 7, we can realize a map f : S% — S? such that [f] = [nh] by means of a
finite sequence of Pontryagin surgeries. Assume that B C R3 is a suitably
big radius; consider the following loops in R3:

Y4 1 [0,27] 3 ¢ — 3(0,cos(¢), £sin(¢)) € R .
Parametrize a tubular neighbourhood of v+ as
j:t : [072] X [OaQW] X [OaQW] 3 (p797¢) -

(3 + peos(8))(0, cos(@), +sin(6)) + (psin(6),0,0) € R? .
Now, by taking convex combinations in S? on the region 1 < p < 2, we can
construct a homotopy between the constant field sy and the field

0)/ . .
el (1:(p.6,)) = (0, = sin(6), = cos(6)) = 41(6)/3 .
Up to rescaling the field, we can apply the Pontryagin surgery along the

tube {p < 1}. This produces another field e(!) which coincides with e(©)
outside the tube and is given there by:

el (j2(p.6,)) =
—cos(mp) (0, —sin(¢), = cos(¢))—sin(mp)(sin(f), cos(#) cos(¢), + cos() sin(p)) .
The value (—1,0,0) is regular and the inverse image is the curve
0+ :[0,27) 2 ¢ — j+(1/2,7/2,¢) = (1/2,3 cos(¢), £3sin(¢)) .

By direct computation, one checks that the framing on 4 is given by the
normal field

ve(g) =~ 29 1 g.0) -

™

COSQW)(O, cos(¢), £sin(¢))
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so that one finally checks that
k(64,04 +vy)=F1 .

We can therefore conclude that starting from the constant field cg, the el-
ement of 73(S?) which corresponds to the integer n can be realized by |n|
Pontryagin surgeries.

19.7. The bordism group of immersed surfaces in a 3-manifold

Let S be a compact boundaryless surface and M be a connected bound-
aryless 3-manifold. As usual, [S, M| denotes the set of homotopy classes of
maps f : S — M. By Section 7.8, we know that every class a € [S, M]
contains generic immersions whose local models are the same as for im-
mersions in R? described therein. Generic immersions in a given homotopy
class can be considered up to the finer relation of reqular homotopy. This is
a particular case of Smale-Hirsch theory, but the resulting classification is
a bit implicit; several efforts have been made to make it more transparent.
We can also consider generic immersions of compact boundaryless surfaces
in a given 3-manifold up to a notion of bordism which extends the one of
embedded bordism. In this section we mainly refer to [HH], [Pi], [BS]. We
will refer to these papers for details of some proofs. Nevertheless, we hope
to provide a substantial report.

Let us recall first the notion of regular homotopy.

DEFINITION 19.42. Let a € [S, M|; we say that two generic immersions
fo, f1 : 8 — M belonging to « are reqularly homotopic if they are connected
by a smooth homotopy f¢, t € [0,1], such that f; is an immersion for every t.
We denote by R[S, M|, the set of regular homotopy classes of immersions
in a, and by [f], the class of a generic immersion belonging to «.

Let us define now the i-bordism.

DEFINITION 19.43. Let f; : S; — M, j = 0,1, be generic immersions
of surfaces in the 3-manifold M. Then fy is i-bordant with f; if there is a
3-dimensional triad (W, Sp, S1) and an immersion F': W — M x [0, 1] such
that F'h M x {0,1} and f; x {j} = Fis;, j =0, 1.

First, we have a few remarks.

e As usual, i-bordism is an equivalence relation. Denote by [f]; the
equivalence class of a generic immersion f.

o If ¢ : § — S is a smooth diffeomorphism, then for every generic
immersion f : S — M, f is i-bordant with f o ¢: the bordism relation
incorporates the reparametrizations of surfaces. For every immersion f, the
intrinsic object of interest is rather its image f(S) C M which is a kind of
singular surface in M, called an immersed surface.
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o If fo, f1 : S — M are connected by a regular homotopy F' : S x[0,1] —

M, then
Fxid:Sx[0,1] = M x [0,1]

realizes an i-bordism of fy with fi. Hence, in a sense, i-bordism embodies
regular homotopy, but we stress that reparametrization is not included in
the definition of regular homotopy. By enhancing the regular homotopy
of immersions with the reparametrization of S, we have an intermediate
relation between bordism and regular homotopy of immersions of surfaces
which can be interpreted as the reqular homotopy on immersed surfaces with
source S.

e Denote by Zo(M) the set of i-bordism classes. The disjoint union
defines an Abelian semigroup structure (Zy(M),+) with the class of the
empty immersion as 0:

[S1, fuli + [S2, foli = [S1 L Sa, fi I foli .
A priori, it is not evident that it is a group; that is, it is not clear how to
define the inverses —[f];.
e By using 1-handles embedded in M, we can define a connected sum
between immersions fi# fs : S1#Ss — M such that

[S1#S2, f1# f]i = [S1, fili + [S2, fo]i € To(M) ;

it follows that every class in Zo(M) can be represented as [S, f]; where S is
connected, and the operation + is induced by # as well.

We will be mainly concerned with compact 3-manifolds M, and we dis-
tinguish two cases depending on M being orientable or nonorientable. When
M is orientable, an important ingredient of the discussion will be a certain
quadratic enhancement of the intersection form of a surface S associated
with each immersion of .S in M. We will discuss in detail the orientable case
following [HH], [Pi], [BS]. Later we will give a few indications about the
nonorientable one.

An important special case is M = S3 [Pi]. In this case, for every surface
S there is only one homotopy class of maps f : S — S2, and via the usual
inclusion R? ¢ R3Uoco = S2, we easily see by transversality that R[S, $3] =
R[S, R?] and T5(S3) = Zo(R3).

19.7.1. From immersions in 3-manifolds to quadratic enhance-
ments of the intersection forms. Let us recall the current setting:

e M is an orientable connected compact boundaryless 3-manifold;

e S is a compact and boundaryless surface, not necessarily orientable.
For a while, we will assume also that S is connected.

e f:S5 — M is a generic immersion.

We know that M is parallelizable, so let us fix an auxiliary framing F
of M. This includes also the choice of the orientation of M. The framing
F can be equivalently identified with an ordered triple 7 = (v,w,z) of
pointwise linearly independent tangent vector fields on M. By taking an
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auxiliary Riemannian metric ¢ on M, we can also assume that these fields
are pointwise orthonormal.

Let K be a smooth knot in M (K ~ S'). Give K an auxiliary orienta-
tion. The restriction of v along K can be considered as a map v : K — S?;
then, up to homotopy of framings, we can assume that v coincides along K
with the positive unitary tangent field on K. Thus, along K, nr := (w, z)
is an ordered couple of pointwise orthonormal vectors normal to K; i.e. it
is a normal framing and it determines a tubular neighbourhood N(K) of
K in M equipped with a trivialization. If n = (wq, 1) is any other normal
framing along K, then by using nr as a reference, we encode n by a map
p: K — SO(2) ~ S and we associate to n the degree ¢(n) := degy(p) € Z,
so that, obviously, ¢(nr) = 0. This number can be equivalently obtained
as follows. The framing nx, that is its first component w, determines a
longitude I on ON(K) oriented in such a way that the projection to K is
of degree 1. Another framing n also determines a longitude [,. Then

6(n) = (1] o [17] € QON(K)) ~Z |

where ON(K) is endowed with the boundary orientation. We say that n
differs from nz by ¢(n) positive or negative twists along K. We can modify
n by adding an arbitrary number of twists. We stipulate that nz is the basic
odd normal framing of K determined by F and that a normal framing is odd
if it differs from nz by an even number of twists. Otherwise, a framing is
even. So we have distributed the normal framings to K in two classes; these
classes of odd/even framings do not depend on the choice of the auxiliary
orientation on K. If we apply this construction to S = 0D? c R? c R3
with respect to the standard constant framing of R3, we realize that even
normal framings along S are characterized by the property that they cannot
be extended to a framing of the restriction of T(R3) to the spanning 2-disk
D?. On the other hand, odd normal framings along S' can be extended.
The typical even framing along S has as field w the ingoing normals to S*,
tangent to D?; the associated longitude is determined by a collar of S' in
D2,

Consider now a smooth circle C' on the surface S. By transversality,
we can assume that the restriction f|c of the immersion is an embedding of
C to a knot K C f(S) C M which extends to an embedding of a tubular
neighbourhood U(C) of C in S to a band B(K) in f(S), with core K.
We can assume that B(K) is the transverse intersection with f(S) of a
neighbourhood N(K) of K in M as above. We can apply to this knot K
the above considerations. Give C, hence K, an auxiliary orientation. Let us
orient 0B(K) in such a way that the natural projection to its core K is a
degree-2 covering. Fix an even normal framing F. along K, with associated
longitude Iz, . For every normal framing n, define as above ¢.(n) € Z with
respect to F.. We can consider the integer

OB(K)] o [i5,] € Q(ON(K)) ~Z .
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Then set

qr(C) := [0B(K)] e [l7,] mod(4) .
If U(C) is annular, then a normal framing, say u, of C' in S gives rise to a
normal framing ny = (w, z) of K in M, provided that w is the image of u by
the differential of f, and (v, w, z) agrees with the given orientation of T, M
along K, where v is tangent to K as above. Then

[0B(K)] o [l7,] = 2¢c(ny) -
We can say that ¢f(C) counts the number mod(4) of half-twists that the

band B(K) makes along its core K. The same interpretation also makes
sense when U(C') is a Mobius strip. In this case [0B(K)] e [I£,] is odd.

REMARK 19.44. If M = R3, ¢¢(C) is the linking number mod(4) between
OB(K) and the core K of the band (co-oriented as before).

If L = 1I;C} is the finite disjoint union of smooth circles on S, set

qr(L) = ap(Cy) .
i

LEMMA 19.45. (1) The procedure described above well defines a function
qr which associates to every finite disjoint union of smooth circles on the
surface S, considered up to ambient isotopy, an element q¢(C) € Z/AZ.

(2) The function qy satisfies the conditions stated at the end of Chapter
15; hence by setting for every o € n1(S), qf() := qf(C), where C is any
smooth circle on S representing a, we well define a quadratic enhancement

of (m(5), es)-

As for item (1), it is a bit complicated to show that ¢¢(C) in invariant up
to ambient isotopy. A generic isotopy between two copies of C', which embed
in M by the restriction of f, might pass through non-injective immersions
and we have to check that these accidents are immaterial for the value of
qf. As for item (2), we are reduced to a local analysis at a single crossing
point (the choice of the simplification of the crossing also turns out to be
immaterial); this is not very hard. We leave the details to the reader as an
exercise.

REMARKS 19.46. 1) The choice of the framing F is not immaterial, in the
sense that the quadratic form ¢ might depend on such a choice. However, it
will be immaterial for the statement of the main Theorems 19.47 and 19.51.
In the case of S% = R3 U 0o, we will deal with the unique framing (up to
homotopy) of R3.

2) The above construction would be placed in a more conceptual frame-
work in terms of spin structures on M and induced pin~ on S. In such a
framework (the interested reader may look to [KT]), given f : S — M as
above, as M is oriented, f*T'(M) = T(S) @& A(S), where this last is the
determinant bundle of S. For every spin structure ©® on M, we have the
pull-back spin structure f*(©) on f*T'(M), and there is a natural bijection
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between the spin structures on T'(S) @ A(S) and the pin~ structures on S;
moreover these last are in natural bijection with the quadratic enhancements
of the intersection form of S. Rather than the framing F itself, above we
have used the spin structure carried by it. In this framework, the statement
of the last lemma becomes conceptually clear and even simpler to prove.
However, to our present aims, we have preferred the above direct operative
presentation, without introducing the general theory.

3) The constructions of the present section work as well if M is any
framed 3-manifold, not necessarily compact.

2 3
e 50— CHj
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Figure 1. A kink box.

Figure 1 is reprinted from [HH], with permission from Elsevier.

19.7.2. Adding kinks. Let f : S — M be a generic immersion, S con-
nected. Let C' be a smooth circle on .S such that f restricts to an embedding
of a small tubular neighbourhood U(C) of C' in S. We are going to modify
the immersion f by adding a kink along C'. This nice and crucial construc-
tion has been introduced in [HH]|. Denote by K = f(C), B(K) = f(U(C)).
The neighbourhood U(C) is either an annulus or a Mdbius strip. As M
is orientable, then any tubular neighbourhood N(K) of K in M is diffeo-
morphic to the product S' x D?. As usual we can assume that ON(K) is
transverse to f(S) and that B(K) = N(K) N f(S). We have two possible
models for the pair (N(K), B(K)), depending on U(C) being orientable or
not. Consider (D?, X) where X = {(z1,22) € D?; 11729 = 0}; X = X1 U X,
where X = {z2 =0}, X3 = {z1 = 0}.
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o If U(C) is an annulus, then the model for (N (K), B(K)) is the mapping
cylinder of id : (D?, X1) — (D?, X1).

o If U(C) is a Mobius strip, then the model for (N(K), B(K)) is the
mapping cylinder of —id : (D?, X1) — (D?, X1).

Accordingly, there are two models for adding a kink along C. Let X;
be the image of an immersion « : [—1,1] — D? such that X, is contained in
x9 > 0, is symmetric with respect to the xo-axis, has one double point and
coincides with the inclusion of X7 near the end-points. Denote by -X 1 its
image by —id.

If U(C) is an annulus the kink model is very simple: take the mapping
cylinder of id : (D?, X;) — (D?, X1).

If U(C) is a Md&bius strip, then the kink model is more complicated (see
[HH] pages 104-105); one constructs a so-called “kink box”; that is, a certain
immersion of the 2-disk in D3 with one triple point. A way to visualize this
immersion is given in Figure 1. First, we consider the immersion of D? in
D3 = D? x D! described by the movie in the first two rows; it results in
the bottom left-hand picture. Then we apply an isotopy to it and reach the
eventual kink box of the bottom right-hand picture. We can consider it as
an immersion X x [—1,1] in D? x [—1, 1] such that the following items hold
for some € > 0:

(1) The image of X; x [—1,—1 + €] coincides with the embedding of
X; x [-1,-1+€];
(2) The image of X x [1 —e¢, 1] coincides with the embedding of — X x
[1 -6 1];
(3) The image along the boundary of D? x [~1,1] coincides with the
inclusion of X x [—1,1];
(4) There is one triple point in the middle.
Denote by Z the image of this immersion.
The kink model is obtained by taking

(D2 X [O, 1], Z)/(x]_,l'27 0) ~ (—56‘1, —ZX9, 1) .
Then Z projects to a new immersion of U(C') which agrees with B(K) along
the boundary.

By using these models we can modify the given immersion f : S — M
just along U(C) and get fo : S — M. It is clear by the construction that
fc is homotopic to f.

19.7.3. Determination of R[S, M],. We give here a first remarkable
application of adding kinks. Let f : S — M be a generic immersion as above
and let ¢¢ be the associated quadratic enhancement of (11(5), 5). We know
by Lemma 15.22 that every other enhancement is abstractly of the form

¢(@) = g(2) + 20 0w

for a unique u € 1;(5). Adding kinks is a natural way to realize it geomet-
rically, by keeping the homotopy class « of f fixed. Assume that u = [C],



336 19. ON 3-MANIFOLDS

C being a smooth circle on S to which we can apply the kink construction.
Let C’ be another smooth circle on S which transversely intersects C' at one
point. Denote by U(C”) a small tubular neighbourhood of C’ in S. Then it
is immediate that f(U(C")) and fo(U(C")) differ by one full twist. Recalling
the geometric definition of ¢ in terms of counting half twists mod (4), one
easily realizes that

110 ([C']) = ¢;([C]) +2[C"] o [C] mod(4)
as desired.

THEOREM 19.47. Let S be a compact connected boundaryless surface,
a €[S, M]. Denote by Q(S) the set of quadratic enhancements of (n1(S), es).
Then the map
q: R[S, Mo = Q(S), a([flr) = ar
is well defined and bijective.

Proof : We provide a sketch of the proof. It is not hard to check that it is
well defined. We already know that the map ¢ is surjective. The proof that
it is injective is nontrivial and consists of rephrasing Smale-Hirsch immersion
theory in terms of the quadratic enhancement. This theory provides a simply
transitive action of 11(S) on R[S, M],; a key result of [HH] is that this
action can be realized by adding kinks as well as the one on Q(S). So
eventually ¢ is an equivariant bijection.

2

Figure 2. Immersed tori.

Figure 2 is reprinted from [Pi], with permission from Elsevier.

REMARKS 19.48. (Basic immersed surfaces in R3) We refer to [Pi].

1) By Theorem 19.47, R[S?, R3] is trivial (i.e. it is reduced to one point).
A regular homotopy connecting the standard inclusion i of S? in R? with
—1 is called a sphere eversion, whose surprising existence was discovered by
S. Smale [SO].

2) The elementary surface bricks, besides the sphere, are the torus
St x S! and the projective plane P?(R). We denote by T the standard
embedding of the torus in R? bounding a solid torus. We denote by T the
immersion obtained by adding a kink along a meridian of 7" and then along



19.7. THE BORDISM GROUP OF IMMERSED SURFACES IN A 3-MANIFOLD 337

the privileged longitude of T' which bounds a 2-disk in the complement of
the solid torus. These realize the two isometry classes of quadratic enhance-
ments of (7;(S? x S1),e); T and T are illustrated in Figure 2. Recall that
there are four regular homotopy classes of immersions of the torus in R3.
These can be realized by adding suitable kinks to T or T. We can say that
T and T represent the two regular homotopy classes of immersed surfaces
associated to the torus immersions.

Figure 3. Boy’s surface.

Figure 3 is used with the permission of Jean-Pierre Petit.
There is a famous immersion of the projective plane with one triple
point called Boy’s surface (see for instance the body and the references of
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[Ap]). Figure 3 suggests how to construct it, starting from an embedded
Mobius band. Such an immersion, denoted by B, and its mirror B (that is B
composed with a reflection at a hyperplane of R?) realize the two quadratic
enhancements of (11 (P?(R), ).

19.7.4. Determination of (Z3(M),+). First we will point out a few
invariants up to i-bordism.

The Arf-Brown invariant. Let f : S — M be a generic immersion,
S connected, with the associated q;. Accordingly with Section 15.6, we can
consider the Arf-Brown multiplicative invariant

Y(f) :==(qr) € Us

where, for simplicity, we have written ~v(qs) instead of v(S,eg,q¢). If f :
S — M, where S = I1;S; is a union of several connected components, then
set

v(f) = Hv(fj) :

where fj = f‘ S;-

LEMMA 19.49. Let f; : S; — M be generic immersions, j = 0,1. If
[foli = [fili, then v(qz0) = v(as)-

Proof : Let (W, Sy, S1), F: W — M x|0, 1] be as in Definition 19.43, and
let ¢ : M x[0,1] — [0, 1] be the projection. Without loss of generality, we can
assume that toF' is a Morse function on the triad. Then consider the possible
accidents when passing through a critical point of o F. Modifications
occur locally in a chart of M at the critical point. We use the notations
of Remark 19.48. At local minima/maxima, a new spherical component
appears/disappears. For the other kinds of critical point, there are three
possibilities:

e One performs the immersed connected sum of two components of the
surface;

e One performs the connected sum with either a standard torus T or a
Klein bottle immersion B#5.

In every case, the value of 7y does not change (for all details one can see [P1i],
pp. 432-433).
|

We have detected a first important Us-valued invariant v([f];) defined
on Zy(M).

From now on we will use the standard isomorphism Ug ~ (Z/87Z,+) and
hence adopt the additive notation.

Other invariants. Let f : S — M be a generic immersion (S not
necessarily connected). It is obvious, just by forgetting part of the structure
of [f]i, that [f] = [S, f] € n2(M) is invariant under i-bordism. Recall the
quotient module H! (M, Z/27Z) of n* (M) = no(M) defined in Corollary 13.3;
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recall also that the cup product LI descends to this quotient with values in
n*(M) = n1(M). Keep the notation [f] for its image in H'(M,Z/27Z).

Denote by ¥ C S the non-injectivity locus of f. The image ¥ := f(X)
determines an element [X] € 0y (M) as follows. The components of f~(Xy)
are of two kinds:

1) They belong to a couple C' = C'II1 C’ such that f(C) = f(C’) and f
is generically 1 — 1 on such C, or C’.

2) Components C' such that C = f~'(f(C)) and in such a case f is
generically 2-1 on C.

Then select one component C' in every couple C' of the first kind; for
the second kind one finds a quotient C' of C such that f induces a map (we
keep the name) f : C — M, such that f(C) = f(C) and f is generically

1-1. Then set
2] == Z[C, flem(M) .

(&
The triple points of f(S) determine a class ty € ng(M) ~ Z/27.

LEMMA 19.50. If [fg]i = [fl]i; then [Efo] = [Efl] S Hl(M, Z) and tfo =
ty, € no(M).

Proof : Let (W,Sp,S1), F: W — M x [0,1] be as in Definition 19.43.
We can also assume that F' is generic. Then F(XF) is a kind of singular
surface properly embedded in M x [0,1] such that F(Xr)N (M x{0,1}) =
fo(Z0) IT f1(21); by using the regular surface F~'(Xr)) we can explicitly
define a triad which connects the sum of the components that form [y ]
and [Yy, | respectively. We deal similarly with the triple points.

|
Consider the product

D(M) =m (M) x H (M, 7/27) x 7./87.
endowed with the twisted group structure defined by the operation
(8,h,a) + (8" 0 d") == (6+ 8 +hUN h+ 1 a+d).
We can state now the main result of this section.

THEOREM 19.51. The map v : To(M) — T'(M), well defined by
/1 = (B 1)

is a semigroup isomorphism. In particular the semigroup (Zo(M),+) is a
group. Moreover, the invariant t(y, is determined by the others.

The rest of this section is occupied by the proof of Theorem 19.51. Im-
mediately, ¢ is a semigroup homomorphism.

The 3-sphere.

THEOREM 19.52. The map ¢ : To(S®) — Z/8Z, #([f):) = v(f) is a group
isomorphism.
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Proof : This is the main result of [Pi] to which we refer for all details.
We can use R? instead of S3. Note that in this case, we know a priori that
T>(R3) is a group : inverses are obtained by mirror image along a hyper-
plane. By using connected sums (or disjoint unions) of the basic immersed
surfaces of Remark 19.48, it is easy to prove that ¢ is surjective. Recall
that, at the beginning of this section, we have defined the regular homo-
topy of immersed surfaces by adding to the regular homotopy of immersions
the reparametrization of the source surface. By Proposition 19.47 (and the
classification of surfaces), one realizes that every immersed surface in R? is
regularly homotopic to a connected sum of several copies of the standard
embedding 7" and one among the following eight independent immersed sur-
faces:

B7 Bv K07 K+7 K—7 K-i—#Ba KO#Ta K—#B7
where Ko = B#B, K, = B#B, K_ = B#B. Up to i-bordism, the T-

components are immaterial and we can conclude that those eight generators
suffice and this achieves the desired bijection with Z/8Z.
|

The map ¢ is surjective. Let us prove now in general that the map
1) is surjective.

LEMMA 19.53. The map ¢ : Zo(M) — I'(M) is surjective.

Proof : As M = M#S3, we see that Zo(M) contains the subgroup
T,(S3); it consists of the classes with a representative contained in a 3-disk
of M.

The semigroup Za (M) contains also the subset E(M) given by the classes
which are represented by embedded surfaces. By the description of H!(M, Z/27)
as the embedded surfaces in M up to embedded bordism, we see that E (M)
is, in fact, the image of H!(M,Z/2Z) in To(M) by a natural quotient map.

Let (6,h,a) € T'(M). Represent h by an embedding e : S — M. Rep-
resent 0 by a knot K in M. Consider the boundary 7 ~ S' x S! of a
tubular neighbourhood of K in M. Add a kink along a longitude K’ of K
on 7 and get a generic immersion j : 7 — M. By construction, 6 = [¥;],
while [j] = 0 € HY(M,Z/2Z), hence [j] U [e] = 0. By the elementary
fact that ~y is surjective in the case of S3, there is s : S — S2 such that
v(s) = a—~(e) +7(j). Clearly [s] = 0 and [X5] = 0. Finally,

(ki + [eli + [sh) = (6,h,a) .

A normal decomposition of i-bordism classes. Now the idea is that
every [f]i admits a certain normal decomposition modelled on the classes
used to prove that ¢ is surjective. Precisely, we have the following key
proposition.
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PROPOSITION 19.54. Every [f]i can be represented by a sum

[f1i = ] + [e]i + [shi
where j : T — M 1is obtained by adding a kink along a longitude K' on the
boundary T of a tubular neighbourhood of a knot K in M, [e]; € E(M),
[si € Z2(R3) where R? is a chart of M. Moreover, we can choose the
decomposition in such a way that ¢;(K') = 0 hence so that v(j) = 0.

Proof : We will proceed in several steps. We adopt the notations of
Remark 19.48; in particular, B and B are the two versions of Boy’s surface.

Step 1. We have that [f}; = [f']i + [s]i, where f' has no triple points
and [s]; € Tr(R3).

Notice that Ky = B#B is regularly homotopic to the usual immersion
of the Klein bottle in R? without triple points (and a plane of symmetry)
and recall that [Ky]; = 0. Similarly, if z¢ is a triple point of f, either f#B
or f#B is regularly homotopic to f with one triple point less than f, and
either [f]i = [fli + [B)i or [f]i = [fli + [B]i. So the step is achieved by
induction on the number of triple points.

The double line locus X/ consists of the disjoint union of a finite number
of embedded circles in M. If K is such a circle, then it has a neighbourhood
in f(S) which is a bundle over K, sub-bundle of a tubular neighbourhood
of K in M, with fibre isomorphic to X = {(z1,22) € D% x1z2 = 0}. We
can count the number mod(4) of quarter turns this configuration does when
moving along K . Denote it by I(K) € Z/4Z; it characterizes the bundle.
The cases [(K) = 0,2 correspond to the situation where ' : (f/)"1(K) — K
is a trivial double covering; if [(K) = 0 then the two components of this
inverse image have annular tubular neighbourhoods in S’, and if [(K) = 2,
both have Mé&bius strip neighbourhoods. The cases I[(K) = 1,3 correspond
to a nontrivial double covering.

Step 2. We have that [f]; = [f']i + [s]i as in Step 1 and moreover, we
can require that Xy is connected.

If ¥ is not connected, there are two components K and K’ and points
p € K, p' € K’ belonging to the closure of a single connected component
of M \ Im(f"). So there is a smooth simple arc ¢ in M, connecting p and
p and without any further intersection with Im(f’). Locally in a chart of
M at p, the image of f’ looks like two transverse planes P; and P,. The
image appears similarly at p’, with planes P| and Pj. Remove from the
image of f’ the intersection, By, of the interior of a small 3-ball centred
at p, with transverse boundary spheres. The closure of B, is the union
Dy U Dy of two 2-disks, D; C Pj, j = 1,2, which intersect transversely at
a segment of K. Do similarly at p’. Possibly up to reordering the planes,
we can attach two embedded 1-handles Hj; along the arc o, j = 1,2, with
attaching tube T, ; = D; U D;-, and transverse b-tubes such that Tj, 1 M T o
consists of two disjoint double arcs having as endpoints the four points of
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(D1 N Dy) U (D} N D). Ultimately, (up to corner smoothing) we get the
immersed surface

Im(f) := (Im(f") \ (B, U By)) U (Ty1 U Tj2)
which by construction is i-bordant with f’, and like f’ has no triple points;
the two knots K and K’ of ¥ have fused into one knot K" of ¥ j» so that
this last has one component less. The step is achieved by induction on the
number of components of ¥ ¢. We stress that by the above construction, we
have furthermore that

(K") = U(K) + I(K") .

Step 3. Let [fli = [f']i + [s]i be as in Step 2 (i.e. with ¥p = K
connected) and assume that [(K) = 0,2. Then it is not restrictive to assume
that I(K) = 0.

By using the results about the group Z»(R?), we see that there is an
immersion sy of the Klein bottle in a chart of M, without triple points and
having connected X5, = Ko such that I(Ky) = 2. Take

[f'#soli + [s]i — [soli = [f]i
and apply Step 2 to f'#sg. This achieves the step.

Let [f]i = [f']i + [s]i be as in Step 3, so that [(K) = 0. Set ¢s(K) :=
q(C), where C is a component of (f/)*(K). It is well defined, and either
qr(K)=0or qf(K) = 2.

Step 4. Let [f]i = [f']i + [s]i be as in Step 3, so that I(K) = 0. Then it
is not restrictive to assume that qf(K) =0

There is an immersion s; of the torus in a chart of M, without triple
points and with connected X5, = K such that [(K;) = 0 and g5, (K7) = 2.
If ¢ (K) = 2, take

[f'#soli + [shi — [soli = [f];
and apply Step 2 to f'#sg. This achieves the step.

Step 5. Let [fli = [f']i + [s]i be as in Step 2 (i.e. with Xp = K
connected) and assume that [(K) = 0,2. Then Proposition 19.54 holds in
this case.

By Steps 3 and 4 we can assume that {(/K) = 0 and ¢7(K) = 0. Perform
a Rohlin surgery along K (recall Section 7.9). This splits f’ into two disjoint
immersed surfaces: an embedding e and the immersion j of torus having as
image a product sub-bundle of (the interior of) a tubular neighbourhood
N(K) of K in M with fibre a lemniscate; the germ of j along K equals the
germ of f’. It is easy to see that j is obtained by adding a kink along a
longitude C on the boundary T of a smaller tubular neighbourhood N'(K) C
N(K), and that ¢7(C) = ¢f(K) = 0. By construction, [f]; = [j]; + [e]i + [s];.
The Proposition is proved under such restrictive hypotheses.

To proceed, we need the following lemma.
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~

Figure 4. An auxiliary immersed surface.

LEMMA 19.55. There is an immersion so in R3 of a surface F of Euler-
Poincaré characteristic x(F) = —1 such that the following points hold.

1) so has one triple point;

2) ¥, consists of the union of a smooth circle Ko endowed with an
X-bundle neighbourhood in the image of sa such that I(K2) = 1, and a
lemniscate in a 2-disk D contained in the image of so, intersecting K at
the triple point; D is transverse to K and the germ of the lemniscate at the
triple point is a fibre of the X -bundle along K.

Proof : First, we construct an immersion of a surface G with boundary
in D? x D'. This is given by the movie of Figure 4. Note that at the initial
time ¢ = —1 and at the final time ¢ = 1 of the movie we see two copies
of the same lemniscate L; in the final configuration, L is encircled by a
smooth circle ¢. Finally we complete G by filling the curve ¢ by a 2-disk,
and identifying, by the identity of R?, the two copies of L over —1 and 1.
One readily check that this is the image of an immersion of a surface F' with
the required properties.

|

We denote by s3 the mirror image of the immersion s, as above.

Step 6. Proposition 19.54 holds in full generality.
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It remains to prove it when [f]; = [f']; + [s]; is again as in Step 2, but
we assume now that [(K) = 1,3. Let {(K) = 1. By realizing sy in a chart
of M, take

[f'#52)i + [shi + [s2]i = [f]i

and apply Step 2 to f'#32. In this way we reach a decomposition [f]; =
[f7]i + [¢]i, where X is qualitatively similar to the one of sp; that is, it
consists of the union of a smooth circle K” endowed with an X-bundle
neighbourhood in the image of f” and a lemniscate in a 2-disk D contained
in the image of f”, intersecting K” at one triple point. The 2-disk D is
transverse to K” and the germ of the lemniscate at the triple point is a fibre
of the X-bundle along K”. Moreover, [(K”) = 0. By applying Step 4, we
can also assume that g¢g (K”) = 0. Now, although there is a triple point,
we can apply Step 5 along K”. This produces a decomposition of the form
[f]i = [7]i + [g]i + [$']i, where [j]; has the required final properties, while X,
is contained in D and consists of the union of a lemniscate fibre of j and
two further simple double circles. We can eliminate such circle by applying
again Steps 4 and 5; eventually we get the required decomposition

[fli=lli+ [eli+ [s7]i -
If at the beginning [(K) = 3, we manage similarly by exchanging the roles
of so and So. This achieves Step 6.

REMARK 19.56. We stress that when [(K) = 0,2, the images of j and e
in the normal decomposition obtained above are disjoint. When I(K) = 1,3,

they intersect producing one triple point. In the first case [y o [f] =0 €
no(M) ~ Z/2Z, in the second [Lf] e [f] = 1.

The proof of Proposition 19.54 is now complete.

The map 7 is injective.
LEMMA 19.57. The map ¢ : Io(M) — I'(M) is injective.

Proof : We can use normal decompositions of i-bordism classes. Assume

that
([ + el + [s) = v ([T + [l + []) -

As [e] = [¢] € HY(M,Z/2Z), then they are bordant by means of an embed-
ded bordism, hence y(e) = y(e'). Asv(j) =v(j') =0, then v(s) = v(s') and
by Theorem 19.52, we have [s]; = [s'];. It remains to prove that [j]; = [j'];.
Now [j]i + [J'li = [j#/']i, and this last can be obtained from the embed-
ding T#7' by adding kinks along two disjoint circles K’, K” at which the
quadratic enhancement vanishes. Let C be a smooth circle on T#7” such
that [K'] + [K”] = [C] € m(T#T"). Then, up to regular homotopy, j#;’
can be obtained by adding a kink to T#7' along C. Tt follows from the
hypotheses that [C] = 0 € (M) and that the quadratic enhancement of
T#T' vanishes on C. We claim that in such a situation [j#;']; = 0. As the
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same considerations hold for [j#j];, we will eventually conclude [j]; = —[j];,
and hence that [j]; = [j']; as desired.
We need the following lemma.

LEMMA 19.58. Let F' be a compact surface with connected boundary em-
bedded in a framed 3-manifold N (F might be nonorientable and N non-
compact). Then the normal framing of C = OF determined by a collar in F
is even compared with the ambient framing.

Proof : We can extend the embedding of F' to a generic immersion of
the double D(F') of F'in N. If F is orientable, up to corner smoothing, we
can take the boundary of a tubular neighbourhood of F' in N; if F' is not
orientable, we can take an immersion which looks like the orientable case
along the boundary and has double lines in the interior of F'. We use the
ambient framing to define a quadratic enhancement gp(r) of the intersection
form of the double. As [C] =0 € m(D(F)), then gp(r)(C) = 0. This means
that the collar normal framing is even.

|

To simplify the notations, denote by f : S — M the embedding T#T7,
so that ¢f(C) = 0. As [C] = 0 € n(M), then there is a (possibly nonori-
entable) embedded Seifert surface F' C M such that 0F = C. Apply Lemma
19.58 to F. As q7(C') = 0, then both the normal framings of C', determined
by a tubular neighbourhood in S and by a collar in F, respectively, differ to
each other by an even number of twists. It follows that we can “roll up” F
in a tubular neighbourhood U of C in M, in such a way that F is transverse
to S along C', and transversely intersects S outside U.

Assume first that /' = D is a 2-disk. Let 7 be a Dehn twist on S along
C'. For every a € n1(95),

(@) = a+ ([Cl e a)[C] .
As q¢(C) = 0, by recalling the geometric definition of ¢, we readily see that

dfc = qfor -

We claim that fo and f o 7 are homotopic (equivalently, f and f o7 are
homotopic). To prove the last statement, let U denote now a tubular neigh-
bourhood of C' in S; there is a natural map h : U — D which realizes a
homotopy to a point of fic. Then f and fo7 are homotopic to maps f" and
f7 such that:

e They coincide outside U;

e f{; and f”y factor though h.

Since D is contractible, they are homotopic relative to S\U. By Theorem
19.47, [fc]r = [f o 7]y, hence [fc]i = [f]:i-

It remains to reduce to such a special case F' = D. To this aim, consider
a generic Morse function

r:F —0,1]
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such that 7~1(0) = C and r has no minima and only one maximum. Then
we can find a non-critical value A € [0,1) such that D = r~([\,1]) is a
2-disk embedded in M with boundary denoted by C. By following the level
lines of  between 0 and A, we can modify the configuration (.5, f, C, F') into
a configuration (S, f,C, D) such that [f]; = [f];, [fc]i = [fali, qf(C’) = 0.
This provides the required reduction to the special case F' = D. In fact,
between two consecutive critical values, we can extend the isotopy between
level lines to a diffeotopy of M. At a critical point, the analysis is local
in a chart of M: the critical level of r containing a crossing point zq is
contained in a “critical” surface S with one isolated singular point at o,
locally isomorphic to a cone centred at xg and bases at two disjoint circles;
F and S intersect along such a critical level, transversely outside zo. After
having passed such a critical level, we get an intermediate configuration
(S, f,C", F') satisfying the required properties.

[

The proof of the main Theorem 19.51 is now complete.
[

19.7.5. More quasi-framing. Now we give another proof of the exis-
tence of a quasi-framing on M based on some constructions established in
Section 19.7.1.

By contradiction, assume that there is v such that

Bi=w?(&) #0.

Let K be an oriented knot in M which represents e?(¢,). By forgetting the
orientation, K represents w?(£,). Then it follows from the hypotheses that
(see Section 19.6.2):

(1) There is a framing F’ of T(M) over M \ K.
(2) There is a (possibly nonorientable) compact boundaryless surface
F embedded in M such that F' i K at exactly one point.

Let N(K) ~ S' x D? be a tubular neighbourhood of K in M transverse
to F. By removing the interior of N(K) from F', we can assume to get a
surface Fy properly embedded in

M' .= M\ Int(N(K))

such that C' := 0F) is a meridian of 9N (K') bounding a fibre D of N(K).
As in Section 19.7.1, we can use the framing F’ to construct a quadratic
enhancement of the intersection form of every surface immersed in M’. By
Lemma 19.58, we see that the normal framing of C' determined by a collar
of C in Fy (equivalently, by a collar of C' in the meridian disk D) is even
with respect to F’, and it is also even with respect to a framing of a 3-ball
containing D. Then the normal framing determined by F’ is odd within
the 3-ball. Consequently, 7' can be extended over a neighbourhood U ~
D x [-1,1] of D in N(K); as the closure of N(K) \ U is a closed 3-ball,
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we have obtained an almost-framing of M. By Lemma 19.19 and (1) = (5)
of Theorem 19.34, we get that w?(&,) = 0, contrary to the assumption that
w?(€,) # 0. This is a contradiction.

19.7.6. On Zy(M) when M is nonorientable. If M is nonorientable,
the structure of Zy(M) is eventually simpler. Consider the product

To(M) = m(M) x HY(M,Z/2Z) x 7./27
with the twisted group structure given by the operation
(6,h,a) + (8',0',d") == (6+ 8 +hUR h+ 1 a+d).
Then we have the following (see [G]).

THEOREM 19.59. Let M be a nonorientable compact connected bound-
aryless 3-manifold. The map

¢O : I2(M) - FO(M)a %([57 f]l) = ([Zf]a [f]> X(Q)(S))
is a well defined semigroup isomorphism (hence Io(M) is eventually a group).

To a large extent, the proof is an adaptation of the one when M is
orientable, but we have to face several differences (the existence of knots in
M with solid-Klein-bottle tubular neighbourhoods, the absence of framing
of M, etc.). The basic reason for the final simpler form of Zo(M) is that the
subgroup of the immersed surfaces in a 3-ball of M is a quotient isomorphic
to Z/27 of To(R3) ~ Z/87Z. For I5(R3) is generated by the Boy surface B
and, as M is nonorientable, there is a diffeotopy of M which sends a 3-disk
of M containing a copy of B into itself, reversing the orientation; hence

[Bli = [B]i = (Bl

19.8. Tear and smooth-rational equivalences

Blowing up a manifold along a smooth centre has been defined in Section
7.10.1. In Section 15.5 we have interpreted the stable equivalence between
surfaces in terms of blowing up of points which are the only possible smooth
centres in such a case. If M is now a compact boundaryless 3-manifold, then
besides the points we also have any link of knots in M as a possible smooth
centre. In this section, referring to [BM], we widely study some equivalence
relations generated by blowing up 3-manifolds along smooth centres (and
diffeomorphisms). We will also discuss applications of this study to the
so-called 3-dimensional Nash’s rationality conjecture.
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19.8.1. 3-dimensional blowing-up-or-down. We denote by M3 the
class of all compact connected boundaryless 3-manifolds. Let M be such a
manifold. A possible smooth centre X of a blow-up

m:BM,X)—> M

is either a finite set of points or a link of a finite number of pairwise disjoint
knots in M, L = K1 U---UK,. We know that Dy := 7~ !(X) is a hypersur-
face of B(M, X) called the exceptional hypersurface. We also say that M is
obtained by blowing down M := B(M, X) along the hypersurface Dy.

For simplicity, let us analyze connected centres. A connected smooth
centre in M is either a point or a knot K. We know that the effect of blowing
up one point consists (up to diffeomorphism) of performing a connected sum
M#P3(R), the exceptional hypersurface being a one-side projective plane
P2(R); that is, a projective plane with an oriented tubular neighbourhood.

As M is not necessarily orientable, then a knot K either preserves the
orientation (that is, it has a solid-torus tubular neighbourhood in M), or it
reverses the orientation (that is, it has a solid-Klein-bottle tubular neigh-
bourhood in M). In the first case, the exceptional hypersurface Dk in
B(M, K) is a one-side torus. In the second, it is a one-side Klein-bottle.

PROPOSITION 19.60. Let M be in M3z and Y be a hypersurface of M
which is either a projective plane with an oriented tubular neighbourhood, a
one-side torus or a one-side Klein bottle. Then there exists M in M3 and
a smooth centre X C M such that M = B(M,X) and Y = Dx.

Proof : If Y ~ P%(R) with orientable tubular neighbourhood N(K),
then N(K) ~ P3(R) \ Int(B), where B is a 3-ball. Then M = M#P3(R)
for some M, so that M is the blow-up of M at a point.

The standard model of a tubular neighbourhood of a one-side torus is
obtained by taking the blow up

m: N :=B(D*x S, {0} x S') = D* x S'.

Denote by p : D? x S' — S! the natural projection, D? = p~!(z). The
manifold N is diffeomorphic to M x S', M being a Mébius strip, with
natural projection p : M x S' — S' such that p = p o m; for every z € S*,
M, =p~H(z) = B(D2,{0} x{x}). On the torus ON ~ dD?x S, it is defined
the involution 7 which restricts to the antipodal one on every dD2. The
manifold N (and coherently every M) can be identified with the mapping
cylinder of 7. The exceptional hypersurface is the torus D = sg x S', where
so = 1 1({0} x {x0}) and zp is a base point on S*. The mapping cylinder
structure realizes also N as being a tubular neighbourhood of D, endowed
with its projection ¢ : N — D. The restriction of g to N is a fibred double
covering of D.

If Y C M is a one-side torus, there are in fact several ways to fix a
parametrization

¢:(N,D) = (N(Y),Y)
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so that the blowing down 7 : N — D? x S! gives rise to a blowing down
7 : M — M, for some M in M3, where (N(Y),Y) is mapped to (N(K), K),
K is a knot in M which preserves the orientation and N(K) is a tubular
neighbourhood of K in M. To do it, assume that N(Y') is constructed using
a normal line bundle € on Y in M. By hypothesis, the Euler class w!(¢) # 0.
Fix any fibration F; of Y by smooth circles parallel to a circle s such that
w?(£)U[s] # 0. This means that the restriction of the line bundle £ to s is not
trivial. Then there is a diffeomorphism ¢ : (N, D) — (N(Y),Y) such that
the fibration F, of D by the circles parallel to sy is mapped to the fibration
Fs. To see it, we can transfer the question to the above standard model. The
fibration Fy, of D lifts, by the projection ¢, to the fibration by meridians of
ON ~ OD?x S'; set mg = dD?x {xy} and denote by F,,, such fibration. Fix
on D another fibration Fy parallel to an s with the properties fixed above.
This lifts by the projection ¢ to a fibration F5 of N by circles parallel to a
5§ such that [3] = [mg] € m (ON). Moreover, by construction, Fs is invariant
by the involution 7. We claim that, possibly up to isotopy of s, there is a
diffeomorphism h of the torus OIN which sends fmo to ]:'g and extends to a
diffeomorphism of (N, D), sending the fibration Fs, of D to Fs. In such a
case, it is easy to see that the topological space obtained by collapsing each
fibre of Fs to one point results from another blow down of (N, D) obtained
by the flip Fs, — Fs of fibrations of the exceptional hypersurface D. To
justify the claim, let us identify N with R?/Z? endowed with “linear”
coordinates such that the line {y = 0} is mapped to Iy = {po} x S*, while
the line {z = 0} is mapped to my and the involution can be expressed as
T(z,y) = (x,y+1/2); up to isotopy, a generic diffeomorphism is of the form
h(z,y) = (ax + by, cx + dy), with the coefficients belonging to a matrix in
GL(2,Z). Under our hypotheses, h(0,y) = (by,dy), where b is even and d is
odd, so that clearly h o7 = 7 o h and this is enough to conclude.

The discussion for the one-side Klein bottle is similar (however, see Re-
mark 19.63).

19.8.2. Tears and Dehn surgery. The possibility of flippig the fi-
brations of an exceptional hypersurface, hence modifying the corresponding
blowing down (sometimes this modification is called a flop), suggests a way
to modify the topology of 3-manifolds.

DEFINITION 19.61. Let M be in M3 and L = K7 U---U K, be a link
in M whose constituent knots preserve the orientation. We say that M’ in
M3 is obtained from M by a tear along L, if up to diffeomorphism there is
a blow-down flop

M + B(M,L) — M’

associated to a system of flips of fibrations of the exceptional hypersurfaces
Dg, as in the proof of Proposition 19.60. In other words, (B(M, L), D) =
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(B(M', L"), D) for some link L' = K{U---U K/ in M’ whose constituent
knots preserve the orientations.

LEMMA 19.62. Tears define an equivalence relation called tear equiva-
lence, and we write M ~; M.

Proof : If we move a centre by an ambient isotopy, the result of a
blowing up does not change up to diffeomorphism relative to the exceptional
hypersurfaces. Given a tear from M to M’ (with associated links L in M
and L) in M’) and a tear from M’ to M” (with associated links L} in M’
and L” in M”), by transversality we can assume that L] N L5 = 0, hence
there is a copy of L} in M and a copy of L} in M” so that L U L} and
L” U L} are links in M and M7, respectively, supporting a tear from M to
M?”. This proves that the relation is transitive. It is trivially reflexive and
symmetric.

REMARK 19.63. A priori, one should consider also tears along knots
which reverse the orientation. However, for any such a tear M < M — M,
M and M’ are diffeomorphic; this happens because on a Klein bottle there is
only one isotopy class of smooth circles with annular tubular neighbourhood.
So we consider only tears along knots preserving the orientation.

It is convenient to rephrase tears in terms of more usual modifications
performed on 3-manifolds. As above, let M be in M3, L = K1 U---U K, be
a link in M with constituent knots preserving the orientation. Let N(L) =
N(K;)II---II N(K) be a tubular neighbourhood of L in M. Consider the
manifold with s toric boundary components

N = M\ IntN(L) .

We say that M’ is obtained by a Dehn surgery of M along L if, up to
diffeomorphism, it is obtained by gluing back every N(K;) to N along the
torus ON(K;) by means of a diffeomorphism h; : ON(K;) — ON(K;), i =
1,...,s. Thelink L C N(L) determines a link L' = K{U---UK in M’ and
the identity map of N extends to a diffeomorphism ¢ : M\ L — M'\ L'
If m; is a meridian of ON(K;), then h;(m;) = s; is a smooth circle on
ON(K;). The fibration of N (K;) by meridians parallel to m, is mapped by
h; to a fibration by circles parallel to s;. These are meridians of a tubular
neighbourhood of L’ in M'. If every s; is a longitude of ON(K;), then
M’ is obtained from M by an ordinary surgery already considered above;
that is, Dehn surgery generalizes the ordinary surgery associated to special
4-dimensional triads. The diffeomorphism ¢ extends to a diffeomorphism
¢ : M — M’ if and only if every s; is a meridian of ON (Kj).

Now, up to diffeomorphism, B(M’, L") is obtained from B(M, L) by
gluing back every B(N(K;), K;) to N along the torus ON(K;) by means of
the same diffeomorphism h; : ON(K;) — ON(K;), i =1,...,s, as before.
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DEFINITION 19.64. We say that a Dehn surgery lifts to a tear if the
diffeomorphism ¢ : B(M, L)\ Dy, — B(M', L")\ D/, which lifts ¢ : M\ L —

M’ \ L', extends to a diffeomorphism ¢ : B(M, L) — B(M', L"), preserving
the exceptional hypersurface.

PROPOSITION 19.65. A Dehn surgery from M to M’ lifts to a tear if and
only if, for everyi =1,...,s, [s;] = [mi] € n(ON(K;)) = HY(ON(K,); Z/27Z).

Proof : The condition is necessary because the meridians generate the
kernel of the unoriented bordism morphism induced by the inclusions ON (K;) —
N(K;). The other implication rephrases the proof of Proposition 19.60.

[

Concerning ordinary surgery, we have the following immediate corollary.

COROLLARY 19.66. Let M', M” be obtained by ordinary (longitudinal)
surgery on M along a same link L = U; K; with different normal framings
{fi} and {f”;}, respectively. Let L' C M’ and L” C M” be the links corre-
sponding to L. Then M” is obtained (up to diffeomorphism) from M’ by a
tear of the form

M' « B(M',L'Y=B(M”,L") — M”
if and only if every §, differs from §7; by an even number of twists.

Hence the tear equivalence can be considered as a specialization of the
equivalence relation generated by Dehn surgery. As this last extends ordi-
nary surgery and preserves orientability, then we already know that being,
or not being, orientable is a complete invariant for the Dehn surgery equiva-
lence. We are going to see that this is no longer true for the tear equivalence.
We refine the ‘orientable/nonorientable’ partition Mg = M;{ I M3, intro-
ducing three types completely determined by the behaviour of w!(x).

(1) wH(M) =0 € HY(M;Z/27); that is, M is orientable;

(2) wH(M) # 0 and w!(M)? := W' (M) Uw! (M) = 0. In this case we say
that M is weakly nonorientable and we write M € MY,

(3) wH(M) # 0 and w!(M)? := W' (M) Uw! (M) # 0; in this case we say
that M is strongly nonorientable and we write M € M3.

Characteristic surfaces: If M is nonorientable, every hypersurface
F which represents w!(M) is called a characteristic surface of M. We can
assume that F' is connected and it is necessarily orientable: the boundary
ON(F) of a tubular neighbourhood is connected and orientable, as it is the
boundary of the orientable manifold M \ Int N (F); the projection of ON (F)
to F'is 2 : 1 and every orientation on N (F') descends to F.

PROPOSITION 19.67. Let M ~y; M’ be realized by a tear
M & B(M,L)=M=B(M,L) = M, L=U_ K, .

1) For every j = 0,...,3, 7 : HI(M;Z/2Z) — HI(M;Z/2Z) is an
injective homomorphism and the similar fact holds for «’.
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2) HY (M Z)2Z) ~ HY (M; Z/27) @ (Z)27)°, where the last factor is gen-
erated by the components Dg, of Dy, and H*(M;Z)27) ~ H*(M;7/27) &
(Z/27,)°, where the last factor is generated by the fibres M; of the fibrations
M x K; — K; of Dk, ; similarly for ='.

3) For every j =0,...,3, there is a linear isomorphism
hj: HI(M;Z)27) — H (M'; 7./27)

such that (1')* o b/ = ©*. Moreover, hy(w!'(M)) = w'(M’) and for every
a € HY(M;Z/27), h?(a Uw!(M)) = hl(a) Uw!(M).

4) M and M’ are of the same type.

Proof : Let us justify (1) — (3). For every j, every class in H/(M; Z/27)
can be represented by an embedded proper (3 — j)-submanifold S transverse
to the link L. The corresponding class in #7(M;Z/27Z) is represented by
the strict transform S of S via the blow-up. If j = 2,3, S is mapped
diffeomorphically to S by . If j =0, S = M. If j = 1, then S = B(S,S
L). As for (2), notice that M; @ Dy, = 0;;. As for (3), consider the
diffeomorphism

¢:M\L— M\L .

If j = 2,3, then h; is determined by the diffeomorphism S ~ ¢(S). If j =0,
then ho([M]) = [M’], and notice that [M,n] = [M], [M,n'] = [M']. If
j =1, then S is a hypersurface transverse to L. Then S\ Int N(L) is sent
diffeomorphically to S’ properly embedded in M’ \ IntN(L'); as ¢ preserves
the class of meridians mod (2), then S’ can be completed to a boundaryless
hypersurface S’ transverse to L’. This geometric correspondence S < S’
induces hy. If S is a characteristic surface of M, then as the constituent
knots of L preserve the orientation, we can assume that S N L = (), so
that the diffeomorphic surface S’ = ¢(S) does not intersect L’ and is a
characteristic surface of M’. The last statements of (3) follow. Item (4) is
an easy corollary of the other items.

[

Whenever S’ is obtained from S as in the above proof, we will say that
S’ is obtained by darning S.

REMARK 19.68. One would wonder about a graded ring isomorphism in
statement (3), but this is not true. For example, S! x S? and P3(R) can
be obtained by ordinary surgery along an unknot K C R?® C S2 with the
standard even normal framing fy and the framing which differs from it by
two twists, respectively. By Corollary 19.66, they are connected by a tear,
but their Z/2Z-cobordism rings are different.

19.8.3. rs-equivalence. We define now a coarser equivalence relation
generated by blowing-up-or-down.
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DEFINITION 19.69. Let M, M’ be in M3. We say that, up to diffeo-
morphism, M' is obtained from M by a finite chain of blowing-up-or-down
if there is a finite chain of the form

M — Mgy <> My <> Moy <5 -+ < My, < M,

where

(1) Every M; is in Ms;

(2) The right and left arrows are diffeomorphisms;

(3) For every i # n, M; < M,y is either a blow-up along a smooth
centre

M; « M1 = B(M;, C;)
or a blow-up
M; = B(Miy1, Ziy1) — My

so that M, is obtained by a blow-down of M;.

This defines another equivalence relation called smooth-rational equiv-
alence; it extends the diffeomorphism and also the tear equivalence. We
write M ~g. M’'. Note that no one of the tear invariants pointed out in
Proposition 19.67 persists for the sr-equivalence.

We want to determine the quotient set of M3 mod ~y, or mod ~;. Tear
equivalence preserves the type, so we can split the study of Mg mod ~y,
type by type.

The results for M;{ mod ~; and for M3 mod ~yg, are easy to state.

THEOREM 19.70. For every M, M' in M3, M ~; M’ if and only if
dim HY(M;Z/27) = dim HY(M'; Z/27). If dim H(M;Z/2Z) = h, then

M ~; S*#hP3(R) .

PROPOSITION 19.71. For every M in My there exists M' € ./\/l;,r such
that M ~g. M'.

THEOREM 19.72. For every M in Ms, M ~g,. S3.

Proof : If M isin M;“, then the result follows immediately from Theorem
19.70, as S3#hP3(R) is obtained by blowing-up S® at h points. If M € My,
Proposition 19.71 reduces it to the orientable case.

[ ]

The structure of M3 mod ~; is more complicated; we will face it later.
First, we will develop a proof of Theorem 19.70 and of Proposition 19.71.
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19.8.4. Disorientated surfaces and weakly trivial knots. Let N
be a compact 3-manifold with possibly nonempty boundary dN. A con-
nected, properly embedded surface F' in N is said to be disorientated if it is
nonorientable and has an orientable neighbourhood in N.

Let M be in M3, and let K C M be a knot that preserves the orien-
tation, endowed with a tubular neighbourhood N(K). The knot K is said
to be weakly trivial if there exists a longitude ! on ON(K) which bounds a
disorientated surface F' properly embedded in M \ Int N (K).

The notion of tears makes sense also for a manifold with boundary N,
provided that the supporting link is contained in the interior of N. The
following proposition shows the tear’s power to simplify disorientated hy-
persurfaces and eventually the topology of 3-manifolds.

PRrROPOSITION 19.73. Let S C N be a disorientated hypersurface. As-
sume that S has at most two boundary components. Then we have:
o A link L C Int(S) C Int(NN) with constituent knots preserving the
oritentation;
e Atear N < B(N,L) =N = B(N',L') = N’ ;
e A surface S’ C N’ obtained by darning S (over the tear) such that:
(1) If S is boundaryless, then S is a disorientated projective plane.
(2) If DS is connected, then S’ is a disk properly embedded in N'.
(3) If S has two components, then S" is a two-sides annulus properly
embedded in N'.

Proof : The surface S is diffeomorphic to the connected sum of s copies
of P2(R), s > 1, from which we have removed k disjoint open 2-disks, either
k=0,1,2. Let L = K;U---U K be formed by the cores of s pairwise
disjoint Mobius strips M; embedded in S. Each K reverses the orienta-
tion of S and preserves the orientation of N (because S has an orientable
neighbourhood). Then [0M;] is a meridian of N (K;) mod (2), and we can
consider the corresponding tear N < B(N,L) = B(N',L') — N’. Then
every K; collapses to one point in a darning surface S’ properly embedded
in N’ with orientable neighbourhood. If £ = 0 then S’ is a 2-sphere; in order
to get a disorientated P2(R), it is enough to remove from L one constituent
knot. In the other two cases we get either a disk or an annulus.

|
COROLLARY 19.74. For every M € Ms there is a chain of the form
M — My My <> - M, < M

such that:

(1) Every M; is in M3, the right and left arrows being diffeomorphisms;
(2) HY(M';Z/2Z) is generated by w'(M');
(8) For every i # n, M; <> M,y either is:

o A tear;
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e A blow-up M; = B(M;y1,x0) = M;11 at a point of M;41;

o A blow-up M; = B(M;41,K) — M;1+1 along a smooth knot of
M; 1 which preserves the orientation.

Proof : If M already satisfies (2), then take M’ = M. Otherwise, there
is a hypersurface S, such that [S] # 0 € HY(M;Z/2Z) and S is not a
characteristic surface of M. We can assume that S is connected and that
there is a characteristic surface F' such that either:

e SNF = (), meaning S C M\ N(F) for a small tubular neighbourhood
of F;

e S h F along a knot K C S which does not divide it.

e In both cases, S\ IntN(F') is properly embedded in M \ IntN(F),
has oriented neighbourhood therein, and there is a smooth circle C € M \
Int N(F) with nontrivial intersection number mod (2) with S\ IntN(F).
By adding an embedded 1-handle along a suitable arc of C', we can also
assume that S\ IntN(K) is disorientated. Now, if S is disjoint from F,
by Proposition 19.73 there is a tear which converts S into a disorientated
projective plane; this can be considered as the exceptional hypersurface of a
blow-up of a point. In the other case there is a tear converting S\ Int N (F")
into an annulus; together with S N N(F), they form a one-side torus which
can be considered as the exceptional hypersurface of a blow-up along a knot.

COROLLARY 19.75. If M is orientable and dim H'(M;Z/2Z) = h, then

M ~y M,
where
M = hP3(R)#M’
and H*(M';Z/2Z) = 0.
Proof : As M is orientable, w!(M) = 0; hence the statement and the
proof of Corollary 19.74 tell us that H'(M’; Z/2Z) = 0 and that only blow-
up of points occur. Up to isotopy, a point misses any possible already present

exceptional hypersurface, tears and blowing up of points commute and the
corollary follows.

COROLLARY 19.76. Let M and M’ in M3 be such that
HY(M;Z/22) = H (M';Z/2Z) = 0 .

Assume that M’ is obtained from M by an ordinary longitudinal surgery of
M along a weakly trivial knot K € M. Then M ~; M'.
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Proof : By Proposition 19.73, there is a tear from M to M7 converting
K to a genuine trivial knot K1 C M;. Up to tear equivalence, we can assume
that M’ is obtained from M by an ordinary surgery along a trivial knot K.
As they both have vanishing !, the normal framing f of this surgery must
be odd for the framing fy determined by a collar of K in a spanning 2-disk.
On the other hand, M is diffeomorphic to the manifold obtained by using
the framing §; which differs from fy by one twist. Hence, by Corollary 19.66,
there is a tear from M to M’.

|

As a further corollary, we can prove Proposition 19.71, which we state
again

For every M in My there exists M' € My such that M ~g M'.

Proof :  Assume that M has a connected characteristic surface F' of
genus g + 1 > 1. We are going to show that M ~g. M’ such that M’ either
has a characteristic surface I’ of genus g, if g > 0, or it is orientable. This
will achieve the result by induction on g. First, we can assume that F' is
one-side in M. Let K C F be a smooth circle which does not divide F.
Then the strict transform F of F in B(M,K) is a one-side characteristic
surface of the same genus. If F' is a one-side torus, then it is the exceptional
hypersurface of a blow-down to an orientable M’ and we are done. If g > 1,
there is a smooth circle C on F' which divides it by a one-side torus Ty with
one hole and a bilateral surface Sy of genus g — 1 with one hole. By adding
an embedded 1-handle as in the proof of Corollary 19.74, we can modify
So far from C and make it disorientated. By Proposition 19.73, there is
a tear from M to M; which converts Sy to a 2-disk so that C' becomes a
trivial knot in M;. The manifold Ms obtained by ordinary surgery along C,
with normal framing given by a tubular neighbourhood of C' in F', is tear
equivalent to M;#P3(R), hence it is sr-equivalent to M; and therefore to
M. We conclude by noticing that a characteristic surface of Ms is given by
the disjoint union of a surface of genus g and a one-side torus, which again
can be considered as the exceptional hypersurface of a blow-down.

[

19.8.5. M;,“ mod ~; and M3 mod ~g.. We are ready to prove The-
orems 19.70 and 19.72. Thanks to Corollary 19.76 and Proposition 19.71, it
is enough to prove the following lemma.

LEMMA 19.77. For every M in M3 such that H'(M;Z/2Z) = 0, there
exists a sequence S® = Mo, M1, ..., M, ~ M, such that:
(1) For every M;, H'(M;;Z/2Z) = 0;
(2) My is obtained from M; by an ordinary surgery along a weakly
trivial knot Ki+1 C M;.

Proof : We use some notions that we will develop in Chapter 20, Section
20.2.1. Here we outline the main points. We know that S3 ~, M; that is,
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there is a triad (W, S, M) with a handle decomposition made by 2-handles
only, so that M is obtained by longitudinal surgery along a framed link
L = U;K; in S3. The framing f; is encoded by an integer which expresses
the number of twists compared with the framing given by the collar of K; in
a Seifert surface. The intersection form of H2(W;Z/27Z) is represented by
the linking matrix mod (2) of this framed link L, so that along the diagonal
we have the reduction mod (2) of such integers. As H'(M;Z/27) = 0,
the intersection form is non-degenerate. Possibly performing an elementary
blow-up move (Section 19.4.1), we can also assume that the form is not
totally isotropic, hence it has an orthogonal basis (see Section 15.1). By
realizing such a change of basis by handle sliding, we get that every K is
the boundary of a surface S; disjoint from the rest of the link, and the new
normal framings are odd. So the knot K1 is weakly trivial in the manifold
M; obtained by the surgery along the partial framed link K; U --- U Kj.

[

19.8.6. M3 mod ~;. As already said, this is more complicated. We
will give exhaustive statements. For detailed proofs, a curious reader may
refer to [BM].

We can manage type by type. For M3 the statement is simpler; like
the orientable case, the necessary conditions of Proposition 19.67 are also
sufficient.

THEOREM 19.78. Let M, M’ be strongly nonorientable. Then M ~; M’
if and only if for every j =0,...,3, there is a linear isomorphism

hj: HI(M;Z)27) — H (M'; 7./27)
such that hy(w'(M)) = w'(M") and for every a € HY(M;Z/27),
R (aUw!(M)) = hl(a) Uw (M) .

For weakly nonorientable manifolds, another tear invariant comes up.

We begin with a construction that makes sense for every orientable com-
pact boundaryless surface S embedded in any M in Ms. Consider the
subspace of 71(S) formed by the 1-boundary in M; that is,

B(S, M) = ker i,

where i : S — M is the inclusion. Let « € B(S, M). Then a = [¢] for some
smooth circle ¢ on S. By hypothesis, ¢ bounds a membrane M C M: M is a
compact surface embedded in M, such that ¢ = 99, and moreover 91 is in
“general position” with respect to S; this means that S  Int(91) and SNIM
is the union ¢ U d where d is a smooth curve properly embedded in S (i.e.
dd = NOM). Tubular neighbourhoods of d, N(d, S) and N(d,9) in S and
M respectively, coincide at dd along a tubular neighbourhood of 9d =dnNe¢
in ¢. Then along the abstract double D(d) = d4 Ud_ of d, we can define a
band N(D(d)) equal to N(d,S) on d, equal to N(d,0) on d_, glued by
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the identity on dd; = dd_. Using the self-intersection of D(d) in N(D(d)),
we can define
pm(c) = D(d) e D(d) € Z/27Z. .
The question is under which hypotheses this construction well defines a map
ps  B(S, M) = Z/2Z, p(a) = pm(c), a =[] .

This is widely discussed in [BM]. Here we are concerned with the applica-
tion of this construction to a characteristic surface F' of M in M3 .

PROPOSITION 19.79. Let F be a characteristic surface of the nonori-
entable 3-manifold M. Then pp : B(F,M) — Z/27 is well defined if and
only if M is weakly nonorientable (M € MY ).

A first point where the vanishing of w!(M)Uw! (M) is relevant is in show-
ing that the value of pgn(c) does not depend on the choice of the membrane
M. One verifies that:

(i) cUoUw! (M) +oUw!(M)Uw!(M) =0 for every o € H'(M;Z/27)
if and only if w!(M) LU w!(M) = 0;

(ii) given two membranes 9 and M’ of ¢, 7 = M’ U M defines a cycle
mod (2) in M and ones verifies that

pow — pam = [7] U [1] Uw! (M) + [r] U (M) Uw' (M) .
This is the first step to show that p(c) only depends on the class [c] € n1 (F).

Let M € MY, F, pr, B be as in the above proposition. In general, 3 is

degenerate; that is, its radical B(F, M)+ # {0}. Set
B(F,M) = B(F,M)/B(F, M)* .

Then S induces on this quotient space a non-degenerate form ﬁ . There are
two possibilities:

(1) pr # 0 on B(F, M)*.

(2) pr =0 on B(F, M)+

PROPOSITION 19.80. If pr = 0 on B(F,M)*, then pr descends to a
map

pr:B(F,M) — Z/2Z

which is a quadratic enhancement of the non-degenerate form B

We can associate with the characteristic surface F' the symbol
TR € {@} UZ / 27,

where 77 = 0 if pr # 0 on B(F, M)+, 77 = 6p if pp = 0 on B(F, M)+,
where dp := §(pp) € Z/27 is the Arf invariant (see Section 15.6).

PROPOSITION 19.81. Let M € MY, then Ty := TF is well defined, that
is it does not depend on the choice of the characteristic surface F.
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We have refined the type of weakly nonorientable manifolds according
to the value of 7)7. Finally, we can complete the classification up to tear
equivalence.

THEOREM 19.82. Let M, M’ be weakly nonorientable. Then M ~; M’
if and only if, for every j =0,...,3, there is a linear isomorphism

hj: HI(M;Z)27) — H (M'; 7./27)

such that hy (w! (M) = w! (M), for every a € H1(M: Z/2Z), h2(allw! (M) =
k(o) Uwh(M') and, moreover, Tar = o

The eventual result contains more information. We have explicitly given
normal representatives for every orientable tear class «, that is hP3(R),
h = dimHY(«; Z/2Z) := HY(M;Z/27Z), o = [M];. This can be done for
every tear equivalence class. Here, we limit to state some qualitative fea-
tures of these normal representatives. Let us say that M is smooth-rational
elementary if it is obtained by means of a tower of blowing up along smooth
centres over the standard 3-sphere S3:

53<—M1%M2(—---<—Mk:M.

ProposiTION 19.83. With the exception of the weakly nonorientable
class ag such that dim H'(ag; Z/27) = 1 and 7o, = 1, the normal represen-
tative of every tear class a is smooth-rational elementary. In the exceptional
case, ag cannot be represented by any smooth-rational elementary manifold,
and for the normal representative M, there is a smooth-rational elementary
My, and a blow-up Ma, = B(Ma,, x0) — My, where xo is a point.

19.8.7. On 3-dimensional Nash’s rationality conjecture. Using
the classification up to tear equivalence, in [BM] we get an answer to the
so-called rationality Nash’s conjecture in three dimensions.

Let us say that a regular 3-dimensional real algebraic set X is rational
elementary if it is obtained by a tower of blowing up along regular real
algebraic centres over the standard sphere S3.

First, one proves that every tear equivalence class has an explicitly given
rational model which is elementary with one exception. Referring to Propo-
sition 19.83, using variations on Nash-Tognoli theorem (see Section 17.5.3)
we have the following.

ProposiTION 19.84. With the exception of the weakly nonorientable
class ap such that dim H'(cp; Z/2Z) = 1 and 7o, = 1, the normal repre-
sentative of every tear class o is a reqular rational elementary real algebraic
set Y. In the exceptional case, the normal representative Yo, is a ratio-
nal algebraic set with one singular point yo; moreover, there is an ‘algebraic
resolution of singularity’ i : Yao — Yo, such that Yao s regular rational
elementary and ¥ : Yo, \ ¥ (o) = Ya, \ {50} is an algebraic isomorphism.
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THEOREM 19.85. For every tear equivalence class o # «q, for every
M € «, there is a tear from M to Y, of the form

ME Yy & By, Ly) S Y,

where:
o 7 is a blowing up of Y, along a regular real algebraic link Ly C Yy;
hence B(Yy, Lar) is regular rational elementary.

e Yy is a rational real algebraic set with 1-dimensional singular set
Sing(Yar) = p(Dr,,) consisting of a union of reqular real algebraic circles;

e The surjective algebraic map p is a ‘resolution of singularity’; that is,
p: B(Ya, LM) \DLM — YM \ Slng(YM)
18 an algebraic isomorphism between reqular Zariski open sets;

e 0 is a homeomorphism which restricts to a diffeomorphism on Yas \
Sing(Yar) and on Sing(Yar);
As for M € ag, we have a similar realization of the form

M < Yy & B(Yy, Ly) 55 Yo

where Ly C R(Y,,), and eventually the rational model Yy of M has a fur-
ther isolated singular point and admits an algebraic resolution of singularity
by means of the rational elementary B(Ya,, Lar), Ly = =1 (Ly).

The theorem shows that every M in Mg has a singular rational algebraic
model Yy, with a mild controlled singular set. The situation is very similar
to what we have done in the case of surfaces (Section 15.5). In the case of
surfaces, Comessati tells us that for a genus greater than 1, the presence of
one singular point in a rational model of an orientable surface is not only
an accident of the construction, it is intrinsically unavoidable. The same
question has been faced for threefolds (see [Ko]); roughly summarizing, one
realizes that also in dimension 3, orientable manifolds admitting a regular
rational model are very special. On the other hand, we have the following
interesting fact (see [Ko2]).

For every a, for every M € «, there are nonsingular rational models,
provided that one deals with a category of “abstract” algebraic-like varieties
(also called Moishezon varieties) which are only locally but not globally iso-
morphic to ordinary algebraic sets in some R™.

In this larger setting also the singular blowing down p as in Theorem
19.85 can be realized as the inverse of an algebraic blow-up along a nonsin-
gular centre.



CHAPTER 20

On 4-manifolds

In this chapter, we will apply several results established so far to com-
pact 4-manifolds. Similarly to the attitude of Chapter 19 concerning the
geometrization of 3-manifolds, we will develop a few classical differential
topological themes; in no way (except for a final informative and discur-
sive section) we will touch the study of 4-manifolds through gauge theory
that has dominated in the last decades. For a more up to date treatment
of 4-manifolds theory, one can refer, for example, to [Sc|]. In particular,
we will determine (4, we present some instances of “classification of simply
connected 4-manifolds up to stabilization” and Rohlin’s theorem about the
signature mod (16) of 4-manifold intersection forms. The intersection form
will be the principal player.

We will deal with oriented 4-manifolds. M will denote a compact, con-
nected, oriented, boundaryless smooth 4-manifold. By using the notations
and the results of Sections 11.4, 13.4 and 13.5, we have that the intersection
form

U:HA(M;Z) x HEA(M;Z) — Z
equivalently,
o: Ho(M;Z) x Ho(M;Z) — 7
is symmetric and induces a Z-linear isomorphism
¢ : H2(M;Z) — Hom(Ho(M;7Z),7) .

Then the free Z-module H?(M;Z) = Ha(M;Z) is of finite rank n, and the
intersection form is unimodular: for any basis of H?(M;Z), the representing
matrix A belongs to GL(n,Z) (i.e. |det A| = 1). Every class a € H2(M;7Z)
can be represented by an oriented 2-dimensional proper submanifold F; o =
[F] = 0if and only if F'is the boundary of an embedded Seifert hypersurface.
The isometry class of the intersection form is an invariant up to orientation-
preserving diffeomorphism. We are in a situation formally similar to the case
of compact boundaryless surfaces endowed with their intersection forms.
In the case of surfaces, we have seen in Chapter 15 that this intersection
form contains all relevant information; moreover, there is perfect parallelism
between the abstract algebraic theory of symmetric Z/27Z-bilinear forms
and the 2-dimensional differential /topological realization. We would try to
pursue this analogy as far a possible, obtaining, in fact, only very partial
results.

361
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20.1. Symmetric unimodular Z-bilinear forms

In analogy to Section 15.1, we face here the question of the classification
of finite rank, symmetric, unimodular Z-bilinear forms up to isometry. It
turns out that this abstract classification is complete only for the class of
indefinite forms, while the definite case is a wide, largely unknown territory.
This is an important difference with respect to the Z/2Z-case. For more
information and detailed proofs, we refer the reader to [MH].

We consider free Z-modules V' of finite rank, endowed with a symmetric
unimodular Z-bilinear form p. This means that the Z-linear map

V — Hom(V,Z), v = fu, fo:V = Z, fo(w) = p(v,w)

is an isomorphism. Equivalently, the symmetric matrix A representing p
with respect to any basis of V belongs to GL(n,Z), n = rankV; that is,
| det A| = 1. Isometry is defined in the usual way. Sometimes, we will abuse
the notation to confuse a form with its isometry class. Given (V,p) and
(V',p"), we can define the orthogonal direct sum

Vip) L (V') 5

that is, the symmetric unimodular form p L p’ on V @ V' that restricts to p
(resp. p') on V' (V') and such that V and V' are orthogonal to each other.

20.1.1. Some invariants. We point out some isometry invariants be-
sides the rank.

(Signature) By extension of the coefficients Z C R, V' becomes a lattice
in a R-vector space Vg so that dim Vg = rankV = n, and p extends to a
R-bilinear non-degenerate form pr. We know by Sylvester’s theorem that a
complete isometry invariant of pg is given by the pair of positivity and nega-
tivity indices (i+(pr),i—(pr)), where iy (pr) is the maximum of dimensions
of R-linear subspaces of Vg such that the restriction of pr to them is either
positive or negative definite. This pair of indices is an isometry invariant
for the Z-bilinear form p. We set

o(p) =i+(pr) —i-(pr) ,

which is called the signature of p (some authors call it the indez of p). As
iy +i_ =mn, then 0 =n mod (2) and

n+oc n—o

(i+7i—):< 2 ' 9 )

The signature is additive with respect to orthogonal direct sum:

alpLp)=0alp)+o(p).

We can distribute the unimodular Z-forms in the following classes, which
are invariant up to isometry.
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(Definite/indefinite) The form (V, p) is definite, either positive or neg-
ative, if either for every v € V., v # 0, p(v,v) > 0 or p(v,v) < 0. Otherwise,
p is indefinite.

(Parity) The form (V, p) is even if for every v € V', p(v,v) € 2Z is even.
If p is not even, then it is said to be odd. (V, p) is even if and only if there is
a basis B = {v1,...,v,} of V such that for every j =1,...,n, p(vj,v;) € 2Z;
in such a case, this happens for every basis of V.

We have the combination sub-classes “definite/indefinite and even”, “def-
inite/indefinite and odd”; the study up to isometry can be made sub-class
by sub-class.

20.1.2. Some basic forms. We denote by U, U_ the unique (up to
isometry) rank-1 forms. They are both definite (of opposite sign) and odd,

o(Uy)=+1.

We denote by H the (isometry class of the) form defined on Z? by
(z,y) = 2'Hy ,

The form H is indefinite and even; o(H) = 0.
Let us denote by Eg the (isometry class of the) form defined on Z® by

where

(z,y) = "By
where E = (e; ;) is the symmetric matrix 8 x 8 such that:

e For every ¢, €;; = 2;

e For i = 1,...,6, €ii+l = 1;

°esg=1;

e ¢; ; = 0 otherwise.

One verifies by direct computation that Eg is unimodular, even and
positive definite; hence o(Eg) = 8. The form —Eg (that is the isometry
class of (Z®, —E)) is even, negative definite with o(—Eg) = —8. Being even,
+Eg is not diagonalizable; that is, it is not isometric to 8U_.

20.1.3. Full classification up to rank 4. We have

ProPOSITION 20.1. Isometry classes of symmetric unimodular Z-bilinear
forms of rank n up to 4 are either diagonalizable (i.e. they admit an or-
thonormal basis) or even with zero signature. The normal representatives
are respectively:
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(1) (Diagonalizable) The normal representative is

n—|o|

lo[U, L (Uy LU,

where € is the sign of the signature o.
(2) (Even) The normal representatives are either H or 2H.

The key geometric fact to get this result is that for every (V,p) such
that rank(V) < 4, there is v # 0 in V such that |p(v,v)| < 2; this is an
application of a theorem of Minkowski on the volume of lattice in Euclidean
spaces.

20.1.4. Classification of indefinite forms. This is summarized in
the following theorem.

THEOREM 20.2. (1) The triple
(rank, signature, parity)

is a complete invariant for the indefinite forms considered up to isometry.

(2) For every indefinite isometry class, we have the following distin-
guished representative, depending on the parity:

(Indefinite and odd normal representatives) For every rank n
and signature o, this is

n— lo|

lo[U, L (U, LU.)

where € is the sign of 0. Hence indefinite odd forms are diagonalizable; that
is, they admit orthonormal basis.

(Indefinite and even normal representatives) For every rank n
and signature o, o0 = 0 mod (8), n—|o| is even and non-zero and the normal
representative s

H

A Ll
8 2

where we mean aEg = —a(—Eg) if a < 0.

The key fact for the indefinite classification is the number-theoretic
Meyer theorem which states that for every indefinite (V) p), there is v # 0
in V' such that p(v,v) = 0. If n < 4 this follows from the above full classi-
fication. If n > 5, via the extension of coefficients Z C Q, one is reduced to
prove that, alike for R-spaces, a scalar product on a Q-vector space of dimen-
sion n > 5 is definite if and only if for every non-zero vector v, p(v,v) # 0.
Note that the last statement fails for n = 4. The proof is based on the
Hasse-Minkowski Theorem. Then the indefinite odd case follows by a rather
easy inductive argument. An important relation to achieve the odd case is

H1U:=U; 12U, .
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The classification in the indefinite and even case is more delicate, em-
ploys the already achieved odd classification, and involves in the very state-
ment certain congruence mod (8). We limit to clarify this last point.

20.1.5. Characteristic elements and congruences mod (8). Let
(V,p) be as above. An element v € V is by definition characteristic if for
every v € V, p(v,v) = p(u,v) mod(2). We have the following so-called van
der Blij lemma.

LEMMA 20.3. (1) Every (V,p) admits characteristic elements.
(2) For every characteristic element u, o = p(u,u) mod(8).
(3) If p is even, then o =0 mod(8).

Proof : For (1), fix a basis of V so that V' ~ Z" and let the n x n
symmetric matrix A represent the form p. By reducing mod (2), we have the
Z/2Z-linear function (Z/2Z)" — Z/27, y — y'Ay. As det A = 1 mod(2),
there is a unique representing vector @ € (Z/2Z)"™ such that for every y,
y Ay = u'Ay. Every u € Z" whose reduction mod (2) is equal to @ is a
characteristic element of p.

As for (2), if u and v’ are characteristic elements, so that v’ = u+ 2z for
some x € V, then p(u/,u) = p(u,u) + 4(p(u, z) + p(x, x)) = p(u, w) mod(8).
So p(u,w) is invariant mod (8). It is additive with respect to the orthogonal
direct sum and it holds £1 on Uy. Then item (2) holds for indefinite and odd
forms thanks to the classification in this case. Furthermore, p 1 Uy L U_
has the same signature of p and is indefinite and odd; so (2) holds in general.

Item (3) is an immediate corollary of (2).

20.1.6. Indefinite stabilizations. Given any form p, there are simple
ways to transform it into an indefinite one. The first is called elementary
odd stabilizations:

p—pLUc

for a suitable € = +; the resulting form is indefinite and odd. The signature
changes by 0 — o £ 1. The form p 1L (Uy L U_) is always indefinite odd
and the signature does not change.

The elementary even stabilization is

p—pLH;

the resulting form is indefinite and is even if and only if p is even. The
signature does not change.

Then the classification of indefinite odd forms induces a classification
of all forms up to such odd stabilizations. Similarly, the classification of
indefinite even forms induces a classification of all even forms up to even
stabilization. In particular, we have the following.
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For every pair of forms p and p', there are my,ma, my,mh, m € N such
that

p LmUy L moU_=p L miU; LmyU_=m(U,+U_).

20.1.7. Neutral forms and the Witt group. Similarly to Section
15.4.1, denote by I(Z) the set of isometry classes of unimodular symmetric
Z-bilinear forms defined on free Z-modules of arbitrary finite rank. The
operation | makes it a semigroup. A class S € I(Z) is said to be neutral
if rank S = 2m is even and there is a submodule Z C S, rank Z = m
such that Z = Z+. The following lemma is an immediate consequence of
Theorem 20.2.

LEMMA 20.4. An indefinite odd class is neutral if and only if it is of the
form m(Uy L U_) for some m > 1. An indefinite even class is neutral if
and only if it is of the form mH for some m > 1.

Put on I(Z) the equivalence relation X ~ X’ if and only if there are
neutral spaces S, S’ such that

X1S=X"19.

Denote by W(Z) the quotient set. The operation descends to W(Z) and
makes it an Abelian group called the Witt group of the ring Z. All this can
be restricted to the set I4(Z) of even classes and gives rise to the restricted
Witt group Wy(Z). The following proposition is again an easy consequence
of Theorem 20.2.

ProPOSITION 20.5. Both following maps are well defined group isomor-
phisms:

o W(Z) — (Z,+), % : Wo(Z) — (Z,+) .

Moreover, W(Z) is generated by U, while Wy(Z) is generated by Eg.

20.2. Some 4-manifold counterparts

In analogy with the surface case, one would like to determine 4-manifold
counterparts of the above abstract theory, at least for indefinite forms where
the arithmetic classification is complete. In particular one would wonder
that every indefinite normal representative is realized as the intersection
form ej; of some 4-dimensional smooth manifold M as above. Unfortu-
nately, this is too optimistic.

Notation: We set g,,, = 0(M).

First, we establish a topological counterpart of the operation L.

LEMMA 20.6. Let (M, ey, ) and (Ma, eps,) be 4-manifolds equipped with
the respective intersection forms and set M = My1#Msy. Then, up to isom-
etry,

.M:.Ml J_.M2 .
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Proof : This lemma is analogous to Lemma 15.7 in the case of surfaces..
Let o = [F] € Ha(M;Z), where F is a proper oriented surface embedded in
M. Up to isotopy we can assume that F' M S, where S is a smooth 3-sphere
in M which realizes the connected sum splitting of M. The intersection L =
FNSisalinkin S ~ S3. Then M is obtained by gluing M]’ = M;\ Int(D?),
j = 1,2, along the two boundary components of a tubular neighbourhood
N(S) ~ 83 x [-1,1] of S in M. The intersection F; = F N M]’ is a proper
submanifold of M J’ with boundary L; F}; can be capped by means of a Seifert

surface of L in S3. So we get boundaryless surfaces FJ in M; which, up to
isotopy, can be embedded in M ]’ Hence, via the isomorphism induced by the

inclusions and a slight abuse of notation, we have [F] = [F}]+[F3]. Doing in
a similar way for another class o/ = [F'], we get aea’ = [F]e[F|]+[Fb]e[F}].

REMARK 20.7. We stress that we are not claiming that every direct sum
decomposition of an intersection form ej; corresponds to a connected sum
decomposition of the manifold M (see Example 20.11).

It is easy to realize UL and H. In fact, Uy is the intersection form of
+P?(C), where P?(C) is endowed with the natural orientation as a complex
manifold. Hz(P?(C);Z) is generated by [P1(C)] that is represented by any
complex line embedded in P2(C). Hence every indefinite and odd normal
representative can be realized.

Notation: To simplify the notation, set P = P?(C) and @ = —P?(C).

The form H is the intersection form of S? x 52, where S? has the usual
orientation and we take the product orientation. The module Ha(S? x S%; Z)
has as basis [S? x {p}] and [{p} x S?], for any p € S2.

REMARK 20.8. Both P2(C) and S? x S? are simply connected. By the
Van Kampen theorem, the connected sum of two simply connected manifolds
is simply connected. So it makes sense (and we will do it at some point) to
restrict the discussion to simply connected manifolds.

The basic neutral classes are H and U, 1 U_.

ProposITION 20.9. Up to isomorphism of fibre bundles, there are two
distinct fibre bundles over S? with fibre S? and orientable total space; S? x S?
and P#Q := S?xS? are the respective total spaces.

Proof : By at theorem of Smale ([S1]), and also recall Section 7.5.2),
Diff*(S2) retracts by deformation to SO(3) ~ P3(R). Then there are ex-
actly two such fibre bundles because 71 (SO(3)) ~ Z/27Z (recall Section 6.5).
The manifold P#Q can be obtained by the complex blowing up of P?(C)
at a point. It follows from the proof of Proposition 7.33 that it is the total
space of a fibre bundle, as in the statement of the proposition. More pre-
cisely, let D be the unitary disk in an affine chart of P at a point xg ~ O.
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Then B¢ (D,0) is the oriented total space of a fibre bundle over the Rie-
mann sphere S2 ~ P!(C) with fibre D?; the fibres are given by the strict
transform of the intersection with D of the complex lines through 0. Set
Po := P \ Int(D). This Py is the total space of a fibre bundle of the same
type. Considering P!(C) C Py, the fibres are given by the intersection with
P of the complex lines passing through 0 and 2 € P!(C). The restriction of
these fibres to 9D induce the Hopf fibration b : S3 — S2. Then Be(P, o)
is diffeomorphic to the double D(Py) = Py Il —Py/idgs and hence to P#Q.
The fibration of P#Q with fibre S? is obtained by gluing “along the Hopf
fibration” the two fibrations with fibre D? described so far. Finally, S? x 52
and P#Q are distinguished by the intersection forms.

|

Now we discuss a topological counterpart of the relation

H1U;=U; 120, .
ProprosITION 20.10. We have
(8% x S?)#Q ~ P#20Q, (S? x SH#P ~ Q#2P .

Proof : This proposition is analogous to Lemma 15.12 in the case of
surfaces. As S? x S? admits an orientation reversing diffeomorphism, the
two relations are equivalent to each other. The second geometric proof of
Lemma 15.12 applies verbatim to prove the first relation, provided that one
replaces R with C everywhere.

[

A realization of indefinite even normal representatives, or of Eg itself,
possibly by a simply connected smooth 4-manifold M, is a much more subtle
and hard question. We will discuss later the following fundamental Rohlin’s
discovery (recall that algebra tells us that the signature of an even form is
= 0 mod (8)); if M is simply connected and its intersection form is even,
then o(M) =0 mod (16).

Then Eg cannot be realized. If M is simply connected with indefinite and
even intersection form, then this is necessarily isometric to a normal repre-
sentative of the type

2aEg | bH

for some a € Z, b € N\ {0}. It is not evident (and ultimately false) that
every such pair (a,b) can be realized. On the other hand, classical simply
connected examples show the actual occurrence of Eg.

ExamMpLE 20.11. If we relax the requirement of dealing with normal
representatives, it is not hard to make Eg visible. For example, by the
indefinite and odd classification, the form of M = 10P#Q is isometric
to Eg L U, | H. Nevertheless, this algebraic decomposition does not
correspond to any connected sum decomposition of M.

A more substantial example, realizing a normal representative, is the
so-called Kummer variety. Let the 4-torus T* = R*/Z* be realized as the
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product of two copies of C/(Z @ iZ) so that T* has a complex 2-manifold
structure with “uniformizing” complex coordinates (w1, ws2). The involution
7(wy, ws) = (—wy, —ws) descends to T* and has 16 fixed points. Let us
perform the complex blow-up at such fixed points. We get a complex surface
K, smoothly diffeomorphic to T##16Q. The exceptional complex surface
over each fixed point is a Riemann sphere S with self-intersection number
in K equal to —1. The involution 7 lifts to an involution 7 of K which is

the identity on each exceptional sphere. We consider the quotient
K:=K/7.

One verifies that K is a smooth complex surface. Using the natural projec-
tion, every exceptional sphere S maps to a 2-sphere S’ embedded in K ; the
restriction of the projection on a suitable neighbourhood of each S in K is
a double covering of a neighbourhood in K of the corresponding sphere S’.
Then the self-intersection number of every S’ in K is equal to —2. One can
verify that Ha(T%;Z) ~ Z5 and is generated by six embedded 2-tori, while
Ho(K;Z) ~ 7Z2? generated by the image of these tori together with the 16
spheres S’. Eventually, the intersection form of K is indefinite and even
with normal representative —2Eg 1 3H.

20.2.1. On the intersection form of 4-manifolds with boundary.
If OM # 0, the intersection form U : H2(M;Z) x H*(M;Z) — Z and the
Z-linear map

¢% : H2(M; Z) — Hom(Ho(M; Z), 7)
is defined as well. In general, the form is not unimodular. If 8 :=i.(a) # 0

in Ho(M;Z) for some o € Ho(OM;Z), then U~ = 0 for every . On the
other hand, it follows from the results of Chapter 13 that

% - H2(M,0M; Z) — Hom(Ho(M; 7)), 7)

is an isomorphism. Hence the intersection form of M is unimodular if and
only if j. : Ho(M;Z) — Ho(M,0M;7Z) is an isomorphism. For simplicity,
assume that M is part of a triad of the form (M,0,V = M) admitting
an ordered handle decomposition with one 0O-handle, some 2-handles, say
k, and no 3- or 4-handles. In other words, by removing the 0-handle, we
realize a surgery equivalence S ~, V. Hence V is connected and M is
simply connected. We claim that every symmetric Z-bilinear form (not
necessarily unimodular) can be realized by such a 4-manifold. Let us sketch
the argument. By using Section 9.3.1 we see that M retracts to a wedge of
k 2-spheres. By using the bordism homotopy invariance and what we know
about the bordism of S2, we see that Ho(M;Z) has rank k; a geometric
basis a1, ..., can be obtained by completing the core of every 2-handle
with a Seifert surface of the corresponding attaching knot in S® (provided
the handles have been ordered). The k-components framed link in S® which
encodes the attaching of 2-handles carries a symmetric linking matriz made
by the linking numbers of pairs of constituent knots and, along the diagonal,
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by the integers encoding the framing of every such a knot. With a bit of work
one eventually realizes that this matrix equals the matrix of the intersection
form of M for the above geometric basis. In Figure 1, we show a framed
link in S® which realizes Eg; OM is the Poincaré sphere.

@O@O@@CD

Figure 1. An Eg-link.

Figure 1 is used with the permission of A. Scorpan ([Sc]).

ProproSITION 20.12. The intersection form of M is unimodular if and
only if H1(V;Z) = Hao(V;Z) = 0.

Proof : As M is simply connected, H3(M,0M;Z) ~ Hom(H1(M;Z),Z) =
0. Hence by using the bordism long exact sequence of (M,0M ), we see that
isx : Ha(V;Z) — Ha2(M;Z) is injective; hence if the intersection form of M
is unimodular, then H9(V;Z) = 0. On the other hand, if H,(V;Z) = 0,
consider the dual handle decomposition; the cores of the 2-handles provide
a basis of Ho(M,0M;Z). By capping each of them with a Seifert surface in
V of the corresponding attaching knot, we get a further geometric basis of
Ho2(M;Z) dual to the previous one.
[
If the intersection form of M is unimodular, possibly by performing an
elementary blow-up move (which replaces M with M# + P?(C), without
modifying the boundary V'), then we can assume that the unimodular in-
tersection form of M is diagonalizable. If a 2-handle (corresponding to a
constituent knot Kj;) is slid over another, say corresponding to K, then the
geometric basis, as above, changes by sending «; to «; &= o, and the linking
matrix changes by adding the j* row to the i** row, and the j** column to
the i column. The same discussion can be repeated (with some simplifi-
cation) by replacing everywhere Z with Z/27Z. Tt follows that if the form is
non-degenerate and not totally isotropic, we can realize an orthogonal basis
through handle sliding.

20.3. Q4
We already know that € is nontrivial because x2)(P?(C)) = 1. More

precisely, we have a surjective homomorphism defined by
X@) Q4 = Z)2Z, x(2)([M]) = x2)(M) .

Pontryagin remarked that there is a subtler homomorphism induced by
the signature. As usual

[M#M'] = [MIM'] = [M]+ [M'] € Qa4
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so that every a € 24 can be represented by connected 4-manifolds and we
can replace II with # to define the Z-module operation on {24.

ProposIiTION 20.13. The map
0: QU —Z, ola) : =0(M),

where M is any connected representative of the class «, is a well defined and
surjective homomorphism.

Proof : As the signature is additive with respect to the connected sum,
o(M) = —o(—M) and o(P?(C)) = 1, it is enough to show that if [M] =0 €
Q4, then o(M) = 0. To compute the signature (that is the indices i4,i_), it
is enough to extend the coefficients Z C Q. For every o € Ha(M;Q) there
exists m € Z such that ma = o/ € Ha(M;Z), and a e a = o/ e &' /(m?). If
for every o € Ho(M;Q), v e =0, then 0 =0. Let M =0W,i: M — W
be the inclusion. If i,(a) = 0, then o/ @ @’ = 0, hence v« e & = 0. So if
for every a, is(a) = 0, then 0 = 0. Assume that i,(«) # 0. Then there is
b € Hs(W, M;Q) such that 5 := 9b € Ho(M;Q) and ave 3 =1, i, (8) = 0.
Let V be the subspace of Ha(M; Q) generated by o and . The matrix of the
restriction of the intersection form on V has det = —1, hence its signature
is equal to zero. As the restriction of the form to V' is non-degenerate, also
its restriction on the orthogonal space V1 is non-degenerate. The we can
iterate the construction until we no longer find classes such that i.(a) # 0.
By the additivity of the signature with respect to the orthogonal direct sum,
we conclude that o = 0.

|

We are ready to state and prove the following theorem due to Rohlin. We
will propose his original argument, as it is developed in the commentary to
the four Rohlin papers in [GM]. See also [Kirby] for a somewhat different
conclusion of the proof also based on Step 1 below. The statement is formally
analogous to surface Theorems 15.14 and 15.15.

THEOREM 20.14. The homomorphism induced by the signature o : 0y —
Z is an isomorphism. Hence )y is generated by [P2(C)] and is naturally
isomorphic to the Witt group W (Z).

Proof : The restriction of o to the submodule of £4 generated by [P?(C)]
is an isomorphism to Z. Hence it is enough to show that €4 is generated
by [P2(C)]. We will achieve this fact in several steps. Let M be as usual a
compact, oriented, connected and boundaryless 4-manifold.

Step 1. This is similar to the first step in Rohlin’s proof that Q3 = 0.
By Theorem 7.27, up to bordism, it is not restrictive to assume that M C
R” C 5.

Step 2. We would like to construct along M a field v of unitary vectors
tangent to S and normal to M. This is not possible in general, however
we are going to see that there is M := M#aP#bQ C S7 for some a,b € N,
which carries such a nowhere vanishing transverse field. A first obstruction
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is given by the Euler class e € H3(M;Z) of a bundle normal to M in S”.
On the other hand, [M] = 0 € H3(S7;Z) and e = i*([M]) = 0. This
implies that such a field v can be defined on My = M \ Int(B*), where B*
is a smooth 4-disk in M; in fact, My has a 3-dimensional spine, v can be
always constructed up to the 2-skeleton and the obstruction to extend it
to the third skeleton belongs to m2(S?) and vanishes because e = 0. The
restriction of v to OMj defines an element of 73(S?) which is in general
nontrivial. This is the final effective obstruction to extend v on the whole of
M. We know that m3(S?) = Z is generated by the Hopf map b : S% — S2.
By transversality, we can perturb the field v and assume that it is defined
on M’ obtained by removing from M the interior of a finite number of
disjoint 4-disks B; embedded in Int(B) such that the restriction of v to every
boundary 0B, is equal to £h. By using the field v we get an embedding of
M’ in the boundary ON(M) of a tubular neighbourhood of M in S7. By
abstractly gluing to every boundary component of M’ the mapping cylinder
of the corresponding map +h, we get the 4-manifold M := M#aP#bQ
for some a,b € N. We claim that we can assume that M C ON(M) by
extending the given embedding of M’. For if Bj x D3 is a trivialized chart
of N(M) over the 4-ball B;, the embedding of 0B; is, for instance, of the
form 2 — (z,h(z)) and Py is the copy of P\ Int(D*) in M corresponding
to Bj, then an embedding of Py is given (by using suitable homogeneous
coordinates (zg, z1,z2)) by:
2$01‘ 1 2$0, T2 I 1
To,T1,T2) —> , ,—) € B; xP(C).
(20, 21, T2) ((Z?:o PR \$i|2) :Uz) i (€

Clearly, the restriction o to M of a unitary normal field to the hypersurface
ON(M) in ST is nowhere vanishing along M.

Step 3. The field v determines an embedding of a copy M of M in
ON (M) the boundary of a tubular neighbourhood 7 : N(M) — M of M in
S7. Set X := ST\ Int(N(M)). If [M] = 0 in H4(X;Z), then it is a boundary
thanks to Proposition 13.9, and finally M would be bordant with kP?(C)

for some k € Z. Unfortunately, we cannot assume that [M] = 0. However,
we have

Claim. There is an oriented surface F' in M such that the disjoint union
of inclusions j : M 119~ (F) — ON(M) represents zero in Ha(X;Z) (the
4-manifold S := On~1(F) is oriented by the direct sum of the orientation of
F and the orientation of the normal bundle of M in ON(M)).

Let us prove the claim. H4(S7;Z) = 0, more precisely Q4(S7) ~ Q4.
Hence there is an oriented triad (W, M ,V) and a map h : W — ST where
the restriction to M is the inclusion and the restriction to V is a constant
map. By transversality we can assume that the restriction of A to an open
collar of M in W is an embedding in X transverse to N (M), the image of
V is in the interior of X, the restriction of A to the interior of W is transverse
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to (N(M), ON(N) and M. Then F = h(Int(W)) N M is a surface in M
and h(Int(W)) NON (M) = Or Y(F) := S. Finally (h~1(X), h) realizes a
bordism between (M 1195, j) and (V, hj). The claim is proved.

With a slight abuse of notation, we write [M II S] instead of [M IT S, j].
Step 4. There is M ~ M#pP#qQ, for some p,q € N, embedded in
ON(M), such that [M'] = [M 11 S] € H4(X;7Z).

This is enough to conclude. For by Step 3, [M '1'=0 € Q4 and, by Step
2, M’ ~ M#kP#hQ, for some k,h € N. Let v : E(v) — M be the rank-2
oriented normal bundle of M in AN (M). We can consider it as a complex
line bundle. By pulling-back v on M via the field 7, we see that N(M) can be
identified with (a tubular neighbourhood of the zero section of) the bundle
v @ € over M, where € is a trivial real line bundle. Using this fact, we can
consider ON (M ) as the total space of the projectivized bundle of the sum
of complex line bundles over M, v @ ec, with ec being the trivial complex
line bundle. We can endow 0N (M ) with explicit homogeneous coordinates
[X,,T,] as follows: a point P € N (M) is represented by [X,,T,], where
Xp € E(v), 1, € E(ec), p = n(P) = V(XP) = EC(Tp)v (vaTp) # (0,0),
[Xp, Tp] = [X,,, T,] if and only if (X, X)) = A(X), Tp) for some A € C\ {0}.
Let us denote by F' C M the copy of F in ON (M ) determined by the
above normal unitary field v along M. Let 1 be the normal bundle of F
in M, also considered as a complex line bundle. The total space E (1) can
be considered as being embedded in M as a tube around F. On E(u) we
have the restriction of v and p*(p) = {(z,y) € E(u) x E(p); p(z) = pu(y)}-
The canonical section of p*(u) is t(z) = (x,z). Let us keep the notation
(1) for a bundle on M which extends p*(u), endowed with a section ¢
which extends ¢ and does not vanish on M \ F'. Using the field ¢ as above,
we can transport this configuration for (M, ') on (M, F). Using the above
homogeneous coordinates on 9N (M ), we have the following equation for the
set MUEF: (Xp, Tp) € MUF if and only if X,®t(p) =0 € vou*(u). We are
going to define M’ by a perturbed equation. Let o be a section of v ® ()
over M , transverse to the zero section, such that its zero set is tranverse to
F C M. Then the manifold M’ := M, is defined such that [X,,T,] € M,
if and only if X, ® t(p) = o(p) ® Tj, € v ® p*(u). This M’ has the required
properties. If Z is the finite set of zeros of o on F', then the restriction
7+ M, — M realizes a system of (possibly anti) complex blow-ups of the
points of Z. Hence, M, ~ M #pP#qQ. This can be checked as follows.
If 7(P) = p does not belong to F, then t(p) # 0 and the equation defines
a unique [X,,T,] € 7= (p). If 7(P) = pp € F, in suitable local complex
coordinates u on F', and v on the fibre of u, the equation has the form
Xv = o(u,v)T, where o is a function such that if o(u,0) = 0 then %o(u, 0)
is invertible by transversality, hence M, is smooth. Moreover, we can take
the charts in such a way that if v = 0 and o(u,0) = 0, then o(u,0) = u;
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that is, we recover the formula of the complex blowing-up at a point. The

sign depends on the orientation of the chart. Finally, using the 1-parameter

family M,o, 7 € [0,1], we realize that [M I1.5] = [M,] € H4(ON(M);Z).
Theorem 20.14 is eventually achieved.

20.4. A classification up to odd stabilization
In this section we restrict to simply connected 4-manifolds.

THEOREM 20.15. For every compact oriented simply connected bound-
aryless 4-manifold M, there exist (k,h), (m,n) € N x N such that

M#EP#hQ = mP#nQ .

By using Proposition 20.10 one can slightly refine the statement in the
following form:

- there exists (k,m) € N x N such that
M#(k+ 1)P#EkQ = (m + 1)P#mQ .

Theorem 20.15 is analogous to the results of Section 15.5 in the case
of surfaces; however, we do not have here any a priori information about
the integers k, h,m,n. By Theorem 20.14, for every M as above there is
| € Z such that M#IP?(C) is an oriented boundary and it is still simply
connected; then Theorem 20.15 will readily follow by combining the next
proposition with Proposition 20.10.

ProPOSITION 20.16. Let M be simply connected and a boundary. Then
there are (ko, k1), (ho,h1) € N x N such that

M#ko(S? x §%)#k1(S*%S?) ~ ho(S? x §%)#h1(5*%S5?) .

Proof : As M is a boundary, there is an oriented triad (W, M, S*). Let
us take an ordered handle decomposition of (W, M, S*) without 0- and 5-
handles. Hence it is of the form

(M x [0,1]) U{HDI U{HDH U---U{Hs} U ([-1,0] x S

where every H;, j = 1,...,4, denotes a pattern of a; j-handles attached
simultaneously at disjoint attaching tubes. We claim that we can modify the
5-manifold W without changing the boundary MI15%, in such a way that it is
not restrictive to assume that a; = a4 = 0. To do it, we apply the “trading”
argument already used in the proof of Proposition 19.7. We can assume
that the attaching tube of every 1-handle is contained in a smooth 4-disk
of M. Then the new boundary component obtained by modifying M can
be realized as well by a 3-handle trivially attached to M; thus we can trade
every l-handle with a 3-handle. By using the dual handle decomposition,
we can trade every 4-handle with a 2-handle; so, up to reordering, we can
assume that the ordered handle decomposition of (W, M, S*) contains only



20.5. ON THE CLASSIFICATION UP TO EVEN STABILIZATION 375

2- and 3- handles. Hence W can be obtained by gluing (M x [0,1]) U {H2}
and {H3} U ([~1,0] x S%) along diffeomorphic boundary components. Note
that in terms of the dual decomposition, also {H3}U([—1, 0] x S*) is obtained
by attaching 2-handles. Then the following lemma allows us to conclude.

LEMMA 20.17. Consider the cylinder (M x (0,1}, My, My), M; = M x
{j}. Let (Y, My, M) be obtained by attaching a 2-handle to M x [0,1] at
M. Assume that M is simply connected. Then either My ~ M#(S? x S2)
or My ~ M#(5?%S?).

Proof : As dimM = 4 and M is simply connected, the attaching 1-
sphere of the handle is isotopic to a standard S' in a chart of M. Then it
is easy to check that My ~ M#JF, where F is the total space of an oriented
fibre bundle over S? with fibre S2. Then we apply Proposition 20.9. The
lemma and Proposition 20.16 are proved.

[ ]

20.5. On the classification up to even stabilization

As in the previous section, we deal with simply connected 4-manifolds.
Being very sketchy, we are going to discuss the following deeper result
[Wall3|, [Wall4].

THEOREM 20.18. Let My and My be compact oriented simply connected

boundaryless 4-manifolds with isometric intersection forms. Then there is
k € N such that Mo#k(S? x S?) ~ Mi#k(S? x S?).

A few comments are in order:

e In a sense, this is the strongest 4-dimensional analogue of surface
classification (in terms of the intersection form), which had been obtained
by means of the classical differential /topological methods used till the late
1970’s.

e Theorem 20.18 implies Theorem 20.15. For up to a suitable odd sta-
bilization M# 4+ P?(C), this last has the same intersection form of some
kP#hQ. By applying to this couple of manifolds Theorem 20.18 and Propo-
sition 20.10, we get Theorem 20.15. The proof of Theorem 20.18 is much
more demanding; it incorporates the one of Theorem 20.15, together with
more advanced tools in homotopy and homology theory, beyond the limits
of the present text. So we will merely give some indications. A detailed
proof can be found, for example, in [Sc].

e For our main application in Section 20.6, the simpler classification up
to odd stabilization will suffice.

First, one proves the theorem under a stronger hypothesis. The idea is
that the h-cobordism theorem also holds in dimension 5, up to even stabi-
lization.
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ProroOSITION 20.19. Let My and My be compact oriented simply con-

nected boundaryless 4-manifolds. Assume that they are h-cobordant. Then
there is k € N such that Mo#k(S? x S?) ~ Mi#k(S? x §2).

Sketch of proof: We know that the main difficulty to perform the stable
proof of the h-cobordism theorem in dimension 5 is that we cannot apply
the Whitney trick to eliminate couples of intersection points between the b-
sphere S, and the a-sphere S, of two algebraically complementary handles.
In particular, trying to construct a Whitney disk, we cannot avoid that
such a generically immersed 2-disk D has self-intersection points. Let p
such a point. Let us make the connected sum with a copy of §2 x S§2. This
contains two 2-spheres 57 and S5 which transversely intersect at one point.
By means of a thin embedded 1-handle we connect D with Sp, obtaining a
new immersed 2-disk D’ (D’ ~ D+#5S1) which intersects transversely Sy at
one point ¢. Let ¢ be a simple arc on D’ which connects p and ¢ and does not
pass through other self-intersection points. By using another thin embedded
1-handle along ¢, we connect D’ with a parallel copy of Se and get D” from
which both the self-intersection points p and ¢ have been eliminated. Hence
up to a certain number of even stabilizations, we can assume that D is
embedded and eventually provides a genuine Whitney disk.

The classification up to even stabilization is now a consequence of the
“if” implication in the following deep Wall’s theorem.

THEOREM 20.20. Let My and My be compact oriented simply connected
boundaryless 4-manifolds. Then they are h-cobordant if and only if they have
isometric intersection forms.

Here, we shall be even even more sketchy. “If” is the hard implica-
tion; it strengthens a classical Whitehead theorem (based on CW com-
plex techniques) according to which My and M; have the same homotopy
type. If the intersection forms are isometric, then they have, in particu-
lar, the same signature. Hence My is bordant with M; by Theorem 20.14

Arguing as in the proof of Proposition 20.16, we know that there are
triads (W, My, M) where W is obtained by gluing some V with bound-
ary OV = My IT (Mo#k(S? x S?)#h(5?%xS?)) and some V' with boundary
OV' = (M1#K'(S? x S?)#h'(S?xS?)) 11 My, via a diffeomorphism

¢ : Mo#k(S? x S*)#h(S?%S%) — Mi#E (5% x S*)#1h/(S*%S?) .

As My and M; are simply connected, then also W is so. The key point
is to show that, by fully exploiting the hypothesis, among the triads of
this kind there is one such that W is homologically trivial; by suitable al-
gebraic/topological arguments, this is enough to conclude that the triad
(W, My, M) is an h-cobordism.
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20.6. Congruences modulo 16

To introduce the theme, let us begin with a bit of history. We have
recalled in Section 17.4.3 that by the hardest application of Pontryagin
method, in a series of four papers of 1951-52 (see [GM] for the translation
in french and deep commentaries), Rohlin eventually computed the stable
homotopy group

730 = Tni3(S™) ~ QF (S™) ~ Z/247, n > 5 .
As a corollary, he obtained his celebrated congruence mod(16); a slightly

weaker formulation of it is as follows.

THEOREM 20.21. Let M be a compact oriented boundaryless simply

connected 4-manifold. Assume that its intersection form is even. Then
o(M) =0 mod (16).

As the intersection form is even, the arithmetic of unimodular forms tells
us that o(M) = 0 mod(8), so we can reformulate the result as

o (M)
8

=0 mod(2) .

This improvement of the congruence mod (8) implies, in particular, that
Eg cannot be realized by any simply connected 4-manifold. The derivation
of Theorem 20.21 from stably m,43(S™) ~ Z/24Z is rather complicated
and uses several facts less elementary than the ones covered by the present
text. Just to give an idea, without any pretension to be understandable,
let us sketch the argument by following [MK]. It is shown that p;(M) =
30(M), where pi(M) denotes the first Pontryagin number of T'(M). This
follows because both p; and o are bordism invariant, additive on connected
sum and the formula holds for the generator of 4 = Z. So it is enough
to prove that p;(M) = 0 mod (48). One can assume that M C R**7
n > 5. In the hypotheses of Rohlin’s theorem, one can prove that M is
almost parallelizable; that is, the tangent bundle of M\ {z(} admits a global
trivialization. Let f be a nonvanishing section of the restriction to M \ {xo}
of the SO(n) normal bundle v of M in R**". Let ¢ be the obstruction
to extending f; it is identified with an element of 73(SO(n)) (which is an
infinite cyclic group), and the Pontryagin number p;(v) is identified with
+2¢. Consider the J-homomorphism (Section 17.4.1) J : 73(SO(n)) —
T340 (S™). One proves that J(¢) = 0, hence ¢ is divisible by 24. Finally, one
proves that p1(M) = —p1(v) because T'(M) @ v = *+tn,

An interesting feature of this history is that in the second paper of the
series, Rohlin outlined a proof of the erroneous result that stably 7, +3(S™) ~
7Z,/127. Arguing as above, this would imply the not surprising congruence
o(M) = 0 mod(8). In the fourth paper, after having established the iso-
morphism o : 4 — Z determined by the signature (i.e. Theorem 20.14), he
first realized that this, combined with some claims in his earlier presumed
proof, produced a contradiction; then he localized the mistake and corrected
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it, getting the right group Z/24Z. He pointed out that there was only one
substantial mistake: a certain simply connected 4-manifold M has been con-
structed with a characteristic element w € H2(M;Z) of its intersection form
which can be represented by a generic immersion f : S? — M; then by an
abusive application of the Whitney trick in dimension 4, he argued erro-
neously that w was represented by an embedded S*> C M. This was a quite
fruitful mistake: his correction leads to the celebrated congruence mod(16)
and provides a concrete counterexample to the applicability of Whitney’s
trick in dimension 4. By elaborating on this counterexample, the authors
pointed out in [KM] (1961) an interesting extension. Recall that for every
4-manifold M and for every characteristic element w € H?(M;Z) of its in-
tersection form, o(M) —wUw = 0 mod(8). Then, assuming Theorem 20.21,
the following theorem is proved in [KM].

THEOREM 20.22. Let M be a compact oriented boundaryless simply con-
nected 4-manifold. Let w € H?*(M;Z) be a characteristic element of its
intersection form that can be represented by an embedded 2-sphere. Then

o(M)—-wluw
8

If the intersection form is even, then we can take w = 0 and recover
Rohlin’s theorem. In general, a characteristic element w as above can be
represented by an oriented surface F' embedded in M, but not necessarily by
a 2-sphere. For example, take M = P#8Q. If ag is the standard generator
of H?(P;Z) represented by a projective complex line, and similarly a; for
the jth-copy of Q, then w := 3ag+ a1 +- - - + ag is characteristic and wlUw —
o(M) = 8, hence w cannot be represented by a 2-sphere by Theorem 20.22.
This motivates the following somewhat informal guess:

=0 mod(2) .

(1) Let M be a compact oriented boundaryless simply connected 4-manifold.
Let w € H?(M;7Z) be a characteristic element of its intersection form repre-
sented by an embedded oriented surface F© C M. Then one expects a formula
of the type

[U(M)gwl_m}]@) = a(F),

where o(F') € Z/2Z represents an obstruction to surgery F' “within M7 to
get an embedded S®. Moreover, having in mind Pontryagin’s computation
of m3° depicted in Section 17.4.3 (recall also the study of immersions of
surfaces in 3-manifolds in Section 19.7), it is predictable that a(F') is the
Arf invariant of some quadratic enhancement of Hi(F;7Z/27) (see Section
15.6) associated to the embedding of F' in M.

(2) Assuming the isomorphism o : Q4 — Z, in contrast with the above
derivation of Theorem 20.21 from the homotopic information that 73° =
7.)247, the definition of a(F) as well as the proof of the congruence should
be geometric and possibly elementary.
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Accordingly with Freedman-Kirby ([FK] (1978)), the realization therein
of the above guess is derived, considerably different in details from one out-
lined by Casson in 1974 (unpublished). According to the historical appendix
by Kharlamov and Viro in [GM], Rohlin announced such a formula at the
Moskow IMC 1966; in a paper of 1972 [Roh] he used it to solve a conjec-
ture of Gudkov concerning Hilbert’s 16th problem, about the arrangements
of ovals of planar even degree real algebraic curves (see also [Wil]). The
study of this problem using a 4-manifold Y which is a two-sheeted covering
of the complex projective plane, ramifying along the complexification of a
given nonsingular real algebraic curve in P?(R) C P?(C), was introduced by
Arnol’d [A3] (1971). The basic congruences mod(8) of Lemma 20.3 already
imply nontrivial prohibitions for the oval configuration; the finer formula, as
in the above guess, implies stronger prohibitions (see Section 20.6.4 below
for more information).

All this holds under weaker hypotheses, relaxing the fact that M is
simply connected; for example, (M) = 0 suffices to define the quadratic
enhancement by using “membranes” (see below), and we can even avoid
the use of membranes through the use of spin structures (see [Kirby]).
However, we will keep that M is simply connected and follow the treatment
of Matsumoto [Mat] given in a paper available in [GM]; it is accessible by
the tools developed in the present text.

20.6.1. Quadratic enhancement for characteristic surfaces. In
this section, M will be a compact oriented connected smooth 4-manifold
such that (M) = 0 (this holds in particular if M is simply connected),
and F' C M will be an orientable surface. Let ¢ be a connected simple
smooth circle on F. As Q;(M) = 0 and using transversality, there exists a
smooth map f: P — M such that:

e P is an oriented compact surface with one boundary component;
o f(OP) = ¢

e The restriction of f to a collar C' of 9P in P is an embedding;

o f(C\OP)C M\ F and f(C) is normal to F' along c;

e f is a generic immersion of P in M;

o f|(P\ OP) is transverse to F'.

Such a map f is said to be a membrane along c. We simply write P instead
of (P, f). If M is simply connected we can also assume that P is a 2-disk,
but this is not so important at this point. For simplicity let us identify ¢
with 9P. The pull-back of T (M) on P splits as

f'T(M) =T(P)®v(f),

where v(f) is said the normal bundle of the membrane and is an oriented
bundle of rank 2. As P retracts to a wedge of a finite number of S! (to one
point if P is a disk), then v(f) is isomorphic to a product bundle. Let us
fix a global trivialization 7. This induces a trivialization of the restriction
v(f)|le. Two trivializations of v(f) differ by a map g : P — SO(2). The
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restriction g|c represents 0 in 21(SO(2)), hence it is homotopically trivial
(Section 13.3). Then the restricted trivialization 7. does not depend on the
choice of 7. The normal bundle v, of ¢ in F' defines a rank-1 orientable sub-
bundle of v(f)|c. Then denote by n(P) the number of full twists made by v,
with respect to 1., moving along c in the direction given by its orientation
as OP. It is not hard to check that [n(p)].) € Z/27Z does not depend on the
choice of the orientation of P.

Now, let a € H1(F;Z/2Z). We know (Lemma 15.3) that a = [¢] for
some simple smooth circle ¢ on F'. Given a membrane P along c, set

qr(c, P) = [n(P)@) + [P ® Fl2) € Z/2L
where P o F'is in fact the intersection number between Int(P) and F.

PROPOSITION 20.23. Let F' C M be an oriented characteristic surface
of M; that is, w = [F] € H2(M;Z) is a characteristic element of the inter-
section form of M. Then:

(1) For every simple smooth circle ¢ on F, qp(c) := qr(c, P) does not
depend on the choice of the membrane P along c.

(2) For every a € Hi(F;Z/2Z), for every simple smooth circle ¢ rep-
resenting a (a = [c]), then qp(a) := qr(c) does not depend on the
choice of the representative c.

(3) The function qr : H1(F;Z/2Z) — Z/27Z defined so far is a qua-
dratic enhancement of the intersection form on Hi(F;Z/27).

Proof : (1) Let P and P’ be two membranes along ¢. Up to “spinning”
P’ along ¢, we can assume that P and P’ glue along the common boundary
¢ in such a way that: (i) ¥ = P U P’ is a boundaryless surface generically
immersed into M, and (ii) a tubular neighbourhood of ¢ in ¥ is an embedded
annulus normal to F', made by two collars C and C’ in P and P’ respectively,
opposite to each other. The membranes P and P’ determine respective
trivializations 7. and 7. which induce opposite orientations on the fibres of
the bundle. The difference between —7. and 7. along ¢ is encoded by an
element d € 71(SO(2)) = Z. One verifies that

SeX—=d—2PeP =dmod(2),
YeF=PeF + P eF mod(2)

(recall that the self-intersection of ¢ in F', ce ¢ = 0 because F' is orientable).
As F is characteristic, then

YeX =XeF mod(2);
hence
d=PeF+ P eF mod(2) .
On the other hand,
n(P") = n(P)+d mod(2) .
By combining these relations we eventually get

n(P)+ PeF =n(P')+ P e F mod(2)
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as desired. Item (1) is proved.

To achieve (2) and (3), we can implement the method illustrated at the
end of Section 15.6. We have defined a function that associates q(c) € Z/27Z
to every simple smooth circle on F. It is clear that ¢(c) = 0 if ¢ is the
boundary of a 2-disk embedded in F. We additively extend this function
to every not necessarily connected simple curve ¢ = ¢; II--- Il ¢, on F. If
v is now a curve generically immersed in F' with a number r(vy) > 0 of
normal crossings, every crossing can be simplified in two ways. Let us call a
state s of v a system of simplifications at every crossing. Performing these
simplifications we get a simple curve cs. Set

qr(v,8) = qr(cs) + [2r()]2) -

Then it is enough to prove that gqp(v) := qr(7,s) does not depend on the
choice of the state s. Arguing by induction of r(), we localize the question
at one crossing. If s and s’ differ just at one crossing, then we can use
membranes P and P’ along the components of ¢s and ¢y which only differ
locally at the crossing. By a direct computation, we can compute gp (7, s)
and ¢p(7,s’) by using P and P’, getting the desired result.

|

For the definition of the Arf invariant of gp, we refer to Section 15.6. In
the next proposition, we show that the Arf invariant of gp only depends on
the characteristic element w = [F] € H2(M;Z).

PROPOSITION 20.24. Let F,F’ C M be oriented characteristic surfaces
of M representing the same characteristic element w of the intersection form
of M. Then Arflqr) = Arf(qrr), so that a(w) := Arf(qr) € Z/27 is well
defined.

Proof : We repeat an embedded bordism argument already employed in
Sections 17.4.3, 19.7.1. We know that there is an orientable 3-dimensional
triad (W, F, F') properly embedded in the triad (M x[0, 1], M x{0}, M x{1}),
and we can assume that the restriction to (W, F, F’) of the projection to [0, 1]
is a Morse function. Consider the corresponding handle decomposition of
(W, F, F') and the successive surgeries which produce F”’ from F. Attaching
a 0-handle or attaching a 1-handle to different boundary connected com-
ponents does not change the value of Arf. Attaching a 1-handle to a same
connected component, the boundary is modified by an embedded connected
sum with a copy of T' = S! x S'; we realize that there is a basis I, m of
H1(T';7Z/27) such that the intersection form is represented by the standard
matrix H and m is the co-core of the handle so that gr(m) = 0. It follows
that Arf(gr) = 0, so that the total Arf also does not change in this case.
Finally, we consider the dual handle decomposition to also rule out 2- and
3-handles.
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20.6.2. A digression in classical knot theory. Let us recall a few
facts of classical knot theory (see for instance [Kau], [Rolf]) that we will use
below in the proof of the main result. Let K be a knot in S = 9D* consid-
ered up to ambient isotopy. Every oriented proper surface (S,9S) C (D*, S3)
such that 9S = K is “characteristic” for H?(D*, S3%;Z) = 0. By a similar
construction as above, we can define a quadratic form qg : H1(S;Z/2Z) —
Z/2Z whose Arf invariant a(gs) € Z/2Z eventually depends only on the
knot K, so that the Arf invariant of the knot Arf(K) := a(qg) is well de-
fined. It can be computed using any oriented planar diagram D of K as
follows. We can use as S the surface obtained by pushing in D* the Seifert
surface of K in S® constructed through the Seifert algorithm (via the ori-
ented simplification of the normal crossings of D). If D’ is a knot diagram
which differs from D just by the over/under branches at one crossing, denote
by K’ the corresponding knot. Performing the simplification at the given
crossing of D (or of D', the result is the same) we get a diagram D” of a
link with two oriented components K1 and K>. Then one realizes that the
following relation holds, involving the linking number of K7 and Ks:

Arf(K) = Arf(K') + [L(Kl, KQ)](Q) € Z/QZ .

The linking number mod (2) can be easily computed in terms of the diagram
D”: the number ¢ of crossings of D” whose local branches do not belong to
a same constituent knot is even and [L(K1, K2)]2) = [¢/2](2). Moreover, it
is well known that one gets a diagram Dy for the unknot Ky by switching
some crossings of D, and clearly Arf(Ky) = 0; then the above relation allows
to compute Arf(K) inductively, starting from D.

Figure 2. A standard diagram of K (7,6).

Let T C R3 be the standard torus obtained by rotation of the planar
circle {x =0, (y —2)? + 22 = 1} around the z-axis . For every couple (p, q)
of coprime integers, the torus knot K(p,q) is traced on T turning p times in
the direction of the standard longitude of T', ¢ times in the direction of the
meridian. By projection to the (z,y)-coordinate plane, we get a standard
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diagram D(p, q) of K(p,q). We will be interested in the case K(s,s — 1),
where s > 1 is odd (so that (1 —s2) = 0 mod (8)). It is known in knot theory
(for example, by applying the above method to the diagram D(s, s—1)) that

1—s?
Arf(K(s,s—1)) =] 5 l2) -

20.6.3. The main results. We can state now the main result of this
section.

THEOREM 20.25. Let M be a compact oriented boundaryless simply con-
nected 4-manifold. Let w € H*(M;Z) be a characteristic element of the
intersection form of M. Then

A 988~ a(w).

Proof : The proof is based on the classification up to odd stabilization.
First note that if M = M+ M, is the connected sum of two simply connected
manifolds, then a characteristic element w of M is the sum w = wy + w9 of
characteristic elements of M; and Ma, respectively. If the theorem holds for
two members of the triple (M,w), (My,w1), (M2,ws), then it holds also for
the third. By Theorem 20.15 we have that

M#(kP#hQ) = mP#nQ

for some k, h, m,n € N. Applying inductively the above remark, it is enough
to prove the theorem for P and Q. If P}(C) C P is a complex line, then every
characteristic element of P is of the form w = s[P!(C)], where s is an odd
integer; to our aims it is not restrictive to assume that s > 1. The theorem
clearly holds for s = 1, so let us assume s > 1. Then w = [F], where
F' is any non singular complex projective curve in P defined as the zero
set of a homegeneous polynomial of degree s in the homogeneous complex
coordinates (21, 22,23) on P. One can indeed prove (by using the fibration
theorem 6.11) that all these curves are isotopic to each other, but this is
not so important for the present discussion. Let us consider the family of
projective complex curves

Fo={2{ + 25123 —ezj = 0}

where € € R, ¢ > 0. For ¢ = 0, Fj has one isolated singularity at the point
xo = (0,0,1) and in the affine coordinates such that z3 # 0, it is defined
by the equation x* 4+ y*~! = 0. The best reference for the study of such
isolated singularities of complex planar curves is Milnor’s celebrated book
[M6]. Our case is particularly simple. There is a small round 4-disk D
around zo = (0,0) in such affine chart, such that:
(1) S? = 9D is transverse to Fy and K := Fy N S? is a torus knot
K(s,s—1).
(2) The pair (D, Fy N D) is homeomorphic to the pair (D, cK), where
cK denotes the cone with base K and centre at xg.
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(3) Fon (P \Int(D)) is a smooth properly embedded 2-disk. Hence Fy
is homeomorphic to S2.

If € > 0 is small enough, then

(i) Fe is nonsingular.

(ii) F. M S3 is an isotopic copy of K(s,s — 1) and F. N D is properly
embedded.

(iii) Fe N (P \ Int(D)) is a smooth properly embedded 2-disk.

Then it is clear that
1—s? o(P) —wlUw

g lo=l—F5lo

a(w) = Arf(qr,) = Arf(K(s,s — 1)) = |

and this achieves the case M = P. By taking into account the change of
orientation, the same argument holds as well for M = Q and the proof is
complete.

|

20.6.4. Congruences mod(16) in Hilbert’s 16th problem. We
mentioned that Rohlin [Roh]| applied the congruence mod(16) as in Theo-
rem 20.25 to prove a conjecture of Gudkov about Hilbert’s 16th problem,
elaborating on the use of 4-manifold topology to this aim, introduced by
Arnol’d [A3]. Let us outline some aspects of this application.

Let X C P?(C) be a nonsingular complex curve defined by a real equa-
tion f = 0, where f is a real homogeneous polynomial of degree 2k; assume
that the real part Xg C P?(R) is also a regular nonempty curve. As the de-
gree of the equation is even, the sign of f is well defined on every component
of P2(R) \ Xg. It follows that every component of X is a two-sided oval
dividing P?(R) so that it has an interior part (diffeomorphic to a 2-disk) and
an exterior (diffeomorphic to a Mdbius band). We normalize the equation
in such a way that f < 0 on the nonorientable component of P?(R) \ Xg.
For the main application, one also assumes that X is an M-curve; that is,
the number of ovals is maximal and equal to g + 1, where g := W
is the genus of X (considered as an oriented real surface), in accordance
with Harnack inequality. In such a case, X divides X. For every k > 1,
the problem consists in determining all possible arrangements of these g+ 1
ovals in P%(R), considered up to smooth isotopy, when (X, Xg) of degree
2k, as above, varies. The problem has to be attacked from two sides: (i) to
prove theorems giving restrictions on the possible relative positions of the
ovals, and (ii) to construct examples of curves, hoping to eventually get all
possibilities allowed by the theorems (for example, it is already nontrivial
to construct M-curves for every k).

Gudkov’s conjecture (and, hence, Rohlin’s Theorem), concerns a restric-
tion result. Its statement is elementary. An oval of Xg is even (odd) if it
lies inside an even (odd) number of other ovals. Let us denote by p (n) the
number of even (odd) ovals of Xg. Then we have the following.
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THEOREM 20.26. For every M -curve of even degree 2k,
p—n=k*> mod(8) .

This is achieved using 4-manifold topology and the arithmetic of uni-
modular forms. Let us describe first how Arnol’d proved his earlier weaker
result mod(4). The most obvious covering of P?(C) branched along the
complex curve X is the nonsingular surface (defined by a real equation)

Z ={(wo : w1 : wy : w3) € PY(C); f(wo,m1,m0) = 23} ;
the map Z — P2(C) given by the projection onto (xg,z1,x2) is a 2k-fold
covering of P?(C) branched along X. We consider an intermediate covering
Z —Y — P%(C). To define Y, let G, denote the (cyclic) group of rth roots
of unity. We make w € G, act on Z by
(zo:x1:x2:x3) = (T : 1 : T2t wx3) .

We can identify the covering Z — P2(C) with the quotient map Z — Z/Gay,
and we set Y = Z/GY,.

Then Arnol’d proves:

(1) Y is simply connected and has a natural compact complex surface
structure such that the maps

Z =Y — P?(C)
are holomorphic, the last being the required double covering branched along
X.

(2) The covering involution € on Y is holomorphic; its fixed point set
Fix(0) is the inverse image of X via the covering map.

(3) The complex conjugation on Z induces an anti-holomorphic involu-
tion 7" on Y'; its fixed point set Fix(T") is the inverse image of
BY ={f >0} cP*R),
being in fact the double of B*.

(4) The 2-manifolds Fix(f) and Fix(T') are naturally oriented, the re-
spective classes a and (3 in Ha(Y,Z) have the same reduction mod(2).

(5) O[.Oé:2k‘2, /B.ﬁ:2(n_p)7 0406:0.
(6) If k is odd, then a+ 3 is a characteristic element and the intersection
form of Y is even. If k is even, then both o and 8 are characteristic elements.

By using Lemma 20.3, depending on the parity of k,

2k? +2(n—p) =0, 2k? =2(n — p) mod(8) ;
hence, in any case,
n—p=k? mod(4) .
The proofs are geometric in nature but also involve some facts about
Stiefel-Whitney classes and spin structures. To illustrate how Theorem 20.25
allows to improve the result, let us assume, for simplicity, that k£ is odd.
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Consider the involution § o T': Y — Y. The surface Fix(f o T') is orientable
and Rohlin proves
(1) The class 7 of Fix(# o T') in H2(Y,Z) is a characteristic element.

(2) vyevy =2(p—n— 1), while the signature o(Y) = 2 — 2k?.
(3) Arf(y) = 0.
Assuming Arnol’d computations, these further verifications are geomet-

ric in nature.
Applying Theorem 20.25, we have

2(p —n —1) — (2 — 2k?) = 8Arf(y) = 0 mod(16) ;
as the intersection of Y is even, we also have that
o(Y) =0 mod(16) .
Combining this facts, we get
p—n = k% mod(8)
as desired.

20.6.5. An extension to nonorientable characteristic surfaces.
Elaborating on further applications of 4-manifold topology to Hilbert’s 16th
problem (studying so-called (M — k)-curves, k > 1), it is quite current to
deal with nonorientable characteristic surfaces; that is, representing the re-
duction mod(2) of a characteristic element of the intersection form of some
4-manifold M. This strongly motivates the search for a further generaliza-
tion of Theorem 20.25. We merely describe it.

Let ' C M be a not necessarily orientable characteristic surface. As-
sume that (M) = 0. Similarly to Section 19.7, using membranes we can
define a quadratic enhancement

Gr : H1(F;Z)27) — Z.JAZ
of the intersection form by setting
qr([c]) = Gr(c, P) = [(P)]4) + 2 ([P ® Flg) + coc) € Z/AZ

where n(P) is the number of half-twists made by v. with respect to 7,
moving along c. The fact that it is well defined is more complicated, but
not much more so.

Similarly to the discussion made to define the integer Euler-Poincaré
characteristic also for nonorientable manifolds, we can define geometrically
the self-intersection number F e ' € Z, by identifying F' with the zero
section of its normal bundle in the oriented manifold M and fixing arbitrary
compatible local orientations of F and F’ at every point of F t F', F’
being a section transverse to F'. By usual arguments, this number does not
depend on the arbitrary choices made to compute it. Recall the Arf-Brown
invariant of §r defined in Section 15.6. Here we denote it by &(F') € Z/8Z.
Recall that the multiplication by 2 determines injective homomorphisms
7)27 — 7.]A7 — 7./87 — 7./ 167Z.
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THEOREM 20.27. Let M be a compact oriented boundaryless simply con-
nected 4-manifold. Let F C M be a possibly nonorientable surface which
represents the reduction mod(2) of any characteristic element w of the in-
tersection form of M. Then

[U(M)—FOF](16):264(F) .

If F is oriented we recover Theorem 20.25, because F'e F' = w U w,
qAF :2-qF, d(F) :4-a(w).

Theorem 20.27 is due to Guillou-Marin [GM]. There are several dif-
ficulties to overcome. When F is nonorientable, F' ¢ F' € 7Z cannot be
identified with the intersection number of any bordism classes of M. So it
is not clear how to reformulate Proposition 20.24. We should rather prove
that [F' e '+ 2 - &(F)](16) does not depend on the choice of the (possibly
nonorientable) surface F' representing wy). Note also that, dealing with
nonorientable surfaces, the embedded bordism argument used in the proof
of Proposition 20.24 is not immediately available (recall Remark 13.11). In
the already cited paper [Mat|, Matsumoto gives another proof which, by
an inductive argument, reduces the general statement to Theorem 20.25. In
both proofs there are two further basic cases besides P and Q, that is S4
with suitably embedded real projective spaces as characteristic surface.

20.7. On the topological classification of smooth 4-manifolds

From Rohlin’s theorem (1952) to Donaldson’s work in 1982 [Do], no
further prohibitions to the realization of unimodular forms by boundaryless
simply connected smooth 4-manifolds appeared. Wall’s Theorem 20.18 was
the strongest one about the extent which the intersection form determines
the differential topology of a boundaryless 4-manifold. At the beginning
of the 80’s, two parallel new waves revolutionized the subject. Since Don-
aldson’s work, the introduction of new methods derived from gauge theory,
of differential-geometric/analytic nature and strongly influenced by ideas
of theoretical physics, have produced amazing new prohibitions and pow-
erful smooth invariants distinguishing homeomorphic but not diffeomorphic
smooth 4-manifolds. Let us recall a few new prohibitions.

(Donaldson 1982 [Do)) If the intersection form of a simply connected,
boundaryless smooth 4-manifold is definite, then it is diagonalizable; that is,
of the form kU..

Donaldson’s result means that the arithmetic complication of definite
forms does not concern the intersection forms of smooth 4-manifolds; hence
the problem of the 4-dimensional smooth realization is reduced to the indef-
inite and even case. With respect this, we recall:

(Furuta 2001 [Fu]) If the intersection form of a simply connected,
boundaryless smooth 4-manifold is indefinite and even, that is, of the type
2hEs | aH, then a > 2|h| + 1.

The following is still an open conjecture.
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The so-called “11/8” Conjecture: If the intersection form of a sim-
ply connected, boundaryless smooth 4-manifold is indefinite and even, that
is, of the type 2hEg | aH, then a > 3|h|.

If the conjecture holds, then the rank must be at least 11/8 times |o].
Furuta’s theorem means that the rank is at least 10/8 times |o|. If the form
is indefinite and even we may assume that it is of non-positive signature by
changing orientations if necessary, in which case h < 0. If a > 3|h|, then
the form can be realized by means of |h|K#(a — 3|h|)(S? x S?), where K
is the Kummer complex surface of Example 20.11. Hence a confirmation of
the conjecture would achieve the realization problem.

The other wave had a somewhat more conservative motivation. It was
clear, at least since Rohlin’s ‘mistake’, that there were actual obstructions
to applying the Whitney trick in dimension 4; nevertheless, one wondered if
such a ‘technical’ difficulty could be circumvented in some way to prove the
5-dimensional h-cobordism theorem. For example, in Wall’s theorem 20.19
this is done by paying the price of performing even stabilizations. In this
vein, in 1973-74, A. Casson introduced so-called “flexible handles”, currently
called “Casson handles” (see Lecture I in the second part of [GM]). Let
M be a boundaryless simply connected 4-manifold and let «, 5 € Hao(M;7Z)
such that cea = e 3 =0, ae = 1. Then, by means of a certain ‘infinite
construction’, he produced an open set V' of M such that:

Wy ”

e V has the proper homotopy type of S? x S?\ {x}, where “¥” is a
single point;
e Ho(V;Z) carries the submodule of Ho(M;Z) generated by a and
B.
Moreover, he argued the following (Lecture III of the second part of
[GM)).
If flexible handles V are diffeomorphic to the true S? x S?\ {pt}, then
we could carry out the Whitney process and cancel handles to trivialize 5-
dimensional simply connected h-cobordisms.

Also, weaker information about the flexible handle (at least about its
‘end’) would have been of main importance for the realization problem:

e If such a flexible handle V is diffeomorphic to the true S% x S?\ {*},
then we could split M = M’'#(S? x S?), where M’ is simply connected, and
passing from M to M’, we have surgered out a factor H of the intersection
form of M.

e If V is diffeomorphic to N \ {*}, where N is a compact boundaryless
4-manifold, then M = M’'#N, where N has the homotopy type of S? x S?
and, again, carries o and £3; so M’ has the same properties as above.

e If the end of V' coincides with the end of an open contractible manifold
V*, then by replacing V with V*, we again get W’ with o and 3 killed.

Before Donaldson’s result, there were no known obstructions to realizing the
arithmetic splitting of an indefinite and even form 2hEg 1 aH of a certain
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simply connected 4-manifold M by a splitting M'#a(S? x S?). After Don-
aldson, we know that this underlying hope was too optimistic; nevertheless,
the main achievement of [Fr| (1982) was that a flexible handle is a ‘true’

S? x 82\ {x}, provided we work in the more flexible setting of almost smooth
4-manifolds.

A topological manifold N is almost smooth if N \ {*} has a smooth
structure which, in general, cannot be extended over the whole N. Remark-
ably, more or less at the same time, it was proved in [Q] that every compact
boundaryless simply connected topological 4-manifold is almost smooth.

This opens the way (via the solution of other hard technical issues) for
a complete classification of topological simply connected 4-manifolds, which
includes the fact that every unimodular symmetric form can be realized as
the intersection form of a boundaryless simply connected almost smooth 4-
manifold. Here we limit to state a few corollaries in our favourite smooth
setting.

(1) Topological 5-dimensional h-cobordism: FEvery smooth simply
connected 5-dimensional h-cobordism (W, My, M) is homeomorphic to the
product My x [0,1]. In particular My and M; are homeomorphic to each
other.

(2) A classification of smooth 4-manifolds up to homemorphism:
Two compact smooth simply connected boundaryless 4-manifolds are home-
omorphic if and only if they have isometric intersection forms.

The new gauge theoretical prohibitions and smooth invariants, together
with the above topological classifications, lead to a dramatic failure of the
smooth 5-dimensional h-cobordism theorem and to the existence of plenty of
not diffeomorphic smooth structures on certain topological 4-manifolds. In
particular, the Kummer complex surface of Example 20.11 admits countably
many not diffeomorphic smooth structures [FS]. Finally, we recall that
the classification of topological 4-manifolds includes the solution of the 4-
dimensional topological Poincaré conjecture:

FEvery compact boundaryless topological 4-manifold which is homotopi-
cally equivalent to S* is homeomorphic to S*.

It is not known if every smooth boundaryless 4-manifold which is home-
omorphic to S? is diffeomorphic to S*. This smooth 4-dimensional Poincaré
conjecture presumably is the main basic open question about smooth 4-
manifolds.
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Appendix: baby categories

Along with the text, we make some (very moderate indeed) use of the
language of categories. We collect in this appendix the few necessary notions.
A category C consists of three things:

(1) A class of objects X;

(2) For every ordered pair of objects (X,Y), a set Hom(X,Y") of mor-
phisms (also called arrows) f: X — Y;

(3) For every ordered triple (X, Y, Z) of objects, a composition function
of arrows

o:Hom(X,Y) x Hom(Y, Z) - Hom(X, Z), (f,g) > go f .
We require that the following properties are satisfied:

(1) (Associativity) Whenever the involved compositions make sense, we
have ho(go f) = (hog)o f;

(2) (Ezistence of the identity) For every object X, there is a (necessarily
unique) arrow 1x € Hom(X, X) such that 1xo f = f, golx =g,
whenever the compositions make sense.

A morphism f € Hom(X,Y) is an equivalence in the category C if there
exists a (necessarily unique) morphism g € Hom(Y, X) such that fog = 1x
and go f = ly.

A fundamental example is the category of sets, denoted by SET, which
has as objects the class of all sets, while Hom(X,Y") consists of the set
of all maps from X to Y. The arrow lx is the identity map, while the
equivalences are the bijective maps. We know a lot of sub-categories of SET
obtained by specializing both objects and arrows: the categories of groups
and group homomorphisms, of vector spaces (on a given scalar field) and
linear maps, of topological spaces and continuous maps, of smooth manifolds
and smooth maps, and so on. The equivalences are the isomorphisms, the
homeomorphisms, the diffeomorphisms, and so on.

A single group G can be considered as a category with just G as a unique
object, while Hom(G, G) ~ G by associating to every h € G the morphism
by left multiplication by h, Lp : G — G, g — hg. In this category all
morphisms are equivalences.

Not every category is a subcategory of SET. For example, starting from
the category of topological spaces and continuous maps we can construct a
new category with the same class of objects, and as arrows the homotopy
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classes of continuous maps from X to Y. The fact that associativity holds
is left as an exercise.

If X is a path connected topological space, we can consider the category
whose objects are the points of X and Hom(z,y) consists of the homotopy
classes [a] of paths in X connecting x and y. One can verify that every
morphism in this category is an equivalence (we say that it is a groupoid).

Given two categories C and D, a covariant functor F : C = D fron C
to D assigns to every object X of C, an object F(X) of D, to every arrow
f € Hom(X,Y) of C, an arrow F(f) : F(X) — F(Y) of D in such a way
that the following properties are satisfied:

(1) For every object X of C, F(lx) = 1x(x);
(2) F(go f)=F(g)oF(f), whenever the composition is defined.

A contravariant functor assigns to every f € Hom(X,Y), an arrow
F(f) € Hom(F(Y),F(X)) in such a way that F(g o f) = F(f) o F(g).
A basic example of contravariant functor if the functor from the category
of vector spaces (on a given scalar field) to itself such that for every V,
F(V) = V* the dual space, and for every linear map f: V — W, F(f) = f!
the transposed map of f, f': W* — V*, f{(¢) = ¢o f.

Let F and G be two say covariant functors from C to D. A natural
transformation T from F to G is a rule assigning to every object X of C,
a morphism Tx : F(X) — G(X) such that for every f € Hom(X,Y) of C,
G(f)oTx =Ty oF(f). If for every X, T is an equivalence, then T is called
a natural equivalence of functors.

For example a A-complex mentioned in the text can be abstractly de-
fined as being a contravariant functor from the category A to the category
SET, where A has as objects the ordered sets A” = {0,1,...,n—1}, n € N,
and as arrow the strictly increasing maps A¥ — A", k < n. Maps between
A-complexes would be defined as natural transformations of the correspond-
ing functors.
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bump function, 21
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cap product, 206
contravariant functor, 201, 205
cup product, 203
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ring, 205
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complex blow-up, 159
complex Grassmann manifold, 61
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Eilenberg-Steenrood axioms, 189
embedding, 51, 75

Euler class, 215

Euler-Poincaré characteristic, 229, 232

fibrebundle, 71

fibred equivalence, 72

fibred map, 72

framed bordism, 271
Freudental homomorphism, 279

Gauss map, 236
generalized homology theory, 189

generalized Poincaré conjecture, 292

genus, 246
gradient, 28, 79
Grassmann manifold, 57

h-cobordism, 291
handle
a-sphere, 144
a-tube, 144
b-sphere, 144
b-tube, 144
attaching map, 144
co-core, 144
complementary handles, 179
core, 144
dual decomposition, 178
handle cancellation, 179, 294
handle decomposition, 178
handle sliding, 179
Heegaard diagram, 303
Heegaard splitting, 301
Hilbert 16th problem, 384
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immersed surface, 330
immersion, 30, 51, 75
index Theorem, 231
intersection number, 210
isotopy, 39, 70

isotopy track, 133

J-homomorphism, 278
jet transversality, 168

K-theory, 107
Kirby calculus, 313

Lefschetz number, 210
limit Grassmannian, 100
linear Stiefel manifold, 53
linking number, 211

manifold
abstract, 65
combable, 81
double, 115
embedded, 43
Nash, 128
orientable, 81
oriented, 82
parallelizable, 80
with boundary, 84
with corners, 88
complex, 83
quotient, 67

map transversality, 200

membrane, 379

Monge chart, 52

Morse function, 121

Morse lemma, 37

multi-transversality, 171

Nash-Tognoli theorem, 288
nice atlas, 90

orientation covering map, 81
oriented boundary, 85
oriented diffeomorphism, 82
orthogonal Stiefel manifold, 54

parametric transversality, 163
partition of unity, 22

Pontryagin-Thom construction, 271

principal bundle, 76
principal cocycle, 76
projective space, 60
proper submanifold, 86
pull-back, 95
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regular homotopy, 150
Riemann sphere, 83
Riemannian metric, 27, 78

Sard theorem, 120
Schoenfliess property, 292
Schubert symbol, 61
Seifert surface, 227
shelling, 141

smooth-rational equivalence, 353

stabilization

even, 365, 375

odd, 365, 374
stable equivalence, 106
stratification, 169
strict transform, 158
submanifold, 46, 67
submersion, 30, 51, 75
surgery equivalence, 307

tangent bundle, 15, 24, 49, 73
tangent functor, 23, 51, 75
tangent map, 23, 51, 74
tangent space, 23, 24, 48, 72
tautological bundle, 93

tear equivalence, 350

tensor bundle, 77

tensor field, 78

Thom Lemma, 134

Thom space, 287

triad, 173

triangulation, 238

tubular neighbourhood, 110, 112

twisted sphere, 142

unimodular form
characteristic element, 365
definite/indefinite, 363
parity, 363
signature, 362

unitary bundle, 79

vector field, 26, 78

weak topology, 34, 70
Whitney
cusp, 170
hard immersion, 148
point, 149
strong embedding, 145
trick, 147, 295
umbrella, 171
vector field, 238

weak immersion/embedding, 126
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