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Abstract. Reaction Systems (RSs) are a successful natural computing framework inspired
by chemical reaction networks. A RS consists of a set of entities and a set of reactions. En-
tities can enable or inhibit each reaction, and are produced by reactions or provided by the
environment. In a previous paper, we defined an original labelled transition system (LTS)
semantics for RSs in the structural operational semantics (SOS) style. This approach has
several advantages: (i) it provides a formal specification of the RS dynamics that enables
the reuse of many formal analysis techniques and favors the implementation of tools, and
(ii) it facilitates the definition of extensions of the RS framework by simply modifying some
of the SOS rules in a modular way. In this paper, we demonstrate the extensibility of the
framework by defining two quantitative variants of RSs: with reaction delays/durations,
and with concentration levels. We provide a prototype logic programming implementation
and apply our tool to a RS model of Th cells differentiation in the immune system.
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1 Introduction

Inspired by natural phenomena, many new computational formalisms have been introduced to
model different aspects of biology. Basic chemical reactions inspired Reaction Systems (RSs), a
qualitative modeling formalism introduced by Ehrenfeucht and Rozenberg [14,6] that is based
on two opposite mechanisms: facilitation and inhibition. Facilitation means that a reaction can
occur only if all its reactants are present, while inhibition means that the reaction cannot occur
if any of its inhibitors is present. A reaction is hence a triple (R, I, P), where R, I and P are
sets of entities representing reactants, inhibitors and products, respectively. A reaction system
is represented by a set of reactions having such a form, together with a (finite) support set S
containing all of the entities that can appear in reactions. The state of a Reaction System consists
of a finite set of entities representing the molecular species that are present in the real system
being modeled. Quantities (or concentrations) are not taken into account: the presence of an
entity represents the availability of the corresponding molecule in high concentration.

The theory of RSs is based on three assumptions: no permanency, any entity vanishes
unless it is sustained by a reaction; no counting, the basic model of RSs is very abstract and
qualitative, i.e. the quantity of entities that are present in a cell is not taken into account; no
competition, an entity is either available for all reactions, or it is not available at all. The
computation of the next state of a Reaction System is a deterministic procedure. However, the
overall dynamics is influenced by the (set of) contextual entities received (non-deterministically)
from the external environment at each step. Such entities join the current state of the system
and participate to enabling and disabling reactions. The behaviour of a RS is hence defined as
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a discrete time interactive process consisting of a context sequence (the sets of entities received
at each step form the environment), a result sequence (the sets of entities produced at each
step by reactions) and a state sequence (the combined sets of entities present in the system at
each step). Since their introduction, RSs have shown to be a quite general computation model
whose application ranges from the modeling of biological phenomena [3,9,2,4], and molecular
chemistry [20] to theoretical foundations of computing [12,13].

Labelled Transition Systems (LTSs) are a powerful structure to model the behaviour of in-
teracting processes. In the case of processes described using an algebraic language, LTSs can be
conveniently defined following the Structural Operational Semantics (SOS) approach [23]. Given
the signature of the language, an SOS system assigns some inference rules to each operator: the
conclusion of each rule is the transition of a composite term, which is determined from those
of its constituents (appearing as premises of the rule). The SOS approach has been particularly
successful in the area of process algebras [18,22,15].

In [8] an LTS semantics in the SOS style for RSs has been proposed. Such a semantics is
able to faithfully represent the ordinary semantics of RS, it allows more general experiments to
be conducted, and it enriches the expressiveness of contexts. A similar formalization focusing
on local scopes for RS entities was proposed in [21]. The SOS approach has several advantages:
1) compositionality: the behaviour of a composite system is defined in term of the behaviours of
its constituents; 2) transparency: each transition label conveys information about all the activities
connected to the execution step it describes; 3) the notion of contexts is better integrated in the
framework; 4) different kinds of contexts (nondeterministic, recursive) are allowed, so to combine
different experiments in a single LTS and to account for possibly infinite (regular) computations;
5) extensibility: the definition of enhanced RS variants can be obtained by modifying/adding
language operators and SOS rules in a modular fashion; 6) SOS rules facilitate implementation
in a declarative language and the use of standard techniques for defining process equivalences.

In this paper we demonstrate the extensibility of the SOS approach to RSs by extending the
classical RSs with some relevant quantitative features. First, we add the possibility to express
reaction delays and durations. Thanks to this feature we encode reactions with different speeds.
Indeed a reaction with associated duration n will deliver its products after n steps. In more
details we associate with each reaction a natural number starting from zero (the fastest reaction,
the smallest delay, the product being immediately available) up to any value n > 0 (slower
reactions, greater delay). Following this idea also a duration of ’permanency’ can be specified
for each reaction. A reaction r that has delay n and duration m will deliver, if applicable,
its products after n steps while such products will be available for the following m steps. The
second feature which we introduce is some quantitative information that tells how concentrations
influence the application of a reaction. This is obtained by adding to each entity in a reaction
an approximated quantitative information that will be necessary for enabling the reaction. This
feature will allow us to deal with reactions that take into account different levels of concentrations.
We note that we still maintain a qualitative perspective on the biological system, since the
approximate quantitative information will be used to determine the set of reactions that can
be applied in any step whereas competition between different enabled reactions will not be
considered. We also provide a freely available prototype implementation in logic programming
that allows us to compute and inspect the resulting LTS to perform computational experiments.
Finally we apply our tool to the system controlling the differentiation of Th cells in the immune
system presented in [16,5].

The structure of the paper is as follows. In Section 2 we recall the basics of RSs. In Section 3
we recall the syntax and operational semantics of our process algebra for RSs, The original
contribution starts from Section 4, where we introduce the concepts of delay and duration, and
define the corresponding operators. Then, in Section 5 we introduce linear functions for expressing
the concentration levels of the entities which are necessary to enable a reaction. A prototype
implementation in logic programming of our semantic framework is described in Section 6 on the
basis of a case study about a system controlling the differentiation of Th cells in the immune
system [16,5]. Section 7 discusses some related work and concludes the paper.
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2 Reaction Systems

The theory of Reaction Systems (RSs) [6] was born in the field of Natural Computing to model
the behaviour of biochemical reactions in living cells. While our contribution builds on a process
algebraic presentation of RSs, we recall here the main concepts as introduced in the classical set
theoretic version. In the following, we use the term entities to denote generic molecular substances
(e.g., atoms, ions, molecules) that may be present in the states of a biochemical system.

Let S be a (finite) set of entities. A reaction in S is a triple a = (R, I, P), where R, I, P C S
are finite, non empty sets and RNI = (). The sets R, I, P are the sets of reactants, inhibitors, and
products, respectively. All reactants have to be present in the current state for the reaction to
take place. The presence of any of the inhibitors blocks the reaction. Products are the outcome
of the reaction, to be released in the next state. We denote with rac(S) the set of all reactions
over S. Given W C S, the result of a = (R, I, P) € rac(S) on W, denoted res, (W), is given by:

P if en, (W)

A p—
() otherwise eng(W)= RCW A INW =10

i |

where en, (W) is called the enabling predicate.

A Reaction System is a pair A = (S, A) where S is the set of entities, and A C rac(S)
is a finite set of reactions over S. Given W C S, the result of the application of reactions
A to W, denoted resa (W), can be obtained by lifting function res, to sets of reactions, i.e.,
res A(W) £ Ugearesq(W).

Since living cells are seen as open systems that react to environmental stimuli, the behaviour
of a RS is formalized in terms of an interactive process. Let A = (S, A) be a RS and let n > 0.
An n-steps interactive process in A is a pair 7 = (7,0) s.t. v = {Ci}ico,n is the context sequence
and 6 = {D;}icjo,n) is the result sequence, where C;, D; C S for any i € [0,n], Dy = (), and
D1 = resa(D; UC;) for any i € [0,n — 1]. The context sequence ~ represents the environment,
while the result sequence ¢ is entirely determined by ~ and A. We call 7 = Wy,..., W,, with
W; £ C; U Dy, for any i € [0,n], the state sequence. Note that each state W; in 7 is the union of
two sets: the context C; at step ¢ and the result set D; = res4(W;_1) from the previous step.

Ezample 1. We consider a toy RS defined as A £ (S, A) where S £ {a, b, c}, and the set of reac-
tions A £ {a;} only contains the reaction a; = ({a, b}, {c}, {b}), to be written more concisely as
(ab,c, b). Then, we consider a 4—steps interactive process ™ 2 (v, ), where v = {Cy, C1, Cy, C3},
with Cp 2 {a,b}, C; £ {a}, Cy = {c}, and C3 £ {c}; and 6 = {Dy, Dy, Dy, D3}, with
Dy = 0, Dy = {b}, D & {b}, and D3 = (. Then, the resulting state sequence is 7 =
Wo, Wy, Wa, W3 = {a,b},{a,b},{b,c},{c}. In fact, it is easy to check that, e.g., Wy = Cy,
Dy =resa(Wy) = resa({a,b}) = {b} because en,(Wp), and W; = C;UD; = {a} U{b} = {a, b}.

3 SOS Rules for Reaction Systems

Inspired by process algebras such as CCS [18], in [8] the authors introduced an algebraic syntax
for RSs and equipped it with SOS inference rules defining the behaviour of each operator. This
allows us to consider a LTS semantics for RSs, where states are terms of the algebra, each
transition corresponds to a step of the RS and transition labels retain some information on the
entities needed to perform each step.

Definition 2 (RS processes). Let S be a set of entities. An RS process P is any term defined
by the following grammar:

P:=[M M=(RILP)|DI|K|MM K:=0] X | CK|K+K | recX K

where R, I, P C S are non empty sets of entities, C, D C S are possibly empty set of entitities,
and X is a process variable.

An RS process P embeds a mizture process M obtained as the parallel composition of some
reactions (R, I, P), some set of currently present entities D (possibly the empty set §)), and some
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context process K. We write [],.; M; for the parallel composition of all M; with i € I. For
example, Hie{l,Z} Mz = Ml | MQ.

A process context K is a possibly nondeterministic and recursive system: the nil context 0
stops the computation; the prefixed context C.K says that the entities in C' are immediately
available to be consumed by the reactions, and then K is the context offered at the next step; the
non deterministic choice Ky 4+ Ky allows the context to behave either as Ky or Ko; X is a process
variable, and rec X. K is the usual recursive operator of process algebras. We write Zie 1 K; for
the nondeterministic choice between all K; with ¢ € I.

We say that P and P’ are structurally equivalent, written P = P’, when they denote the same
term up to the laws of commutative monoids (unit, associativity and commutativity) for parallel
composition |-, with () as the unit, and the laws of idempotent and commutative monoids for
choice - + -, with 0 as the unit. We also assume D;|Dy = D U D5 for any Dy, Dy C S.

Remark 3. Note that the processes () and 0 are not interchangeable: as it will become clear from
the operational semantics, the process () can perform just a trivial transition to itself, while the
process 0 cannot perform any transition and can be used to stop the computation.

Definition 4 (RSs as RS processes). Let A = (S, A) be a RS, and 7 = (v,5) an n-step
interactive process in A, with v = {Ci}icjo,n) and 0 = {D;}icion). For any step i € [0,n], the
corresponding RS process [A,7]; is defined as follows:

[A, 7] & lH alDi| K]

a€cA

where the context process K £ C;.Ci41. - .Cy.0 is the sequentialization of the entities offered
by v* (the shifting of y starting at the i-th step). We write [A, 7] as a shorthand for [A, «]o.

Ezample 5. Here, we give the encoding of the reaction system, 4 = (S, A), defined in Example 1.
The resulting RS process is as follows:

P2 [A 7] =[({a,b.c},{(ab,c,b)}), 7] = [(ab.c,b) [ 0 | K] = [(ab,c,b) | K]

where K, = {a,b}.{a}.{c}.{c}.0, written more concisely as ab.a.c.c.0. Note that Dy = 0 is
inessential and can be discarded thanks to structural congruence.

In Definition 4 we have not exploited the entire potentialities of the syntax. In particular, the
context K, is just a finite sequence of action prefixes induced by the set of entities provided by ~y
at the various steps. Our syntax allows for more general kinds of contexts as shown in the example
below. Nondeterminstic contexts can be used to descrive several alternative experimental condi-
tions, while recursion can be exploited to extract some regularity in the longterm behaviour of a
RS. Together, they can deal with any combination of in-breadth/in-depth behavioural analysis.

Ezample 6. Let us further elaborate on our running example. Suppose we want to enhance the
behaviour of the context by defining a process K' £ K; + Ky that non-deterministically can
behave as either K; £ ab.a.c.c.0 (as in Example 5), or Ky £ rec X. ab.a.X (which is a recursive
behaviour that allows the reaction to be always enabled). Then we simply set P’ = [(ab, ¢, b) | K'].

Definition 7 (Label). A label is a tuple (W > R, I, P) with W, R, I, P C S. The set of transi-
tion labels is ranged over by £.

In a transition label (W > R, I, P), we record the set W of entities currently in the system
(produced in the previous step or provided by the context), the set R of entities whose presence
is assumed (either because they are needed as reactants on an applied reaction or because their
presence prevents the application of some reaction); the set I of entities whose absence is assumed
(either because they appear as inhibitors for an applied reaction or because their absence prevents
the application of some reaction); the set P of products of all the applied reactions.

Definition 8 (Operational semantics). The operational semantics of processes is defined by
the set of SOS inference rules in Figure 1.
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2 / 4 /

Ky — K Koy — K
w00 T () R R (sum)
D—510 CK——5K K1 + Ky = K} Ki + Ky = K}

. JCI QCR JUQ#D KX/ 5] 5 K
(O>R,1,P) (Pro) (07,Q,0) (inh) ., (ec)
(R, 1,P) 2LE) R 1 Py P (R,1,P) 2220, (R 1, P) rec X. K5 K
My 5 ML My 25 MY 4y~ 0y M ERLE) e pew
UL (Par) (WR,I,P) (vs)
My | My 2225 M7 | MY M) ERLEY i

Fig. 1. SOS semantics of the RS processes.

The process 0 has no transition. The rule (Fnt) makes available the entities in the (possibly

empty) set D, then reduces to (. As a special instance of (Ent), (} {000,000, (). The rule (Czt) says

that a prefixed context process C.K makes available the entities in the set C' and then reduces
to K. The rule (Rec) is the classical rule for recursion. Here, K[ X- K /] denotes the process

obtained by replacing in K every free occurrence of the variable X with its recursive definition

rec X. K. For example rec X. a.b.X (2000, b e X. a.b.X The rules (Suml) and (Sumr) select

a move of either the left or the right component, resp., discarding the other process. The rule
(Pro), executes the reaction (R, I, P) (its reactants, inhibitors, and products are recorded the
label), which remains available at the next step together with P. The rule (Inh) applies when the
reaction (R, I, P) should not be executed; it records in the label the possible causes for which
the reaction is disabled: possibly some inhibiting entities (J C I) are present or some reactants
(Q C R) are missing, with J U Q # 0, as at least one cause is needed for explaining why the
reaction is not enabled. The rule (Par) puts two processes in parallel by pooling their labels and
joining all the set components of the labels. The sanity check ¢; —~ /5 is required to guarantee
that there is no conflict between reactants and inhibitors of the applied reactions:

<W1 > R1,117P1> ~ <W2 > R2712,P2> £ (W1 UWsy U Ry URQ) n (Il UIQ) =0
In the conclusion of rule (Par) we write ¢1 U ¢ for the componentwise union of labels:
<W1 > Rl,fl,P1> U <W2 > R2,127P2> £ <W1 UWso > RiURy, 1 Uy, Py UP2>

Finally, the rule (Sys) requires that all the processes of the systems have been considered, and
also checks that all the needed reactants are actually available in the system (R C W). In fact
this constraint can only be met on top of all processes. The check that inhibitors are absent
(INW =0) is not necessary, as it is embedded in rule (Par).

Ezample 9. Let us consider the RS process Py = [(ab,c,b) | ab.a.c.c.0] from Example 5. The
process Py has a unique outgoing transition, whose formal derivation is given below:

(Pro)
(ab,c,b) | b ab.a.c.c.0

(abr>ab,c,b)
EEEE—

C:
(@>ab.c,b) (ab>0,0,0) (Cat)
0 0

(ab,c,b) a.c.c.0

Par)
(ab,c,b) | ab.a.c.c.0

[(ab,c,b) | ab.a.c.c.0]

(ab,c,b) | b | a.c.c.O
[(ab,c,b) | b | a.c.c.0]

(sys)

(abr>ab,c,b)
EEEE——

The target process P; £ [(ab,c,b) | b | a.c.c.0] has also a unique outgoing transition, namely:

(abr>ab,c,b)
EEE——

P, =[(ab,c,b) | b | a.c.c.0] [(ab,c,b) | b | c.c.0] =Py

Instead the process P, has three outgoing transitions, each providing a different justification to
the fact that the reaction (ab,c,b) is not enabled. Notably, the three transitions have the same
target process P3 £ [(ab,c,b) | c.0].
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1. Py (ber>c,0,0)

2. Py

3. Py P3 shows that the presence of ¢ and the absence of a inhibited the reaction;
this label is thus more informative than the previous two (in a sense formalised in [8]).

P3 shows that the presence of ¢ has played some role in inhibiting the reaction;

be>0,a,0 e e yepegs .
m) P3; shows that the absence of a has played some role in inhibiting the reaction.

(ber>c,a,0)
T

Finally, the process P3 has seven transitions all leading to P4 £ [(ab,c,b) | 0]. Their labels
are of the form {(c > J,@,0) with J C ¢, Q C ab and J U Q # 0. Each label provides a different
explanation why the reaction is not enabled.

The following theorem from [8] shows that the rewrite steps of a RS exactly match the
transitions of its corresponding RS process.

Theorem 10. Let A = (S, A) be a RS, and 7 = (v,0) an n-step interactive process in A with
v ={Ci}ticon); 0 = {Di}icjon), and let W; £ C;UD; and P; 2 [A, 7]; for any i € [0,n]. Then:

1. vieo,n—1], P, WEBLEL b inplies W = Wi, P = Diyy and P = Pyiy;

2. Vi € [0,n — 1], there exists R,I C S such that P; M Piti.
Remark 11. Note that the process P, = [A, 7], = [[[,c4 @ | Dn | Cy.0] has one more transition
available (the (n+ 1)-th step from Pg), even if the standard theory of RSs stops the computation
after n steps. We thus have additional steps

(Wn> Ry, I ,res a(Wh))

P, H al|resa(Wy,) |0

acA

for suitable R, I, C S. The target process contains 0 and therefore is deadlock.

Example 9 shows that we can have redundant transitions because of rule (Inh). However,
they can be easily detected and eliminated by considering a notion of dominance [8].

4 Delays and Durations

In Biology it is well known that reactions occur with different frequencies. For example, since
enzymes catalyze reactions, many reactions are more frequent when some enzymes are present,
and less frequent when such enzymes are absent. Moreover, reactions describing complex trans-
formations may require time before releasing their products. To capture these dynamical aspects
in our framework by preserving the discrete and abstract nature of RS, we propose a discretiza-
tion of the delay between two occurrences of a reaction by using a scale of natural numbers, from
0 (smallest delay, highest frequency) up to n (increasing delay, lower frequency).

Intuitively, the notation D™ stands for making the entities D available after n time units, and
we use the shorthand D for D°. Similarly, we can associate a delay value to the product of each
reaction by writing (R, I, P)™ when the product of the reaction will be available after n time
units, and we write (R, I, P) for (R, I, P)°. The syntax for mixture processes is thus extended as
below and the operational semantics is changed accordingly (see Fig. 2).

M:=(R,I,P)" | D" |K | MM

Rule (Tick) represents the passing of one time unit, while rule (Set) notify the availability of
entities whose delay has expired. Rule (ProS) attaches to the product of the reaction the same
delay as the one of the reaction itself, while rule (InhS) is used when the reaction is not enabled.

Note that the context definition is unchanged. The encoding described in Def. 4 still applies.

Ezample 12. Let us consider two RSs sharing the same entity set S = {a,b,c,d} and the same
reactions a1 = (a,b,b), as = (b,a,a), az = (ac,b,d), ay = (d,a,c), but working with different
reaction speeds. For simplicity we assume only two speed levels are distinguished: 0 the fastest and
1 the slowest. The reaction system P, provides the following speed assignment to the reactions:
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(D0,0,0 (Set) (00,0,0 (Tick)
D Dva)@ Dn+1 >71>Dn

JCI QCR JUQ#D

(ProS) 057.0.0
(R,I,P)" | P" (R, 1, )" 2220, (p 1 pyn

(InhsS)
(R I P)n (0>R,1,P)

Fig. 2. SOS semantics with delays and durations.

{ai,as,as,a}}. The reaction system P, provides the following speed assignment to the reactions:
{a1,al,a},as}. We assume that the context process for both reaction systems is just ac.().0:

(acr>ac,bd,bd) dr>d,abc,c)
_— _—

P1 = [ac.0.0|aj|az|asa;] [0.0[b* |d|at]asas|al] - [0lc’blay|az]as|as]

(acr>ac,bd,bd) (br>b,acd,a)
_— _—

Py = [ac.0.0a:|a3|as ] [0.0[bld" |a1]a3]a|ad] [0]a*[d|a:]a3]asad]
Additionally, inspired by [7], we can also provide entities with a duration, i.e. entities that
last a finite number of steps. To this aim we use the syntax D™ to represent the availability
of D for m time units starting after n time units from the current time. By assuming that each
reaction only produces entities with the same duration, we can describe duration and delay also
associated to reactions: (R, I, P)"™ means that all the entities in P (the products) have a delay
of n but will last m steps (once they appear in the state). While we could easily define the SOS

rules for the above processes, we note that durations are just syntax sugar: we can simply let

nt+m n+m
piml 2 T p* (R, 1, P)mm 2 TT (B, 1,P)*.
k=n k=n

For example, we have al>? = a2|a%|a* and al%% = a0 = a.

FEzample 13. The cell cycle is a series of sequential events leading to cell duplication. It consists
of four phases: Gi, S, Go and M. The first three phases (G1, S, and G3) are called interphase (I).
In these phases, the main event which happens is the replication of DNA. In the last phase (M),
called mitosis, the cell segregates the duplicated sets of chromosomes between daughter cells,
and then divides. The duration of the cell cycle depends on the type of cell.

In [24] a Delay Differential Equation model of tumour growth has been proposed, that includes
the immune system response and a phase-specific drug able to alter the natural course of action
of the cell cycle of the tumour cells. A delay is used to model the duration of the interphase.

Inspired from [24] we define a RS model of tumour growth using delays and durations. We
consider two populations of tumour cells: those in the interphase of the cell cycle (T|) and those
in mitosis phase (Tym). We assume that cells reside in the interphase for ¢ time units. Moreover,
we represent the drug with entity D and assume that, once received from the environment, it
takes an active form D, and disappears after a delay of ¢ time units. The reactions of the model
are the following: a; = (T}, Da, Tm)?, a2 = (Tm, 0, T)), az = (D, 0, D,) %%, Let A = aj|ap]as.

Let us assume that the system starts from a configuration in which tumour cells are in the
interphase. Hence, the RS process is P = [K|T|A], where K is a contex process. Now, by providing
different definitions for K we can emulate different drug administration strategies. For instance,
let us consider 0 = 1, 6 = 1 and these two context processes:

— K; =rec X.0.X (i.e., drug not administered)
— Ky =rec X.D.0.0.0.X (i.e., drug administered every 4 time units)

Now, when no drug is administered, tumour cells execute the cell cycle infinitely:

Ti>T,0aTmD, Tm)
%

Or>0,T, TyD,0
P[*V/k] = [K|TIJA] £ L,

[Ka| ThlA]

Tw>Tm,TiD,T))
%

[Ky[TulA] <

T)>T,D0aTmMD, Tw)
%

[Ky|Ti|A] £
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When the drug is administered every 4 time units, the cell cycle is interrupted after a few steps:

2 2 2 a as 7@
P[] = [Ko|Ty|A] L2 TMTUED, (g ) G, DY D, [Thy|A] (22222 T2,

DaTm>DaTm,TiD,T)

[0.0.K2|Dy [ T |A] - [0.Ky | Ty|A] TP M- T,
Ko | Tl A] 2Z2TTMP), 16 6 0.Ko | D2 D, [T A] S22EPTw T T, 1 ) K, D, TH|A] .

Alternative drug scheduling could be tested by providing alternative definitions for K.

5 Concentration Levels through Linear Functions

Quantitative modelling of chemical reaction requires taking molecule concentrations into ac-
count. An abstract representation of concentrations that is considered in many formalisms is
based on concentration levels: rather than representing such quantities as real numbers, a finite
classification is considered (e.g., low/medium/high) with a granularity that reflects the number of
concentrations levels at which significant changes in the behaviour of the molecule are observed.
In classical RSs, the modelling of concentration levels would require using different entities for
the same molecule (e.g., a1, ay, and ay, for low, medium and high concentration of a, respectively).
This may introduce some additional complexity due to the need of guaranteeing that only one of
these entities is present at any time for the state to be consistent. Moreover, consistency would
be put at risk also by the fact that entities representing different levels of the same molecule
(e.g., a; and ay) could be provided at the same time by the context.

We now enhance RS process by adding some quantitative information associated to each
entity of each reaction, so that levels are just natural numbers and the concentration levels of
the products depend on the concentration levels of reactants. The idea is to associate linear
expressions (such as e = m -z + n, with m € N and n € N*)! to reactants and products of
each reaction (we write s(e) to state that expression e is associated to entity s). Expressions
associated to reactants are used as patterns to match the current levels of the entities involved in
the reaction. Pattern matching allows variable x (the same for all reactants) to be instantiated
with a value that depends on the levels. Then, linear expressions associated to products (that
can contain, again, variable x) can be evaluated to compute the concentration levels of those
entities. Expressions can be associated also to reaction inhibitors in order let such entities inhibit
the reaction only when their concentration level is above a given threshold. For expressions
associated to inhibitors, we will require them to be closed, namely they cannot contain the m - x
term and simply correspond to a positive natural number.

Also the state of the system has to take into account concentration levels. Consequently, in
the definition of states we will exploit again closed expressions to obtain that each entity in the
a state is associated to a natural number representing its concentration level.

Ezxample 14. Assume that we want to write a reaction that produces ¢ with a concentration level
that corresponds to the current concentration level of a, and that requires b not to be present at
a concentration level higher than 1. Such a reaction would be r = (R, I, P) where R = a(z + 1),
I =b(2) and P = c(x + 1). In the state {a(3),b(1)}. Reaction r is enabled by taking = = 2 (the
maximum value for = that satisifes  + 1 < 3). Since b(1) < b(2), entity ¢ will be produced with
concentration level (z + 1) = 3. On the contrary, in the state {a(2),b(2)} the reaction a is not
enabled because the concentration of the inhibitor is too high.

To formalize the above linear constraints we introduce some notations. A closed linear expres-
sion is just a natural number, and e[v/x] represents the substitution of variable z with the value
vin e. A pattern p = {s1(e1), ..., sk(ex)} is a set of associations of linear expressions to entities.
We write p(s;) for the linear expression associated with s; in p. A pattern p is closed if p(s;) € N
for any s; € S and we write p[v/z] to mean the closed pattern obtained as plv/z](s;) = e;[v/x]
for all s;. Given two closed patterns p, ¢, we write p < ¢ if p(s) < ¢(s) for all s € S.

! To ease the presentation, we impose n € NT on the linear epression e to guarantee that its evaluation
into a positive number, even when & = 0. Alternative choices are possible to relax this constraint.
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Then, we extend the syntax of reactions r = (R, I, P) by considering I as closed pattern, and
R and P as patterns such that if P is not closed, then R is not closed. A state W is a closed
pattern. At each step, starting from a given state, the semantics verifies the enabled reactions
using function en(), computes the multiplicity of reaction applications (the value of z obtained
by matching the current state W with pattern R) by function mul(), and computes the resulting
state by function res(). Given a reaction a = (R, I, P) and a state W, we define:

— the function en(a, W), returns 1 if the reaction is enabled, 0 otherwise

enfa, W) & 1 if R[O/x} <WandVseS. I(s)>0=W(s) <I(s)
’ 0 otherwise

— function mul(a, W) returns the value v that will correctly bind z when applied to state W

mul(a, W) 2 1 if en(a,.W) =0or R is a closed pattern
’ max{v € N| Rlv/x] < W} otherwise

— function res(a, W) returns the product of the application of reaction a on state W
res(a, W) = en(a, W) - P[mul(a, W) /z]

Ezample 15. Consider again the previous example, r = (R, I, P) with R = a(x + 1), I = b(2)
and P = c(z + 1) and the state W = {a(3),b(1)}, we compute:

— en(r,W) =1, as R[0/x] = a(1) < a(3) and W(b) =1 < 2 = I(b).
— mul(r,W) =2, asmax{zx € N| Rjv/z] =a(v+1) <a(3)b(l) =W} =2.
— res(r,W) = en(r,W) - Plmul(r,W)/z] =1-c(2+1) = c(3).

Once the product of each enabled reaction has been calculated, we need to compute the next state.
We consider the operator that computes the maximum between two closed patterns pLIg, defined
as (pUg)(s) = max{p(s), q(s)}. It gives the point-wise maximum value of each entity. Analogously,
to combine inhibitor constraints, we will later consider the operator that computes the minimum
between two closed patterns p and ¢, denoted by p M ¢, defined as (p M ¢)(s) = min{p(s), q(s)}.

Ezample 16. Assume we add a new reaction ' = (R',I’, P’) to the previous example, where
R = a(z +2)b(1), I' = 0, P’ = c(3z + 2). By applying the function res(r’, W) = en(r’',W) -
Plmul(r’,W)/x] we have 1 -c(3x + 2)[1/z] = c(5). Therefore, in the system composed by state
W and reactions 7, and r’, we obtain the next state W' = ¢(3) U ¢c(5) = ¢(5).

In the SOS style, the hypotheses under which a reaction is applied or inhibited are recorded in
the label and their consistency is verified by rule (Par) and (Sys). We stretch here the fact that
such hypotheses consist of constraints over concentration levels. If we assume that a reaction
a = (R, 1, P) is enabled with multiplicity v, it means that it must be Vs € I. W(s) < I(s)
and Vs € S. R[v/z]|(s) < W(s) but Rlv + 1/x] € W. The first two constraints can be already
represented in the ordinary labels, for the last one we extend labels with a set of bounds ¢ =
{Ry, ..., Ry} for which we shall require that Vi € [1,n]. R; £ W, (more concisely ¢ £ W) and let

a0 if R is a closed pattern
bnd(R,v) = { {R[v+1/z]} otherwise
Correspondingly, we update the operation to combine and to compare labels as follows:
<W1 > R17II,P1> (24 <W2 > RQ,[Q,P2> £ <W1 UWa> RiURy, 1M1z, P U P2>

(Wi > Ry, I1,P1) ~ (Wa > Ra, Iz, P) 2 Vs € S. I(s) > 0= WR(s) < I(s)
where I = 11 M1y and WR=W; UWs U Ry URs.



10 L. Brodo et al.
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Fig. 3. SOS semantics for linear functions.

6 Application

In [8] we presented a preliminary implementation of RSs in a logic programming language (Pro-
log), mainly intended for rapid prototyping. Following the formal definition of RS with delays/-
durations and with concentration levels given in the previous sections, we describe how such
extensions have been integrated in the prototype, available for download?. We remark that the
modular nature of the SOS formalization simplified significantly the adaptation of the tool.

A RS is represented as a list of reactions. In the case of delays/durations, a reaction is
a quintuple [R, I, P, N, M], while in the case of concentration levels it is a triple [R, I, P].
There, R, T and P represent reactants, inhibitors and products, respectively, N is the delay
and M the duration. After coding the RS, a query is performed by calling either the predicate
computation(InitialState,StateSequence), for the case of delays/durations, or the predicate
computeFiniteComputation(InitialState,MaxStepNum,StateSequence), for the case of con-
centration levels. The result is a sequence of states starting from InitialState and performing
at most MaxStepNum steps in the case of concentration levels, while in the delays/durations case
the interpreter will give the user the choice to perform also a possibly infinite computation. A
computation can also stop when the state gets empty. The predicate reactionSet/1 defines the
list of reactions for the case of delays/durations, while reactionsQ/1 defines the list of reactions
for the case of concentration levels and they have to be redefined for each example to be studied.

6.1 Case study: controlling the differentiation in Th-cell

The immune system is composed by
various cell types, including anti-
gen cells and B and T lymphocytes.
Among the latter, T cells can be fur-
ther sub-classified into T helper 1
(Thi) or T helper 2 (Th2) cells, orig-
inating from a common precursor
ThO. A complex gene network regu-
lates the differentiation of Tho cells.
Studying the molecular mechanisms
of this differentiation process is rele-
vant since enhanced ThI and Th2re-
sponses may cause autoimmune and
allergic diseases, respectively.

In [16] a Boolean network model
of such a regulatory process has been
conceived from the large amount of molecular data available in the literature. The network
includes 17 nodes regulating the differentiation of the Th0 precursor [19,1]. The Boolean network
is depicted in Fig. 4. Details about the Boolean update functions are in Fig. 5.

In [5] the authors translated the Boolean network into a closed RS (a RS without environment)
that used different entities to model different levels for the gray nodes in Fig 4. The RS can
reproduce the dynamics of the update functions in Fig. 5. However, this translation was not very

Fig. 4. Graphical representation of the Boolean network

2 https://www3.diism.unisi.it /~falaschi/ReactionSystemsQuantities
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natural because it to introduce the artificial concept of valid state to avoid entites representing
different levels of the same node to be present at the same time.

Here, we rephrase such a translation using the new linear functions framework presented in
Section 5. We express different concentrations levels with concentration values {1,2}, where 1
stands for medium and 2 for high. For example, the state {STAT-1(1), T-bet (2)} states that we
have a medium concentration of STAT-1 and a high concentration of T-bet.

IFN-y-m(t+1) = (STAT-4(t) A~IRAK (t) A—T-bet-h(t))V (T-bet-m(t) A(~STAT-4(t)V-IRAK (t)))
IFN-v-h(t+1) = (STAT-4(t) NIRAK(t)) V T-bet-h(t)

TL-A(t+1) = GATA-3(t) A ~STAT-1-m(t) A ~STAT-1-h(t)

IFN-vyR-m(t+ 1) = IFN-y(t)-m V (IFN-v-h(t) A SOCS-1(t))

IFN-yR-h(t+1) = IFN-y-h(t) A ~SOCS-1(¥)

IL-4R(t + 1) = IL-4(t) A ~SOCS-1(t)
IL-12R(t+1) = IL-12(t) A ~STAT-6(t)
IL-18R(t+1) = IL-18(t) A ~STAT-6(t)

IFN-BR(t+1) = IFN-(t)

STAT-1-m(t + 1) = (IFN-BR(t) A ~IFN-yR-h(t)) vV IF N-yR-m(t)
STAT-1-h(t + 1) = IFN-yR-h(t)

GATA-3(t+1) = (STAT-6(t) v GATA-3(t)) A —~(T-bet-h(t) v T-bet-m(t))

SOCS-1(t +1) = T-bet-m(t) vV T-bet-h(t) V STAT-1-m(t) V STAT-1-h(t)

IRAK(t+1) = IL-18R(t)

STAT-A(t+1) = IL-12R(t) A ~GATA-3(t)

STAT-6(t+1) = IL-4R(t)

T-bet-m(t+1) = (STAT-1-m(t) V T-bet-m(t)) A ~(STAT-1-h(t) V T-bet-h(t) V GAT A-3(t))
T-bet-h(t + 1) = (STAT-1-h(t) V T-bet-h(t)) N ~GAT A-3(t)

Fig. 5. Boolean functions modelling the differentiation of Th cells

We advocate that using the linear functions framework has many advantages compared to the
modelling approach adopted in [5]. For example, in [5] reaction ({ GATA-3},{STAT-1-h, STAT-1-
m },{IL-4}) was used to describe the production of IL-4, which is inhibited by STAT-1 in high or
medium concentration. This required to include two inhibitors in the rule (distinguished by the
final -h and -m, respectively). Instead, in the our new framework based on linear functions the
same event can be modeled by the following simpler reaction: { GATA-3(1)},{STAT-1(1)},{IL-
4(1)}). It is worth noticing that such reaction is enabled in any state containing GATA-3, but
that does not containing STAT-1 at any level, as desired. Similarly, in [5] the production of
SOCS-1 when T-bet at any level is present was modelled by reactions ({ T-bet-h },{},{SOCS-1})
and ({T-bet-m},{},{SOCS-1}). In the linear functions framework the production of SOCS-1 can
be expressed by the single reaction ({7-bet(1)},{},{SOCS-1(1)}). Even more interestingly, in [5]
two reactions ({IFN-yR-m},{},{STAT-1-m}), ({IFN-vyR-h},{},{STAT-1-h}) were introduced to
express the fact that IFN-yR at some level produces STAT-1 at the same level. In the linear
functions framework one reaction suffices: ( { IFN-YR (x+1)},{},{STAT-1(x+1)}).

As a result we obtain 26 reactions, available online®, that model the system described in
Fig. 5. Our prototype implementation allows us to compute the LTS. We performed two in silico
experiments that show some paths leading to ThI differentation (note that the presence of T-bet
is the marker of the differentiation of the cell into Thi form). In the first one, the evolution is
driven by the up-regulation of IFN-vy that is expressed at the maximal level at the initial state:
{IFN-v(2)}. After 6 steps we reach the stable state {IFN-vy(2), IFN-yR(2), STAT-1(2), T-bet(2)}
that shows that the differentiation towards ThI cell is successfully accomplished. The second
experiment is driven by the initial expression of both IL-12 and IL-18. The initial state in this
case is {IL-12, IL-18}, and, after 9 steps, the system reaches the stable state. Of course, all
intermediate states can be inspected, and this allows us to observe that the second experiment
reaches soon a high level of IFN-7y, and then the execution continues as in the first experiment.

% https://www3.diism.unisi.it /~falaschi/reactionsConcentrationLevels.txt
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7 Conclusions and related work

The model of RSs is qualitative as there is no direct representation of the number of molecules
involved in biochemical reactions as well as of rate parameters influencing the frequency of re-
actions. In [17] the authors introduce an extension with discrete concentrations allowing for
quantitative modelling. They demonstrate that although RSs with discrete concentrations are
semantically equivalent to the original qualitative RSs, they provide much more succinct rep-
resentations in terms of the number of molecules being used. They then define the problem of
reachability for RSs with discrete concentrations, and provide its suitable encoding in satisfiabil-
ity modulo theory, together with a verification method (bounded model checking) for reachability
properties. Experimental results show that verifying RSs with discrete concentrations instead of
the corresponding basic RS is more efficient. A crucial feature of a RS is that (unless introduced
from outside the system) an entity from the current state will belong also to the next state only
if it is in the product set of an enabled reaction. In other words, an entity vanishes unless it is
sustained by a reaction. In [7] it is introduced an extension where such a property is mitigated,
indeed they provide each entity x with a duration d(x), which guarantees that = will last through
at least d(x) consecutive states. The authors demonstrate that duration/decay is a result of an
interaction with a “structured environment”, and they also investigate fundamental properties
of state sequences of reaction systems with duration”. Each of these enhancements of the RS
framework requires complex changes in the syntax and semantics of the original framework and
they cannot easily be combined together. Our semantic framework for RSs is more flexible,
since it allows us to define extensions by simply playing with the defined SOS rules. We have
shown this possibility by defining extensions with reaction delays and durations in Section 4, and
with concentration levels in Section 5. Also adapting our prototype tool form RS execution was
made easier by the SOS formalization. It is worth noting that these and other extensions can be
combined and integrated in our framework by following the same approach.

As future work we plan to exploit our framework to deepen the study of quantitative exten-
sions of RSs. In particular, we will continue the investigation of the extensions we introduced
in this paper also by evaluating their applicability to case studies of biochemical pathways and
gene regulation networks. This will be done without violating the discrete and abstract nature
of RSs. Moreover, the availability of a formal semantics will allow us to study and apply formal
analysis techniques aimed at assessing dynamical properties of the modelled biological systems.
Finally, we plan to investigate the applicability of abstract interpretation techniques [11,10] to
study properties of classes of reaction systems by exploiting under- and over-approximations of
current states, which is particularly convenient when quantitative information is present in the
system.
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