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Abstract

We propose a deep Graph Neural Network (GNN) model that alternates two
types of layers. The first type is inspired by Reservoir Computing (RC) and
generates new vertex features by iterating a non-linear map until it converges
to a fixed point. The second type of layer implements graph pooling operations,
that gradually reduce the support graph and the vertex features, and further
improve the computational efficiency of the RC-based GNN. The architecture is,
therefore, pyramidal. In the last layer, the features of the remaining vertices are
combined into a single vector, which represents the graph embedding. Through a
mathematical derivation introduced in this paper, we show formally how graph
pooling can reduce the computational complexity of the model and speed-up
the convergence of the dynamical updates of the vertex features. Our proposed
approach to the design of RC-based GNNs offers an advantageous and principled
trade-off between accuracy and complexity, which we extensively demonstrate
in experiments on a large set of graph datasets.
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1. Introduction

1.1. Representation learning on graphs with neural networks

Graphs naturally express entities and their relationships found in many kinds
of real data, ranging from molecules to biological and social networks, just to
mention a few noteworthy cases. There is an established tradition in processing
structured data with Neural Networks, which goes back to the '90s and recently
found a renewed interest in the field of deep learning for graphs [I, [2]. Recursive
Neural Networks for processing trees [3, 4 [5] and directed acyclic graphs [6],
provided a neural implementation of a state transition system traversing the
input structures to generate the embedding of the input data. To process general
graphs it was necessary to handle directed cycles and undirected edges, which
translate into mutual dependencies among the state variables represented by
the neural units.

The Graph Neural Network (GNN)[7] and the Neural Network for Graphs
(NN4G) [§] started the field following two different lines. The NN4G pioneered
the class of deep spatial graph convolution approaches. In such approaches, the
neural units traverse the graphs with shared weights and the mutual dependen-
cies among state variables are modeled by stacking layers, which progressively
capture the vertices’ context. Recent advancements of the convolutional and re-
lated approaches (including kernel based approaches) can be found for instances
in [9] 10} [T}, 2] 13|, 14} 15].

The GNN exploits a Recursive Neural Network to implement a state transi-
tion that allows cycles, whereas the contractivity of the state dynamics ensures
the stability of the recursive encoding process. In this approach, the context
of each vertex is formed through graph propagation, which is iterated until the
dynamics converge to a steady-state. The fixed point of the dynamical system
is used to represent (or embed) the vertices of input graphs. Theoretical ap-
proximation capability and VC dimension of the GNN were recently studied
[16].

In a context characterized by high complexity and computational cost re-
lated to the processing of structured data and the use of deep models, the need
for efficient approaches is becoming more and more important. For sequences
and trees, the Reservoir Computing (RC) [I7] paradigm provides efficient re-
current /recursive models based on fixed (randomized) values of the recurrent
weights under stability conditions of the dynamical system (Echo State Property
- ESP) [18 [19]. A GNN based on RC was introduced in [20], whereas the con-
tractivity of the reservoir dynamics (ESP) assures the stability condition of the
GNN, without any need to alternate training and convergence as for GNN. The
RC model for graphs has been recently extended to deep architectures in [21],
which combines the advantages of a hierarchical abstraction of the input graphs
representation (embedding) through the layers and the efficiency of randomized
neural networks.

Another relevant field of graph representation learning is graph pooling,
which reduces the dimension of the graph by clustering or by dropping the
vertices. Global graph representations can be derived by combining at once the
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embedding of vertex features and use them for inference on downstream tasks
at graph level. However, some networks may exhibit scale-dependent behaviors,
which have to be accounted for when solving the task. In these cases, pooling
operations are exploited to build deep architectures of Neural Networks for
graphs, which compute local summaries on the graph to gradually distill the
global properties necessary for graph-level inference [0, 22] 23] [24].

So far, pooling operations have been only used in conjunction with Neural
Networks for graphs that learn vertex representations through functions en-
dowed with parameters optimized with gradient descent [25]. This leaves open
the challenge to investigate the contribution of pooling in randomized Neural
Networks. To fill this gap, in this paper, we propose a further advancement
in the design of efficient GNN architecture combining the RC and the graph
pooling strategies, exploring their synergy in terms of classification accuracy
and computational time.

1.2. Contributions

We extend our previous work in [26] and propose a deep architecture com-
posed of RC layers, which generate vertex representations, interleaved with
graph pooling operations. Since the adopted GNN architecture based on RC
generates untrained embeddings, we rely on pooling methods that pre-compute
the coarsened graphs without supervision. The potential of hierarchical RC ar-
chitectures in designing fast and deep models for graph classification has been
recently shown in [2I]. In this context, we investigate the benefit of pooling to
further reduce the computational complexity of such randomized neural models.

The contributions of our work are summarized as follows:

e We propose a deep pyramidal architecture based on RC for generating
graph embeddings. Thanks to suitable graph pooling operations, the pro-
posed model further improves the computational efficiency of RC archi-
tectures for graphs.

e We derive a mathematical proof of the convergence time in the recursive
update necessary to compute the vertex features. This formal analysis,
beside explaining the speed-up introduced by the pooling operations, links
the computational complexity of generic GNNs based on RC with graph
theoretical properties of the input data.

e We provide an extensive experimental evaluation of the Pyramidal RC ar-
chitecture in graph classification tasks, by testing different configurations
and considering a large variety of datasets. Notably, we introduce two new
datasets for graph classification, with the aim to provide a solid bench-
mark for testing the proposed method and also other types of GNNs and
graph kernels. We also perform dimensionality reduction on the graph
embeddings generated by the proposed architecture, which allows us to
perform a qualitative evaluation of the embeddings.
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1.3. Paper organization

The remainder of this paper is structured as follows. We introduce the basic
concepts of RC for graphs in Section[2} In Section [3] we introduce graph pooling
and discuss three pooling operators that pre-compute coarsened versions of the
graph based on the topological structure. Building upon the RC for graphs and
graph pooling, we introduce the Pyramidal Reservoir Graph Neural Network
architecture in Section In Section [5| we perform a theoretical analysis and
derive an upper-bound of the computational complexity of an RC layer. The
experimental assessment of the approach is given in Section[6} Finally, we draw
our conclusions in Section [7l

2. Reservoir Computing for Graphs

In this section we present the elementary concepts of RC for graph structures.
We start by introducing the necessary terminology for graph processing used in
the rest of the paper in Section Then, in Section we describe the RC
approach to develop graph embeddings.

2.1. Preliminaries on Graphs.

We denote a graph G as a tuple G = (Vg, Eg), where V; is the set of vertices
and Eg C Vg x Vg is the set of edges. The number of vertices of the graph
G is denoted by Ng, the number of edges is denoted by Mg. The pattern of
connectivity among the vertices in G is represented by the Ng x Ng adjacency
matrix Ag, where Ag(i,j) = 1 whenever there is an edge between vertex i and
vertex j, and Ag(i,j) = 0 otherwise.

While the computational framework that we describe in this paper is able to
deal with both directed and undirected graphs, we here restrict our analysis to
the undirected case, which leads to symmetric adjacency matrices Ag. Given a
vertex v € Vg, we define its neighborhood as the set of vertices that are adjacent
to v, denoted as Ng(v) = {v' € Vg : (v,v’) € Eg}. In this context, the degree
of a vertex v € Vg is defined as the size of its neighborhood Ng(v). Also notice
that in this case the sum of the degrees of all the vertices equals 2Mg.

We also introduce the symmetrically normalized adjacency matrix Ag =
D;l/zAngl/Q7 where Dg is a diagonal degree matrix, i.e. a diagonal matrix
containing the degrees of the vertices v € V. For our purposes, to each vertex
v € Vg it is associated an F-dimensional feature vector x(v) € RF. Let Xg €
RN9XF bhe the matrix whose i-th row contains the feature vector associated to
the i-th vertex. We can then represent the graph G by the couple (Ag, Xg).
In what follows, to ease the notation, we drop the subscript G whenever the
reference to the graph in question is unambiguous or evident from the context.

2.2. Reservoir Graph Neural Networks

Reservoir Computing (RC) is a popular paradigm for modeling Recurrent
Neural Networks based on untrained (but asymptotically stable) hidden dynam-
ics [I7,27]. The RC approach to process graph structures is based on computing
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representations, or graph embeddings, as fixed points of a dynamical systenﬂ
The approach has been introduced in [20] under the name of Graph Echo State
Network, and subsequently extended towards deep architectures in [2I], under
the name of Fast and Deep Graph Neural Network (FDGNN). Crucially, as
long as the embeddings are obtained by a stable system, the weights on the
internal connections of the neural architecture can be left untrained, and train-
ing algorithms can be limited to a simple readout layer. Here we summarize
the salient aspects of graph processing by untrained recursive layers in a deep
RC-based neural network for graphs, hereafter referred to as Reservoir Graph
Neural Network (RGNN).

We consider a neural architecture for graphs composed of a number of L
hidden recursive reservoir layers, where each layer | computes an embedding for
a vertex v by means of the following function:

h®(v) =tanh [ > hO @)W 4 xO@)v® |, (1)
v €N (v)

where h® (v) € RY is the embedding, or state computed for vertex v by layer
. Matrix W e RFXH ig the recurrent weight matrix and modulates the
contribution of the neighbors information in determining the embedding for
the vertex v. Moreover, x(Y)(v) is the feature vector that plays the role of input
information for the layer [ under consideration. Following the deep architectural
construction, x(V)(v) is the feature vector associated to v in the input graph,
ie. xW(v) = x(v). For I > 1, the feature vector x(V)(v) is instead obtained
as the embedding computed by the previous layer for the same vertex, i.e.
x®(v) = h=V(v). Accordingly, matrix V() modulates the influence of the
input information in determining the embedding, with V(1) € R¥*F for the
first layer, and V() € R7*H for layers [ > 1. Notice that is introduced
here to set the ground for the mathematical description of the deep RC model,
and it is the basic building block of the iterated system on graphs described
later in this section (see (). Essentially, the states for all vertices (i.e., the
h®(v) embeddings) are started with (usually 0) initial conditions and then
is iterated for all vertices until a fixed point is reached. The computation
then continues with the successive layer until the last one in the architecture
is reached. To ease the architectural setup and description, we are making an
assumptionEI here that every reservoir layer has the same number of neurons
H. The computation of graph embeddings by reservoir layers in RGNNs is
illustrated in Figure

1The approach of iterating the operation of a neural architecture until reaching the fixed
point of the internal representation has recently been revived under the umbrella of deep
equilibrium neural models [28] [29].

2Using the same number of neurons in every reservoir layer is a simple and commonly
adopted choice of architectural design in Deep RC, although the models are generally more
flexible and allow a different choice of H for every layer.
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Figure 1: Stack of RGNN layers for graph embedding, applied to a vertex v in the input graph
(top left).

For any given layer in the deep architecture, | = 1,..., L, the state tran-
sition equation in is applied to every vertex v of an input graph. Instead
of considering the operations on the vertices in isolation, it is convenient to
represent the embedding operation performed by a RGNN layer on the entire
graph. This can be done by grouping in a row-wise fashion the states for all
the N vertices of the graph computed at layer ! in a matrix H® e RN*H and
analogously grouping the feature vectors in a matrix X (with X(1) ¢ RN*F
for the first layer, and X € RV*H for [ > 1). The embedding of the entire
graph computed by the I-th RGNN layer can then by described as follows:

H®" = tanh (AH(”W + X(l)V(l)) : 2)

which expresses a recursive relation in H®Y). In general, existence and uniqueness
of solutions of is not ensured (for instance, when the input graph contains
cyclic substructures or undirected connections). Fortunately, taking the RC
approach, we can study as the function governing a dynamical system and
impose a global asymptotic stability property to its dynamics, called Graph
Embedding Stability (GES) [21I], to guarantee existence and uniqueness of solu-
tions. Under the GES property, the system in will converge to a fixed point
(that depends on both A and X) upon repeated iteration. In [2I] two conditions
have been introduced, one sufficient and one necessary for initializing the W
matrices to satisfy the GES stability property.
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Essentially, to control the stability of the reservoir we need to carefully con-
trol the eigenvalues of the system in . Since the spectral radius of the adja-
cency matrix A is unbounded, it is necessary to normalize W by the maximum
vertex degree (see [21] for details). If we are dealing with multiple graphs, we can
normalize W by using the maximum vertex degree among all the graphs in the
training set. However, in this way graphs with low vertex degree would be sub-
ject to a normalization that is too strong and stability issues might arise when
processing out-of-sample graphs with a vertex degree larger than the maximum
one found in the training set.

A more elegant and effective solution is to replace A with the symmetrically
normalized adjacency matrix A and obtain the following formulation:

HO = tanh (AHU)W + XU)V(”) . (3)

Since the eigenvalues of A are always contained in [—1, 1], it is possible to factor
out from W the dependency on the vertex degree. In particular, the formula-
tion in allows us to control the stability of the reservoir system for graphs by
simply controlling the eigenvalues of W), as in conventional RC approaches.
Accordingly, W) is initialized randomly with values from a uniform distribu-
tion in (—1, 1), and then re-scaled to have a desired spectral mdiusﬂ denoted as
p® | exploring values in the range (0,1) for stability [21]. Similarly, the elements
in V(O are randomly initialized from a uniform distribution on (-1, 1), and then
re-scaled. For the first layer, we use w;, as input scaling coefficient, while for
successive layers [ > 1 we use w,(fi)d as hidden scaling coefficient (between two
consecutive reservoir layers). Usually, the same values of p and wp;q are shared
among all the layers. As in common RC settings, p, w;, and wp;q are treated as
hyper-parameters of the network (to be fitted on a validation set for each task
at hand).

To compute the embedding for a given graph, we use as the iterated map
of a discrete-time dynamical system, i.e.:

HO[t + 1] = tanh (A HO[ WO + X0 V<l>) : (4)

which is applied until convergence to its fixed point H()*. As initial condition,
it is common to set H(W[0] = 0 for all layers. In practice, for each RGNN layer
is iterated until the distance between two consecutive iterations becomes
smaller than a convergence threshold e, i.e. [|[HO[t+1] — HO[t]||2 < ¢, or until
a maximum number of iteration max;;., is reached. The encoding operation
proceeds from the first reservoir layer up to the last one in the architecture,
bringing to convergence the dynamical systems one layer after the other. In
this regard, notice that for [ > 1, the X term in (@) corresponds to the fixed
point reached by the previous layer in the deep architecture, i.e., X = H—D*,

3L.e., the largest among its eigenvalues in modulus.
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3. Graph pooling

Pooling operators in GNN architectures can be partitioned in two main
classes: feature-based and topological pooling operators.

Feature-based pooling methods compute a coarsened version of the graph
through differentiable functions, which can be used to learn a cluster assign-
ment matrix that aggregates graph vertexes into super-nodes [24] [30] or to
implement a selection function that determines if the vertices should be kept
or dropped [3T], B2]. The differentiable functions usually take as input the ver-
tex representations, which change across the different layers of the GNN during
training. The functions are parametrized by weights that are learned end-to-end,
along with the other GNN parameters, by minimizing the loss of a downstream
task (e.g., classification or regression loss) and additional (optional) regulariza-
tion losses. Feature-based pooling methods are very flexible, as they adapt the
coarsening on the data and the task at hand. However, GNNs with feature-
based pooling layers have more parameters and, thus, their training is slower
and more difficult. Most importantly, there is a weak synergy between feature-
based pooling and RGNN layers, since the former require to be trained with
gradient descent, while the latter generate unsupervised vertex representation
using randomized and untrained weights.

Topological pooling methods account only for the graph topology de-
scribed by the adjacency matrix A and they are typically unsupervised. These
methods pre-compute the coarsened graphs by optimizing some unsupervised
loss function, such as a graph cut or a vertex clustering objective. The result of
the coarsening procedure is, therefore, not influenced by the vertex features or
by a downstream task, like in the case of feature-based methods. Pre-computing
graph coarsening not only relieves the need of adapting additional weights with
supervised training, but also provides a strong inductive bias that helps to avoid
degenerate solutions, such as entire graphs collapsing into a single node or en-
tire graph sections being discarded. This is important when dealing with small
datasets in tasks such as graph signal classification. Topological pooling meth-
ods can be effectively combined with reservoir computing layers, which fit their
vertex representations to the pre-computed coarsened graphs. By alternating
reservoir computing and topological pooling layers, it is possible to gradually
extract hierarchical graph features in a completely unsupervised fashion.

In the following, we provide the details of the three different topological
pooling methods that are considered in this paper. First, in Section [3.1] we
introduce Graclus pooling. Then, in Section we illustrate the Non-negative
Matriz Factorization pooling. Finally, in Section we describe the recently
introduced Node Decimation Pooling.

3.1. Graclus pooling

Graclus is a hierarchical spectral clustering algorithm that has been origi-
nally proposed in [33] and it can be used to compute coarsened graphs. Gr-
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aclus has been implemented in several GNN architectures to perform pool-
ing [34, 9] [35] [36]. The I-th pooling operation first clusters together two vertices
v; and v; into a new vertex vg. Then, a standard pooling operation (average or
max pool) is applied to compute the vertex feature x(*1 (v;,) of the new vertex
vg from x((v;) and x()(v;). To make the pooling output consistent with the
clusters assignment, the rows of graph signal X are rearranged so that vertices
v; and v; end up in consecutive positions.

Graclus pooling has two main drawbacks. First, the connectivity of the
original graph is not preserved in the coarsened graphs and the spectrum of
their associated Laplacians might not be contained in the spectrum of the orig-
inal Laplacian. Second, Graclus pooling adds “fake” vertices by constructing a
balanced binary tree, so that the number of vertices can be exactly halved at
each pooling step. Unfortunately, this not only injects noisy information in the
graph, but also increases the computational complexity in the GNN, both in
the training and in the evaluation step.

3.2. Non-negative Matriz Factorization (NMF') pooling

Originally proposed in [22], this approach exploits the non-negative matrix
factorization to cluster the rows (or the columns) of the adjacency matrix of the
graph. Such an approach is slightly different from Graclus, where the vertices
of the graph are partitioned with spectral clustering. In particular, the pooling
algorithm uses the NMF factorization such that A ~ QS, where Q € RY*X has
the role of cluster representatives matrix, and S € REX¥ gives a soft-clustering
of the columns in A. Given the vertices features before the pooling X, the new
vertices features are computed as Xpoo1 = ST X. The new adjacency matrix is
computed as Apool = STAS.

The main drawback of this pooling method is that NMF does not scale well
to large graphs. Indeed, both the space and memory complexity are cubic in the
number of vertices, meaning that NMF cannot be computed only for relatively
small graphs [37]. A second drawback is that the coarsened graphs obtained
with NMF' pooling are extremely dense. This poses another scalability issue,
since dense graphs are expensive to store and the sparse operations (commonly
used to implement multiplications with the adjacency matrix) become extremely
inefficient if the graph density is too high.

3.3. Node Decimation Pooling (NDP)

This pooling scheme for GNNs, originally proposed in [23], computes coars-
ened graphs in three steps.

1. The vertices of the original graph are divided in two sets according to
the MAXCUT partition and then one of the two sides of the partition
is dropped, reducing the number of vertices approximately by half. If
two vertices are strongly connected on the graph, i.e., there are many
paths that connects them, they will be assigned to opposite sides of the
MAXCUT partition. The idea is that such strongly connected vertices
will exchange a lot of information during the message-passing operations
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implemented by the GNN and, therefore, their content will be very similar
and redundant. In this sense, one side of the MAXCUT partition will
summarize well the whole graph.

2. After dropping the vertices and all their incident edges, the resulting graph
is likely to be disconnected. The remaining vertices are connected together
by a link construction procedure based on Kron reduction [38]. Kron
reduction enjoys the connectivity preservation property, i.e., it generates
a new graph where two vertices are connected if and only if there was a
path between them in the original graph. Additionally, Kron reduction
does not introduce self-loops, guarantees the preservation of resistance
distance, and preserves the spectrum of the original graph [39]. As we
will discuss later, these properties prevent the spectrum of the coarsened
graph to grow and allows a faster convergence of the RGNN layers.

3. A sparsification procedure allows to prune the weak edges from the coars-
ened graph, i.e., those edges associated with small weights in the weighted
adjacency matrix. The sparsification procedure is controlled by an hyper-
parameter § that determines the amount of edges to be dropped. The
graph sparsification allows to drop a large amount of edges at the cost
of compromising the graph structure. In this sense, graph sparsification
trades the computational cost (which scales linearly with the number of
edges) with the quality of the graph representations

Each method gives in output a coarsened graph, A,..1 and a pooling matrix
S used to compute the new vertex features, X,o01 = STX. In the case of
Graclus and NMF, S is a matrix that defines how the vertices should be clustered
together. Instead, in NDP S is a selection matrix that identifies the vertices
that should be kept or dropped.

4. Pyramidal Reservoir GNN

In this section we describe the proposed modular GNN architecture com-
posed of L blocks, where RGNN layers are interleaved by pooling layers.

A pooling operator can be applied recursively to compute increasingly coars-
ened versions of the adjacency matrix. We introduce the notation p'(A) to
indicate that the pooling operator has been applied [ times to A. For example:

° A(l) = pO(A) = A,
° A(z) = p(A) = Ap0017
o A =p*(A) =p(p(A)) = p(Apoot)-

The [-th block consists of an RGNN layer and a pooling layer. The RGNN
layer computes the new vertex features H") | using the vertex features XV and
the adjacency matrix A®. The pooling layer generates a pooled version of
the vertex embeddings X(+1) = (S(l))TH(l), which become the input vertex
features for the RGNN layer in the next block. The last block in the architecture

10
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consists only of a RGNN layer. The pooling matrices SO, 1 =1,...,L — 1 and
the coarsened adjacency matrices A() = p!=*(A),l = 1,...,L, are obtained
according to one of the three graph pooling scheme, Graclus, NMF or NDP,
described in Section [Bl

Block 1 Block 2 Block 3

Classification
Regression
Visualization

Embedding of

A G={AM xM}

Figure 2: Schematic depiction of a Pyramidal RGNN with L = 3 blocks. In every block
I, the RGNN layer computes the new vertex features H() from the vertex features in the
original input graph, x@ (or from those generated by the previous block XD for I > 1),
and from the [-th version of the adjacency matrix, A(). The pooling layer reduces the vertex
features, according to a pooling matrix S(). The corasened versions of the adjacency matrix
AWM 1 =1,..., L, and the pooling matrices S, I =1,... L —1 are pre-computed by a graph
pooling algorithm. The vertex features of the last layer, H®) | are aggregated all together to
form the graph embedding ¢(G), which can be used to perform different types of supervised
or unsupervised tasks.

After the last pooling operation, the number of remaining vertices Ny, is
usually less than the number of vertices in the original graph, but greater than
1, i.e., 1 < N < N. Therefore, to obtain a vectorial graph representation,
we combine the Ny, vertex features with an aggregation operator. Common
aggregation operators are the average and the sum; we used the latter in this
work and obtained a graph embedding vector ¢(G) € R¥ | defined as

Np
#(G) =Y HP(n, 1], (5)
n=1

where H(")[n, :] is the n-th row of the matrix of vertex features in the last block L
of the architecture. The sum aggregation can be considered as a global pooling
operation, which replaces the local pooling layer in the last block. Figure
reports a schematic depiction of a Pyramidal RGNN with L = 3 blocks: [RGNN,
Pool]-[RGNN, Pool]-[RGNN].

Both the RGNN and the topological pooling layers do not require any form
of supervised training: the first exploits randomized weights to compute the ver-
tex representations in a stable fashion, while the latter pre-computes coarsened
graphs by optimizing some unsupervised loss, such as a clustering objective.
Therefore, each graph embedding ¢(G) is an unsupervised vectorial representa-
tion of the original graph G = (Ag, Xg).

11
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The vectorial representations can be used to solve supervised downstream
tasks, such as graph classification or graph regression, by means of common
classification or regression models for vectorial data that act as readout layer.
In line with typical RC approaches [I7], in this paper we use a linear readout
layer trained by ridge regression when we use the graph embeddings ¢(G) to
solve classification tasks. Using a linear readout is also aligned with common
approaches followed by other types of randomized architectures [40]. We notice
that since the graph embeddings ¢(G) are computed without supervision, they
can, in principle, also be used in tasks such as clustering and unsupervised
dimensionality reduction.

5. Convergence Analysis and Computational Cost

In this section, we analyze the cost of running RGNNs on graph structures.
The aim is to show the connection between this cost and some major structural
properties of the input graph in question (number of vertices, number of edges,
and spectrum of the graph). First, in Section we study the convergence
behavior of RGNN layers on graphs. Then, in Section we present the com-
putational cost analysis. Notice that Section [5.1] is mainly devoted to building
the mathematical tools necessary for characterizing the asymptotic behavior of
contractive RGNN systems. The readers interested in the final results on the
computational cost analysis can directly jump to Section [5.2)

5.1. Convergence Analysis

In this section we analyze the convergence behavior of reservoir systems on
graph structures. We recall from Section[2]that an RGNN layer with H recursive
neurons implements a hidden state dynamics given by the equatiorﬂ

H[t + 1] = tanh(A H[t] W + X V), (6)

where H[t] is the matrix of graph embeddings, A is the normalized adjacency
matrix of the graph, X is the input feature matrix at the current layer, while W
and V are respectively the recurrent and input weight matrices. Finally, tanh
denotes the element-wise applied non-linearity of the state transition. In what
follows, we use ||-|| to refer the 2-norm of a matrix (i.e., its largest singular value).
Equation @ is iterated until convergence to its fixed point, with a convergence
threshold denoted as €. Our main result in this section is to link the number of
iterations required for convergence, denoted by T', to the spectrum of the input
graph. We restrict our analysis to the cases in which the state transition function
in @ is contractive. In Lemma |1 we show that the contraction coefficient for
reservoirs on graphs can be expressed as K = p(A)||[W]|. This result is then
used in Theorem [1| to compute the value of T'. Interestingly, we finally observe
in Corollary [I] that the derived expression for T is an increasing function with
p(A), i.e. the spectral radius of A.

4In this section we remove the layer superscript to ease the notation.

12
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Lemma 1 (Lipschitz continuity of reservoir systems on graphs). Consider a
reservoir system on graphs governed by the state transition equation in @
The system is Lipschitz continuous with constant K = p(A)||W/||.

Proof. Let us consider one iteration step of the reservoir system in @, applied
to the graph (A, X), and starting from states H and Z. Under the action of the
reservoir system, states H and Z are mapped respectively to tanh(AHW +XV)
and tanh(AZW + XV). The distance between the mapped states can then be
bounded as follows:

| tanh(AHW 4 XV) — tanh(AZW + XV)|| <

|AHW 4 XV — AZW — XV| =

|AHW — AZW| < (7)
AW 1] - Z]| =

p(A) W] [[H —Z],

where in the last step we have used the symmetry of the adjacency matrix
(IA]] = p(A)). From the last line in the above (7)) it is straightforward to
observe that K = p(A)||W|| is a Lipschitz constant of the reservoir system. O

In light of the result of Lemma [I} we observe that whenever the reservoir
system satisfies the condition K = p(A)|W]| < 1 the resulting iterated map
is a contraction and the system globally converges to its unique fixed point
independently on the initial conditions. This observation is in line with the
sufficient condition for the GES property in [21]. In this case, we can derive an
expression for T, the number of iterations required for convergence.

Theorem 1 (Convergence of reservoir systems on graphs). Consider a contrac-
tive reservoir system on graphs governed by the state transition equation in @
Given a convergence threshold €, the system approaches the fixed point within a
number of iterations T given by:

T— Ine+1In(1 — p(A)|[W]) — In H;
np(A)[|W]

; (8)

where Hy = || tanh(XV)|| is the norm of the reservoir state after the first iter-
ation.

Proof. Let us denote by Hy, Hy, H;, and H* respectively the initial conditions,
the first, the t-th iterate and the fixed point of equation @ Let K denote a
contraction coefficient of the reservoir system. As H* is not modified by @, it
is straightforward to see that

[H* — Hyf| < K'|[H* — Hy||. (9)

We also observe that |[H* — Hy|| < [[H* — Hy|| + |H; — Hy||, from which it
follows that |H* — Hy|| < K| H* — Hyl|| + ||H1 — Ho||, hence:

1
1-K

[H" — Ho|| < [H1 — Hol|. (10)
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Now, using into @D we have that:

Kt
e <
JB - H| < =

|Hy — Hol, (11)

which is interesting as it allows us to estimate the distance between the fixed
point and any t¢-th iterate by only knowing the contraction coefficient and the
distance between the first iterate and the initial conditions. Successive iterations
will then bring the system closer and closer to the fixed point, until the distance
becomes smaller than the convergence threshold e. This certainly occurs for

£ |[Hy —Hg|| < €, which leads to K* < %, and (observing that K < 1)

to t > logy ”éiHH A number of iterations after which we are sure to be not

farther than e from the fixed point is then T = {logK ||H1_ )H—‘ Using a zero

initial condition Hy = 0, the Lipschitz constant resulting from Lemma [1} and
expanding the logarithm, we finally derive that:

T =

(12)

Ine + In(1 — p(A)[W]}) ~ In Hﬂ
In(p(A)[|WI])

O

Theorem [I] tells us that the number of iterations required for convergence de-
pends on several factors. Besides the dependence on the desired convergence tol-
erance €, some of these factors are related to the RGNN hyper-parametrization
(W and V), others depend on the input graph features (X) and structure (A).
Interestingly, keeping fixed the reservoir weight matrices and the input features,
the number of iterations T is smaller for smaller values of p(./&)7 as expressed
by the following Corollary

Corollary 1. Consider a contractive RGNN layer on graphs governed by the
state transition equation @ Keeping fized the RGNN weight matrices and
the graph input features, the number of iterations required for convergence is an
increasing function of p(A)

Proof. This result follows straightforwardly from Theorem[I] When taking the
derivative of the argument of the ceiling operator on the right hand side of .
with respect to p(A), we get:

d_ (ln6+1n(17p({&)”WH)fln H1> _
dp(A) In(p(A)[[W]))
(13)

( In(p(A) W) [[W]| 4+ (Hh/e)—In(1— P(A)”WH)) 1
A=p(A) W) p(A) (In(p(A) W)

We recall that p(A)|W]| < 1 is the contraction coefficient of the reservoir
system on graphs (see Lemma . Therefore, In(p(A)||W]||) < 0 and 0 < (1 —
p(A)|[|[W]|) < 1. Also observe that In(H;/e) is positive when H; > e, which is
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Figure 3: Number of iterations needed to reach the fixed point of contractive reservoir

systems on graphs, 7:(p(A)), for increasing values of the spectral radius of the normalized
adjacency matrix, p(A). Different lines correspond to values of ||[W|| from 0.1 to 0.7. The
shown values are computed from , using € = 1072, The specific value of H; does not have
a sensible impact on the plot (to emulate a realistic setting, here we used In Hy = 3.5).

easily satisfied since € can be made arbitrary small. Thereby, the derivative in
is positive. We can then conclude that 7' is increasing with p(A).
O

Hence, we can express T as T(p(A)), an increasing function of p(A). A
graphical illustration is provided in Figure [3] which shows the number of itera-
tions needed to reach the fixed point (i.e., T(p(A)), vertical axis) for increasing
values of the spectral radius of the normalized adjacency matrix (i.e., p(A),
horizontal axis).

5.2. Computational Complexity of RGNN

We analyze here the computational cost of running an RGNN layer on
graphs, recalling that for each input graph the embedding computation requires
to iterate @ until convergence to its fixed point. Noticing that the matrix prod-
uct XV in (@ can be performed only once, the cost per each iteration scales as
O(M H + N H?), where N and M are respectively the number of vertices and
the number of edges in the graph, and H is the number of reservoir neurons in
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the layerﬂ The overall cost per layer is O(T (M H+N H?)), with T the number
of iterations required for convergence. As shown in the previous Section (see
Corollary , under the assumption of contractive reservoir dynamic can
be easily expressed as an increasing function of p(A), i.e. T(p(A)). Thereby,
the computational complexity for graph embedding computation by RGNN can
be finally expressed as:

O (T (p(A) (M H + N H2)) . (14)

From the above (|14)) we can derive a number of interesting remarks.

Remark 1. Relevantly for the scopes of this paper, we see that, keeping fized the
reservoir weight matrices, the cost of the embedding computation increases with
the number of vertices (N ), with the number of edges (M ), and with the largest
absolute eigenvalue of the normalized adjacency matriz (p(A)). This allows
us to motivate in a mathematically grounded way the use of pooling operators
interleaved between successive layers of RGNN. In fact, while trying to preserve
as much as possible the information content of the original graph, pooling can
act on all 8 indicated factors (N, M, and p(A)), with a substantial impact on
the resulting computation time.

Remark 2. The cost of the embedding is the same for both training and test, as
the reservoir parameters do not undergo any training process. This also implies
that gives a lower bound to the cost of the embedding process for the entire
class of recursive GNNs (possibly with training).

Remark 3. Whenever the set of graphs of interest has a bounded degree - a
condition that is typical in many application domains such as chemistry - the
cost scales linearly with the number of vertices.

Remark 4. Deep RC models for time-series [{1] significantly reduce the compu-
tational complexity compared to shallow architectures with the same total number
of recursive hidden units. Such an advantage can also appear in deep RC mod-
els for trees [{2] or for graphs. On one hand, in a deep architecture the overall
cost depends on the number of layers (i.e., applies to each layer). On the
other hand, when the number H of recursive hidden units in a shallow archi-
tecture is distributed across L layers, the quadratic term NH? in becomes
LN(H/L)?> = NH?/L. In addition, if L is proportional to H, i.e. L = aH,
the quadratic term is replaced by NH?/(aH) = NH/a, hence implying a linear
instead of quadratic complexity in H.

5The cost can be made linear in H by using sparse recurrent weight matrices W. However,
in this paper we focus the analysis on the input graph structure, rather than trying to optimize
the reservoir matrix operations.

6 Although this assumption could be too strong to hold always in practice (like in the case
of convetional RC neural networks [I7]), the derived insights can be of interest in general to
guide the network design.

16



445

450

455

460

465

470

475

480

6. Experiments

In our recent work, we showed the competitive performance of RGNN-based
architectures in terms of classification accuracy [2I] 43]. By using a sufficiently
deep RGNN it is possible to achieve a classification accuracy that is on par or
even superior to state-of-the-art neural networks and kernel for graphs [21].

Here, instead, we focus on studying the trade-off between classification ac-
curacy and computing time when a deep RGNN is equipped with graph pooling
operations. We perform the experimental evaluation by using an architecture
that is simpler compared to that in [2I], as we use fewer layers and hidden
units, as well as a linear readout. A simpler model allows to better understand
the effect of the pooling operations and to relate our results to the theoretical
analysis presented in Section

In our experiments, we consider two groups of datasets for graph classifica-
tion. The first group comprises two new datasets proposed for the first time
in this paper and is described in Section [6.1] Then, as a second group, we
consider some popular benchmark datasets for graph classification, summarized
in Section We perform two types of experiments. First, in Section
we evaluate the performance, in terms of classification accuracy and computing
time, achieved by different pooling approaches. Then, in Section we per-
form a qualitative analysis of the graph embeddings by visualizing them with a
supervised dimensionality reduction technique.

All the experiments were performed on a server with an Intel i7-10700K
processor, two Nvidia RTX-2080Ti, and 64GB of RAM. A library that allows
to implement the proposed Pyramidal RGNN is publicly available onlinem

6.1. New benchmark datasets for graph classification

An important shortcoming in several benchmark dataset for graph classifi-
cation is that in some cases the vertex features contain enough information to
achieve high classification accuracy, even without considering the graph struc-
ture. Similarly, in other datasets the vertex features are trivial or they are
not present at all. This problem has been highlighted by recent works, which
showed that very simple baselines that disregard either the graph connectiv-
ity or the vertex features are able to achieve similar performance to elaborated
state-of-the-art models [44] [45] [30].

Motivated by these reasons, we propose a new class of datasets where both
the vertex features and the adjacency matrix are completely uninformative if
considered alone. Therefore, an algorithm that relies only on the vertex features
or on the graph structure will fail to perform better than a random classifier.
The proposed datasets consist of graphs belonging to 3 different classes. Each
graph is constructed by first generating 5 random clusters of points, each one
with a particular shape (Gaussian blob, two moons, and concentric circles). The
points in each cluster are assigned with a different color, encoded by a one-hot

"https://github.com/FilippoMB/Pyramidal-Reservoir-Graph-Nerual-Networks
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Figure 4: The figure depicts an example of how the graphs of the 3 different classes are
generated in the two benchmark datasets for graph classification. Each class is determined by
the relative positions of the clusters of 2-D points. For example, in class 1 there is a Gaussian
blob on the left, concentric circles in the middle, and two-moons on the right. In the easy
version the clusters are more scattered and overlapping, while in the hard version are more
compact. A k-NN graph with £ = 5 for the version easy and k = 4 for hard is used to generate
a graph from the original data points.

vector in R®. Such vectors are the input features associated with each vertex
and represent the rows of the vertex feature matrix X € RVN*® The graph is
built by connecting the points with a k-nn graph and the vertex features are
the R® one-hot color vectors. The three classes of graph are determined by the
relative position of the original clusters. An example is depicted in Figure [4]
where the first row shows the original clusters and the second row the resulting
graphs, obtained by connecting each point with its closest k& neighbors.

Based on this approach we introduce two dataset versions: easy and hard.
The graphs in the first version are easier to classify than those in the second one.
The difficulty is controlled by the number of edges in the k-nn graph (k =5 in
easy and k = 4 in hard) and the compactness of the original clusters. In par-
ticular, the clusters in easy have higher variance, while the clusters in hard are
more compact and isolated. In the latter case, it is more difficult to understand
the relative position of the clusters in the graph. Indeed, due to fewer inter-
cluster connections, it is necessary to explore larger and more heterogeneous
neighborhoods to determine the correct class of the graph. Additionally, in the
hard variant some graphs are disconnected.

The two versions of the dataset are available onlineﬂ and they are already
split in train, validation, and test set. The online repository contains also a
small version of the two datasets (easy-small and hard-small), which can be
useful during debug and preliminary testing stages.

6.2. TUD datasets

Next, we consider the popular TUD datasets for graph classification [46].
We selected a rich variety of datasets, where graphs are either representing
molecules (Mutagenicity, Proteins, Enzymes, NCI1, D&D) or social networks
(IMDB-BINARY, IMDB-MULTI, COLLAB, Reddit-2K, Reddit-5K).

8https://github.com/FilippoMB/Benchmark_dataset_for_graph_classification
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The datasets are very different from each other, in terms of number of graph
classes, number of vertices and edges in each graph, and type of vertex attributes
and vertex labels. Therefore, the selected datasets allow to test the performance
of the graph classification algorithms in a large variety of use-cases.

Table [I] reports the statistics of each dataset used in our study. In each
dataset, the vertices can be associated both with a “vertex attribute” (a real-
valued vector) and a “vertex label” (a discrete value represented by a one-
hot vector). Vertex labels should not be confused with the graph label, which
defines the class of the entire graph. The node attribute and the node label
are concatenated to obtain the vertex feature vector x. We note that in some
datasets there are neither vertex attributes nor vertex labels: in those cases we
use the node degree as surrogate vertex feature.

Table 1: Summary of statistics of the graph classification datasets.

Dataset samples classes avg. vertices avg. edges vertex attr. vertex labels
B-easy 1,800 3 147.82 922.66 - yes
B-hard 1,800 3 148.32 572.32 - yes
Mutagenicity 4,337 2 30.32 91.87 - yes
Proteins 1,113 2 39.06 72.82 1 no
Enzymes 600 6 32.63 62.14 18 yes
NCI1 4,110 2 29.87 32.30 - yes
D&D 1,178 2 284.32 715.66 - yes
IMDB-BIN 1,000 2 19.77 96.53 - no
IMDB-MUL 1,500 3 13.00 65.94 - no
COLLAB 5,000 3 74.49 2,457.78 - no
Reddit-2K 2,000 2 429.63 497.75 - no
Reddit-5K 4,999 5 508.52 594.87 - no

6.3. Graph classification

We evaluate the performance in terms of classification accuracy and compu-
tational time of the 12 datasets described in Section and To generate
the graph embeddings, we consider two types of architectures. The first is the
Pyramidal RGNN presented in Section [d which is equipped with one of the
three pooling operators described in Section 3} Graclus, NMF and NDP. The
second architecture is identical to the previous one but without pooling layers
and is referred to as “No-pool”. In our experimental analysis, we use the No-pool
model as a baseline reference for comparing the results obtained by the Pyrami-
dal architectures, as this allows us to assess directly the effect of introducing the
pooling operations. For both variants, we considered an architecture both with
L =2 and with L = 3 blocks, for a total of 8 architectures. We also notice that
the No-pool architecture is similar to the one presented in our previous work on
FDGNN [21], to which we refer the interested reader for a comparison, in terms
of classification accuracy, with other state-of-the-art models.

To perform the classification, once the graph embeddings are computed they
are processed by a linear ridge regression classifier that is controlled through a
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Tikhonov regularization hyper-parameter . The model selection is performed
by following the same cross-validation scheme described in [45], with the follow-
ing setting:

1. 5 external folds (test split);

2. internal hold out (90% train, 10% validation);

3. 100 different random hyper-parameters configurations obtained by uni-
formly and randomly drawing p € [.1,.9], win € [.1,.8], whid € [.1,.8];

4. For each hyper-parameter configuration, we perform a grid search on the
regularization hyper-parameter a € {1e2, lel, 10, le — 1, le — 2};

5. For each configuration {p,win,whid, @} we generate 3 random initializa-
tion of the reservoir weights and compute the average accuracy on the
validation set;

6. The model defined by the optimal configuration {p*,w}, ,w},;, a*}, ie.,
the one that achieves the highest average accuracy on the validation set,
is tested on the external fold (test set);

7. The average accuracy obtained on all the 5 (test) folds is reported as the
model performance.

The number of latent features, i.e. the reservoir dimension, is kept fixed
to H = 50 across all layers. The weight matrices in each reservoir layer are
initialized as described in Section[2] We set the convergence threshold e = le—5
and we set the maximum number of iterations to max;;,, = 50, meaning that
is iterated until the norm of the difference between two consecutive updates
is less than le — 5, or 50 iterations are done. The value max;., = 50 is in line
with the theoretical analysis in Section [5.1] and with the simulations reported
in Figure [3] We also notice that, in practice, the convergence is almost always
reached before surpassing the maximum number of allowed iterations.

The pooling methods do not depend on hyper-parameters, with two excep-
tions:

e In NMF pooling, it is possible to specify the number K of super-nodes
in the coarsened graph. For each graph G, we let Kg = Ng/2, so that
the number of vertices in a graph are halved each time. This is consistent
with the two other pooling strategies, which also reduce the number of
nodes by a factor of 2.

e In Section we explained that a hyper-parameter § controls the sparsi-
fication procedure in the NDP pooling strategy. We set § = 0.1, meaning
that all the edges with weight larger than 0.1 are dropped. While this is
a quite aggressive pruning, it allows to trade some accuracy in the graph
representation with the computational efficiency of working with a graph
that is sparse.

In Table[2]we report the mean and the standard deviation of the classification
accuracy obtained on the 5 external folds, obtained by the Pyramidal RGNN
architecture with 2 blocks: [RGNN, Pool]-[RGNN], where Pool denotes one of the
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Table 2: Results obtained for the Pyramidal architectures [RGNN, Pool]-[RGNN] and for the
No-pool architecture [RGNN]-[RGNN]. For each model, we report: i) the mean and the standard
deviation of the classification accuracy obtained on the 5 external folds; ii) average training
time (t¢r) and test time (t¢r), in seconds. We denote with “Mem Err” the experiments that
failed due to memory errors.

No-pool Graclus NMF NDP

Acc. ttr  tts Acc. ttr  tts Acc. ttr  tts Acc. ter  tts
B-easy 96.9+£0.6 89 2.3|93.4+1.4 6.5 1.6 |87.6£1.2 6.1 1.5(91.5+0.5 5.3 1.3
B-hard 75.3+£2.0 85 2.1 |68.7£2.9 5.6 1.4 (62.1+£1.9 4.7 0.6 |67.9£2.7 44 0.3
Mutagenicity |76.1+£0.9 5.1 1.3 |74.4£1.8 5.3 1.3 |69.2+0.7 3.8 0.9 |69.1+£0.5 5.7 1.4
Proteins 70.9+1.9 1.3 0.3 |70.7+£0.2 1.1 0.3 |70.1£1.8 1.2 0.3 |71.8£1.7 1.3 0.3
Enzymes 45.5+2.9 0.6 0.1 |37.0£0.3 0.5 0.1 [33.5+£2.4 0.4 0.1 |36.7£4.5 0.4 0.1
NCI1 70.44+0.8 5.0 1.3 |68.1£0.8 5.3 1.3 |66.9+2.1 4.2 1.0 |67.4%+1.2 45 1.1
D&D 76.44+1.7 8.4 2.2 |72.540.9 82 2.0|71.44+1.7 9.4 2.3 |71.24£3.0 82 2.0

IMDB-BIN |71.3+1.9 0.7 0.2 |70.7£5.1 0.9 0.2 |63.2£2.3 0.8 0.1 [69.7£1.9 0.9 0.2
IMDB-MUL [49.5+2.3 0.9 0.2 |48.5+1.9 1.3 0.3 |46.1£1.7 0.9 0.2 [47.3+2.7 1.1 0.3
COLLAB 74.3£1.2 13.1 3.3 |72.7£1.5 15.2 3.8 |54.840.9 12.2 3.1 |71.2+0.6 12.0 3.0
Reddit-2K 84.7£0.9 31.5 8.0 |81.6£0.9 41.7 10.6|52.2+4.1 37.5 9.5 |80.5+2.0 13.0 3.2
Reddit-5K 53.6£1.1 98.3 24.6 Mem Err 35.3+1.4 98.5 24.7|49.3£1.3 42.5 10.6

three pooling strategies: Graclus, NMF, or NDP. For comparison, the same table
also contains the results achieved by an architecture without pooling layers, No-
pool: [RGNN]-[RGNN]. For each model, we also report the mean training and test
time (in seconds) obtained on the 5 folds. We indicate with “Mem Err” the
experiments that failed due to a memory error. Those errors occurred when the
adjacency matrices of a certain dataset were very large or contained too many
edges and it was not possible to store them in the 64GB of memory of the server
used to perform the experiments.

Despite some variability, there are some patterns that emerge from the re-
sults in Table[2] As expected, No-pool generally achieves the highest classifica-
tion accuracy, with the only exception of Proteins on which the best accuracy
is achieved in correspondence of NDP. Among the Pyramidal RGNNN variants,
the one using Graclus generally leads to higher accuracy, and NDP is runner
up. Regarding the computation times, on the other hand, Pyramidal RGNNs
variants show a significant advantage, allowing calculation times to be reduced
by up to almost 60% compared to the No-pool model. The achievable speedup
is particularly evident, e.g., in the case of the large Reddit datasets using NDP
pooling. Comparing the 3 Pyramidal RGNN variants, we notice that NDP gen-
erally leads to the smallest times, and NMF is runner up. Graclus, on the other
hand is almost always giving the worst results in terms of computational times,
in some cases being even slower than No-pool.

To summarize, No-pool achieves a better classification accuracy, but the
Pyramidal approach offers significant advantages in terms of computational
complexity. To evaluate with a single metric the trade-off between accuracy
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Figure 5: The performance measure m% achieved by the Pyramidal architec-

tures [RGNN, Pool]-[RGNN], compared to the results of the No-pool architecture [RGNN]-[RGNN] on
the 12 classification datasets.

and complexity, we consider the ratio giﬁfﬁi’? i which should be as
high as possible. Intuitively, this ratio tells us how many points of accuracy it
is possible to achieve per second of computation. In Figure [f] we visualize in a
bar plot the values of the ratio for the 4 architectures on the 12 classification
datasets. It is evident from the figure that the Pyramidal approach is prefer-
able to No-pool (with just a couple of exceptions for the IMDB datasets). In
particular, Pyramidal RGNN with NDP pooling shows the best overall accu-

racy/complexity trade-off, with outstanding results in both the Reddit datasets.

We continue the analysis of the classification performance by repeating the
same classification experiment with an architecture composed by L = 3 blocks,
rather than L = 2 blocks as in the previous case. The results obtained by the
Pyramidal architectures [RGNN, Pool]-[RGNN, Pool]-[RGNN] and by the No-pool
model [RGNN]-[RGNN]-[RGNN] are reported in Table

By comparing these new results with the previous ones for L = 2 (in Ta-
ble7 we notice that the No-pool baseline consistently achieves a slightly higher
classification accuracy at the expense of a higher training and test time. On the
other hand, the classification accuracy of the Pyramidal architectures achieve a
slightly worse classification accuracy when L = 3, probably because too much
information is discarded by two graph pooling operations. In the architectures
with Graclus and NMF pooling this drop in performance is not compensated by
a speed-up in computing time. For example, the Pyramidal architecture with
L = 3 and Graclus achieves on Reddit-2K a worse classification accuracy and
the train/test time is higher, compared to the architecture with L = 2. The sit-
uation is, however, different for the Pyramidal architecture with NDP pooling,
which achieves a significant improvement in computing time on Reddit-2K and
Reddit-5K when L = 3. Once again, we highlight that on these two datasets
the improvements in computing speed compared to the baseline are remarkable:
NDP is more than three time faster than No-pool, as it can be trained in 37.3
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Table 3: Results obtained for the Pyramidal architecture [RGNN, Pool]-[RGNN, Pool]-[RGNN]
and for the No-pool architecture [RGNN]-[RGNN]-[RGNN]. For each model, we report: i) the mean
and the standard deviation of the classification accuracy obtained on the 5 external folds; ii)
average training time (t¢r) and test time (t¢r), in seconds. We denote with “Mem Err” the
experiments that failed due to memory errors.

No-pool Graclus NMF NDP

Acc. tir tts Acc. ttr tts Acc. tir  tis Acc. tir  tis
B-easy 97.6+£0.8 10.1 2.7 [85.0+1.8 7.6 1.9 |76.0+1.2 6.3 1.6(83.6£0.8 5.5 1.4
B-hard 76.44+1.5 9.8 2.6 (54.44+1.6 59 1.5(49.6£1.5 6.3 1.6|57.4+1.8 4.8 1.2
Mutagenicity | 76.6+1.1 7.7 1.9 |70.5+0.8 8.4 2.1 [61.5£0.6 5.5 1.4(66.5£1.0 5.9 1.5
Proteins 71.1+2.6 2.4 0.6 [69.6£2.3 1.7 0.4 |62.2+1.6 1.8 0.5|68.7£1.9 1.6 0.4
Enzymes 47.2+44.5 0.8 0.2 |30.3£2.7 0.7 0.2 |27.842.7 0.6 0.2|29.6+2.5 0.6 0.1
NCI1 70.5+1.9 6.4 1.6 |65.0+1.3 6.9 1.7 [61.2£1.2 4.1 1.0{63.4£1.4 4.3 1.1
D&D 73.74£1.2 13.5 3.4 (71.243.8 9.8 2.4 [63.0£3.3 11.1 2.8{69.1£2.7 9.6 2.3

IMDB-BIN |72.3£1.4 1.3 0.3 |70.842.3 1.3 0.3 |57.242.0 0.8 0.2|68.3£1.4 1.2 0.3
IMDB-MUL [49.7+0.8 1.4 0.4 (475429 1.2 0.3 |42.0£1.6 1.1 0.3]47.0+2.5 1.2 0.3

COLLAB 74.4+0.1 20.6 5.2 |72.2£1.4 19.0 4.7 Mem Err 69.2+0.5 13.9 3.4
Reddit-2K 85.1+£0.8 34.2 8.6 |76.7+£1.8 65.0 16.3 Mem Err 74.7£1.0 10.7 2.7
Reddit-5K 53.5+0.8 115.6 28.8 Mem Err Mem Err 48.94+0.8 37.3 9.3

seconds (on average) on Reddit-5K, rather than 115.6 seconds (on average). Re-
markably, those are the largest dataset and the improvement in the computing
time here is crucial.

To effectively compare the differences in performance between the archi-
tectures with L = 2 and L = 3 blocks, we consider again the ratio between
classification accuracy and the combination of train and test time. In Figure [f]
we report in colors the values of the ratio for L = 3 and in gray the values of the
ratio for L = 2 (the same that were previously reported in Figure @ Since the
higher the ratio the better, it is immediately possible to notice that most archi-
tectures achieve better performance when L = 2, confirming the observations
made regarding Table [3] From Figure [f] we can also notice that the Pyramidal
architecture with NDP and L = 3 achieves a higher ratio on Reddit-2K and
Reddit-5K.

Two important considerations should be made about the classification per-
formance.

e In the No-pool variant, the final vectorial representation of the graph can
preserve more information as it accounts for all the vertices in the orig-
inal graph. It has been shown that by summing all the vertex features
generated by message-passing operations, such as those implemented by
the RGNN layers, it is possible to obtain powerful representations that
discriminate well between different graphs [47]. Indeed, the final read-
out layer manages to separate such informative representations well. On
the other hand, local pooling operations drastically reduce the amount of
information each time.
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Figure 6: The performance measure m% achieved by the Pyramidal and by

the No-pool architectures with L = 3 blocks. For comparison, we depict in gray the results
reported in Figure [5 i.e., those achieved by the architectures with L = 2 blocks.

e The components of our pyramidal architecture (generation of new vertex
representations with RGNN layers and local pooling) are optimized with-
out any form of supervision and in a greedy fashion. Indeed, there is not a
training procedure that allows learning vertex features in function of the
endowing vertex pooling. Similarly, the vertex pooling is based on graph
coarsening procedures that rely on predefined graph-theoretical principles.
This would not be the case in fully trainable GNNs, where the message-
passing and pooling layers jointly adapt their behavior by accounting for
their interactions.

Despite these challenges, the proposed pyramidal architecture maintains a
good classification performance, while significantly lowering the computation
time. This indicates that the unsupervised pooling schemes are effective even
if they optimize generic graph theoretical properties rather than task-specific
objectives. In addition, our results highlights the representational power of the
RGNN, which manages to generate rich vertex representations that are also
robust to perturbations on the local structure induced by pooling.

To complete our analysis, we link the achieved numerical results to the out-
comes of the theoretical investigation reported in Section [5] In particular, in
Remark [I] we have highlighted that the cost of graph embeddings computation
in RGNN is an increasing function of the number of vertices (N), of the number
of edges (M) and of the largest absolute eigenvalue of the normalized adjacency
matrix (p(A)). In Table we report these statistics for all the used datasets.

We start by observing that all the pooling algorithms effectively reduce the
number of vertices IV compared to the original graphs. Since the embedding cost
in depends on N, this is a first explanation of the consistent reduction in
the required computation time observed for Pyramidal RGNN variants in com-
parison to No-pool. Among the pooling alternatives, we notice that NMF and
NDP generally lead to a similar reduction in N, with the substantial difference
that NDP is easier to compute even on larger datasets (where memory errors
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690

Table 4: Statistics of the pooled graphs. For each dataset, we report the average number of
vertices (IV), the average number of edges (M), and the average largest absolute eigenvalue of
the normalized adjacency matrices (p(A)). We detail the results corresponding to the original
dataset, and after one (11) ore two (12) levels of the considered pooling algorithms. Missing
values correspond to the memory errors in Table [2] and

B-easy B-hard Mutagenicity
N M p(A) | N M p(A) | N M p(A)

Original 147.8 922.6 1.00 148.3 572.3 1.00 30.3 91.8 1.00
Graclus 11 91.9 476.8 1.00 100.5 316.7 1.00 25.6 56.9 1.00
Graclus 12 45.5 209.3 1.00 50.1 154.3 1.00 12.8 33.7 1.00
NMF 11 73.0 3482.1 1.00 73.2  3110.7 0.99 14.9 223.4 1.00
NMF 12 36.3 1388.9 1.00 37.0 13904 1.00 7.2 77.5 1.00
NDP 11 73.0 7014.0 0.98 73.2 354.8 0.76 14.6 49.6 0.98
NDP 12 36.1 359.0 0.97 37.5 170.1 0.66 6.7 26.7 0.92

Proteins Enzymes NCI1
N M p(A) | N M p(A) N M p(A)
Original 39.1 72.8 1.00 32.6 62.1 1.00 29.9 62.1 1.00
Graclus 11 25.9 95.0 1.00 22.4 79.2  1.00 21.0 56.1 1.00
Graclus 12 12.9 47.2  1.00 11.2 37.1 1.00 11.3 30.1 1.00
NMF I1 19.3  580.5 1.00 16.1 238.4 0.99 15.1 193.2  1.00

NMF 12 9.5 220.1 1.00 7.8 75.8  1.00 7.1 62.9 1.00
NDP 11 19.2  106.0 0.98 162 83.3 098 | 152  44.8 0.98
NDP 12 9.5 564 0.89 8.1 38.9 0.97 74 231 096
D&D IMDB-BINARY IMDB-MULTI

N M p(A) | N M p(A) | N M p(A)

Original 284.3 715.6 1.00 19.7 96.5 1.00 13.0 65.9 1.00
Graclus 11 175.1 864.4 1.00 12.4 68.3 1.00 8.3 44.2  1.00

Graclus 12 87.0 4245 1.00 62 232 1.00 | 41 138 100

NMF 11 141.3 24996.2 1.00 97 1184 1.00 | 62 572 1.00

NMF 12 70.7 9625.0 1.00 46 273 1.00 | 3.0 134 1.00

NDP 11 141.2 13647 0.98 97 867 099 | 63 468 0.96

NDP 12 702 9022 0.9 45 238 085 | 32 120 0.73
COLLAB Reddit-2K Reddit-5K

N M pA) | N M p(A) | N M p(A)

Original 74.5 2457.8 1.00 429.6 497.8 1.00 | 508.5 594.9 1.00
Graclus 11 40.5 1589.3 1.00 | 1050.5 1157.6 0.99 - - -
Graclus 12 20.3 457.4 1.00 525.0 998.9 0.99 - - -
NMF 11 37.0 2338.2 1.00 214.5 90540.9 0.99 | 254.0 73675.5 1.00

NMTF 12 - - - - - - - - -
NDP 11 37.1 22841 0.89 | 1421 1560.1 0.55 | 211.4 2268.4 0.28
NDP 12 18.3  620.7 0.87 67.4 1091.4 0.69 | 103.2 1769.8 0.61

are obtained in the other cases), and is then preferable. Moreover, commenting
the numerical results we noticed that in some cases Graclus resulted to be slower
than No-pool. In Tables [2| and [3] this is especially apparent for Reddit-2K. In-
terestingly, we can see from Table (4] that running Graclus pooling on Reddit-2K
tends to actually increase the number of vertices rather than decreasing it. As
discussed in Section the reason is that Graclus needs to create a balanced
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binary tree by adding fake vertices before performing the pooling operation. In
this way, the total number of vertices in the pooled graphs might increase in
the intermediate layers and, in some cases, such an increment is significant, as
observed in Table[dl Even if the fake vertices are disconnected and do not affect
the representations of the other vertices generated by the RGNN, their presence
impact the computation time, as observed in Tables [2[ and

The models with Graclus pooling generally achieve the highest classifica-
tion accuracy among the Pyramidal RGNN models, but they are usually slower
than the models equipped with NMF and NDP pooling, for the reason dis-
cussed above. NDP outperforms NMF' in terms of classification accuracy and
usually achieves the lowest computational time among all methods. This is par-
ticularly evident (Table[2)) in the largest datasets such as COLLAB, Reddit-2K
and Reddit-5K, where NDP is up to three times faster than the second fastest
method. By looking at Table [4] we notice that the number of vertices (V) in
the pooled graphs generated by NDP and NMF is similar but NDP generates
sparser graphs, i.e., with less edges and hence a smaller M. Since the embedding
cost in depends on M, this represents another computational advantage of
Pyramidal RGNN with NDP pooling.

By looking the computational times in Tables [2] and [3] it seems that the
average number of vertices N and the average number of edges M do not com-
pletely explain the difference in the computational performance between the
three pooling methods. For example, on the COLLAB dataset, the Graclus
and NDP methods result in a comparable reduction on N, while NDP leads to
larger values of M. Still, as shown in Table [2| and especially Table [3| NDP has
lower computation times. In Section [5] we discussed that the computational
time of the embedding process is heavily affected by the convergence speed of
RGNN layers, which, in turn, depends on the largest absolute eigenvalue p(A)
(see Theorem || and Corollary .

The columns of Table [4| with header p(A) report the average maximum
eigenvalue (in absolute value) of the normalized adjacency matrices obtained
with the different pooling methods. We recall that the eigenvalues of a symmet-
rically normalized adjacency matrix A =D /2AD /2 are always contained
in [—1,1]. We can see in Table |4 that the coarsened graphs generated by NDP
have an average p(A) that is significantly smaller than what obtained in the
other cases, especially for the Reddit-2K and Reddit-5K datasets. A smaller
value of p(A) allows the iterative update in to converge faster, thus reduc-
ing the overall computational time, as shown in Section (see Figure[3]). The
spectral properties of the coarsened graphs generated by NDP derives from the
Kron reduction procedure used to generate the new edges, which is described
in detail in [23].

Overall, we see that NDP has intriguing features that generally allow us
to impact all three factors that we identified as crucial to the computational
cost of the graph embedding process in our theoretical analysis in Section
Eventually, this leads to the advantageous performance trade-off highlighted in
the experiments.
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6.4. Embedding visualization

In this section, we apply a dimensionality reduction technique for visual-
izing the structure of the graph embeddings computed by the architectures
under consideration. The purpose of this analysis is to investigate if there are
qualitative differences between the embeddings. To perform dimensionality re-
duction, we adopt Linear Discriminant Analysis (LDA) [48], which computes
low-dimensional projections by searching for linear combinations of the vari-
ables that best explain the data and the class labels. LDA is a linear method
and, therefore, the more the low-dimensional projections generated by LDA ap-
pear to be well separated, the better a linear classifier (like the readout used in
the Pyramidal RGNN) can correctly predict the class of the graph embeddings.

The number of dimensions where LDA can project the data must be lower
than the number of classes. Therefore, a 2-dimensional visualization is possible
only for datasets with 3 or more classes. We selected B-Easy, B-Hard, Enzymes,
and IMDB-MULTT datasets since are datasets with more than 2 classes.

Since we are performing a qualitative analysis, we do not perform model
selection here, but we use the same hyper-parameters for every architecture
(p =09, wip, = 0.5, wpig = 0.8, H = 100, L = 3). In addition, we do not
generate training, validation, and test splits but we rather fit the LDA model to
the whole dataset and depict the two-dimensional representations of the fitted
data. Indeed, since the datasets are relatively small, depicting the embeddings
only for a test set would make it difficult to appreciate the qualitative differences
between the methods under consideration.

Figure[7|shows the two-dimensional representations of the graph embeddings
generated with the different architectures. The first row shows the embeddings
of the graphs in the B-Easy dataset. As it can be seen in the figure, No-
pool manages to perfectly separate the three classes, while in the pyramidal
architectures we observe some overlaps between the classes depicted in brown
and in blue. The graph embeddings in the second rows, representing the graphs
in the B-hard dataset, are more overlapping, suggesting that it is more difficult
to classify correctly some of the graphs associated with the embeddings depicted
in the middle. The embeddings generated by No-pool appear slightly more
separated than those generated by the pyramidal architectures. In the third
row, we observe that some of the embeddings of the Enzymes dataset overlap
considerably with each other. The green class is the one that can be classified
more accurately in every case. Interestingly, some classes are separated better by
different methods. For example, No-pool separates well the pink class, Graclus
separates well the purple, and NDP the orange class. The last row shows the
embeddings associated to the IMDB-MULTI dataset. In this case, there is a
larger difference between the methods under consideration. The embeddings of
No-pool form some tight clusters, while the pyramidal methods form clusters
that are less compact. The embeddings generated by Graclus appear more
separated, while those generated by NMF have a strong overlap.

The visualization results are well aligned with the numerical results reported
in Table[3} No-pool yields graph embedding that can be separated slightly better
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Figure 7: Visualization of the graph embeddings generated by the different architectures. The
dimensionality reduction is performed with LDA.
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by a linear classifier than those generated by the pyramidal variants. Remark-
ably, apart from the occasional distinction mentioned above, results in Figure [7]
indicate that there are no strong qualitative differences between the graph em-
beddings generated by the different pyramidal architectures. Hence, among
the graph pooling methods, NDP is preferable due to its lowest computational
times, as analyzed in Section [6.3

7. Conclusions

In this paper, we introduced a novel Reservoir Computing model for graphs
endowed with graph pooling operators. In particular, we built a deep archi-
tecture with a pyramidal structure, where Reservoir GNN layers that compute
embeddings for the graph vertices are interleaved by graph pooling layers that
generate coarsened representations of the underlying graph. The vertex fea-
tures in the last layer of the architecture are combined to generate a graph
embedding vector, which can be used to perform tasks such as classification or
dimensionality reduction.

The main advantage of the proposed pyramidal architecture is the reduction
of the computing time required to generate the graph embeddings. Therefore,
our analysis focused on investigating the trade-off between performance in clas-
sification accuracy and computational complexity. To this end, we introduced a
formal mathematical analysis of the convergence of stable recursive graph em-
beddings and derived an upper-bound to its computational cost. Remarkably,
we found that this bound depends on graph-theoretical properties of the input
data, and in particular on the number of vertices, on the number of edges (hence
on the density), and on the spectrum of the graph. By acting on these properties,
the graph pooling algorithms can have a decisive impact on the computation
times. Moreover, the derived bound allowed us to understand the differences
in the computing time required by the different architectures analyzed. The
theoretical analysis presented in this paper is general and can be extended to
other Reservoir Computing and recursive architectures for graphs.

Our experimental evaluation focused on two different types of tasks. First,
we performed graph classification and compared the classification accuracy and
computing time of the proposed pyramidal architecture, equipped with different
types of graph pooling operators, and of the same architecture without pooling
layers. Then, we considered a dimensionality reduction task, which allowed us
to perform a qualitative analysis by visualizing the embeddings generated by
the different models.

The experiments were performed on a large collection of datasets for graph
classification. Two of the datasets used in the experiments are introduced in
this paper, to provide a solid benchmark to test the robustness of generic graph
kernels or graph neural networks for classification.

Our results show that graph pooling allows to significantly accelerate the
computing time at the price of partially reducing the quality of the graph em-
beddings. We showed such a trade-off both from a quantitative and a quali-
tative perspective, i.e., in terms of classification accuracy and visualization of
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the graph embeddings. Among the pooling methods, we found that Node Deci-
mation Pooling offers the best trade-off between computational complexity and
quality of the graph embeddings.

In the perspective of studying the synergy between Graclus and Node Dec-
imation Pooling, which offer different performance in terms of classification
accuracy and computational complexity, it would be interesting to combine the
two operations within a hybrid model. However, since the coarsening strategy of
the two procedures are orthogonal to each other, this could introduce a form of
perturbation that is detrimental in Reservoir Computing models. On the other
hand, mixing different pooling procedures could provide a regularization that is
useful in fully trainable GNN models and is similar to a strategy proposed in
traditional CNN architectures [49].

Acknowledgements

This work was partially funded by the Visiting Fellows Programme of Uni-
versity of Pisa.

References

[1] Z. Wu, S. Pan, F. Chen, G. Long, C. Zhang, P. S. Yu, A comprehensive
survey on graph neural networks, IEEE Transactions on Neural Networks
and Learning Systems (2020) 1-21.

[2] D. Bacciu, F. Errica, A. Micheli, M. Podda, A gentle introduction to deep
learning for graphs, Neural Networks 129 (2020) 203 — 221.

[3] A. Sperduti, A. Starita, Supervised neural networks for the classification of
structures, IEEE Transactions on Neural Networks 8 (3) (1997) 714-735.

[4] P. Frasconi, M. Gori, A. Sperduti, A general framework for adaptive pro-
cessing of data structures, IEEE Transactions on Neural Networks 9 (5)
(1998) 768-786.

[56] B. Hammer, A. Micheli, A. Sperduti, M. Strickert, Recursive self-organizing
network models, Neural Networks 17 (8-9) (2004) 1061-1085, publisher:
Elsevier.

[6] A. Micheli, D. Sona, A. Sperduti, Contextual processing of structured data
by recursive cascade correlation, IEEE Transactions on Neural Networks
15 (6) (2004) 1396-1410.

[7] F. Scarselli, M. Gori, A. C. Tsoi, M. Hagenbuchner, G. Monfardini, The
graph neural network model, IEEE Transactions on Neural Networks 20 (1)
(2009) 61-80.

[8] A. Micheli, Neural network for graphs: A contextual constructive approach,
IEEE Transactions on Neural Networks 20 (3) (2009) 498-511.

30



865

870

875

880

885

890

895

900

[9]

[10]

[15]

[16]

[17]

[18]

[19]

[20]

M. Defferrard, X. Bresson, P. Vandergheynst, Convolutional neural net-
works on graphs with fast localized spectral filtering, in: Advances in neural
information processing systems, 2016, pp. 3844-3852.

F. M. Bianchi, D. Grattarola, L. Livi, C. Alippi, Graph neural networks
with convolutional arma filters, IEEE Transactions on Pattern Analysis
and Machine Intelligence (2021) 1-1doi:10.1109/TPAMI. 2021 .3054830.

M. Zhang, Z. Cui, M. Neumann, Y. Chen, An end-to-end deep learning
architecture for graph classification, in: Thirty-Second AAAI Conference
on Artificial Intelligence, 2018.

D. V. Tran, N. Navarin, A. Sperduti, On filter size in graph convolutional
networks, in: 2018 IEEE Symposium Series on Computational Intelligence
(SSCI), IEEE, 2018, pp. 1534-1541.

J. Atwood, D. Towsley, Diffusion-convolutional neural networks, in: Ad-
vances in Neural Information Processing Systems, 2016, pp. 1993-2001.

M. Niepert, M. Ahmed, K. Kutzkov, Learning convolutional neural net-
works for graphs, in: International conference on machine learning, 2016,
pp- 2014-2023.

K. Xu, W. Hu, J. Leskovec, S. Jegelka, How powerful are graph neural
networks?, in: Proceedings of ICLR 2019, 2018.

F. Scarselli, A. C. Tsoi, M. Hagenbuchner, The vapnik—chervonenkis dimen-
sion of graph and recursive neural networks, Neural Networks 108 (2018)
248-259.

M. Lukosevic¢ius, H. Jaeger, Reservoir computing approaches to recurrent
neural network training, Computer Science Review 3 (3) (2009) 127-149.

H. Jaeger, H. Haas, Harnessing nonlinearity: Predicting chaotic systems
and saving energy in wireless communication, Science 304 (5667) (2004)
78-80.

C. Gallicchio, A. Micheli, Tree echo state networks, Neurocomputing 101
(2013) 319-337.

C. Gallicchio, A. Micheli, Graph echo state networks, in: The 2010 Inter-
national Joint Conference on Neural Networks (IJCNN), IEEE, 2010, pp.
1-8.

C. Gallicchio, A. Micheli, Fast and deep graph neural networks., in: AAAI,
2020, pp- 3898-3905.

D. Bacciu, L. Di Sotto, A non-negative factorization approach to node
pooling in graph convolutional neural networks, in: AT*IA 2019 — Advances
in Artificial Intelligence, Springer International Publishing, 2019, pp. 294—
306.

31


http://dx.doi.org/10.1109/TPAMI.2021.3054830

905

910

915

920

925

930

935

[23]

[24]

F. M. Bianchi, D. Grattarola, L. Livi, C. Alippi, Hierarchical representation
learning in graph neural networks with node decimation pooling, IEEE
Transaction on Neural Networks and Learning Systems.

R. Ying, J. You, C. Morris, X. Ren, W. L. Hamilton, J. Leskovec, Hi-
erarchical graph representation learning withdifferentiable pooling, arXiv
preprint arXiv:1806.08804.

J. Gilmer, S. S. Schoenholz, P. F. Riley, O. Vinyals, G. E. Dahl, Message
passing neural networks, in: Machine Learning Meets Quantum Physics,
Springer, 2020, pp. 199-214.

F. M. Bianchi, C. Gallicchio, A. Micheli, Pyramidal graph echo state net-
works, in: Proceedings of ESANN, 2020, pp. 573-578.

C. Gallicchio, A. Micheli, L. Pedrelli, Deep reservoir computing: A critical
experimental analysis, Neurocomputing 268 (2017) 87-99.

S. Bai, J. Z. Kolter, V. Koltun, Deep equilibrium models, in: Advances in
Neural Information Processing Systems, 2019, pp. 690-701.

S. Bai, V. Koltun, J. Z. Kolter, Multiscale deep equilibrium models, Ad-
vances in Neural Information Processing Systems 33.

F. M. Bianchi, D. Grattarola, C. Alippi, Spectral clustering with graph
neural networks for graph pooling, in: International Conference on Machine
Learning, PMLR, 2020, pp. 874-883.

S. J. Hongyang Gao, Graph u-nets, in: Proceedings of the 36th Interna-
tional conference on Machine learning (ICML), 2019.

J. Lee, 1. Lee, J. Kang, Self-attention graph pooling, in: Proceedings of the
36th International conference on Machine learning (ICML-19), 2019.

I. S. Dhillon, Y. Guan, B. Kulis, Kernel k-means: spectral clustering and
normalized cuts, in: Proceedings of the tenth ACM SIGKDD international
conference on Knowledge discovery and data mining, ACM, 2004, pp. 551—
556.

J. Bruna, W. Zaremba, A. Szlam, Y. LeCun, Spectral networks and locally
connected networks on graphs, arXiv preprint arXiv:1312.6203.

M. Fey, J. E. Lenssen, F. Weichert, H. Miiller, Splinecnn: Fast geometric
deep learning with continuous b-spline kernels, in: Proceedings of the IEEE
Conference on Computer Vision and Pattern Recognition, 2018, pp. 869—
877.

R. Levie, F. Monti, X. Bresson, M. M. Bronstein, Cayleynets: Graph con-
volutional neural networks with complex rational spectral filters, IEEE
Transactions on Signal Processing 67 (1) (2018) 97-109.

32



940

945

950

955

960

965

970

[37]

[38]

[39]

[40]

S. A. Vavasis, On the complexity of nonnegative matrix factorization, STAM
Journal on Optimization 20 (3) (2010) 1364-1377.

F. Dorfler, F. Bullo, Kron reduction of graphs with applications to electrical
networks, IEEE Transactions on Circuits and Systems I: Regular Papers
60 (1) (2013) 150-163. |doi:10.1109/TCSI.2012.2215780!

D. Shuman, M. J. Faraji, P. Vandergheynst, A multiscale pyramid trans-
form for graph signals, IEEE Transactions on Signal Processing 64 (8)
(2016) 2119-2134.

S. Scardapane, D. Wang, Randomness in neural networks: an overview,
Wiley Interdisciplinary Reviews: Data Mining and Knowledge Discovery.

C. Gallicchio, A. Micheli, L. Pedrelli, Design of deep echo state networks,
Neural Networks 108 (2018) 33-47.

C. Gallicchio, A. Micheli, Deep reservoir neural networks for trees, Infor-
mation Sciences 480 (2019) 174-193.

C. Gallicchio, A. Micheli, Ring reservoir neural networks for graphs, arXiv
preprint arXiv:2005.05294.

Y. Orlova, M. Alamgir, U. von Luxburg, Graph kernel benchmark data
sets are triviall, in: ICML Workshop on Features and Structures FEATS,
2015.

F. Errica, M. Podda, D. Bacciu, A. Micheli, A fair comparison of graph
neural networks for graph classification, in: International Conference on
Learning Representations (ICLR), 2019.

K. Kersting, N. M. Kriege, C. Morris, P. Mutzel, M. Neumann, Benchmark
data sets for graph kernels (2016).
URL http://graphkernels.cs.tu-dortmund.de

K. Xu, W. Hu, J. Leskovec, S. Jegelka, [How powerful are graph neural
networks?, in: International Conference on Learning Representations, 2019.
URL https://openreview.net/forum?id=ryGs6iA5Km

S. Balakrishnama, A. Ganapathiraju, Linear discriminant analysis-a brief
tutorial, in: Institute for Signal and information Processing, Vol. 18, 1998,

pp. 1-8.

D. Yu, H. Wang, P. Chen, Z. Wei, Mixed pooling for convolutional neural
networks, in: Rough Sets and Knowledge Technology, Springer Interna-
tional Publishing, Cham, 2014, pp. 364-375.

33


http://dx.doi.org/10.1109/TCSI.2012.2215780
http://graphkernels.cs.tu-dortmund.de
http://graphkernels.cs.tu-dortmund.de
http://graphkernels.cs.tu-dortmund.de
http://graphkernels.cs.tu-dortmund.de
https://openreview.net/forum?id=ryGs6iA5Km
https://openreview.net/forum?id=ryGs6iA5Km
https://openreview.net/forum?id=ryGs6iA5Km
https://openreview.net/forum?id=ryGs6iA5Km

	Introduction
	Representation learning on graphs with neural networks
	Contributions
	Paper organization

	Reservoir Computing for Graphs
	Preliminaries on Graphs.
	Reservoir Graph Neural Networks

	Graph pooling
	Graclus pooling
	Non-negative Matrix Factorization (NMF) pooling
	Node Decimation Pooling (NDP)

	Pyramidal Reservoir GNN
	Convergence Analysis and Computational Cost
	Convergence Analysis
	Computational Complexity of RGNN

	Experiments
	New benchmark datasets for graph classification
	TUD datasets
	Graph classification
	Embedding visualization

	Conclusions

