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Abstract

In this paper we consider parabolic problems with stress tensor depending only on the sym-
metric gradient. By developing a new approximation method (which allows to use energy-type
methods typical for linear problems) we provide an approach to obtain global regularity results
valid for general potential operators with (p, §)-structure, for all p > 1 and for all § > 0.
In this way we prove “natural” second order spatial regularity—up to the boundary—in the
case of homogeneous Dirichlet boundary conditions. The regularity results, are presented
with full details for the parabolic setting in the case p > 2. However, the same method also
yields regularity in the elliptic case and for 1 < p < 2, thus proving in a different way results
already known.

Mathematics Subject Classification 35B65 - 35Q35 - 35K55

1 Introduction

In this paper we consider an initial boundary value problem for general nonlinear parabolic
systems

%—‘;—divS(Du):f in I x 2,
u=0 onl xdQ, (L.
u(0) =uy in ,
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where the operator S depends only on the symmetric gradient Du = %((Vu)T+ Vu) and
has (p, 8)-structure (cf. Definition 2.15). Here I := (0, T') for some 7 > 0 is a finite time
interval, and Q C R? is a sufficiently smooth, bounded domain. The paradigmatic example
for the operator in (1.1) is given via

SMu) := (5 + |[Du))?’ 2Du §>0, 1 < p < oo. (1.2)

In this paper we only treat the case p > 2. However, the method of proof, based on an
(A, g)-approximation (cf. Sect. 2.4) works for every p € (1, 00). We focus to the case
p > 2, since our main result in the case p € (1, 2] has been already proved in a different
way (cf. [12]) and the method of the present paper simplifies a lot for these exponents. Note
that the elliptic problem corresponding to (1.1) can be treated in the same way with much
shorter proofs. Moreover, all our result possess corresponding analogues in d-dimensional
domains  C R?, d > 2. For simplicity we only treat the case d = 3.

Our main goal is to prove a result of “natural” second-order spatial regularity for weak
solutions. This corresponds to proving, under appropriate (minimal) assumptions on the data,
that weak solutions satisfy

//(a + |Du|)?~2|VDu|? dxds < C,
I Q

which can be also equivalently re-written as F(Du) € L2(I; W'2(Q)) with
FDu) := (6 + |Du|)pTileu|. (1.3)

We say “natural” as opposed to some recent results proving S € L2(I; W12()), which is
equivalent to proving that

// |V((8 + [Du])?~*Du)|* dxds < C,
I Q

which is called “optimal” second-order spatial regularity. The two notions of regularity are
rather different in the spirit: the optimal regularity is linked with nonlinear versions of the
singular integral theory, while the natural regularity is based on energy methods. This yields
estimates in quasi-norms, which are of crucial relevance especially for the numerical analysis
of the problem, and in particular to study optimal convergence rates of spatial discretizations
(cf. Barrett and Liu [2]).

The problem has a long history and many result concern mainly the problem: (a) in the
scalar or elliptic case; (b) with operators S depending on the full gradient; (c) the interior
regularity. We refer to the classical results by DiBenedetto [20], Gilbarg and Trudinger [26],
LadyZzhenskaja et al. [28, 29], Liebermann [30], Uhlenbeck [40], Ural’ceva [41], just to cite
a few; or the ones linked more to applications Bensoussan and Frehse [9], Necas [34], and
Fuchs and Seregin [24]. Even if the studies started in the sixties, we observe that the field is
still extremely active and very recent results are those in [3, 4, 17, 18].

Our treatment of the case of systems with dependence only on the symmetric gradient
and up-to-the boundary is new, to the best of the author’s knowledge. We extend the so
called A-approximation technique from [32] such that it allows a treatment of all exponents
p € (1, 00). Here, we focus on the regularity of the quantity in (1.3). Thus, this work can
be seen as a natural extension of previous results we have done in the case p € (1, 2] for
the steady problem in [12] and for the unsteady continuous/discrete in [13]. Note that our
approach allows to treat the full range of exponents p € (1, 00), as in the scalar case, even
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if we give full details only in the case p > 2, as the case p € (1, 2) is already treated in a
different way. Notice that the results in [18] hold only for p > %, which has been improved

in [1], reaching p > 4 — 24/2. The limitation on p > 3/2 was also present in prior results
of “natural” regularity in the symmetric gradient case [5], but it has then later removed
completely in [11] to the case p > 1.

The techniques employed for p > 2 are rather different from those previously used in
the case for p < 2, where calculations can be more easily justified by approximation of the
system by means of adding the term —e&Au (and then showing that estimates for a system
with leading linear part could be made independent of ¢ > 0). Anyway, the technique we
use can be also employed in the case p € (1, 2] to prove in an alternative way the regularity
results already known. This requires some technical adjustments which are left for a further
investigation, since the technicalities are complex enough already in the case p > 2. The
introduction of a different regularization of the problem is due to the fact that for p > 2
the perturbation with the heat equation is not enough to justify the computations; hence,
we developed a new (multiple) approximation technique, by a sequence of operators, such
that the last is an affine one, which allows to use standard energy techniques leading to
W22 results.

1.1 Sketch of the proof of the main result

To prove the main regularity result (cf. Theorem 3.4) we proceed as follows: (a) we introduce a
proper multiple approximation of the operator S; (b) we prove interior and tangential estimates
for second order derivatives by difference quotient methods; (c) we use the equations point-
wise to recover the remaining derivative; (d) make again use of the point-wise equations and
integration by parts in the full domain to obtain estimates independent of the approximation
parameters; (e) and finally we pass to the limit with the multiple approximation parameters.

For the reader’s convenience, we explain here the main ideas in the case that the operator
S is given by (1.2) and that instead of (1.1) its steady counterpart is treated. Most of the
calculations are elementary, but involved, and use various well-established techniques from
the regularity theory of partial differential equations. Since they are linked in a quite intricate
and delicate way and one has to be careful in tracking the dependence on various parameters,
we sketch the proof now and then develop a full theory in the next sections.

A fundamental step in the approximation of general operators by ones with linear growth
dates back to [32], where generalized Newtonian fluids are treated. The results proved there
are obtained by using for A > 1 the following approximation' §4 defined via

Ay = | @+ PYTDITRITf P < 4,
| PY™ 4 ¢ if [P| > A,

with appropriately chosen constants ¢; = ¢; (A, §, p) to ensure an appropriate regularity of

the stress tensor S4. Hence, the tensor S4 grows linearly for large P. This can be also restated

by writing that

(@) (IPY™]) | oom

A -
SAP) = Pom

)

! The precise form of the approximation in [32] is slightly different, since there the potential of the stress
tensor was depending on |Du|2, instead of |Du]| here.
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where w4 : RZ% — RZY is a regular N-function such that (w?)'(0) = 0, (0?)'(t) =
84+ 1P 2t fort < A and (w?) (t) = cat + ¢y fort > A.

Remark 1.1 In Sect. 2 we will show that -roughly speaking- once the results is established for
this explicit example, then it can be extended to a rather wide class of nonlinear operators.
To obtain results for the original problem we first consider the approximate problem
—divS*(Dut) =f in Q,
A (1.4)
u” =0 on Q.

For regular enough f one can directly prove the existence of weak solutions satisfying

/ FADuh)2dx < C,
Q

FA(p) = Mpsym.
]

Note that |[FA(P)|2 ~ §2 + [PY™|2, with constants depending on A. The special role of the
quantity

where

WIS COL0Y
t
is evident from the definitions of S4 and F4.

The estimates for the second order spatial derivatives are obtained by using the difference
quotient technique in the interior and along tangential directions (after appropriate local-
ization of the equations). Once this step is done, one gets that the equations are satisfied
almost everywhere. Thus, the equations can be used point-wise to determine (by ellipticity)
estimations in the direction normal to the boundary. The outcome of this procedure, which is
typical for second order elliptic equations, leads to the estimates (cf. Propositions 3.15, 3.16)

5P—2/|VDuA|2dx5/|VFA(DuA)|2dx§ C1 Vo ccQ,

Qo Q20

5p_2/|VDuA|2dx§/|VFA(DuA)|2dx§ C1(A),
Q Q

where the constant C is independent of A. In addition, one gets that also tangential derivatives
are regular up to the boundary with a bound independent of A. Note that the linear growth of
the operator S# results in an L>-setting, which allows us to use the classical Korn inequality
and to handle the dependence of the operator on the symmetric gradient (instead of on the
full gradient) in the equations. An important feature of this step is that the proved regularity
is sufficient to justify the following step and to remove the dependence on A in the estimates
in the direction normal to the boundary.

This is achieved by testing the equations locally near the boundary by second order
derivatives in the normal direction, and adapting a method introduced by Seregin and Shilkin
[37] for 1 < p < 2 (cf. [12, 13]). This results in the estimate (cf. Propositions 3.20, 3.21)

8”_2/|VDuA|2dx§/|VFA(DuA)|2dx§C3,
Q Q
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for some C3 which is independent of A.

The final step is the passage to the limit A — oo. By uniform boundedness it directly
follows that F4(Du”) has a weak limit Fe W12(£2) and by using also the uniform bound
on second order derivatives, it follows that Du# — Du almost everywhere. Combining these
two information, the definition of F4, and the lower semi-continuity of the norm it follows
that

F= Alim FA(Du?) = F(Du) weakly in W'?(Q) and a.e.in Q,
— 00

/ |[VF(Du)|? dx < Cs.
Q

It remains to prove that u is the unique solution of the steady version the original problem (1.1).
From the construction of 4 follows S (P) — S(P) for every P € R3*3_ This fact, coupled
with the almost everywhere convergence of Du?, implies that

lim SA(DuA (x)) > SDu(x)) a.e.x €,
A—o00
which is nevertheless not enough to infer directly that

Alirn S4(Du?) - Dwdx = /S(Du) ‘Dwdx Vwe CP(Q),
— 00
Q Q

and to pass to the limit in the weak formulation. To this end we need -for instance- additionally
an uniform bound on S4 (Du?) in L7(2) for some g > 1. This implies that sS4 (DuA)—\g in
L9(£2), and that the limit can be identified as S= S(Du), by a classical result.

Observe that from the definition of S# it follows (cf. Proposition 2.29, Lemmas 2.32,
2.35) that

A ynA ¢ (8”1 + Dut P~ p>2,
87 (Du)] = { ¢ 572 |Duf| l<p<2,
while the proved estimate F(Du?) € W!-2(), which is uniformly with respect to A, implies
by Sobolev embedding (in three-dimensions) that |[F(Du?)||¢ < C. Using the properties of
F4, it follows that (cf. Proposition 2.29, Lemmas 2.32, 2.35)

[Dut|le < C p>2,
IDufs, <C 1<p<2.

Hence we get that S4(Du) is bounded uniformly in LY/(P=D(Q) for p > 2andin L3P(Q)
for 1 < p < 2, which implies that the above argument to pass to the limit in the weak
formulation works only for 1 < p < 7.

To remove the restriction p < 7 in the regularity result’ we introduce and perform a
multiple approximation of the operator, which is roughly speaking the following: for given
decreasing sequences p > q; > g2 > --- > gy =:2and Ay > Ay_1 > ---> A; > 1 we

2 The restriction depends on the space dimension and it is more stringent in the time-evolution case, due to
different parabolic embedding results.
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set
(8 + [PSYm[)P—2psym if |P| < Ay,

2, IPYR[NTZPYM ¢y if Aj < |P| < Ay,
SVP) = :

Co gy IPYMIN-IZ2PYM oy i Ayog < |P] < Ay,
2, gy P + 1 gy if Ay < |P|,

where the various constants ¢; ,, are chosen such that the operator S¥ belongs to the class
C!. If the exponents g, are chosen such that

3qn

qn—1
it is possible to perform the limiting process step by step, sending to infinity Ay (with A,
forn < N — 1 fixed), then taking the limit Ay_; — oo with the previous ones fixed, and
so on. This procedure requires to prove the precise dependence of the lower and the upper
bounds of the multiple approximation with respect to the parameters® A,,.
Plan of the paper The analysis of the approximate operators is the content of Sect. 2 of
the paper, where the procedure is carried out with full details for general operators, derived
from a potential and having (p, §)-structure. Moreover, for the derivation of the estimates
for second derivatives, one also has to handle precisely the behavior of the related operators
F”. In particular, we will see that a peculiar role is played by handling tensors derived from
a potential U satisfying U’(r)/t ~ U"(t), which we call balanced. This allows us to reduce
many of the estimations to computable explicit cases, cf. Remark 1.1.

Next, in Sect. 3 the existence and regularity for solution of the approximate problems is
treated in detail. Particular care is given to the full justification of the calculations: the results
are rather natural from a formal point of view, while the rigorous treatment of all integrals
needs certain approximations and the application of difference quotients, in order to be sure
that we do not work with infinite quantities. First, some A, dependent estimates are proved, in
order to justify manipulating the system (1.4) point-wise and then to derive uniform estimates
by (improved) generalized energy methods. The limiting process is carried out in the more
technical parabolic case, using space-time compactness results and convergences (at the price
of a more restrictive choice of the parameters g,).

>1 n=1,...,N,

2 Nonlinear operators and N-functions

The goal of this section is to define an approximation, which possesses nice properties,
for operators appearing in (1.1). The approximation is inspired by [32], while the proof of
its properties is close to [36]. However, our notions are defined slightly different, which
simplifies and shortens the argumentation.

2.1 Notation

We use ¢, C to denote generic constants, which may change from line to line, but are not
depending on the crucial quantities. Moreover, we write f ~ g if and only if there exists
constants ¢, C > Osuchthatc f < g <C f.

3 Moreover, some care has to be taken in the choice of the A, to ensure monotonicity of the resulting potentials.
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For abounded, sufficiently smooth domain @ C R we use the customary Lebesgue spaces
(LP(2), I -11,), p € [1, 00], and Sobolev spaces (WkP(), | lk,p)s p € [1,00], k € N.
We use the notation (f, g) = fQ fg dx, whenever the right-hand side is well defined. We do
not distinguish between scalar, vector-valued or tensor-valued function spaces in the notation
if there is no danger of confusion. However, we denote scalar functions by roman letters,
vector-valued functions by small boldfaced letters and tensor-valued functions by capital
boldfaced letters. If the norms are considered on a set M different from €2, this is indicated
in the respective norms as ||. |1, a7, Il - lx, p, ;- We equip Wé’p(Q) (based on the Poincaré
lemma) with the gradient norm ||V .|| ,. We denote by [M| the 3-dimensional Lebesgue
measure of a measurable set M. As usual the gradient of a vector field v : @ ¢ R? — R3
is denoted as Vv = (E)ivj),',‘,-zl,gg = (0;V)i=1,2.3, while its symmetric part is denoted as
Dv := %(VV + VvT). The derivative of functions defined on tensors, i.e., U : R¥3 — R,
is denoted as 0U = (0;;U);, j=1,2,3 Where 9;; are the partial derivatives with respect to the
canonical basis of R3*3.

2.2 N-functions

We start with a discussion of some non-trivial properties of N-functions that we need in the
sequel. For a detailed discussion of Orlicz spaces and N-functions we refer to [27, 33, 35,
36].

Definition 2.1 (N-function and regular N-function) A function ¢ : RZ? — R0 is called

N-function if ¢ is continuous, convex, strictly positive for ¢ > 0, and satisfies*
(1)
m  — =00

t
lim w =0, 1

t—0t 1 t—oo f

If ¢ additionally belongs to CHRZ% N C2(R>Y) and satisfies ¢"(t) > 0forall t > 0, we
call ¢ a regular N-function.

The use of regular N-functions is sufficient for our purposes. Thus, in the rest of the paper
we restrict ourselves to this case. For a treatment in the general situation we refer to the
above mentioned literature. Note that for a regular N-function we have ¢(0) = ¢’(0) = 0.
Moreover, ¢’ is increasing and lim,_, o ¢’ (¢) = 00.

The following notion plays an important role in the sequel.

Definition 2.2 (As-condition) A non-decreasing function ¢ : RZ% — R0 is said to satisfy
the A,-condition if for some constant K > 2 it holds

02t < Ko(t) Vit >0. @2.1)

We write ¢ € A, if ¢ satisfies the A,-condition. The Aj-constant of ¢, denoted by A (),
is the smallest constant K > 2 satisfying (2.1).

We have the following results.
Lemma 2.3 For a regular N-function ¢ the following properties are satisfied:
(i) Forallt > 0 there holds
o) < ¢' (D1 < p(21).

/
4 In the following we use the convention that % =0.
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(i1) If ¢ € Ay, then we have for all t > 0
p(1) < ¢' (O < Ax(p) @(1).

(iii) It holds that ¢ € A, if and only if ¢’ € Aj. In this situation we have Ay(¢) <
205(¢") < (Ax(@))?.

Proof Assertion (i) is contained in [36,Lemma 5.1]. Assertion (ii) follows from (i). Assertion
(iii) is proved in [36,Lemma 5.2]. O

For a regular N-function ¢ we define the complementary function ¢* by
1
o* (1) = f (@)~ (s) ds.
0

Itis easily seen from this definition, using elementary properties of inverse functions (cf. proof
of [36,Lemma 6.4]), that ¢* is again a regular N-function. We have the following versions
of Young inequality.

Lemma 2.4 (Young type inequalities) Let the regular N-function ¢ be such that ¢, ¢* € As.
Then, for all t,u > 0O there holds

tu < e@(t) + (MA@ N 9*(u),
tu < eg*(®) + (Aa(@)™ o),
19/ (u) < &) + Ax(9) (A2(@*NM ¢* (),
o' (Hu < e@*(t) + (A ()™ o(u)
foralle € (0,1), M € N such that =" < 2™ and N € N such that A>(p)e~! <2V,

Proof The first two inequalities follow immediately from the classical Young inequality

tu < (1) + ¢* (),

@, p* € Ay, and Y¥(et) < e (t), valid for all convex functions ¢, r > 0 and ¢ € (0, 1).
The last two inequalities follow from the first ones and the equivalence

(M@ o(t) < 0*(¢' (1) < Aa(@) (1), (2.2)
valid for all + > 0 (cf. [36,(5.17)]). ]

In the study of nonlinear problems like (1.1) and of N-functions the property (2.3) below
plays a fundamental role. To keep the presentation shorter we call functions satisfying it
“balanced function”.

Definition 2.5 (Balanced function) We call a regular N-function ¢ balanced, if there exist
constants y; € (0, 1] and y» > 1 such that for all + > 0 there holds

Y19’ (1) 19" (t) < y29'(0). (2.3)

The constants y; and y, are called characteristics of the balanced N-function ¢, and will be
denoted as (y1, y2).

This property transmits itself to complementary functions.
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Lemma 2.6 Let ¢ be a balanced N-function with characteristics (y1, y2). Then, the comple-
mentary N-function ¢* is a balanced N-function with characteristics (y{l, Y-

Proof The assertion is proved in [36,Lemma 6.4]. The proof uses only the condition (2.3),
and the formula for the derivative of the inverse function applied to (¢*)'(¢) = (¢’ Yy (). o

Balanced N-functions always satisfy the A-condition (cf. [8]).

Lemma 2.7 For a balanced N-function ¢ we have that ¢, ¢* € A. In particular, for all
t > 0 there holds

p(21) <27 (1),
1
g 2 <2 gt (),
i.e., the Ay-constants of ¢ and ¢* possess an upper bound depending only on y| and y».
Proof From condition (2.3) it follows for all # > O that

' _ 1

d , B
giloe@ ) =Tt <

which implies by integration with respect to ¢ over (s, 2s), s > 0, and using the exponential
function that

9'28) _
@'(s) ~

A further integration with respect to s over (0, 1), ¢ > 0, proves, for all t > 0, that

p21) < 27 g(),

showing the assertion for ¢. The assertion for ¢* follows analogously by using Lemma 2.6.

O
Corollary 2.8 For a balanced N-function ¢ we have
oty ~ @' @)t ~ " () t* forallt >0,
with constants of equivalence depending only on the characteristics of ¢.
Proof This follows immediately from Lemmas 2.3 and 2.7 since ¢ is balanced. O

Lemma 2.9 Let ¢ a balanced N-function with characteristics (y1, y2). Let U € C'(RZ%) N
C2(R>%) with U(0) = U’(0) = 0 satisfy for some cg, cy > 0 and forallt > 0
cop” () <U"(t) <c19"(1). (2.4)

Then, also U is a balanced N-function with characteristics ()/25—‘1), Y1 C—(‘)), which satisfies for

C
allt >0
cog'(t) U (1) < c1¢'(),

(2.5)
copt) =U@) <cro).

Proof The inequalities in (2.5) follow from (2.4) by integration using that U’ (0) = ¢’(0) = 0.
From (2.5) and (2.3) it follows that U is a balanced N-function with characteristics as indicated
in the assertion. ]
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It turns out that the function a,, : RZ0 — R0 defined for regular N-functions ¢ via

a,(t) =2 f”, 2.6)

plays an important role in the investigation of problem (1.1).

Lemma 2.10 Let ¢ be a regular N-function such that ¢, ¢* € As. Then, for all P, Q € R33
there holds

1

ay (1P| + [P — Q) ~ /%qe P+ (1 —6)Q)) do.
0

with constants of equivalence depending only on Ay (p) and A;(¢™).

Proof This follows immediately from [36,Lemma 6.6] by using Lemma 2.3, the convexity
of ¢, ¢ € Ay, and 271 (|P| + Q) < [P| + [P — Q| < 2(|P| + |Q]). o

It is convenient to introduce for all p € (1, 00) and all § € [0, oo) the function w, s :
R=0 5 R0 via

t
(1) = wps(t) = /(5 +5)P2sds Yt >0,
0

which is precisely the N-function associated with the definition of the tensor S from (1.2).
If p and § are fixed we often simply write w () := ) s(¢). Nevertheless, we will track the
possible dependence of constants in terms of these two parameters. Clearly, w), 5 is a regular
N-function forall p € (1, co) and all § € [0, co). The advantage is that we have exact control
of all relevant constants for these functions. We have the following basic properties.

Lemma 2.11 For any § € [0, 00) and for any p € (1, 00) there holds

wps(t) < (@ps) (1)1 <27 w, 5(r) Vi >0,

2.7
min(l, p — 1} (@p.s)'(0) < @ps) ()1 < max(l, p— 1) (@p) ) V=0,

In particular, wps5, p € (1,00), § > 0, are balanced N-functions with characteris-
tics (min{l, p — 1}, max{1, p — 1}) and A,-constants depending only on p. Moreover, by
the previous results also (w, 5)* are balanced N-functions with characteristics (min{1,
(p—D~1, max{1, (p — D™} and Ar-constants depending only on p.

Proof The first assertion in (2.7) follows from Lemma 2.3 (ii) and [36,Lemma 5.3], since
Az((a)p,o)’ ) = 27~! The second assertion (2.7) follows from direct computations. ]

2.3 Nonlinear operators with (p, §)-structure

In this section we collect the main results on nonlinear operators derived from a potential
and having (p, §)-struct- ure.

Definition 2.12 (Operator derived from a potential) We say thatan operator S : R — R

is derived from a potential U : RZ9 — RZ9, if §(0) = 0 and for all P € R3*3 \ {0} there
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holds®

U'(ipm))

S(P) = aU(|Psym|) = |Psym|

Psym — aU(|PSym|) Psym

for some U € C!(R=%) N C*(R>?) satisfying U (0) = U'(0) = 0.

Remark 2.13 For ease of notation, in many cases we will also write S = dU for an operator
derived from the potential U and note that from its definition it follows that S(P) = S(PY™),
for all P € R3>3.

Note also that we consider the operator S with domain R3*3, since we study the prob-
lem (1.1) in the setting of three space-dimensions. Clearly, the same definition and results
below can be applied to a general operator defined on R?*?, with d > 2.

Remark 2.14 Note that in investigations of the regularity of solution of (1.1), or its steady
analogues, for operators derived from a potential U, the lower and upper bounds of the
quantity

(ap) ()t U"()t
av(t) — U'@®)
play an important role (cf. the discussion in [3, 17-19].

If U is abalanced N-function these bounds are closely related to the characteristics (y1, y2)
of U. In fact, we have

3

2 )'or

1—1=< h — 1.
v avt)y

Definition 2.15 (Operator with ¢-structure) Let the operator §: R¥3 — R3%3, belonging

to CORP3; RIS N CHRI3\ {0} RYD), satisfy S(P) = S(PY™) and S(0) = 0.
We say that S has ¢-structure if there exist a regular N-function ¢ and constants y3 € (0, 1],

ya > 1 such that the inequalities

3

3 S (P)Qij Qur = y3 ay (IPY™]) [PY™ 2, (2.82)
ij. k=1

|0k Sij (P)| < yaa,(IPY™)), (2.8b)

are satisfied for all P, Q € R3*3 with Psym #0andalli, j, k,I = 1,2, 3. The constants y3,
y4, and A (¢) are called the characteristics of S and will be denoted by (y3, y4, A2(@)).

In the special case ¢ = w) 5 with p € (1, 00) and § € [0, 0o0) we say that S has (p, §)-
structure and call (y3, y4, p) its characteristics.

Closely related to an operator with ¢-structure is the function F, : R3*3 5 R3x3 defined

. sym
via
¢ (PSS ) [P
Fy (P) i= a (P PO = S2m i pom, 2.9)

5 Here we use the notation (2.6) also for a more general function U (not necessarily a balanced or even a
regular N-function).
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where the second representation holds only for PY™ £ 0. However, this form is convenient
since it shows that F, is derived from the potential

v(t) :=/\/<p’(s)sds. (2.10)
0

It is easily seen that v € C LRZ%) N C2(R>Y). In the special case of an operator S with
(p, 8)-structure we have with w = w5

—2
F(P) := F,,(P) = /a, (PY7]) PY™ = (5 4 [PY™)) ‘T psym, @2.11)

which is consistent with the notation used in the previous literature, as explained in the
introduction, cf. (1.3).

To derive a very important result for operators with ¢-structure we need the following
result, which explains also the link (and the choice of a similar name) between the charac-
teristics of a balanced N-function ¢, and the characteristics of an operator derived from a
potential ¢.

Proposition 2.16 Let ¢ be a balanced N-function with characteristics (y1, v2). Let T = d¢
be derived from the potential ¢. Then, T has @-structure with characteristics depending only
on y1 and .

Proof Tt follows from Lemma 2.7 that the A,-constant of ¢ depends only on y,. We have
for all P € R3*3 with PSY™ £ ()

Sym 5,sym sym ,sym
@' (IPY™]) sym ij "kl 17 1 pSym ij "k
3leij(P) = W 3,']-,/(1 - W + o (IP7) W, (2.12)
where (Sf]Yf,ﬁ‘, i= 5 (881 + 8i18j%). Using (2.3) we obtain from this, for all j, k, [, m,

@' (IP¥™])

|0 Tij (P)| < 2 “pom]

+¢@"(IPYT)) < (2 + 2) ag (IPY™)),

which proves (2.8b). From (2.12), (2.3), and y; < 1 we obtain for P,Q € R3*3 with
PsY™ £ ()

3
Y T (P)QijOu

ij k=1

_ o' (IPY™)) <|stm|2 - |PSYm . stm|2

|Psym | |Psym |2

|Psym . stm |2
|Psym |2

>+Wﬂwmn

/(|PsYm pPsym . Qsym 2 J(IPSYm]) [PSYm . Qsym 2
A D(nm%_l Q |>+ ¢(IPY™]) [PV QY™

|Psym| |Psym|2 |Psym| |Psym|2
= 71a,(IPY™)) |QY™ %,

which proves (2.8a). O

We can now formulate the following crucial result for our investigations (cf. [36,Section 6]).
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Proposition 2.17 Let ¢ be a balanced N-function with characteristics (y 1, y2). Let S have
@-structure with characteristics (y3, y 4, A2 (p)) and let ¥, be defined in (2.9). Then, we have
forall P, Q € R3*3 that

(SP) —S(Q)) - (P — Q) ~ a, ([PY™| + [PV — QY™|) [PY™ — Q™2 (2.13)

~ |F,(P) — F,(Q), (2.14)
IS(P) — S(Q)| ~ ay, (IPY™] + [PY™ — Q™) [PY™ — Q¥™|, (2.15)

where the constants of equivalence depend only on y1, v2, y3, and 4.

Proof First of all note that, due to Lemmas 2.7 and 2.6, ¢ and ¢* satisfy the A,-condition
with A,-constants depending only on y1 and y».
Using (2.8) and Lemma 2.10 we get that for all P, Q € R3*3 with PY™ =£ 0

(SeP) - S(Q)) -P-Q

1
/ 1 Sij (OP + (1 —0)Q) (P — Q)ij(P — Q)i db
0 iJs k=1
~ / ap(J0PY™ + (1 = 6)QV™)) df [PV™ — Q¥ ?
0
~ ag (PY7] [PV — QM) [PV — QYT P,
which proves (2.13) with constants of equivalence depending only on y1, y», 3, and y4.
From (2.13) we immediately obtain, also using that S is symmetric,
ap (P + [PY™ — Q¥™)) [PY™ — Q¥™> < ¢ (S(P) — S(Q)) - (P — Q)
< cIS(P) = S(Q)IP¥™ — Q™™

with constants depending only on y1, ¥2, ¥3, and y4. This proves one inequality in (2.15).
The other follows from

3
IS(P) - S(Q)| = ( Z >

i,j=1 k=1
1
<c f ap(IP™™ 4 (1 — 9)QP™)) df [PY™ — Q™|
0
< cap(IPY™] 4 [PY™ _ QY™) [PYM _ Q.

1
2

1
/ %S, (0P + (1 = 0)Q)(P — Q)i do) )
0

with constants depending only on yy, y», v 3, and y4. Here, we used again (2.8b), the symmetry
of dx;S;; with respect to k, [, and Lemma 2.10.

To show (2.14) we use that F, defined in (2.9) possesses v -structure, where v is defined
in (2.10). We have using (2.3), for all # > 0, that

(" O+ ®)r g1
29 (1)t Vo)t

This shows that ¥ is a balanced N-function with characteristics (— ). Thus, Propo-
sition 2.16 yields that Fy, has v/ -structure with characteristics depending only on y; and y,.

V()= =y/(1).

@ Springer



137  Page 14 of 49 L. C. Berselli, M. Razicka

The already proven equivalence (2.15) reads in this case as

[Fy(P) — Fyy(Q)> ~ (ay (IPY™] + [PY™ — stml))2 [PY™ — QY™ 2, (2.16)
with constants of equivalence depending only on y; and y». From the definition of { we get,
forallr > 0,

2 (N1
(ay )" = ( - = a, (1),
which together with (2.16) yields (2.14). This finishes the proof. O

Let us finish this section by proving a useful result for the operator occurring in (1.1).

Proposition 2.18 Let the operator T = 0U, derived from a potential U, have @-structure,
with characteristics (y3, ya, A2(@)). If ¢ is a balanced N-function with characteristics
(y1, v2), then U is a balanced N-function satisfying for allt > 0

ﬁ(ﬂ”

By <u'o) <
Y2 Y1

). 2.17)

2 2
The characteristics of U is equal to (% 7;—‘2, % 7;—21)

— — L — —
Proof For P = ﬁld, t>0Q= ﬁld we get |P| = ¢, |Q| = 1. Thus, (2.8a), (2.8b), and

the definition of a,, yield

/

@' (1) -
t

3 ’
0)
> TP 0u = U0 = .
i,j,k,l=1

V3

This implies (2.17), since ¢ is balanced. The remaining assertions follow from Lemma 2.9.
O

Remark 2.19 Proposition 2.18 states that U is a balanced N-function with characteristics
depending only on the characteristics of S and on the characteristics of ¢. Consequently,
Lemmas 2.7 and 2.6 yield that U and U* satisfy the A,-condition, with A,-constants
depending only on the characteristics of S and the characteristics of ¢.

2.4 Approximations of a nonlinear operator

We now define the (A, g)-approximation and prove the relevant properties, needed in the
sequel. Note that the (A, ¢)-approximation in the special case p > 2 and ¢ = 2 was
introduced in a slightly different form in [32] (in that reference the potential depends on
[PY™|2). The idea behind is that the operator induced by the (A, ¢)-approximation for g = 2
has linear growth at infinity (cf. [32,Lemma 2.22]) and consequently, one can work on the
level of this (A, 2)-approximation within the standard Hilbertian theory.

Definition 2.20 (A, g)-(approximation of a scalar real function) Given a function U €
CH(RZ% N C2(R>Y) satisfying U(0) = U’(0) = 0 we define for A > 1 and ¢ > 2 the
(A, ¢)-approximation UA1 € CH(RZ%) N C2(R>Y) via

A { U(t) <A,

argt? +aigt+agy t> A
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Consequently, the constants «; 4 = a; 4(U), i =0, 1, 2, are given by

1 U(A)
g =— —+,
Mg 1) A

/ l "
apg =U(A) — ——U(A)A,
qg—1
1
a0 =U(A) —U'(A) A+ ;U”(A) A2,

Remark 2.21 1f ¢ is aregular N-functionand ¢ = 2, the definition of the (A, 2)-approximation
42 and the properties of ¢ immediately imply that there exists a constant ¢(A, ¢) such that
for all # > 0 there holds

@' @)
t

aga(t) = <c(A. ).

Next, we define the (A, g)-approximation of an operator derived from a potential.

Definition 2.22 ((A, q)-approximation of an operator derived from a potential) Let the oper-
ator S = dU be derived from the potential U. Then, we define for given A > 1 and ¢ > 2 the
(A, q)-approximation S*4 := dU*+9 of S as the operator derived from the potential U4,
i.e., S44 satisfies $47(0) = 0 and for all P € R3*3 \ {0} there holds

(UA9Y (JPY™))
oy

As explained in the introduction, for an operator with (p, §)-structure, for large p, we need

also multiple approximations, which we define now.

SA4(P) = JUAI(IPYM)) = PY™ = qya, (IPY™]) PY™,

Definition 2.23 (Multiple approximation of an operator) Let the operator S have (p, §)-
structure for some p € (2, 00) and é§ € [0, c0) and let S be derived from the potential U.
For given N € Nand ¢, € [2, pl,n =0,..., N withgo = p, gy = 2 and g, > gn+1,
n=0,...,N—l,and A, >1l,n=1,..., NwithA,;1 > A, +L,n=1,...,N—1,we
set

U0:=vu, 8°:=8, o :=w,s F :=Fy, da:=a

0>
and then recursively
U" = (U HAnan §" = U", o = (" )4, F':=Fu, a" = au,

forn=1,...,N.Wecall U", S", ®", F*,and ", n = 1, ..., N, multiple approximation
of U, S, w5, F, and a, respectively.

Remark 2.24 As we will see later on (for the parabolic problem in three-space dimensions)
strictly speaking the multiple approximation is not needed for p € (1, 13—3). Since in the
definition of a multiple approximation the case N = 1 is included, also a single (A, ¢)-
approximation is a special case of a multiple approximation. To unify the presentation we
also call the (A, 2)-approximation for p € (1, 13—3) multiple approximation. In this case we
have U! = U2, 8! =842 = jU !, 0! = (0")4? = (0 5)*2, F! =F,1,anda! = a,,.

In the following we derive various properties of multiple approximations for an operator
S which is derived from a potential U and has (p, §)-structure. In particular, we need to
carefully track any possible dependence of the various constants and on the parameters A,,,
n=1,..., N. We start with a single approximation, showing in particular independence of
the characteristics of (pA’q onA > 1.
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Lemma 2.25 Let ¢ be a balanced N-function with characteristics (v, y2). Then, forall A > 1
and g > 2 the (A, q)-approximation ¢ is a balanced N-function with characteristics

(v1, max {y2, g — 1}).
Proof By construction we have

1 e C'R=) N C2R™Y),  ¢*9(0) = (9*9)(0) =0,
(@1 (t) >0 fort > 0.

A,
Fort < A we have (pA’q(t) = ¢(t), while £ Iq(t) =ayy 41 4 ayg + a?—’q, forr > A,

which implies that ¢ is a regular N-function, since
(1)

Agq t
lim o7 =0 and lim 00,
t—07t t t—+00 t

where we used in the first limit that ¢ is an N-function. From ¢4 (r) = ¢(1), fort < A, we
get, for all ¢ € (0, A], that

@t D' 0 < @4 01 <y (@M (1), (2.18)
since @ is balanced. On the other hand, for r > A we have

(@) (1) qongt ' +aiy
(A" ()t qlg — Dagg 197!

Observe that for fixed A > 1 there holds lim, o g (t) = —L;, while

= g4 ®).

q
/
A ¢'(A) [ -1 —1]
A)=—"—¢€ , .
g7 (A) 2 (A) A V2 o
From (g4)(t) = —_L %4 ¢ follows that the sign of the derivative depends only on

1472 qon 4
a1,y = ¢'(A) — ¢"(A) A. Thus, g4(¢) is monotone. Distinguishing between «1 4 > 0 and
a1,y < 0,using y; < 1and y» > 1, as well as (2.18), one easily sees that for all # > 0 there
holds

(1 1 A 1
min { —, 7} <g")=<—,
2 q—1 gl
implying the assertion. o
Corollary 2.26 For all A > 1 and q > 2 the (A, q)-approximation (a)p,(;)A"f of wp,s with
p € (1,00) and § € [0, 00) is a balanced N-function with characteristics
(min{l, p— 1}, max{l,p—1,qg — 1}).
Proof This follows immediately from Lemmas 2.11 and 2.25. O
We have the following analogue of Proposition 2.18 for (A, ¢)-approximations of U and
®.

Lemma 2.27 Let ¢ be a balanced N-function with characteristics (y1, y2). Let the operator
S = 90U have -structure with characteristics (y3, ya, Ao(@)). For A > 1 and g > 2 let
UA9 and 1 be the (A, q)-approximation of U and ¢, respectively. Then, there holds for
allt >0

B ohay (1) < M) (1) < Z(p29y (1),
Y2 Y1
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Proof By definition we have U49(r) = U(¢) and p*9(t) = (1) for t < A. Thus, the

assertions for r < A follow from (2.17). For r > A we have (U%9)" (1) = U”(A) XI[]:ZZ and
(@Y (1) = ¢ (A) 22:22 . Thus, for ¢ > A the assertion follows again from (2.17). O

The properties of the function U4+ proved in the previous lemmas allow us to show that
the operator S4:9 has ¢4-4-structure.

Proposition 2.28 Let ¢ be a balanced N-function with characteristics (y1, y2). Let the oper-
ator S = U have @-structure with characteristics (y3, ya, Ay (@)). For A > 1 and g > 2
let UM and ™1 be the (A, q)-approximation of U and g, respectively. Then, the operator
SA4 := dUA4 has both U™ -structure and o9 -structure, with characteristics depending
only on y1, y2, y3, v4, and q.

Proof The operator 49 is derived from the potential U4-9 which, according to Propo-

nr
va V2’

2
max {g — 1, % ’;—21}) Thus, the proof of Proposition 2.16 shows that 4+ has U4-9-structure
with characteristics

sition 2.18 and Lemma 2.25, is a balanced N-function with characteristics (

2 2
(ﬁy—l,Z—l—max{q—l,ﬁy—z}

Ay (UA)),
Y4 V2 Y3 Y1

ny
ZIRZ
Lemma 2.27 yields that the operator S4-9 has ¢4 -structure with characteristics

where A, (UA9) depends only on max{g — 1, }, according to Lemma 2.7. Now

2.2 2
(B B4 max (g —1, 212

. L Aa(ph)).
YA vy V3 Vi

Lemmas 2.25 and 2.7 yield that Ar (™) depends only on max {y», ¢ — 1}. This finishes
the proof. O

We have the following crucial result (cf. Proposition 2.17).

Proposition 2.29 Let ¢ be a balanced N-function with characteristics (y1, y2). Let the oper-
ator S = AU have @-structure with characteristics (y3, ya, A2 (@)). For A > 1 and g > 2 let
@47 and 89 be the (A, q)-approximation of ¢ and S, respectively, and let F 4.4 be defined
in (2.9). Then, we have for all P, Q € R3*3 that

(S (P) —SM1(Q)) - (P — Q) ~ gy (IP¥!| + [PY™ — Q™)) [P¥™ — QW™ P2,
~ [Fyaq(P) = Flug Q)
IS P) = SMIQ) ~ gy (IPY™] + [PY™ — QW) [PV — Q™.
where the constants of equivalence depend only on vy, y2, ¥3, V4, and q.

Proof This is a direct consequence of Propositions 2.28 and 2.17. O

Remark 2.30 For the limiting processes, it is of fundamental relevance that in Proposition 2.29
the constants do not depend on A > 1.

Based on Proposition 2.29 we can prove the validity of equivalent expressions for
VF,(Du) which play a crucial role in the proof of regularity for the problem (1.1) (cf.
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[12, 13, 37]). To this end, we define for a sufficiently smooth operator S : R3*3 — R‘:’yxnf
the functions IP; : R3>*3 5 R,i=1,2,3via

3
P;(P) := 9;S(P) - 9;P = Z 0k Sim (P) 9; Pj 9; Pry,
J K Lm=1

and emphasize that there is no summation over the index i.
If S*, n € {1,...,N}, is a multiple approximation of S we define analogously
PR3 - R,i=1,2,3,forn e {l,..., N} via

3
PI(P) = ;") - P = S, (P) 3 Pji d; P
jokdm=1

Proposition 2.31 Let the operator S = dU have (p, §)-structure for some p € (1, 00) and
8§ € [0,00), with characteristics (y3,ys, p). For given N € N let S",
ne{l,...,N} be a multiple approximation of S. If for a vector field v: Q@ c R? — R3
there holds F'(Dv) € Wl'z(Q), then we have fori = 1,2,3 and a.e. in Q2 the following
equivalences

|8:F" (Dv)|* ~ a" (IDV]) |3;Dv]?
~ P} (Dv), (2.19)
19;S™(DV)[> ~ a" (|Dv]) P} (Dv).
where the constants of equivalence depend only on y3,ys, p, and gq,, for

n=1,...,N.

Proof Forh > Oandi = 1, 2, 3let A;rv(x) = vV(X+he)—v(x) anddﬁv(x) = h’lAfV(x)
be the classical increments and difference quotients in direction e; of the canonical basis.
The standard theory of difference quotients (cf. [16]) and F"(Dv) € wh2(Q) yield that
dF"(Dv) — 9;F"(Dv) a.e. and in L} () as h — 0 and
/|dl.+F”(DV)|2dx <e,
Qp
where the constant ¢ is independent of /, and where we used the notation
Q= {x € Q|d(x,9Q) > 2h}.
Thus, Proposition 2.29, Lemma 2.35 for p < 2, and Lemma 2.32 for p > 2 yield that
/|di+Dv|2dx <c,
Q2

with ¢ independent of & (even if it may depend on § and A,). Consequently, we obtain
that Dv € W12(Q), and dev — 0;Dv, A;rDv — 0 a.e. and in leoc(Q)’ ash — 0.
Proposition 2.29 yields

[T DY) (%) ~ a" (IDV(X)| + |ATDv(x)]) |4 Dyv(x)|,

which implies, using the above proved convergences, (2.19); as h — 0.
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Proposition 2.28 shows that S” has " -structure, which implies

3
P} (Dv) = Z 3k SiL, (DV) 3; D jxv 3 DV ~ a" (IDV])|3;Dv/|%,
jklm=1

showing (2.19),. To prove (2.19)3 we use the definition of P and (2.19); > to get

a"(IDv)) (P! (DV))* < a"(IDV]) 38" (DV) 2|3, DV ] ~ PY(Dv) |;S" (DV)[?,
which implies
a"(IDv)) P! (Dv) < ¢ |8;S" (DV)|?.
On the other hand, the fact that S"” has " -structure and (2.19); » imply that P;(P) = 0 if
and only if P = 0. Consequently, we obtain

3
2
98" V)P < Y 198" DY) 8: Dvl® < ¢ (a"(IDVD)” 13Dy [?
k=1

< cd"(IDV)) [3;F"(DV)]* < ca"(IDv]) P} (D).

Note that all constants just depend on the quantities indicated in the formulation of the
assertion. This yields the reverse estimate, proving (2.19)3. m}

To derive a priori estimates and to perform the limiting process we need estimates, which
do not involve the parameters A,, forn = 1, ..., N. We restrict ourselves to the case that
¢ = wps = wwith p € (1,00) § € [0, 00) and distinguish between the cases p < 2 and
p > 2 for the sake of a simpler presentation.

2.5 Some estimates specific to the case p > 2

In this section we prove some results, which are specific of the case p > 2. In particular, in
the case p > 13—3 we need multiple approximations, which makes the results more technical.

Lemma 2.32 For given p > 2, § > 0, and N € Nleta", n € {1,..., N}, be a multiple

approximation of a®. Then, there exist Xn = Zn S, pyq1s---+qn) = 1 such that for all
A, > max {8, A,} the function a” is non-decreasing and satisfies for all t > 0
1 1 §P—an
= ep2 - n
D22’ =1 a2 fems D=0,
—1
a"(0) £ T 277 (A ) g, (0, (2.20)
qn — e
-1
a'(1) < Ll 207240(r).

n

Proof For ease of presentation we show the assertion just in the first two cases, i.e.,n = 1, 2.
The remaining cases follow in the same way and are left to the interested reader.

The case (n = 1) : For simplicity we set A := A and ¢ := ¢;. Fort < A we have
al'(t) =a’(t) = 8 +1)P~2. Thus, g0 = p > ¢ > 2 implies

P <8P +0)17 < (841072,
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and W <1< :11 (1 4+ 8)P~2, which proves (2.20) forn = 1 and t < A. Moreover,

S +1)P2isan increasing function in 7.
For t > A we have

(1 — ) = gan , 117280, .21)

1
a () =qa
1924 qany ta—1

where o ; = o 4 (@%),i = 1,2. The expressions for the coefficients «; 4, i = 1,2, imply
g (A) = (q — DLDIA fim, o g4(1) = 1, and

(@0)"(AHA”
aiq(l —q) At (@) (A)
@y = g B (- ), (2.22)
qoap gt 14 -1 (0Y)"(A)A
From the properties of ? it follows that lim,_, oo <200 — - and that @) i strictly

(@) (1)1 q (@) (0
monotone increasing. Thus, for A > A (p, g, 8) the expression in the parenthesis in (2.22)
is non-negative and thus g* is a non-decreasing function. Consequently, we get that a! is
a non-decreasing function, since g a2 4 tq ~2 is increasing for ¢ > 2 (non- decreasmg for
g = 2). Using these properties and that »° is balanced we obtain that for t > A > A there

holds

— gt (2.23)

It remains to estimate the factor in front of g# in (2.21). From the expression for a4 we get

that g ap , 1972 = %(%)4‘2. Thus, using (2.7),7 > A > 8 > 0,and2 < ¢ < p we
obtain

—1(8+AP2 —1/6 p—2
qoazg tlj—z < LLI"I_Z — L(i + 1) AP~ t‘i_z
' g—1 Ad—2 g—1\A
1 -1 S+t\a—pr
<P T or2 pra 5y a2 = P e (i ) o
q—1 q—1 A
p— 1 p—2 p— 2
e p— 2772 (8 +1) (2.24)

For A > § we getthatt > 271 (§+1) forall# > A. Using this, the definition of «°, (2.7),
2<qg<pandt > A >§ >0 we obtain

o 1 @+ Ar?

1 1
- -2 - -2
qaz,q tq = tq = qj(a"'A)p qij(a‘f't)q

q—1 A2
P11 s
Z 12(] 261[1 5()_ _12(]7_2 (225)

The inequalities (2.23)—(2.25) imply (2.20) forn = 1 and t > A > max{J, ;\\}. This com-
pletes the proof forn = 1.

(m = 2) : For simplicity we set B :== Ay > A; =: Aandr := ¢q3,q := q1. Fort < B we
have a2(t) = a'(¢). Thus, p > q >r >2implies

e N R e L N O F L
which together with (2.20) for n = 1 shows (2.20); for n = 2 and t < B. The estimate
(2.20)2.3 forn =2 and A < t < B follows from a?(t) = a'(z), (2.21), (2.23), the estimates
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in (2.24) and r < ¢; while for r < A it follows from a?(t) = a®(1), 8 < A,2<r <q < p,
and

G+ 2 =@+ 1@+ 2 <2P 71 +1)12

For t > B we have

P =rar, 721+ —2 ) =i ray, 7205 (0), (2.26)

qany tr_l
where o; , = «; (w1), i = 1,2. The expressions of the coefficients «; -, 1 = 1,2, imply

hB(B) = (r—1) (“;’)3(3;1;, lim_ 0o h% (1) = 1, and

1— Br—l 1 1\ B
By (1) = ar(d—r) = (r — 1) ( (@) (B) ) 2.27)
o t” m \r—1  (o))(B)B
In the proof of Lemma 2.25 we showed that lim,_, o, @' _ - and that (” @

. (@0t q (@ (1)1
is strictly monotone. Thus, for B > B(p, ¢, r, §) the expression in the parenthe51s in (2.27)
is non-negative and thus 4% is a non-decreasing function. Consequently, we get that a>
a non-decreasing functlon since rap , '~ —2is 1ncreasmg for r > 2. Using these propertles
and Lemma 2.25 for ' we obtain that for r > B > B there holds

r —

1 B

T <h"@) <1. (2.28)
It remains to estimate the factor in front of 2% in (2 26). From the expressions for ap  and
(w")"(B) we get that r ap, 1" 2 = 7(“’1)_”}& (%) = (“’(r))”fA) (5" 2(3) . Thus, using

(2.7), the definition of 0!, 2 < r < g <pand0<§ <A < B <t weobtain

ras, 2 < P” ! (é + 1)17_2 (%)r_q AP=1 4472

r—1\A
<P o2 pra g a2 2 P 0 (LH)Q_P((SM)P*Z
r—1 r—1 A

—1
<7 o254 pr2,
r—1

For B > A > § we get thatt > 21 (8 + 1) for all + > B. Using this, the definition of Y,
27),2<r<g<pandt> B >A>§>0 we obtain

rag 12 1 (§+A)r?
N

1 1
BI~" "% > G AR o (6 12

“r—1 A92
P 1 s 1
2 12r2ar5()_ {2

The last two inequalities and (2.28) imply (2.20) forn = 2 and t > B > max{A, §}. This
completes the proof for n = 2. O

In the proof of regularity we will need mainly the following corollary.

Corollary 2.33 Let the operator S = U, derived from the potential U, have (p, §)-structure
with p > 2 and § > 0, and characteristics (y3, v4, p). For N € N let 0", F", S",
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ne {L ..., N}, be a multiple approximation of @°, FO, 8. Then, for all A, > max {8, Zn}
with A, from Lemma 2.32 and all t > 0 there holds

§p—2 ) §P—dn ; p—1
p—2_0
G C S oy s SN0 = T 200,
—1
W"(1) < ; =272 ()P g, (0,
—
— 1)291-3
@)@ < LD (2.29)

§p—2
Moreover, for all P € R3*3 there holds
[E" ()| ~ o (IP™)),
coP 70 F,, (P < [F"(P)”, (230)
IS"(P)| < ¢ (Ap—)P ™" (wg,_;.8) (IP¥™)
with constants c depending only on y3, Y4, qn, q1 and p.
Proof The proof of the estimates (2.29); » is a direct application of the previous lemma, the
definition in (2.6), " (0) = wy, s (0) = wy,_, 5(0) = 0 and integration.

Estimate (2.29)3 follows from (2.29); » and the equivalent definition of the complementary
function since

(@")*(t) == supst — " (s)

5>0
8r—2 )
<supst— —————
520 (p— D2t
_(p—129 2
=5

The estimates (2.30) follow immediately from the definition of multiple approximations of
S, F, w, a; Proposition 2.29 and (2.29). O

Let us finish this section with a more technical estimate needed in the proof of regularity
in the case p > 2.

Lemma2.34 For given p > 2, § > 0and N € Nleta", o" andn € {1,..., N}, be a
multiple approximation of a® and w° with A, > max {8, 1}, respectively. Then, there exists

a constant ¢ = c(p, q1, - - ., qn) such that for all s, t > 0 there holds
a"(t)s* < ¢ (87 + " (s) + " (1)). (2.31)

Proof The assertion follows essentially from Young inequality and the expressions for the
coefficients of the approximations. However, we have to distinguish several cases. For ease
of presentation we show the assertion just in the first two cases, i.e., n = 1, 2. The remaining
cases follow in the same way and are left to the interested reader.

The case (n = 1) For simplicity we set A := A and ¢ := ¢;. For t < A we have
a'(ty = a®(r) = (8 + 1)P~2. For 5,t < A Young inequality with 5 and ﬁ, 8§ > 0 and
p > 2yield

G+ s <c(G+DP +sP) <c (8P + G+ 0P + (5 +5)P257),
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which implies (2.31) for s, t < A, since Corollary 2.8 implies
S +0P7%% ~ (1) = ' (1), (2.32)

valid for t < A.
Next, assume that 5,7 > A. Since o' is balanced with characteristics (1, p — 1), the
definition of w! implies for # > A that there holds

@ () @A),
t

a'(n = ~ @)= — (2.33)

with constants of equivalence depending only on p. This and Young inequality with % and
4 imply
q—2

O 4
alt)ys* <c(p,q) 7( ) (A) (1722 +59725%) = ¢ (@) 12 + (@) (5) 57),

which yields (2.31) for s, ¢ > A, since Corollary 2.8 shows (w!)" (1) t*> ~ w' ().
Next, assume s < A < ¢. Using (2.33), Young inequality with ﬁ and £, 5 > 0, (2.32),

(2.33), and again (w')"(t) t* ~ w'(¢) we obtain

0y// N
al(t) S2 <c(p) ((M) =2 tl’*ép +Sp_2S2>

Ad—2
0N/ 0\/7 P

A A -1 g2

<c (Q‘)A)q%z) 19722 (%) TS 2 a)l(s)> (2.34)
0N/ 2
w A 4=p
¢ <w1(t) (%) 225 4 (s))
Using (0°)”(A) ~ (8 + A)P~2, max{1, 8} < Aand g < p we get
0y 2 2 245 24=p
(WY 2 (O AT TP (4 <

A4 A Azﬁ—z A

which together with the last estimate implies (2.31) fors < A <t.
Finally, forr < A < s we get

) ()

We use Young inequality w1th 2 and ,(2.33) and again (0')’ () 1* ~ w'(¢) to arrive at

(wo)//(A) §9- 2 2)

ad )=+ 2= 410" 2(

(a)o)”(A))

Ad—2 Ad—2

a'()s® <e(p,q) <(8+t)q (
From (@°%)"(A) ~ (§ + A)Y?2, p>¢g > 2,1 < Aand § > 0 we obtain

(@°)"(A)
Ad—2

p—2

=2 -2
)7 se@HnP AT TS

@+ 1)1 (
<c@+DP <c @+ @+ 2,

which together with (2.32), (2.33) and the last estimate yields (2.31) fort < A < s. This
finishes the proof forn = 1.

The case (n = 2) For simplicity we additionally set B := A and r := ¢g5. Fors,t < B
we have a2(t) = a'(¢). Thus, the assertion (2.31) for n = 2 is already proved in the case
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n = 1 above. In the case s, t > B we proceed exactly as in the case s, > A forn = 1 just
replacing o', o, q and A by ®*, ', rand B, respectively.
In the case s < B < t we have to distinguish between s < Aand A < s < B. In the
former case we use the analogue of (2.33) for a? and proceed as in (2.34) to arrive at
(@")"(B)

(05> < e(p) (a)z(r) (ﬁ)

—|— w (s))

Using (0!)"(B) = (“’X;fA) BI72 < (p— )(6;;\72’2’*23(1_2’ l<A<Bandr <qg < pwe
get the estimate
(<w1)”(3)>%t N R (§>2f<i)2*
B2 - A? B B
which together with the last estimate implies (2.31) fors < A < B <t.ForA<s < B <t
we have

a’(t)s? <

(wB)r”(zB) e 2((602,/(?))_, ((wzl%;\))%s .
q
2°

Using Young inequality with quz and the analogue of (2.33) for a? and a', and

(@) (t) 1* ~ (1) we get

<
(SIS}

@ (A2 (@Y BN @A)

<A4—2)<B’—2>+A42q )
A? ((a) )”(B))

(@)(Ayez © B2

From (0')’(B) = %Bq_z, g >r >2andr > B we obtain
25 A? @) Bz _ (1
2 Br—2 B -
(@0)"(A)) 72

which together with the last estimate yields (2.31) for A <s < B <.
In the case t < B < s we have to distinguish between t < A and A <t < B. In the
former case we have

a*(t)s? < e(p,q) (tqq:

<c (a)z(t) 2 + w2 (T)>

2P = 641y <(af)r,,(23))% ((w;)r”_(zB))%

which by Young inequality with - and 7, and the analogue of (2.33) for a yields

’

r—2 2

r—2 2
o) e m)

2

a*(t)s* < c(p.r) ((8 oy (

c ((5P +a°(1)) (8 + 1> + a)z(s)>.

(@) (B) 72

From (0')’(B) = %Bq_z,q >r>28>0and B> A >t we obtain

- B2 S 1\2F S AN25S
6 +1)>= . 5( ha ) 2(—) ’
(V)" (B))7™2 S+ A B

<1,

@ Springer



Natural second-order regularity for parabolic systems with... Page250f49 137

which together with a®(t) = a%(1), t < A, and the last estimate yields (2.31) forr < A <
B <s.For A <t < B <s we have

2 2
a“(r)s” < yvE

G ) ()

which, by Young inequality with —“5 and % and (2.33) for a® and a', yields

_ 0y P b
a2(t)s® < c(p,r) <tr%§ (") (,fz)) 2 B 2
ArrT ((a)])//(B))m
. 0y// r% )
Azm ((wl)”(B))ﬁ

+ w%s))

<c (a)z(t) t

Using (0°)”(A) ~ (8 + A)?~2 and (0")(B) = %Bq—z, g>r>2and B >t we
obtain

<1,

S (@Y)'(A)T B £\
[Z‘ZTZ ( ) r—=2
B

q-=2 2 =c

AT (@)(B)TE
which together with the last estimate yields (2.31) for A < ¢t < B < s. This finishes the
proof of the case n = 2. O

2.6 Some estimates specificof thecase1 < p <2

For completeness we deduce estimates for the case p € (1, 2], which are the counterpart of
those proved in the previous section and which can be used to prove the regularity results
also in the case p € (1, 2]. Note that in this case it is enough to use a single approximation
with g = 2.

Lemma2.35 Forp € (1,2]and § > 0 let w = wp s and a = a,,. For A > 1 and g = 2 we
set o 1= 0% and a® = a,az. Then, the function a? is non-increasing and satisfies for
allt >0

(p—Dal) <a*(t) <572,

2.35
(p—DE+ AP 2 <a@). 233

Proof The statement is clear for r < A using a’(t) = a(t) = (6 + t)p_2, 0<6,t <A, and
p < 2. Moreover, (§ + t)”‘2 is a non-increasing function in ¢.

Fort > Awehavea” (1) = o (A)+2 A= DA Thys, we getthata’ (A) = (§+A4)72,
limy— oo a (1) = (5 + A)P73 (5 + (p — DA) and (@) (1) = —LD=F DA < 0 in view
of (2.7), and p < 2, hence proving that a” is non-increasing also for r > A (contrary to the
case p > 2 we do not have any restriction on the choice of A). This yields

G+ A2 2a @2+ AP (P - DA+ = (p =D E+ A,

which implies the assertions using 8P"2> (84+ AP Zand S+ A)P2 > 8+1)P 2 in view
oft > A,and p < 2. ]

Asin the case p > 2 we would need mainly the following corollary in the proof of regularity.

@ Springer



137  Page 26 of 49 L. C. Berselli, M. Razicka

Corollary 2.36 Let the operator S, derived from the potential U, have (p, §)-structure for
some p € (1,2] and § > 0, with characteristics (y3, va, p). Denote ® = wp 5, F = F,, and
for A > 1 set ot = 0?2 FA = F, 4 and S4 .= SA2 Then, there holds for all t > O that

-2
(p—Do@) <o) < % 1%,

pT_l 6+ P21 < (),
@M*(1) < (p — 1) (A2 (@NM 0¥ (1),

where M € Ny is chosen such that (p — D' < 2™ Moreover, forallP e R3*3 there holds

(2.36)

FA®)]” ~ 0t ((PY™)),
cIF®)? < [FA®), (2.37)
ISA4(P)| < ¢ 8P 72 |PY™,

with constants ¢ depending only on y3, ya, and p.

Proof Assertions (2.36); » follow from (2.35); 2, the definition of a, a*, w(0) = w*(0) =0
and integration. Using the first inequality in (2.36); we get for all # > O that

(@M*(t) = sup st — w(s)
s>0

t
[~ w(s)

=(—-Dsups

>0
=(p-Do(-) = (= D BN "0,
p—1

with M € Ny as chosen above. This proves (2.36),. The inequalities in (2.37) follow from
Proposition 2.29 with Q = 0, the definition of a®, the fact that @, w* are balanced, (2.36),
the equivalences for F and S in Proposition 2.17, and Lemma 2.35. O

3 On the existence and uniqueness of regular solutions

In this section we prove our main result, namely Theorem 3.4, i.e., the existence and unique-
ness of regular solutions of (1.1), solely based on appropriate assumptions on the regularity
(but not on the size) of the data. From now on we will restrict to the case p > 2, but with a
few (but non completely trivial) changes the same arguments can be applied also to the case
p € (1, 2], where a single approximation would be enough. Even if the theory of approxi-
mation gives a unified approach valid for all p, we decided to focus on the case p > 2 since
many estimates should be changed, starting already from the a priori estimates and we think
that explaining the steps that need to be changed in the case p < 2 would fragment the presen-
tation in such a way that the readability of the paper would be much more difficult. Since the
result in the case p < 2 is already contained in [12, 13, 37], using a different approximation,
we preferred to skip them. Nevertheless, they will be presented in a forthcoming paper [14].

Definition 3.1 (Regular solution) Let the operator S in (1.1), derived from a potential U,
have (p, §)-structure for some p € (1, 00), and § € [0, co) fixed but arbitrary. Let Q2 C R3
be a bounded domain with C?! boundary, and let / = (0, T), T € (0, 00), be a finite time
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interval. Then, we say that u is a regular solution of (1.1) if u € L?(I; Wol’p(Q)) satisfies
forall Y € C3°(0, T) and all w € Wol’p(Q)
T T
Bu(t)
Y () + SMu@), Dw) y(t)dt = [ (£(), w) () dt,
0 0
and fulfils

ue L Wy () N WA LA(Q).
F(Du) € L°; L*(Q) N L*(1; Wh2(Q)),

Remark 3.2 Note that we are focusing on the “natural” second order spatial regularity,
especially we are proving that F(Du) € L*(I; W'2(Q)). In the parabolic case it is pos-
sible, at the price of some more restrictive hypotheses on the data, also to prove that
F(Du) € WH2(I; L?(R2)). This result can be obtained independently on what we prove
later on and nevertheless implies also some simplifications of the argument concerning the

treatment of the time derivative. The regularity of 9FDW would be needed in case of time-

ar
discretization to prove optimal convergence results, as done in [13].

Remark 3.3 To formulate clearly the dependence on the data in the various estimates we
introduce the quantity

T

I[1ao, £1]12 1=f|u0|2+w(|Du0|)dX+//|f|2dde-
Q

0 Q

Using the equivalences w, s(t) + 87 ~ t” 4 7 and w*(t) ~ @4+ t)”/’ztz, valid for
all p € (1, 00), t,§ > 0 with constants of equivalence just depending on p, together with
Korn and Poincaré¢ inequalities, one easily checks that |||ug, f]|| is finite if ug € WOl P(Q)
and f € L2(I x Q), provided that p > g.

We can now state the main result of this paper.

Theorem 3.4 Let the operator S in (1.1), derived from a potential U, have (p, §)-structure
forsome p € (2,00), and® § € (0, 00) fixed but arbitrary. Let @ C R3 be a bounded domain
with C®1 boundary, and let I = (0, T), T € (0, 00), be a finite time interval. Assume that
uy € Wy (Q) and f € LA(I x Q).

Then, the system (1.1) has a unique regular solution with norms depending only on the
characteristics of S, 81, T, Q, and |||uy, f||.

To prove Theorem 3.4 we use an approximate problem, obtained by replacing the operator
S = 39U with (p, 8)-structure by the lastitem SV = dU" of a special multiple approximation
S n=1,...,N,ofS,ie.,

(@) (IPY™)

Npy —
SV (P) = TSR

Psym — aN(lpsymDPsym’

which we define now.

6 For a discussion of the case § = 0 we refer to Remark 3.17.
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Definition 3.5 (Special multiple approximation) Let the operator S = U, derived from a
potential U, have (p, §)-structure for some p > 2 and é > 0 with characteristics (3, Y4, p).
We call 8", U", 0", and @, n = 1, ..., N, a special multiple approximation of S, U, @, s,
and a,, ; if it is a multiple approximation generated by N := [”T_zl , exponents

gn=p—2n forn=1,...,N—1 and gy =2,

and parameters A,,n = 1, ..., N satisfying the conditions in Definition 2.23 and in Corol-
lary 2.33.
Remark 3.6 (i) LetS",n = 1,..., N, be a special multiple approximation as in Defini-
tion 3.5. Lemma 2.11 and a successive application of Proposition 2.28, and Lemma 2.7
yields that foreachn = 1, ..., N the operator S has w"-structure with characteristics

depending only on the characteristics of S, i.e., on y3, y4, p, due to the special choice
ofgj, j =1,..., N. The special choice of ¢, j = 1,..., N, Lemmas 2.11 and 2.25
imply that the characteristics of ", n = 1, ..., N, depends only on p. Thus, the con-
stants in Proposition 2.31 as well as in Proposition 2.29 and Corollary 2.33 applied to
S",n=1,..., N, depend only on the characteristics of S.

(i) In view of (i), Lemma 2.32, and Remark 2.21 the operator SV has (2, §)-structure with
characteristics depending on p, y3, y4, V=1, and Ay.

In view of the previous remark we can work in the W!2-setting, which is sufficient to
justify all forthcoming computations, which is the main reason for the introduction of these
approximations.

3.1 The approximate problem and some global regularity in time

We have the following result on existence and uniqueness of solutions with certain additional
regularity of the approximate problem.

Proposition 3.7 Letthe operatorS = dU, derived from the potential U, have (p, §)-structure
for some p € (2,00) and § € (0, 00). Assume that uy € Wol’p(Q) and £ € L2(I x Q). Let
SN be the last item of a special 7 multiple approximation S", n = 1,..., N, of S as in
Definition 3.5. Then, the approximate problem

—divS¥NDu) =f in I xQ,
N—=0 onlxdQ, (3.1)
uV(0)=uy in Q,

possesses a unique strong solution u e, u¥ e W21 L3(Q)) with FN(DuV) e
L (I; LX(Q)), which satisfies for all € C{(0, T) and all w € W, ()

[ auN<> N
/ w) Y1) + (8" DN (1), Dw) v/ () dr = / €)Wy dr.  (3.2)
0

7 Observe that the results of this section, prior to the passage to the limit, are in fact valid for any sequence of
parameter g, as described in the definition of the multiple approximation.
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In addition, the solution u" satisfies the estimate
_ 2
esssup;e/ [lu™ ()3 + [FY Du” (1) 13 + 8772 va® (1),

(3.3)

T TN 2
2 u’ (s

+81’_2/||DuN(t)||2dt+/ H at()”2dt < (1 +lluo, £112),

0 0

with C depending only on the characteristics of S, 8?2, and Q.

Proof The proofis based on a standard Faedo-Galerkin approximation of (3.1). The existence
of solutions of the Galerkin approximations follows from the standard Carathéodory theory
for systems of ordinary differential equations. As pointed out in Remark 3.6, the operator
S¥ has (2, 8) structure, hence the system can be treated essentially as the heat equation. In
particular, once the existence of the Galerkin solution u,iv , k € N, is obtained, passing to
the limit as k — oo can be done within the standard theory of evolutionary problems with
monotone operators.

Since this is a standard procedure, we just derive the a priori estimates necessary for it.

The first a priori estimate, derived by using u,iv as test function in the Galerkin approxi-
mation for u,iv , is the following one:

1d "
31 1B+ e IEN a1 < cgf(w’v) (|f|>dx+s/wN<|u,iV|>dx
Q Q
< cg/(w”)*uﬂ)dx+sC/wN(|Du£X|)dx,
Q Q

where we used in the first line Proposition 2.29 with Q = 0 together with Young inequality,
and in the second line

[ audiax=cr [o¥qvaliax = crck [ o apulax,

Q Q Q
which follows from modular versions of Poincare and Korn inequalities in Orlicz spaces (cf.
[7,22, 38]). Moreover, we absorb the last term on the right-hand side of the previous estimate
using fQ a)N(lDu,[{VD dx ~ |FN (Du,lcv) ||% in view of Corollary 2.33. Note that all constants
are independent of A,, n = 1, ..., N, and depend only on the characteristics of S and on
2, due to Remark 3.6 and [7, 22, 38]. Moreover, from Corollary 2.33 and the definition of
[||ag, £]][, it follows that

T
ff(wN>*<|f|)dxds < c(p) 5772 ||luo. £l < oo
0 Q

Hence, after the limiting procedure £ — oo we arrive at

T T
2 2 _ 2
esssup,c; uV (02 + / IEY Du? () ds + 572 f 1Du ()12 ds < c l]uo. £1]12,
0 0

oul .. .
where we also used Corollary 2.33. Next, we take % as test function in the Galerkin

approximation, use the fact that S¥ = U is derived from the potential UV ~ " in view
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of Lemmas 2.27, 2.9 and Proposition 2.18, to arrive at

t N 2 t

/H Bugt(s) szs —i—/a)N(lDu,I(v(t)l)dx < c/wN(|Du’5|)dx+c/ 1£(s)12 ds.
0 Q Q 0

Since p > 2, we use Corollary 2.33 to arrive at

[ o putyax < e [ wipufpa.
Q Q

These properties together with Corollary 2.33 imply, after the limiting procedure k — oo,
that fora.e. t € [0, T']

Ju

N 2
(s)
) szssc(1+|||uo,f|||2),

T
2 _ 2
IEY Du® ()3 + 572 Vu ()3 + / |5
0

where we also used Corollary 2.33 and Korn inequality.
The uniqueness of the solution u" follows in a standard manner. O

Remark 3.8 Note that by the fundamental theorem of calculus of variations the weak formu-
lation (3.2) is equivalent to

ou (1)
(uatt

being satisfied fora.e. t € [ and all w € WO]’Z(Q).

, w) + (SN (Du? (1)), Dw) = (£(r), ), (3.4)

In order to prove existence and uniqueness of regular solutions to (1.1), by taking the
various limits A, — oo, we need to prove further regularity for the solution u?, namely on
the second order spatial derivatives, in such a way that Du” converges almost everywhere.
The regularity in the spatial variables requires an ad hoc treatment (localization) for the
Dirichlet boundary value problem. To do this we adapt the argument introduced in [32]
(treating the case p > 2) and that in [12, 13] (treating the case p < 2). We sketch the
relevant steps, pointing out the main new aspects which are present in the time-dependent
case.

3.2 Description and properties of the boundary

We assume that the boundary €2 is of class C>!, that is for each point P € 9<2 there are

local coordinates such that in these coordinates we have P = 0 and 92 is locally described

by a C? ! function, i.e., there exist Rp, R’P € (0,00), rp € (0,1) and a C%!-function
: B2 (0) — B, (0) such that

gp : B}, (0) — BJ, (0) such tha

(bl) x € 32N (B}, (0) x B}Q,P(O)) & x3=gp(x1, x2),

(b2) Qp = {(x',x3) [ x" = (x1, x2) € B}, (0), gpr(x') < x3 < gp(x) + Rp} C L,

(b3) Vgp(0) =0, and ¥x' = (x1,x2)T € B} (0) [Vgp(x)| <rp,

where Bf (0) denotes the k-dimensional open ball with center O and radius » > 0. Note that

rp can be made arbitrarily small if we make Rp small enough. In the sequel we will also
use, for 0 < A < 1, the scaled open sets A Qp C Qp, defined as follows

rQp = {(x',x3) |x' = (x1.x2) " € B, (0), gp(x') < x3 < gp(x') + AR}).
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To localize near 92 N 92 p, for P € 952, we fix smooth functions £p : R> — R such that
D) X6, ™) <EpX) = x3q, (),

where x4 (x) is the indicator function of the measurable set A. For the remaining interior
estimate we localize by a smooth function 0 < &y < 1 with spt§y C 2o, where Q¢ C Q is
an open set such that dist(d€2p, d€2) > 0. Since the boundary 92 is compact, we can use an
appropriate finite sub-covering which, together with the interior estimate, yields the global
estimate.

Let us introduce the tangential derivatives near the boundary. To simplify the notation we
fix P € 92, h € (0, If—g), and simply write £ := &p, g := gp. We use the standard notation
x = (x/,x3) " and denote by e’,i = 1,2, 3 the canonical orthonormal basis in R3. In the
following lower-case Greek letters take values 1, 2. For a function f with spt f C spt& we
define for ¢ = 1, 2 tangential translations:

fr(x' x3) = fr, (', x3) := f(x" +he’ x3+g(x" +he¥) — g(x),

tangential differences AT f := f; — f,and tangential difference quotientsdt f := h= AT f.
For simplicity we denote Vg := (d1g, 2g,0) " and use the operations (-);, (-)_,, AT(),
AT(-),d™(-) and d (-) also for vector-valued and tensor-valued functions, intended as acting
component-wise.

We will use the following properties of the difference quotients, all proved in [6].

Lemma3.9 Lerv e WH1(Q) be such that sptv C spt&. Then
Vd*v = d*Vv + (83v), ® d¥ Vg,
Dd*v = dEDv + (33v), ® d* Vg,
divd*v = dFdivv + (03v) 4, d Vg,
VVir = (VV)ir + (039)4,d7 Vg,
where (V@ W);j == viwj, i,j=1,2,3 andv QW= %(V W+ vew').

As for the classical difference quotients, L4 -uniform (with respect to 2 > 0) bounds for
d™ f imply that 9, f belongs to L4 (spt ).

Lemma 3.10 It holds® that, if f € W-1(Q), then we have fora = 1,2
dYf — 8. f =00, f = 0 f +0ugd3f ash— 0, (3.5)

almost everywhere in spt&, (cf. [32]).
If we define, for0 < h < Rp

Qpp= {x e Qp |x’ S BIZQP,h(O)} >

and if f € Wh4(Q), 1 < g < oo, then

/ ldT f19dx < c/ |9; £19 dx.
Qpp Qp

8 Note that dr f denotes a tangential derivative, and to avoid confusion with time derivatives, the latter will

be always denoted as %
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Moreover, ifdt f € LY(Qp p,), 1 < q < 00, and if

dc; >0: / |d+f|qu§C] Vho € (0, Rp) andV h € (0, ho),
Qp g

then 8, f € L1(Q2p) and

/|arf|qu5c1.
Qp

Remark 3.11 All assertions of the previous lemma also hold in Orlicz spaces generated by
N-functions ¢ € Aj, as can be easily seen by adapting the proof carried out in [23] to this
situation.

The following variant of formula of integration by parts will be often used.

Lemma3.12 LetsptgUspt f C spt§ =sptépand 0 < h < %. Then

[ ro-cax= [ srgax.
Q Q

Consequently, [ fd*gdx = [(d~ f)g dx. Moreover, if in addition f and g are smooth
Q Q

enough and at least one vanishes on L2, then

f forgdx=— / (3. g dx.
Q Q

Also the following properties of the difference quotient will be used in the sequel.
Lemma3.13 Letsptg C spté&. Then

d g, =-d"g, ([d7g) =-dg d g =-d"g
Lemma 3.14 Letsptg Uspt f C spté&. Then

d*(fg) = fecd¥ g+ d*f)g.

3.3 Afirst regularity result in space

We start proving spatial regularity for the approximate problem. The estimates proved in this
intermediate step are uniform with respectto A,,n = 1, ..., N, only (a) in the interior of Q
and (b) in the case of tangential derivatives. On the contrary estimates depend on A, in the
normal direction. Nevertheless, this allows later on to use the equations point-wise to prove
in a different way estimates independent of A,,n = 1, ..., N, in the normal direction. Thus,
we can pass to the limit with A,, — o0, to treat the original problem in the non-degenerate
case.

We observe that by using a translation method, the result below is proved rigorously for
the solutions we constructed.

Proposition 3.15 Let the operator S = 90U, derived from the potential U, have (p, d)-
structure for some p € (2, 00), and § € (0, 0o) with characteristics (y3, ya, p). Let Q C R3
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be a bounded domain with C*' boundary and assume thatug € Wol’p(Q) andf € L*>(I x Q).
Let SN be the last item of the special multiple approximation 8", n = 1, ..., N, of S from
Definition 3.5.

Then, the unique strong solutionu®™ of the approximate problem (3.1) satisfies fora.e.t € I

t
//é(?IVFN(DuN(s))ﬁ+51’*2§02|v2uN(s)|2dxds < ¢o,
0 Q

. (3.6)
2 _
/ / £p10.FN (D ()" + 8772510, Vu® (s)|* dxds < cp,
0 Q
where cg = c0(82_p||f||%, [llao, £III, 1€0ll1 005 ¥35 Y4, P), wWhile the constant related to
the neighborhood of P is such that cp = cp(8>~P|f|13, [[luo. £II], [1Epl1.00s gl 21

V3. V4, D)
Here, £y(X) is a cut-off function with support in the interior of 2 and, for arbitrary P € 0%,

the tangential derivative
is defined locally in Qp via (3.5).

Propositions 3.15 and 3.7 imply uV () € W22(Q) and %(t) e L3(Q) forae. t € I.
Hence, equations (3.1) hold point-wise a.e. in [ x .

We employ this to deduce the following result, by using the equations in a point-wise
sense, yielding however a critical dependence on the approximation of the operator.

Proposition 3.16 Under the assumptions of Proposition 3.15 there exists a constant C1 > 0
such that, provided in the local description of the boundary there holds rp < Cy in (b3),
where &p is a cut-off function with support in Qp, there holds for a.e. t € 1

t
[ [ o @utsni + 57 2ghiau" ) axas < e, (37)
0 Q

where Cy = Cn(8>77, 8> P|If113, [I[wo, fIIl, 1P 11,00, I8P llc21, ¥3, V4, Py AN, @N-1).

Remark 3.17 We consider only the case § > 0 and in the estimates of the two above propo-
sitions all dependencies on § are traced in a precise and explicit way, showing how they
deteriorate in the degenerate case. The degenerate problem could be treated by assuming
more stringent assumptions on the regularity of the data (namely the regularity of the right-
hand side f). The same phenomenon is well-known to happen even for the p-Laplace problem.
In that case sharpness of additional assumptions and links with the fractional regularity of
the solution are proved and discussed in detail by Brasco and Santambrogio [15] and the
references therein.

Proof of Proposition 3.15 Fix P € 92 and define in Qp
wi=d (Ed @V g,)).
where £ :=&p, g :=gp,and h € (0, %) and use the function w extended by zero outside

of Qp as a test function in (3.4). This yields, using the properties of the difference quotient
in Lemmas 3.9, 3.12, 3.14, forae.t € I

t 8 N I3
//s%l*“T(s) -d*uN(s)dxds+//52d+sN(DuN(s))-d*DuN(s)dxds
0 Q 0 Q
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1
= —//$2d+sN(DuN(s)) (030N (), ® d* Vg dxds
0 Q

t
- 2f/d+sN(DuN(s)) . EVE @ dtuV dxds
0 Q

s

t
+//SN((DuN)T) - (263¢aTu) @ dTVgdxds
0 Q
t
+//SN((DuN),) (824 05u") ® dT Vg dxds
0 Q

1 5 t
+//f(s) d~(E*dTuN (s)) dx ds =: Z/Ij(s) ds.
0

=1y

Proposition 2.29 yields for a.e. s € I the following equivalence

f52|d+FN(DuN(s))\2dx~ /52d+sN(DuN(s)) -d*Du” (s) dx,
Q Q

with constants depending only on the characteristics of S, due to Remark 3.6. This equiv-
alence provides the “natural” quantity on the left-hand side. We estimate the integrals Z;,
j=1,...,5, similarly as in [6]. Note that all constants in the following can depend on the
characteristics of S and that other dependencies will be indicated.

We start estimating the first one as

1 <c / £21dDu | o™ (IDu| + |ATDUY )| (Vu), | |dTVg| dx
Q

1/2
<clglem /g2aN(|DuN|+|A+DuN|)|d+DuN|2dx x

Q
172

X /gZaN(|DuN| +[ATDUY |(VuM), |? dx
Q

2
<elled FNDuM)|; +C (ap + / o™ (IDu™) dx),
Q
where we used Proposition 2.29, Holder and Young inequalities, Lemma 2.34, the convexity
and A,-condition of the balanced N-function ", the substitution theorem and Korn inequal-
ity. The constant C depends on ||g||-1.1 and e~1. Note that in view of fQ o™ (DuV|) dx ~
IFN Du™)|| %, estimate (3.3), and the substitution theorem the right-hand side of the last esti-
mate is finite. This comment also applies to the estimates of the other terms Z;, j = 1, ..., 5.
The second term is estimated more or less in the same way

I < c/§|d+DuN|aN(|DuN| + |ATDUN )| VE||d T | dx
Q
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12
<c ||V$||§O(/szaN(|DuN| + |A+DuN|>|d+DuN|2dx) x

1/2
x / a¥(Du| + |A+DuN|)|d+uN|2dx>
QNspt &

< e e d FY D0+ el ) (37 + [ o (DuY) dx),
Q

where we additionally used Remark 3.11.

To estimate the integral Z3 we use that due to Proposition 2.29 there holds ISV (P)| <
¢ (@™)' (IPY™|). Using this, Young inequality, (2.2), the substitution theorem, Remark 3.11
and Korn inequality we get

1Z3] < c(I€1,00s ||g||cz.1)/(wN>*<|sN(<DuN),>|> + o™ (ldTu ) dx
Q
< CUEN w. ||g||cz.1>wa<|DuN|)dx.
Q
The integral Z4 is estimated by using Lemmas 3.12-3.14 to obtain
|Z4| = | / (—&%atsY DuM)dtvg +SYDu)dt (Ve d (D) ® du?
Q

+ SV DuN)(E2)_, dd* Vg & d5u” dx |

2 —
< e g d FY D)l + e 18] oo gl c2n) (87 +/w”(|DuN|)dx),
Q

where the first term was treated as Z;, while the other two were treated as 73 .
On the other hand, the integral related to the right-hand side can be estimated as follows

Ts < c(e7 ) 82 7P|IF)3 +83p_2/ ld~ (&2dTu)|? dx
Q
<ce™H 8 PIEIS + cUIE 005 ||g||c.,1>apfzf IDu”|? dx
Q
+sc51’—2/52 |dTDu |? dx
Q
< ey PIEIR + cE ] oo ||g||cu,1)ap‘2f Du" P dx
Q
+sc/|d+FN(DuN)|2dx,
Q

where we used standard properties of the difference quotient in L2, Korn inequality, the substi-
tution theorem, as well as Proposition 2.29, and Lemma 2.32, which yield 7 ~2|d+Du® |> <
c|dTFN (DuM)2.

@ Springer



137 Page 36 of 49 L. C. Berselli, M. Razicka

: +ou’ _ ad*tuV
Observing that d7 5~ = &,

proved that for a.e. t € 1

, choosing ¢ > 0 sufficiently small, and using (3.3) we

t
%/§2|d+uN(z)|2dx+c//$2|d+FN(DuN(s))|2dxds
Q 0 Q

1 B 3.8)
< 5/52|d+uo|2dx+c(||5||1,oo, ligllcat, 82 PIEN3, 1o, 11l v3, va, P)
Q

< ColEll1.00s llgllcar, 8*PIENS, [1uo, £111, 13, v4s P),

where we also used the assumption on the data. Since Cy does not depend on i > 0, it follows
by Lemma 3.10 that for a.e. r € [

t t
//52|3,FN(DuN(s))|2dxds < f/§2|d+FN(DuN(s))|2dxds < Co.
0 Q 0 Q

proving the estimate for the first term in (3.6);. Next, observe that Proposition 2.29 and
Lemma 2.32 imply

t t
5!’—2//52|d+nu’v(s)|2dxds < //§2|d+FN(DuN(s))|2dxds < Co.
0 Q 0 Q

Now we proceed exactly as in the proof of [11,(3.12)—(3.14)] for the special choice ¢ () = 12
to get

t
8p_2[/$2|d+VuN(s)|2dxds
Q

0
t t

<572 / / £21d*Du” ()P dxds + (&l oo. ligllcr) 5772 f f D (5)2 dx ds
Q Q

0 0
t

< Co+ (&l 1o ||g||cl,1)5"—2//|DuN<s>|2dxds. (3.9)
0 Q
This, the a priori estimate (3.3), and Lemma 3.10 finally shows for a.e. r € I
t
8"*2//52|aTVuN|2dx < CUIE N 00s lIglc21, 82 PIENZ [ luo, 111, ¥3. v4. P).
0 Q

proving the estimate for the second term in (3.6)7.
The same argument used with a test function &y with compact support in €2, and standard
difference quotients can be used to prove (3.6);. O

Corollary 3.18 Under the assumptions of Proposition 3.15 there holds a.e. in I x Q
0. FY Du)[* ~ a" ((DuV)ja, Du” |’

with constants depending only on the characteristics of S.

@ Springer



Natural second-order regularity for parabolic systems with... Page370f49 137

Proof Proposition 2.29 implies
ldtFY Du™)|* ~ a¥ (DuV| + |ATDuY )| Du? .

The estimates (3.8), (3.9) and Lemma 3.10 yield thata.e. in / x €2 there holds d TFV (DuV) —
9. FY (Du”) and d*Du” — 3. Du” as h — 0. These observations immediately imply the
assertion. ]

Now we prove the result on the regularity in the “normal” direction from (3.7), which is
valid up to the boundary, but is dependent on the chosen multiple approximation.

Proof of Proposition 3.16 Thanks to the previous results we can re-write the equations in (3.1)
a.e.in I x Q as follows

Ny Z 330573 Du")d3 D3pu™ =¥,

a=1

where
Z dy0 S (DuN)33 Dy’ Z 3 S}y (Du)dg D,
y,o0=1 k=1

fori = 1 2, 3. We now proceed as 1n[12 Eq 3. 3)] and multlply these equations by 83D,3u
where Daﬁu =0,fora, g =1,2, Dagu = D3au =2Dg3u”, fora = 1,2, D';';ll
Dszu and sum overi = 1, 2, 3. Since SV has w” -structure we get

3 N
ou; —~
=3 S osDisu +y ¥ (Du D6 < Ifilb] ac.inlx Q.

where b; := 93 D;3u” and where the constant y just depends on the characteristics of S.
By straightforward manipulations (cf. [11,Sections 3.2 and 4.2]) we obtain that a.e. in
I x Qp it holds

1 < ¢ (1fla” (Du"1) (10:Vu®| + [ Vglloc | Vu™])
6] = 2[B] — |3 Vu| — [ Vg [loo| VZu],

for E,- = 832314N, i =1,2,3. Consequently we geta.e.in I x Qp

—Z lagD,au +2y a" (IDu 6|

< [ 1+ @™ (D)) (10:Va® | + Vel V2u"]) ] B,
We then add on both sides, fora = 1,2 and i, k = 1, 2, 3, the term (which is finite a.c.)
2y ™ (IDuN) [0, 01y 17,

use the estimate |b| < |V2u"| and Young inequality, yielding

—Z ' 93 Di3u” + 2y ™ (IDuM )| Va2

I

< N DllN V2uN 2+7
< ya® (DU |V P+ s

+ca™(Du)) (1o, Vu P+ Vg3 IV 7).
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where in the right-hand side we used also the definition of the tangential derivative (cf. (3.5)).
Next, we choose the sets Qp such that [|Vg|loo = [[Vgp(x1, X2)ll00,p is small enough, so
that we can absorb the last term from the right-hand side. We finally arrive at the following
pointwise inequality

—Z ’33 isu +y o (IDu" Ve ?
(3.10)

15 .
—C<m +a" (Du™)) |3 VuV[* ) ae.in ] x Qp.

We multiply (3.10) by &2, and integrate for a.e. t € I over the sub-domain
0.0) x Qp e = (0.1) x {x € Qp |gp +& < x3 < gp + Rp},

for 0 < & < R),. This shows, using also Young inequality, that

t
y/ / £2a™ (IDu )|V Pdx ds

OQPF

// < ¥(Du N|)+“N('D“N')'8’V“N'2)
2

1 + %5
// Sz(aNﬂD ) aN(|DuN|)|8IVuN|2>dxds

+%/ / 24" (DU )| V2uV |2 dx ds.

0 Qp,

N
2 —‘ |V2uN|dde
at

Now we absorb the last term from the right-hand side in the left-hand side. Moreover, we use
that @V is bounded from below by ¢ 87 ~2 (cf. Lemma 2.32), the assumption on f and (3.3) to
estimate the first term on the right-hand side. To handle the second term we first use that 'V
is bounded from above by a constant ¢ depending on p, ¥3, y4, @V ~!, and Ay (cf. Remark
2.21, Remark 3.6) and then we use the estimate (3.6),. These estimates result in

T
/ / g% (Du" )|V P dxdi < C(An, on-1, 877, |llug, £]])).
0 Qpe
By monotone convergence for ¢ — 0, this shows that
T
//E2aN(|DuN|)|V2uN|2dxdz < C(Ay, wn—1,8"7P, cp).
0 Q@
Using Lemma 2.32 we finally get also
T
5P*2f/52|v2uN|2dxdt < C(Ay.on-1.8°77, cp).
0 @
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The last two estimates together with Proposition 2.31 and the definition of the tangential
derivatives (cf. (3.5)) finish the proof of Proposition 3.16. O

3.4 Uniform estimates for the second order spatial derivatives

We now improve the estimate in the normal direction in the sense that we will show that they
are bounded uniformly with respect to the parameters A,, foralln = 1,..., N. The used
method is an adaption to the time evolution problem and the case p > 2 of the treatment in
[12, 37] in the case p < 2 (cf. [13]). In particular, it involves a technical steps to justify the
treatment of the time derivative, which is an adaptation of the method used in [31, 39].

Lemma3.19 Let 02 € C>' and let v € L2(I; W>2(Q) N Wy 2(Q)) N WhA(1; LA(Q)).
Then, for all t € [0, T it holds

t
ov 1 1
- f / ﬁévdxdr = §||33V(l)||§— §||33V(0)||%-
Q

Proof Note that the assumptions on v already imply, by parabolic interpolation, that v €
Cc{; WOI’Z(Q)). We give an elementary proof, by heat regularization, since the direct inte-
gration by parts is not justified under the given assumptions. In fact, we have that %—‘t’ =0
on the boundary, but is it not clear if this holds also in the sense of traces. Let us define
¢ = g—f —Ave L2 (I x Q) and ¥ :=v(0) € Wol’2(Q) and approximate these functions by
sequences of smooth and compactly supported functions ¢,, and ¥, respectively. Let v, be
the solution of boundary initial value problem

dv” —Av, =¢, inl xQ,
v, =0 on [ x 082, (3.11)
v, (0) =9, in Q.

By energy methods, one obtains directly that there exists a unique solution v, belonging to
L2(I: W2*2(Q) N WOI’Z(Q)) nwh2(; LZ(Q)). Moreover, we have

Vi = Vill L2 g w22 @owd 2@pawr a2 )

=clld, —dill2gxa) e, —¥ilwiz fork,neN,
which implies that (v,) is a Cauchy sequence in the spaces on the left-hand side. Let u be
the limit in L2(1; W>2(Q) N W&’z(Q)) N WL2(I; L2()) of the sequence v,. By passing
to the limit in (3.11) we see that u — v is a solution of (3.11) with vanishing data. Thus, by
uniqueness we proved that

Vo= v in L2 W22(Q) N Wit () N W21 L2) N C(T; Wyt (). (3.12)

Next, testing by the “second order time derivative” of v,,, which can be justified with the help
of an Galerkin approximation (cf. [10, 21]), one gets that

[T =5

3Vn (l)

dS +C”'ﬁn|lw22(9) C(”)
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This proves that %” e L2(I; wi2(0Q)) — L2(I; WY/2(39)). Thus, %’1 = 0 holds in the
sense of traces in L2(1; W'/2(3Q)) and we obtain

t t
av, 9%y 1 1
—//Bﬁﬁwwm=//mgawﬂm=?@wmﬁ—;mw@ﬁ
0 Q 0 Q

Passing with n — oo, which is justified by (3.12), we proved the assertion. O

Proposition 3.20 Let the same hypotheses as in Theorem 3.4 be satisfied with § > 0 and
let the local description gp of the boundary and the localization function &p satisfy (b1)—
(b3) and (£1) (cf. Sect. 3.2). Then, there exists a constant Co» > 0 such that the solution
uV e L®(; Wol’z(Q)) N LE(I; W22(Q)) of the approximate problem (3.1), ensured in
Proposition 3.7, satisfies for every P € 02 and fora.e. t € 1
t
| [ oot onPaxas < c.
0 Q

provided rp < Co in (b3), with C depending on the characteristics of S, §2~P ||f||%,
[Tao, £II1, 1€~ 11, 00> 1P 021, and Co.

Proof We adapt the strategy in [12,Proposition 3.2] to the time-dependent problem. Fix an
arbitrary point P € 92 and a local description g = gp of the boundary and the localization
function & = &p satisfying (b1)—(b3) and (£1). In the following constants ¢, C can always
depend on the characteristics of SN hence on those of S, i.e., on ¥3, v4,and p. First we observe
that Proposition 2.31 and Remark 3.6 yield that there exists a constant Cp, depending only
on the characteristics of S such that

1
C—|83FN(DuN)|2 <PY(Du") ae.inl x Q.
0

Thus, we get, using also the symmetry of both Du” and S,

t
1
—//$2|83FN(DuN)|2dxds
Co
0 Q
t t

< //52335%(DHN)33DQ5UN dxds+//523353’L(DuN)aaD33uN dxds
0 Q 0 Q

L3
+//Zs2a3sfg(nu”) o3u dxds
0 @ /=1

=7+ 7+ Tz (3.13)

The terms 7] and J, can be estimated exactly as in [12], if one replaces ¢” (IDu™ ) used there
with the equivalent quantity ™ (|Du” |). Let us sketch the main steps. All missing details can
be found in [12]. To treat 7> we multiply and divide by 1/a® (|Du”|), use Proposition 2.31
and Young inequality, to show that, for any given A > 0, it holds

1 2 1
| 72| §A//52|33FN(DuN)|2dxds+crl Z//$2|8ﬂFN(DuN)|2dxds,
0 Q

ﬂ:lo Q
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for some constant ¢, -1 depending on A~!. To treat the term 7; we first use the algebraic
identity 03 DaﬁuN = 0y D35uN + dp D3qu? — 0 80(149/ . The first two terms in the resulting
equation are treated as 7>, while in the term with g 3au§\’ we use the definition of tangential
derivatives (3.5). This results in three terms, where one is again treated as 7. This procedure
leads to”

t
7117 < A//szwaFN(DuN)Fdxds
2 t
+eo (1+ Vel Z//szwﬁFN(Duandxds
B=17
(3.14)

//g 10:S8Y (Du™)| |[V2g| DU | dx ds

U/gzags Du™) 99,1 dxds |.

In the last but one termin (3.14) we multiply and divide by /a®™ (|Du” |), use Proposition 2.31,
Young inequality and ¢ (|Du” |)|Du™|? ~ [FN(|Du”|)|? (cf. Proposition 2.29), yielding
that it is estimated by

1

t
x//52|a3FN(DuN)|2dxds+crl ||V2g||§o//|FN(DuN)|2dxds.

0 Q 0 Q

To handle the last term in (3.14) we want to perform the crucial partial integration, which
reads (neglecting the localization &)

t t
//335 Yo (Du") 3y ey dxds_//BQS%(DuN)BﬁTﬁuévdxds
0 Q Q
t
= / / 3o S DUN) 8, D3zu™ dx ds.
0 Q

This partial integration replaces the term with 938" (Du®), which cannot be estimated in
terms of tangential derivatives, by a term with dy S¥ (Du®), which can be estimated in terms of
tangential derivatives. Again, we multiply and divide by v/a® (|Du? ), use Proposition 2.31,
Young inequality, Corollary 3.18, and the definition of the tangential derivatives, yielding

9 The estimated terms correspond to the terms A and B3 in [12].
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that the last term is estimated by

t

2 1 2
CZ//|8O,FN(DuN)|2dxds+cZ//|8TﬁFN(DuN)|2dxds
a=lp 0 Q

p=1

ch/fw,nFN(DuNn dxds +c|Vg|2 //|83FN(DUN)| dxds.

alo

The presence of the localization & leads to several additional terms, which all can be handled
as in [12]. All together we arrive at the following estimate

t
|71+ 1] < (4 ey ||Vg||%,o)//ézwzFN(DuN)deds
0

+o- IZ//g |3, FY (Du™)|? dx ds (3.15)

B=10 @

+crl(l+||V$||§O)//|FN(|DuN|)|2dxds.

0 Q
In this estimate we used for the terms with B,gFN (Du?) the definition of the tangential
derivative in (3.5) to get
f £%|9gFN (Du™)|? dx < f £%13-, FN (Du™)|* dx

(3.16)
+ Vel / £2(05F" (Du) 2 dx.

Also the term 73 is treated essentially as in [12]. Since in this step the equation (3.1) is used,
in addition we have to handle the term with the time derivative. More precisely, we re-write
the equations (3.1) as follows

ouly .
9575 Du") = Tt/ — f7 = 0pSNDu") ae.inl xQ,
multiply it by d33u”, use the algebraic identity
3j3kulN = 8jD,'kllN + akD,'jllN — 3,'DjkllN, (3.17)

treat all terms without the time derivative as /3 in [12,p. 186] and integrate by parts the term
8u

involving S5, use Lemma 3.19, to get the following

Ny 20U N
Zf/s ?aw —E2(f7 + 958}, DuM))(20;Dj3u" — 9 D3zu™) dx ds
J=1 Q

/5 [03u” (1)|? dx+ = /s [0zu® (0)]? dx— 22//5835—83uNdxds

=10 @
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3
+Z//E (i + 0p SN (Du™)) (203 Dj3u" — 9; D33u”) dxds
0 Q

250N ()2 dx + /s 15u™ (0) dx

I/\
N\*—‘
{O\

+ (A + - ||vg||§o)//52|33FN(DuN)|2dxds

0
+c;- ,Zf/g |9, FY (Du™))| dxds+c//g |0su )2 dx ds
=15 o
+e|ve|? //’a“ dxds+c /f P ds (3.18)
> o1 * ) ) a¥(puV)) T ‘
0 Q

where we used again (3.16). Now we choose in the estimates (3.15), (3.18) first A > 0 small
enough and then the covering of the boundary 92 such that || Vg|| is small enough in order
to absorb in the left-hand side of (3.13) the term involving 33FN (Du™). This way we obtain
the following estimate

/s |osu® (1)]? dx + — //g 16;FN (Du” (5))|> dx ds

0
2 T
< /s3|aauo|2dx+c2//s%afﬁFN(DuN(s»Fdxds
=10 @
£5) 2 Ve ')
// TR ‘d »
+c//s |0su® (s)|%> dx ds

0 Q

with constants depending only on the characteristics of S, [|g|| 2.1, and €]} -
Using the uniform estimates (3.3), (3.6) and the lower bound in Lemma 2.32, which yields

T

If|? _
// P dxds < C§> ”//|f|2dxds,

0 Q

we get from the last estimate the assertion of Proposition 3.20. O

Choosing now an appropriate finite covering of the boundary (for the details see also [11]),
Propositions 3.15 and 3.20 yield the following result:
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Proposition 3.21 Let the same hypotheses as in Theorem 3.4 with § > 0 be satisfied. Then,
it holds for a.e. t € 1

t
/ IVEY (Du® (s))|3ds < C
0

with C depending only on the characteristics of S, |||, f||], 82_”||f||%, 872 and 32 In
particular is C independent of A,,n = 1,..., N.

3.5 Multiple passage to the limit

From Propositions 3.7 and 3.21 we obtain the following estimate, uniform with respect to
A, >1,n=1,...,N,and valid fora.e.t € I.

2

N
au’ (s) +||VFN(DUN(S))||%dS <C (3.19
2

dt

t
[ @117 5+ IFY Du (1))[13 + / H
0

with C depending only on the data of the problem (1.1).
Note that the functions u" and FV depend (implicitly) on the parameters A,. Since
these parameters are relevant for the various limiting processes, we now start to write

these dependencies in an explicit way. The uniform estimates for uV(t,x, Ay, ..., Ay) and
FNDu" (¢,x, Ay, ..., Ay)) are inherited by taking appropriate limits of the various A,. In
particular, we will define (when the limit exists in appropriate spaces)
uN e x AL Avo) = lim uN @ x AL L Aoy, A,
An—00

and then inductively

ol x, A, .., Apmy) = Lim W', x, Ay, ..., Ap_1,Ay) n=1,...,N,

n—>00

in such a way that the function u := u® will be shown to be the unique regular solution to
the initial boundary value problem (1.1).

Proof of Theorem 3.4 From estimate (3.19) we obtain that u” is uniformly bounded

in Wh2(1; L2(Q)) N L®(; WH2(Q)) and that F¥(Du") is uniformly bounded in
Lo(I; L2(Q) N L>(1; Wh2(Q)).
These bounds directly imply that there exists a sequence Ay, — oo (which we call again

An), avector field uV=1(r,x, A1, ..., Ay_1), and a tensor field FN—!
lima, ~oou” =uN!  weakly in WH2(1; L2(Q)),
limy o0 uV =u¥"!  weakly* in L®(; wi2(Q)),

lima, oo F¥(DuY) = FN-1  weakly in L2(I; W'2(Q)),
lima, oo F¥(DuY) = FN=1  weakly* in L®(I; L*(Q)).

(3.20)

From [|[FV (DuN)||Lz(1;W1,z(Q) < C it follows, using Proposition 2.31, the lower bound on
a® proved in Lemma 2.32, and the identity (3.17), that

P2V | 2wy < € (3:21)
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with C depending only on the data of the problem (1.1), butindependent of A . The estimates
(3.19), (3.21) and the Aubin-Lions compactness lemma imply that (up to a further sub-
sequence)

lim Du” =Du”"! ae.in/ x Qand strongly in L*(I x ),

AN—00
for all fixed A, withn =1, ..., N — 1. Next, we observe that since

lim a™ () =a"V" @),
Ay—00
uniformly for ¢ belonging to compact sets in RZ? (but in reality even more since aV (r) =
aV=l@) forall 0 <t < Ay), it follows by the definition of FY and SV that a.e.in I x
and for all fixed A,,n =1, ..., N — 1, there holds
lim FYOu"(A,..., Ay-1, Ay) = FY10u" 14y, Avon),

AN—00

lim SYMuV (A, ..., Av_1, Ax)) = SV TN AL, L., Avo)).

AN—00

(3.22)

In fact, by the definition of multiple approximation it follows that for all given P € R3*3 and
for all fixed Ay, ..., Ay_1 it holds

lim FY(P, Ay,...,Ay_1, An) = FV"L (P, Ay, ..., An_1),

An—00
A}}iEOOSN(P,A],...,AN,l, An) =SV NP AL L AnC)D),
hence
FYOuV(1,x, A1, ..., Av_1, Ax)) —F¥V 1 @u (¢, x, A1, ..., Ay_1),
=FVDu"(t,x, A, ..., Av_1, AN)) —F¥ 1 Du™ (1, x, A1, ..., Ay_1, AN)),

+FV I, x, Ay, ..., Av—r, An) —FN TN e x, AL L Ane)),

and the first line on the right-hand side vanishes for large enough Ay, by the properties of
the multiple approximation; while the second one converges to zero due to the continuity of
FY~! and the point-wise convergence of Du” . The same argument applies also to SV,

The classical result stating that the weak limit in Lebesgue spaces and the a.e. limit coincide
(cf. [25]) and (3.20) imply that

FN-1 = FV" 1DV 1A, ..., Ay_1)) in L20, T; WH2(Q)).

This identification, the convergences in (3.20), and the lower semicontinuity of norms
proves that, for a.e. r € I, it holds

™= @150 + IFY - Du = @0))13
t
o]
0
with a constant C depending on the data of the problem (1.1), but independent of A,,, for
n=1,...,N—1.

We have now to pass to the limit in the weak formulation (3.2) of the approximate prob-
lem (3.1). Since, in view of (3.20), we easily deal with the time derivative and the right-hand

Ju-1(s) > (3.23)
T() + IVEN "L u L (s))|3ds < €
2
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side f, the crucial point is the justification of the limit

T T
/ SN OuY (1), Dw) ¥ (1) dt — / SN TDu (1)), Dw) ¥ (1) dt, (3.24)
0 0

for all ¥ € C3°(I) and all w e C{°(2). At the moment we already know that
limy oo SYDu") = S¥-1(DuN1) holds a.e. in I x Q. Thus, to conclude it is suffi-
cient to show that SV (Du”) is bounded uniformly with respect to N in LY (I x €2), for some
g > 1. To this end we observe that Corollary 2.33, Proposition 2.17, the definition of quNy s

in (2.11), and gy > 2 imply that for all P € R3*3 there holds
|FN(P)|2 > C(gp—ququNﬁ (P)|2 — C(SP_qN (8 + |Psym|)qN—2|Psym|2

> ¢ §PTIN [ PSYM |9V, (3.25)

The a priori bound (3.19) and parabolic embedding imply that F¥ (Du") is bounded in

L% (I x 2) by a constant depending only on the data of problem (1.1). This together with
(3.25) and %q >qg+ %, valid for all ¢ > 2, implies

[Du” ||

4 <
LINTI(I1xQ) —
with a constant independent of A . Corollary 2.33 also implies that
ISY Du" 2, )| < ¢ AF (@gy_.8) (DU (2, %))
< AR (31 4 DuM @, x)v T,
Hence, the latter estimates prove that
1SN DU | s saniay—1-1 gy < CCAN-1),

where the constant C depends on the data of the problem (1.1), on Ay_1, but is independent

of Ay. Thus, we can infer that there exists S¥—! such that (up possibly to a further relabelled
sub-sequence)

lim S¥DuY)=SN-1 weakly in L&/3+2)/@v-1-D (] x @), (3.26)

AN—00
provided (4/3 4+ gn)/(gn—1 — 1) > 1, which is equivalent to
7

~1—¢gnN < =,
gN—-1 — 4N 3

which motivated the choice of g, in Definition 3.5. Using again the classical result stating
that the weak limit in Lebesgue spaces and the a.e. limit coincide (cf. [25]) we infer from
(3.22) and (3.26) that

SN=1 — §¥=1uN=1(Ay,..., Ay_1) in LG/ @v-1=Df » ).

which in turn implies (3.24). Thus we proved that uV ! satisfies (3.23) and

Nl T T
/ (uw) v () di+ f SV DuV (1)), Dw) (1) dt = / (). w) ¥ (1) dt.
0 0

ot
0
forall y € Cg°(J) and all w € C3°(R2).
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At this point we can repeat exactly the same argument by replacing N with N — 1. Thus,

one obtains inductively that foralln =1, ..., N — 1 there holds
T - T T
Tt
[ (552 w)wwdrs [ owton.ow v = [ dw.w v,
0 0 0

forall v € Cgo (I)and allw € Cgo (€2). After N iterations we find, using also the density of

Cgo(Q) in WO1 "P(Q) in the last step, that the vector field w =:uisa regular solution of the
original problem problem (1.1). This finishes the proof of Theorem 3.4. O

Let us finish with stating the corresponding result to Theorem 3.4 in the steady case. This
result can be proved, with many simplifications due to the absence of the time derivative and
the better embedding results in the steady case (cf. Sect. 1.1), exactly in the same way as the
unsteady result Theorem 3.4. Thus, we have the following result:

Theorem 3.22 Let @ C R? be a bounded domain with C*' boundary, and assume that
f € L>(Q). Let the operator S, derived from a potential U, have (p, 8)-structure for some
p € (2,00), and § € (0, 00) fixed but arbitrary.

Then, there exists a unique regular solution of the steady version of the system (1.1), i.e.,
ue Wé’p(Q)fulﬁlsfor allw e C° ()

/S(Du)~Dwdx=/f-wdx,

Q Q

and satisfies F(Du) € W2(Q) with norm depending only on the characteristics of S, 87,
Q, and ||f]|2.
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