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from Rough paths theory to alternating functions of two-
dimensional oriented simplices, also proven in the paper.
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The scope of the present paper is constructing explicitly, via the appropriate discrete
approximations, the extension of the classical notion of the integral of the differential 2-
form fdg'Adg? over any sufficiently nice oriented planar domain Q C R? (one might think
for simplicity of Q being just an oriented polygon, or even simpler, a triangle) to the case
when the maps f: R? — R, g := (g1, 92): R? — R? are only Hélder continuous, so that
one might only put the word “differential” above in quotation marks, because g might
have no derivatives. If g is sufficiently smooth and f just continuous, then fdg' Adg? can
be understood in the modern differential geometry language as fg*(dz' Adz?), where dz*
are coordinate 1-forms, i = 1,2, and ¢* stands for the pull-back via g, or, alternatively,
in a more analytic language,

1 2. ) de 6191(33) 8291(33) "
!fdg Adg -—!f( )d t(ang(x) W(x)) dr, (L1)

0; standing for partial derivatives in the coordinate direction z;, i = 1,2. The latter
integral is the natural building block for integrals of classical (smooth) differential 2-
forms over smooth parameterized 2-dimensional surfaces in R™ via pull-back. One comes
therefore inevitably to the problem posed when trying to integrate even a very smooth
differential 2-form w in R™ over a parameterized Holder surface ¢: Q ¢ R? — R,

[ [

() o

o(z) = (p'(x)),, letting formally

where p*w stands for pull-back of w via ¢, i.e. p*w = Zz’,j(a‘ij o p)de® A dp? when
w=> ai;dzt Adad.

1.1. History

1.1.1. One-dimensional integrals

The one-dimensional prototype of this problem, that is, extending the integral of a
differential 1-form udv over an interval [a,b] of the real axis to the maps u,v: R — R
that are only Holder continuous, has been solved by L.C. Young [24] and independently
by V. Kondurar [11]. They defined the respective integral f: udv as a limit in k of a
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converging sequence of Riemann sums of the type Zi:ol u(a;)(v(ai+1) — v(a;)) over an
appropriate sequence of refining partitions of the interval [a,b] by consecutive points
ag :=a < ay; < ... < ag := b, thus mimicking the definition of the classical Riemann
integral. This provides an extension of the latter to the case u € C*(R), v € C?(R)
when a + 8 > 1 (later several generalizations of this result for wider classes of functions
were provided, see e.g. [25] as well as the recent paper [23] and references therein). It is
worth remarking that the original proof of Young [24] was quite “handmade”, just by the
repetitive use of Holder inequality. Rather, nowadays it is a custom to do it in a more
“automated” way by using the so-called one-dimensional sewing lemma [4, lemma 2.1],
which together with the construction of this integral, now usually called Young integral,
is one of the basic pillars of the modern theory of Rough paths [5,7]."

Note that in the summands u(a;)(v(a;+1) — v(a;)) one could replace u(a;) by, for
instance,

1
Ulaza;41] = §(u(al) + u(ai—i-l))a

thus leading to a different notion of integral. Minding the obvious analogy with stochas-
tic Ité (resp. Stratonovich) integration, we will further call these two constructions Itd
(resp. Stratonovich) summation. The general conditions on functions « and v for the lim-
its in each of these cases to exist have been studied in [16] (in the subsequent paper [21]

even more general weighted averages of u in place of 4 ] were considered). Finally,

it
V. Matsaev and M. Solomyak constructed in [13] a similar Jirntegral substituting e, q,, ]
by the integral average f[ahaiﬂ] u, which extends the classical integral of a smooth dif-
ferential 1-form udv over an interval to the case when v € C#(R) is Holder continuous
and u belongs to the Besov space Bf'; with a + 3 > 1. In all the mentioned cases the
result is the same for u € C%(R), v € CP(R) with a + 8 > 1, but may be different for

more general functions.

1.1.2. Multidimensional integrals

Subsequently, several ways were proposed to extend the above mentioned one-
dimensional constructions to multidimensional cases, notably [19,3], which however lack
the very important geometric property of the classical integral of multidimensional forms,
namely, that of being alternating, i.e. changing sign with the change of domain orienta-
tion (although we also have to mention quite a different and purely geometric approach
of [9] allowing to treat integration of smooth differential forms over nonsmooth do-
mains, e.g. having fractal boundary, and a quite curious recent construction of [22],
reducing the multidimensional integral to a one-dimensional one involving a Peano-like
curve).

L A historic curiosity: the modern construction of the Young integral via sewing lemma is closer to the
original one used by Kondurar in [11] although his contribution to the subject seems to be unfortunately
not so well-known.
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A different approach to the definition of a multidimensional integral of nonsmooth
“differential forms” has been taken by R. Ziist [26]. Applied to the 2D situation which
is of interest in the present paper, it shows that the integral (1.1) defined over smooth
maps, admits the unique extension by continuity with respect to the natural topology
of pointwise convergence with bounded Hoélder constants to a multilinear continuous
functional

(f.g" 9% € C*(R?) x C”(R?) x CP*(R?) — I(f,g". g°)

vanishing over degenerate rectangles and triangles (namely, those having zero area) and
alternating in the last two entries, if o + 81 + P2 > 2. This functional can be therefore
naturally called an integral

/fdg1 Adg® == 1(f,g",9°),
Q

and can be approximated by sums over triangles forming the sufficiently fine dyadic
decomposition of Q of the functions of three variables (which can be better thought as
functions of a triangle) (p, q,7) € (R?)? — 1,4, defined by

Npgr = fp / g'dg?, (1.2)

dlpqr]

where f, := f(p), the integral above being intended in the sense of Young (note that
in [26] a slightly different language was used with rectangles instead of triangles; the
current language is taken from [17] where a unified approach for integration of mul-
tidimensional nonsmooth “differential forms” called “rough differential forms” up to
dimensions 1 and 2 was suggested). R. Ziist himself has further successfully employed
this integral in several remarkable geometric problems in [27].

It is easy to observe that the definition of the integral of fdg' Adg? through the limit
of sums of terms (1.2) over sequences of refining partitions, is a clear generalization of
the construction of the one-dimensional Young integral described above. It is inherently
based upon integration by parts, i.e. is made so that the Stokes theorem

/dgl /\dg2:/gld92

Q o0

almost automatically be satisfied for appropriate Q@ C R? (rectangle in [26] or triangle
in [17]). This is however not how one usually expects the integral to be defined: in fact,
the Young integrals over the sides of the triangle [pgr] in (1.2) have themselves to be
defined either indirectly as continuous extensions of integrals of smooth differential forms
approximating the “rough differential form” g'dg? or as a limit of sums of appropriate
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discrete approximations (on the contrary, the abstract extension of (1.1) from spaces
of smooth functions to Sobolev or Besov spaces can be done via the techniques from
[14,2,10] dealing with weak Jacobians).

1.2. Our contribution
It seems therefore more natural to define the integral of the “rough differential forms”

fdg' Adg? by purely discrete approximations. To this aim for f € C*(R?), ¢* € C%(R?),
i =1,2, with a + 81 + B2 > 2, we write

1 fp"’fq"’fr) 591 591
strat,g, := = | =—————— | det pq pr,
pa 2 ( 3 592(1 5gf,r

(1.3)

1 dgt. gt
itopgr 1= 3 fpdet ( 5?;‘1 6?;) for [pgr] C R?,
pa

where we write f, instead of f(u) and &g’ := g*(v) —g'(u), i = 1,2. We refer to strat and
ito seen as functions of three variables (better viewed as functions of a two-dimensional
simplex) as Stratonovich germ and to the latter one as It6 germ because of their obvious
similarity with discrete constructions of the respective integrals in stochastic calculus.
The terminology of “germs”, meaning just functions of finite-dimensional simplices, is
borrowed from “germs of rough differential forms” [17], which is in turn inherited from
the Rough Paths theory [7].
In this paper we show that

(A) if Q is an oriented simplex (i.e. a triangle), then summing either Itd or Stratonovich

germs over any sufficiently nice family of its refining triangular partitions (in par-
ticular, dyadic ones) with the appropriately chosen orientation will still lead to
the same integral defined by Ziist, and estimate the rate of convergence (Theo-
rems 4.4, 5.1). The respective integral may be called both 1t6 and Stratonovich, and
in fact generalizes the one-dimensional Young integral.
It is worth emphasizing that this result might seem counterintuitive. In fact the
integral should clearly vanish over degenerate triangles € (i.e. those having zero
area), while neither the Stratonovich nor the It6 germ possesses this property (which
we will further call nonatomicity), as opposed to the germ 7 defined by (1.2), nor
they are in some obvious way asymptotically close to some nonatomic germ (unless
of course the functions g; and go are differentiable). It is therefore not at all clear
how can one expect to be nonatomic a limit of sums of germs which are essentially
not so;

(B) the integral defined in such a way can be extended to a large class of bounded open
sets Q C R? having sufficiently small box-counting dimension of the topological
boundary (Theorem 6.2), and in particular can be defined in a very natural way for
Q a simple polygon (Proposition 6.1).
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These results give a partial answer to the curious and important question that can
be termed informally as follows: along what kind of “surfaces” (or, more generally,
against which de Rham currents) can one integrate the “rough forms” of the type
fdg' A dg? with just Hélder f, g', g%. It is clearly inherently related to the recent
work of R. Ziist on “functions of fractional bounded variation” [28] and of J. Harrison
on continuity of integrals with respect to the domain [8], though is essentially be-
yond the scope of the present paper. As a pure speculation however we may suggest
that further investigation in this direction would surely lead to extension of Stokes’
theorem to weak classes of surfaces/currents which may be helpful e.g. in extend-
ing the classical Frobenius integrability theorem and Chow-Rachevsky theorem to
irregular vector fields or forms like e.g. in [15,12,20];

(C) if f is represented in particular form f(z) = F(x, g(x)), then the conditions of the

existence of the integral extending the classical one (for smooth forms), i.e. the re-
quirements on Hélder exponents of g°, may be significantly relaxed at the price of
requiring F: R? x R? — R to be sufficiently regular (Theorem 7.1) by employing
Stratonovich germs. This is however a very particular feature of Stratonovich but
not of Itd summation as can be seen also in the one-dimensional situation (Re-
mark 7.4). The resulting Stratonovich type integral is shown to satisfy the classical
chain rule (Proposition 7.6) and may be identified with the “second order Riemann-
Stieltjes” integral introduced in [26], the respective identification leading to a curious
continuity estimate for the degree of Holder maps (Remark 7.10).
We also give an interpretation of these results in geometric terms of the existence of
continuous extensions of De Rham currents associated with the graphs of smooth
maps g: R? = R? to those associated with graphs of Hélder maps with sufficiently
large Holder exponents, the continuity being intended in the weak (pointwise) topol-
ogy of currents (Proposition 7.7).

The key role in the proofs will be played by the observation that both the integral
and the Stratonovich germ are alternating, i.e. they change sign when the triangle over
which they are defined changes the orientation. In fact, our basic tools will be the natural
generalization of the two-dimensional sewing lemma and the associated stability theorem
from [17] to abstract alternating germs, proved in the present work for the first time, in
Lemmata A.1 and A.4 respectively. Thus, our construction is completely independent of
that of [17] and, moreover appears to be more effective, allowing to recover Ziist integral
as a limit of suitable sums over partitions (as, e.g., classical Riemann integrals) rather
than by an indirect inductive procedure.

As shown in [18], Ziist integration theory can be applied to the study of well-posedness
of exterior differential systems in presence of low regularity terms, i.e., “differentials”
of Holder continuous functions, extending the classical Frobenius theorem on Pfaffian
systems. Moreover, in [6], a notion of signature for smooth maps has been introduced,
and it is natural to argue by analogy with Young and Rough paths theory that the
construction should extend to Holder regular maps via Ziist integration theory. We expect
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that our results could be then combined with those of [18] and [6] to obtain explicit
convergence results for discrete approximations.

Finally, let us mention that completely open question is extending the above results to
n-forms of the type fdg' A...Adg™ with arbitrary n € N. The major technical difficulty
one encounters here is the absence of natural nice subdivisions of n-dimensional simplices
with generic n € N similar to dyadic subdivisions of segments and triangles (i.e. 1- and
2-dimensional simplices) that we successfully employ here.

2. Notation and preliminaries
2.1. Spaces

Let D C R™ be an open set. For an a € (0,1) we will write C*(D) (abbreviated just
to C* when there is no possibility of confusion) for the Holder space with exponent a.
For an f € C®(D) we denote by [0f], its Holder seminorm, and ||f|la := || f|lcc + [0 f]a
its Holder norm, where | - ||c stands for the usual supremum norm in the space of
continuous function C(D) (usually abbreviated to C'). The notation C'(D) (or just C!
for brevity) will stand for the usual space of continuously differentiable functions.

2.2. Simplices, chains, germs and rough differential forms

For an ordered (k + 1)-uple of points S = [popi - ..px] € D*! we write conv S :=
conv{pop: ...pr} and diam S for the convex envelope and the diameter of the set of
points {po, ..., pr} respectively, and call S an (oriented) k-simplex in D, if conv.S C D,
the set of such simplices being denoted by Simp” (D). For a k-simplex S € Simp” (D)
we denote by |S] its k-dimensional volume. A (real polyhedral) k-chain in D is an ele-
ment of the real vector space Chain® (D) generated by k-simplices in D. A k-simplex can
be identified with the “geometric” simplex conv S with a chosen base point pg and the
chosen orientation given by the order of the points in the list, so that 0-simplices corre-
spond to points, 1-simplices to oriented segments and 2-simplices are pointed oriented
triangles.

A k-germ (of a k-differential form in D) is a function w: Simp” (D) = R,

S = [pOpl .- ‘pk] = WS = Wpops...pr-

We also often write (S,w) instead of wg. A k-cochain in D is a linear functional
w: Chain®(D) — R,

C— (C,w).

For instance, 0-germs are just functions pg — f(po) = fp, = {[Po), f)-
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The boundary S of an S € Simp*(D) is the (k — 1)-chain defined by

k
Olpopr - -»pk] =Y (=1)'[po- - Pi- - Pk,

=0

the notation p; standing for removal of the respective element from the list. The operator
0 is naturally extended by linearity to k-chains. The coboundary of a k-germ w is the
(k 4+ 1)-germ dw defined by duality with the boundary of simplices, namely,

(S, dw) := (05, w) .

For instance, for a 0-germ f one has (0f),, = fq — fp, and for a 1-germ w one has
(0w)pgr = Wgr — Wpr + Wy
A k-germ w is called

e nonatomic, if it vanishes on degenerate k-simplices S (i.e. on those having zero k-
dimensional volume |S| = 0). For instance, the germ n defined by (1.2) is nonatomic,
while the germs strat and ito defined by (1.3) are not;

o alternating, if

([pop1 - - il 0w) == (=1)7 ([o(po)o (p1) - .- o (pr)]; w) ,

7 standing

for every permutation of vertices o: {pg,p1...px} — {pop1...Px}, (—1)
for the sign of permutation (positive for even and negative for odd permutations).
For instance, among the germs defined by (1.2) and (1.3), strat is alternating, while

n and ito are not.

Finally, a k-germ w is called a rough differential k-form, if it is continuous (as a function
of vertices of a simplex), and both w and dw are nonatomic. An example of a rough
differential 1-form (written g'dg? for ¢° € CP, i = 1,2, with 31 + o > 1) is given by
the Young integral over the line segment [pq], that is,

([pg], g*dg®) := / g'dg”.
[pq]

An example of a rough differential 2-form (written fdg' A dg? for f € C%, ¢° € CP,
i =1,2, with a4 51 + B2 > 2) is given by the integral defined by R. Ziist in [26], namely,

([pqr], fdg' Adg?) := / fdg' A dg?.

[par]

The cup product (called external product in [7]) between a k-germ w and a h-germ &
is the (k + h)-germ w U & defined by
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([pop1 - - - PEPE41 - - - Dhth)s w U @) := ([pop1 - - - Pi)s w) ([PrPk+1 - - - Phtn], D) -

The cup product is associative but in general not commutative, and the following Leibniz
rule holds [17]: for w € Germ® (D), @ € Germ" (D) one has

SwU) = (bw)Ud + (=1)Fw U (60). (2.1)
3. Estimates on germs
We start with the following useful algebraic lemma.

Lemma 3.1. One has

= A(6g" U69) pgrs
where A stands for the antisymmetrization operator
A(pU) = 3 (9UH - $U8).
In particular,
itopgr = (f UA(6g" UGg%))pgr- (3.2)

Proof. It suffices to calculate
MC@a%»m«%q%»:MC@a@w@>
5gpq 5gpr 6gpq 5gq7‘ 5gpq 5gpr - 6gq’r
1 1
= det (591; 5912”) —0
6gp’r 591)7‘

to show the first equality in (3.1); the third one follows then from the definition of A.
The second equality is quite analogous from

det <5géq 59;3) — det <5géq 5gér> _ det <5géq - 5g%q 59121,r>
5gpq 6gp'r‘ 597"(1 5gpr 5gpq - grq 5gp’l"

1 1
T L
09gp  09pq

concluding the proof. 0O
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Notice that A(6g' U §g?) = dn with n = 1 (g6 — g?dg").

Lemma 3.2. One has

litopgr — stratygr| < [6f]a[69"]5,[69°] 5, diam([pgr])* 71+ (3.3)
Istratygr| < ||l [09"]5, [69°] 5, diam([pgr])” 72 (3.4)
|Ostratygrs| < 5[5f]a[6gl]51 [5g2]52 diam([pQTs})o‘+Bl+ﬂ2 (3.5)

and strat is alternating, namely,
straty, = strat,,, = straty,, = —strat,, = —straty,, = —straty,,.

Remark 3.3. Clearly, (3.4) holds even for every f € M, where M stands for the space of
bounded (not necessarily measurable) functions over R? equipped with the supremum
norm (still denoted by || - ||co)-

Proof. The estimate (3.4) as well as the alternating property of strat is immediate from
the definition of strat. To show (3.3), we calculate

1 1
(fp+fq+fr fp) det<5ggq 5ggr>|
3 5gpq 5gp7,

= [dﬂa[dgl][ﬁ [592]52 diam(qu)a+ﬁ1+ﬁ2

. 1
[itopgr — Stratygr| = 5

as claimed. Thus, (3.5) would follow once one proves
61t0parel < [6£1a[89"]3, [56%], diam ([pgrs])e -+, (3.6)

To show the latter inequality, we use Lemma 3.1: namely, by (3.2) one has

ito = ((fU691Uégz)—(fuéfuégl)). (3.7)

| =

Therefore, using the fact that

5(dg" Udg®) = dg" Ud(dg%) —8(dg") Udg* =0,
and analogously 6(dg? U dg') = 0, from (3.7) we get

dito =

(5(f Udgtu 592) —(fU 5g% U 591))

((5f Udgt Udg?) — (6f Udg® U 591)) .

N = N =
—
o
o
N—

Since clearly,
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|(6F U 39" Udg%)parsl = 16 pal - (5 gr| - 1(392)rs]
< [6£]al69"]5,[09%] 5, diam([pgrs])> A1 72,

and analogously

|(6f U 39> Udgh)pgrs| < [6f1al0g' 16, [09°)5, diam([pgrs])*+7+7%2,
from (3.8) we get (3.6), and therefore (3.5), hence concluding the proof. O

Later in section 7 we will need also the following curious algebraic identity which is
a peculiar property of only the Stratonovich germ strat and not of the Itd germ ito, and
could have been also used for an alternative proof of (3.5) in Lemma 3.2.

Lemma 3.4. One has

(dstrat)pgrs = ~det | dgp, g5, Ogp,

6
095 OGpr 09
Proof. By Lemma 3.1 one has

bstratyg,
591 5g1 591 591 5g1 691
— det pq qr + det pq qr + " pq qr
o <592 og, ) FI00 N a2, agz. ) T\ ogk, ok,
= (fUdgrUdg® — UGG UGG )pgr + (69" U F UG — 692U fUSGY) pgr
+ (86" US> U f — 6% Udg" U f)pgr-

Hence,

6(Jstrat)pgrs = (6 Udgt Udg® — 6 Udg? Udgh)pars+
(—0g" Udf UG +6g°> UdfUbg" )pgrst
(09" Ubg> U f — 69> Udg' Udf)pgrs

5qu 5fq7' 5f7'$ 5qu 5fp7' 5fp$
=det | dg5, 09 dgr, | =det | dg), dg) dgps |
095, 095 097 0pg OG5 095

where the latter identity follows by adding the first column to the second one and sub-
sequently the second column to the third one. 0O



12 G. Alberti et al. / Journal of Functional Analysis 286 (2024) 110212

4. Riemann summation over dyadic partitions
Recall [17] the dyadic decomposition of a 2-simplex [popip2] € Simp?(D)

dyalpop1p2] := [q0q1q2] + [q1q0p2] + [@2P140] + [Pog2q1],

where g; := (pj + p¢)/2 for {3, 7,4} = {0,1,2}. Write also cut[pop1] := [pog| + [gp1] and
fill[pop1] := [pogp1], with ¢ := (po + p1)/2 (naturally extended to chains).

For n € N define the n-th Stratonovich sum strat™, the side corrector S™ as well as
the Ité sum ito™ respectively by the formulae

strat,, == (dya"[pqr],strat), Sp = 2 (fill cut'[pq], strat) , 1)
ito,,,. := (dya” [pqr], ito) .
Lemma 4.1. One has
St = Spal < ClIflloc [69'15,[69%] 5, diamn([pg]) 1 +F22n =51 =52), (4.2)

[([par], (strat™ — 6S™) — (strat™ ! — 65" +1))|
< O[éf]a[égl]ﬂ1 [592][32 diam([pqr])a+51+52 2n(2704751,52)

(4.3)
with C > 0 a universal constant. In particular, if « + B1 + P2 > 2, then
Spq 1= nh_}ngo Spas W
Vipgr := nh_{lgo strat,,,, = nlgr;o (strat,,, — 0Spy,) + 05,0,
are well defined continuous alternating germs with
Spg: COXx CPLx CP2 5 R, Vpgr: C*x CPr x CP2 5 R
continuous and
[Spa = Spal < CulIf o 695, 89°] 5, diam([pg])* P22 (=52 - (4.5)
Istrat,,, — Vigr — 0(S™ — ) pgr| < (4.6)

C2[61a189" 16, 09%] 5, diam([pgr])*+F1HPeonEmami=r),

where the constants Cy, Cy are positive and finite and depend only on o, 1, B2. More-
over, if [pgr] C D with diam(D) < oo, then
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Istrat?,. — Vogr| < Cs || fl,, [69" 5, [69°] 5, diam([pgr])? tF22n(1=F1=52) (4.7)

where C3 depends also on diam(D).

Remark 4.2. As one easily deduces from the proof, in view of the Remark 3.3, one
has, with the notation of the latter, that in fact Spq itself may be defined over the
larger space M x CP' x C?2 and is continuous there when just B; + B2 > 1. Let us
also notice that, since «, 1, B2 € (0, 1], the assumption a + 51 + fS2 > 2 implies that
B1+ B2 > 1.

Proof. We apply Lemma A.1 to our germ strat (which is continuous and alternating by
construction) recalling that it satisfies both (A.1) and (A.2) with

=B 4B >1, C1:=|fl[09"6[09%]5,
Yor=a+ B+ PB>2, Co:=5[flalég"s[09%4,

in view of Lemma 3.2. This gives (4.2) and (4.3), as well as the existence of limit germs
alternating continuous S and V in (4.4) satisfying (4.5), (4.6) and (4.7). Finally, the
continuity of Sy, (with fixed [pq]) as a functional follows from (4.2) and implies the
continuity of 65,4 C° x CP x OP2 — R. Continuity of

Voar = 08pqr += lim (straty,, — 3S7,.): O x Ch x CP2 5 R

pqr par

follows from (4.3), hence implying the continuity of V', and therefore concluding the
proof. O

We will need also the following Lemma already formulated in [17, example 4.7].

Lemma 4.3. If 5, = 2 = 1, then

Vigr = / fdg' Adg® = / fdet(Vg', Vg?).

[par] [par]

We are now at a position to prove the first principal result of this paper.

Theorem 4.4. If o + B + B2 > 2, then

s n o __ 1 2
nILr&stratpqr— / fdg" ANdg (4.8)
[pqr]
= lim ito],,. (4.9)

In particular, the latter integral is
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(A) nonatomic, i.e.
/ fdg' Adg? =0 when |[pgr]| =0,

[par]

(B) continuous and alternating in [pqr], and
(C) additive, in the sense that when

k
[pgr] ZA + N + 0R,

i=1

where A; are oriented 2-simplices, N is a polyhedral 2-chain consisting of degenerate
2-simplices (i.e. having area zero), and R is a polyhedral 3-chain in R?, then

/fdg Adg® = /fdg Adg?.

[par]

Moreover, for [pqr] C D with diam(D) < oo,

stratpg, — / fdg' ndg?| < C|If |l [69'16, [69%] s, diam([pgr])® +F22n (=P8,

[par]

(4.10)

itop,, — / fdg' Ndg?| < C £, 695,897, diam([pgr]) +722n(1=A1=F2) (411

[par]

for some C = C(a, f1, B2, diam(D)) > 0.
Proof. By Lemma 4.1, the limit

Voor == lim strat”
pgr += Al pqr

exists and is a continuous multilinear functional over C* x C?t x C?2, and
Voar(f,9",9°) / fdg* ndg?: / fdet(Vg',Vg®) dx
[pqr] [par]

when f € C°, ¢' € C', i = 1,2. However the unique continuous extension of the latter
functional defined over C° x C' x C! to C* x CP x CP2 is the Ziist integral, which
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implies the claim (4.8), (4.10). Properties (A), (B) and (C) are now in fact the properties
of the Ziist integral (theorem 4.10 of [17] where they are stated by saying that the Ziist
germ (1.2) is sewable).

The claims (4.9), (4.11) follow now from (3.3). O

Remark 4.5. One also has the inequality (4.6) which can be rewritten, in view of the
above Theorem 4.4 as

strat),, — / fdg* Adg® —3(S™ — ) pgr
[par] (4.12)

< C|fll, 695, [09%] 5, diam([pgr])* 51 +FgnEamf=e)

with C = C(a, 51, 82) > 0. Thus, in order to improve the convergence rate one should
better approximate S™ — S. This is the case e.g. when on the boundary of [pgr| either
f is null or one of the ¢’ is constant: in fact, in these cases S = 0 and hence also
S =0.

Remark 4.6. The 2-germ f Udg! Udg? in general does not provide an integral even when
f, g' and g? are smooth. In fact, let f = 1, g'(x1,72) = 24,1 = 1,2, p = (0,0), ¢ = (1,0),
r = (0,1). Then (dya"[pqr], fUdg' Udg?) — 2|[pgr]| while (dya™[pgr], f Udg?Udg") — 0
as n — 00, i.e. the limit is not alternating.

Remark 4.7. As mentioned in the introduction, the above theorem allows to define the
integral of a differential 2-form w = fdg' Adg? on R™ over a parameterized Holder surface
¢: Q= R", p(z) = (¢'(2))i;, letting

/ fdg' Adg® = / (fop)d(ghop) And(g® o),
)

»([pgr [pgr]

provided that f € C*(R"), g* € CP(R"), i = 1,2, p € C7(R?;R") with

v(a+ 1+ B2) > 2.
Notice however that the above integral differs from the integral obtained partitioning the
triangle [p(p)@(q)p(r)] with an order diam([pgr])Y#1+#2) and not diam([pqr])¥(@+Frth2),

see [17, proposition 4.29].

Corollary 4.8. If there is an h € CP, B3 € (0,1], such that both g' and g* are h-
differentiable in the sense

(69" )pq = ap(h)pq +o(lp —ql), i=1,2
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for every p € D as g — p, and, moreover,
(69" )pg — ap(8h)pq| < Clp — g (4.13)

for some v; > 1 — B3, i =1,2, and C > 0, then dg' Adg? = 0 in the sense

/ fdg* Adg? =0

[par]

for every f € C* with oo + 1 + P2 > 2 and every [pgr] C D.

Proof. Without loss of generality, let us assume diam(D) < co. Let

P;q = (59i)pq - a;(éh)pq

Then
1 dgt. dgl 145 oh Ohpr pL. aldh
_ d t pq pr — _ d 1 Prq d t pq D T
2 4° <5ggq 6g2, | ~ 20 Ghyy ohye | T2 2, a2y,

1 Lh !
+ = det [ 2% ”W + L det ppq Por )
2 a0ty P ) 2 Poa Ppr

The first term in the right hand side is null, by the properties of the determinant, hence

(4.14)

we focus on estimating the remaining ones. Letting v := v; A 72, from (4.13) we get

1
det<ppq apdhw) < C1[h], diam([pgr]) 7+,

Ppq @pOhpr

N |

agéhm pgr

1 1 1
5 |det (ap&h” P pr) < C1[h] g, diam([pgr]) 7+,

1
det <qu pg”) < Cy diam([pgr])? T2,

where

Cy = C’(||a1|\oO diam(D)" ™7 4+ ||a2||OO diam(D)">77),
Ca = C?[|a* ol @®[| so-

By (4.14) one has

[stratygr| < || flloc2C1 - (1] g, diam([pgr])' 745 + Oy diam([pgr])* 7 *+72).
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The assumption 7; > 1 — 3, for i = 1,2, gives v > 1 — B3 hence 1 + v + 3 > 2,
and obviously 2 + vy + 72 > 2. Therefore, for some 1 > 2 and finite constant Cj, not
depending on [pgr|, we have

|strat,g,| < Cs diam([pgr])".

Hence, by (4.8),

/ fdg' Adg?| = nl;ngo |straty,,.| < nl;ngo C diam([pgr])"22="" = 0,

[pqr]

concluding the proof. O
Remark 4.9. In particular, if ¢! is g2-differentiable and, moreover,
|(591)pq - ap(592)pq| <Clp—q|'™ (4.15)
for some 7 > 1 — 35 and C > 0, then dg' A dg? = 0.
5. General partitions

Theorem 4.4 shows that the integral f[pqr] fdg' Adg? can be obtained as a limit of sums
of the Stratonovich germs over dyadic partitions of the simplex [pgr]. Here we show that
it can be obtained by a similar summation of such germs over more general partitions.

Theorem 5.1. Assume that the simplex [pqr] be partitioned in a finite number of disjoint
simplices {A;}N., not belonging to the sides of [pqr] so that

N M
par] =Y A =0P+)"Q;, (5.1)
i=1 j=1

where P € Chain®(D) and each Q; € Simp?(D) is a degenerate simplex reduced to a line
segment belonging to some side of [pqr] such that two sides of each Q; are sides of some
A; (with opposite direction). Then

N
Z (A, strat) — / fdg' A dg?

=1 par]
b (5.2)

<C|fll, (695, [69%s Zdlam Jathithz 4 Zdlam Q,)P TP
j=1
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Proof. The estimate (4.12) applied to each A; with n := 0 gives

AV

< C £, 169"]5,166%)5, diam(A;)>+Fr+52.

Summing the latter estimates over ¢ = 1,..., N, and recalling that

N
/ fdg' ndg® = Z/fdg1 Adg®
i:1A¢

[par]

in view of (5.1), we get

N M
> (A, strat) — / fdg' Adg? => {(q;,5° - 5)
i=1

Jj=1

[par] (5.3)

N
< CIfll. 6916, 69%)5 D diam(Ag)*+o+7,
i=1

where ¢; € Simp'(D) is the side of Q; which is not a side of any A;: in fact, when
summing the terms

(A,6(S° = 8)) = (97,50 — 5)

over i, we have that every side of some simplex of the partition which is not one of ¢; (i.e.
does not belong to a side of [pgr]) appears in this sum twice and in opposite directions,
and hence is cancelled out from this sum. Moreover, from (4.5) applied with ¢; instead
of [pq] and n := 0 we get

(4, 8° = S) | < [1f < (695, [09°] 5, diam(g;) ™ +72,
which together with (5.3) gives (5.2) since diam ¢; = diam @Q,;. O
6. Integration over general domains

In section 4 we defined the integral of the “rough differential form” fdg' A dg? over
an arbitrary oriented simplex [pgr] in the domain of definition of f and g. Here we show
how the latter can be naturally extended to more general domains Q C R2.

First, consider the case when €2 is an oriented simple (i.e. not self-intersecting) polygon
with vertices ag,...,ax, enumerated according to the orientation of Q (say, counter-
clockwise). We will write in this case € = [ag . ..ag]. Consider the triangulation of €2 in
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two-dimensional simplices {A;}7", oriented in the same direction of 2. We set then by
definition

/ fdg* Adg? = Z/fdg1 Adg?. (6.1)
ag...ak) izlAi

The following statement is valid.

Proposition 6.1. Under conditions of Theorem /./ for every b € R? one has

/ fdg* A dg? —Z / fdg" Adg?, (6.2)
ag...ak)

[

Ofa a4 18]

where k41 := 0. In particular, the definition (6.1) is correct (i.e. independent on the par-
ticular triangulation {A;}), the above integral is alternating (i.e. preserves/resp. changes
sign with odd/resp. even permutation of the vertices), nonatomic (i.e. zero on polygons
of zero area), and the map

(ha'a? o [ gt neg?
[ao...ak]
is a continuous multilinear functional over C* x CPr x CP2 continuous also in the vertices

ap, ..., ag (i.e. continuous with respect to the simultaneous convergence of both functions
involved and of the vertices).

Proof. Writing A; := [a}a?a?], one has
Z dlbata?al] = Z atala? Z Z[bal ad] - Z[ba%a?],
i=1 i=1 i=1 i=1 i=1

so that taking into account (6.1), and recalling that

(O[pgrs), fdg' Adg®) =0,

we get

Z /fdgl/\de— / fdg't Adg® + / fdg* Adg? | =

baZa?] batad) [bat a?]
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> / fdg' Adg? + / fdg* Adg? + / fdg' Adg? |,
=t \latazy] [a?a?) [a¥alt]

the latter equality being due to the alternating property of the integral. Every one-
dimensional edge [pg] of the triangulation not belonging to the boundary of © belongs
to exactly two simplices of the triangulation leading to two terms in the right-hand side
of the latter equality, f[qu} fdg' Adg? and f[qpb} fdg' A dg? which cancel out due to the
alternating property of the integral. Therefore, the right-hand side of the latter equality
- fdg!' A dg? with [pq] belonging to the boundary of
Q; due to the additivity property of the integral they all sum up to the right-hand side

contains only terms of the type f[

of (6.2). The rest of the statement follows now immediately from (6.2) together with the
respective properties of the integral over simplices. O

If Q is a finite union of disjoint simple oriented polygons €y, ..., then it is natural
to set

l
/fdg1 Adg? = Z/fdgl Adg?, (6.3)
Q i=lg,

so that the above integral clearly exists under the conditions of Theorem 4.4.

Finally, we are able to define naturally the fQ fdg' A dg? for quite general bounded
open sets 0 C R? with a chosen orientation. To this aim for every k € N let P, be the
union of open squares with vertices in 27¥Z?2 contained in (2. Clearly this is a bounded
open set which is a finite union of simple polygons. We assume all Py to be oriented in
the same way as §2. The following result holds true.

Theorem 6.2. Under conditions of Theorem 4.4, if additionally  C R? is a bounded
open set satisfying

ﬁboxaﬁ < 51 + 52, (64)

where dimyoy stands for the upper box-counting dimension, there is the limit
/fdg1 Adg? = lilgn/fdg1 Adg?. (6.5)
Q Py,

In this case the map

(F,9%6%) = / fdg A dg?
Q

is a continuous multilinear functional over C* x CP x CP2.
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Proof. Take a d € (dimpexd92, B1 + B2). The set Pyi,, \ Py can be naturally covered
by triangles by dividing along the diagonal each of the squares of sidelength 2~ (k+m)
with disjoint interiors composing it. The total number of such squares is estimated from
above by the number of squares with vertices in 27%Z? touching 92, hence by C(2*)?
where C' > 0 depends only on 9. Hence the number of triangles in the chosen cover
of Py \ P is estimated by 2C(2%)4(2™)2. Each triangle A in this cover has diameter
D := 2= +m) “and therefore by (4.10) together with (3.4) one has

/fdgl(x)AdQQ(r) < C'DoHR,
A

where C’ > 0 depends only on || f|a, [9%]5,, [9%]5,. Thus

/ fdg' () A dg*(x) — / fdg'(x) Adg*(z)| < 20(2F)4(2m)2Cra- (ktm)(Bith)
Prim Py,

—0 ask — +oo

(even uniformly over bounded sets of C*x C®1 x C#2) because of the assumption 31+ 35 >
d. This shows that the sequence of integrals { [’ P fdg* Adg?}y is Cauchy, and hence the
existence of the limit as claimed. This limit is clearly multilinear on (f, g%, g?) since so is
the integral over simple polygons, and its continuity over C® x C#1 x C?2 follows from
that of the integral over polygons and of the fact that the above convergence is uniform
over bounded sets of C% x C%1 x C%2. 0O

Remark 6.3. Clearly under the condition (6.4) the integral fQ fdg' Adg? coincides with
the classical one if f, g and ¢ are smooth.

Remark 6.4. Combining Theorem 5.1 and Proposition 6.1, we have that the integral
fQ fdg' A dg? in Theorem 6.2 may be also approximated directly by sums of either
Stratonovich or It6 germs over sufficiently fine triangulations of Py (for sufficiently large

k).

Remark 6.5. If in the construction used in Theorem 6.2 one substitutes the dyadic grids
27%72 with some other ones (e.g. rotated and /or with sidelength of the cubes converging
to zero with different speed), one would obtain under conditions of Theorem 6.2 in exactly
the same way the existence of the limit in (6.5) (but now with different meaning of Py),
and its continuity and multilinearity over C® x €% x C2. Since this limit for smooth f,
g' and ¢ still coincides with the classical integral, we get therefore that it also coincides
with [, fdg' A dg? over the whole C* x C% x C2, and hence the role of the particular
sequence of grids in the definition (6.5) is not essential.
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7. Stratonovich type integrals of more irregular forms

We consider in this section the integrals of the type

| Flag@)ig’ @) ndg*(a)

Q

defined for Holder functions g := (g',¢%): R? — R? when F: R? x R? — R. In fact,
it happens that if one uses a Stratonovich-type construction, i.e. employs alternating
germs strat,q, defined for f(z) := F(z,g(z)), then the above integral may be defined
under much less restrictive requirements than those given by Theorem 4.4. In particular,
we are able to trade regularity of g for the higher regularity of F. Here we only limit
ourselves to the case when the domain of integration 2 C R? is an oriented simplex
(i.e. triangle [pgr]), since the case of more general domains can be easily treated as in
section 6.

Theorem 7.1. Let F: R2 x R? — R such that

(i) u— F(u,-) € C(R*CY(R?)), v € (0,1],
(i) u s F(-,u) € C(R?%;,C%),

and let f(x) := F(x,g(x)), where g(z) := (¢* (x), g*(x)). If B1 + B2 > 1 and

a+ B+ P > 2,
A+Y)Bi+pi+pB2>2, i=12,

then, with the notation of (4.1) the limit

Vpgr(9) = Jim. strat,,.

exists. Moreover, it is continuous and alternating as a function of [pqr] fived g* and g2,
nonatomic in the sense that

Vipgr(9) =0 when |[pgr]| =0,
and continuous as the functional of g, so that it is reasonable to denote
[ Flag@)dg' @) A dg? @) = Vi 0).
[pqr]

Remark 7.2. Tt is worth observing that (7.1) implies 8; > 1/3, i = 1, 2. In fact, assuming
without loss of generality §1 < B2, we get from (7.1) (2 + )81 + B2 > 2, and hence
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2 — B9
247

1
B > Zg-

On the other hand, 8; > 1/2,i = 1,2, is clearly sufficient for the second inequality in (7.1)
to hold. Note also that if 81 = 82 = 8, and F(xz,y) := F(y) for every (z,y) € R? x R?,
then the first inequality of (7.1) is automatically satisfied since we may take « to be
arbitrarily close to 1, and therefore (7.1) is equivalent to 5 > 2/(3 + ) (e.g. 5 > 1/2
when F € Ct1), which is far less restrictive than what is asserted in Theorem 4.4 (the
latter requires in this case 3 > 2/3, since f € C?).

Remark 7.3. It follows from the proof that the limit germ

Vo = / F(z, g(x))dg (x) A dg?(x))

[par]

is continuous also with respect to F (with respect to a topology compatible with (i)
and (ii)).

Remark 7.4. We notice that an analogous result is easy to obtain in the one-dimensional
case. Namely, roughly speaking, if g € C#(R) is Holder continuous and F: R x R — R
is C*(R) in the first variable and C17(R) in the second one, then the Stratonovich-type
sums

S 3 (Feig(20) + Frisn,0(101))) (50)ece.

over a sequence of partitions (z;); of [a, b] converge as sup; |x;11 — x;| — 0 when
a+pf>1and B(2+7) > 1. (7.2)

This can be deduced at once starting from the calculation

8 foq afpr>

1
060,, = = det
pa 2 <(§gpq dGpr

with f, := F(p,gp) and 6,4 := % (fp + fy) 6gpq. The assumptions on f give the Taylor
expansion

5qu = apégpq + O(\q —p|* + ‘q - p|ﬁ(1+7))

so that a cancellation occurs in the determinant providing [0, = O(|lqg — p|*** +
lg — p|??*+7), which gives the possibility to apply the one-dimensional sewing lemma, [4,
lemma 2.1] if (7.2) holds. In particular, we notice that if &« = v = 1, then g > 1/3
is allowed, which is well below the threshold of Holder exponents for the existence the
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Young integral (defined for 5 > 1/2). It is worth emphasizing that this is the peculiar
feature of the Stratonovich integral, not of the It6 one. In fact, if we take just F(z,y) :=y,
then the integral reduces to f[pq] gdg, and for g € CP(R) with 3 € (1/3,1/2] it is a limit
of the sum of Stratonovich germs but in general not of Ité germs. This is the case for
instance when ¢ has infinite total quadratic variation, because the difference between
the two germs over [pq] is (69)2,/2, so that if the integral existed as the limit of sums of
either of the germs, then the total quadratic variation of g had to be finite.

Proof. Let f,(t) := F(u,z + t(y — x)) for {u,z,y} € R?. Writing

F(u,y) = fu(1)

1

1
— fu(0) + / () (s) ds = £.,(0) )+ / £.)/(0)) ds
0

0
= Flu,2) + Vy F(u,-)(z) - (y — )

+

o—__

(W(u, Yo+ sy — ) -V, Flu, ~><x>) (=) ds,

we get with x := g, y 1= g, the relationship

(6F)uv = F(Uagv) - F(u7 gu)
= (0F (-, 9v))uv + (6 F (u, '))gugu
= (0F(, gv)uv + 5g11waylF(u, ')(9&;93) + 5912Lv8y2F(Ua ')(911“93) + Ry,

where

1
’U«U = 5guv/ amF gu + S6guv’gu + S(Sguv) 8y2F(u’ )(gllugi)) dS
0

1
+ 5guv/ ayzF gu + 85gu'u’ gu S(sg?“)) - 8y2F(uv )(gtlugg)) dS,
0

(7.3)

so that
|(6F('vgv>uv| < C|U - U|av (7.4)
|Ruul < C (1898, ]+ 1892,1)) (594, + (692,)%) " (7.5)

for (u,v) in a bounded set (the constant C' > 0 depending on its diameter). From
Lemma 3.4 one gets therefore
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1 (5F('vgq))pq (5F('79r>)pr (5F('ags))ps
(Sstrat) pgrs =5 det | dg}, 59 6gps +
b9; 395, dgps
pq P p (76)
Ry Rpr Rps

1
6 det 6912(1 5gér 69%3 ’
00pq  09pr 09ps
because
151 151 151 25 2 25 2 25 2
/\pfgpq /\pfgpr )‘pfgps /\pfgpq )‘pfgm )‘pfgps
det | dg,, 3G 0ps =det | dg,, 89 0Gps =0,

095, 09p.  Ogp 095, 09p.  Ogps

Whepe )\; = 0y, F(p, ~)(g;, gg), for i = 1,2. Hence, using (7.4), (7.5) and the assumptions
on ¢g°, we can bound from above

|((5strat)pq7.s| <C (diam([pqrs])a+ﬁl+52 + diam([pqrs])(1+’Y)(51/\ﬁ2)+51+52) ( )
7.7

< C diam([pgrs])?

with d := (aA(14+7)(B1AB2))+B1+ B2 and C > 0 (different from line to line) depending
continuously on F (with respect to the topology compatible with (i) and (ii)) and on
[66°]5,, i = 1,2. Recalling (3.4) from Lemma 3.2, and that strat is alternating by the
same Lemma, while d > 2 because of (7.1), we have that Lemma A.1 applies with

M= B+ B2 > 1, Cr = ||f||oo [591]51 [692]B2a
Y2 =d>2, Cy:=0C,

C being the constant in the last inequality in (7.7), yielding the existence of continuous

alternating germs

Spq := lim S}
raq n pq’
— 15 no _ 1 n n n
Vogr := nhm strat,,,, = nhm (straty,,. — 6Sp,) + 0Sp,,-

It remains now to prove that fixed [pgr], the map
g €CP x CP2 5 Vyurlg)

is continuous. To this aim let {gy} C CP* x CP2, converging to g pointwise as k — oo,
and [6g;]s, + [093]5, < C < +oo for all k € N. Let fx, Ry, SP, Sk, straty, straty, Vi be
the same as f, R, S™, S, strat”, strat, V respectively but with g}, g7 instead of g*, g
Clearly, as in (7.7) we have
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|(dstraty)pgrs| < C diam([pgrs])?. (7.8)

The claim follows now by Lemma A.4 with 75 :=d, y1 = 1 + B2 (in fact, (A.2) is given
by (7.8), and (A.1) is just (3.4) from Lemma 3.2). O

Remark 7.5. One could strengthen the above Theorem 7.1 by proving the existence and
continuity with respect to the data of a more general Stratonovich type integral

[ Flanw)ig @) ndg?a),
[pqr]
where F is as in Theorem 7.1, ¢ € C?7(R?;R?), v € (0,1], h* € CP(R?), g* := ¢’ o h,
i = 1,2 with h := (h',Rh?), ¥ = (3p*,%?) and B; > 1/2, i = 1,2 and satisfy the first
inequality of (7.1). In fact, letting f(x) := F(x, h(x)), and using the notation of (4.1) we
would have the existence of the limit

n—oo

lim strat,, . =: / F(z,h(z))dg*(z) A dg?(z).

[par]

To show this, we adapt the arguments of the proof of the above Theorem 7.1, chang-
ing (7.6) with

(5F('vgq))pq (5F('79r))pr ((;F('vgs»ps

1
(Sstrat) pgrs = det 691}1 Jgér 59;33 +

09pq OGpr 0Gps

1 Rpq  Rpr Rps

6 det | o géq 5gé,. 59123 +
6gpq 5gp7 69})5

1 Vi F(p,hy) - 0hpy ViF(p,hy) - 6y ViE(p,hy) - 0hps

6 det r117q T}17T rgl)s +
VQ/J;QLP - Ohpg walp - Ohpy VQ/J;QLP - Ohps

1 Vi F(p,hy) - 0hpy ViF(p,hy) - 6hyr  ViF(p,hy) - 0hps

6 det Vlb;lL,, - hpg Vz/),llp - Ohpy Vw}Lp - Ohps ,
2, 2, i,

where
T;L-L'U = 59;1} - (v¢l)hu : 5huv, 1= 17 2.

Then the first two terms in (7.9) are estimated by Cdiam([pgrs])¥ with d; > 2 as
n (7.7) because of (7.1) (the second inequality of which is automatically satisfied in
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view of Remark 7.2 due to the requirement 8; > 1/2, ¢ = 1,2), while the other two are
estimated by C diam([pqrs])?> with dy := 4(81 A B2) > 2, because

il < Clu—vf25115)

and thus |dstrat,,,.s| < C diam([pgrs])?, the constants in all the above estimates depend-
ing continuously on the data. This allows to proceed as in the proof of Theorem 7.1
showing the existence and continuity with respect to the data of the above integral.

Proposition 7.6 (Chain rule). Let F be as in Theorem 7.1, ¢ € C*7(R?*;R?), v € (0,1],
ht € CP(R?), and g' := ' o h, i = 1,2, where h := (h', h?), o := (', ¢?). If B; > 1/2,
i =1,2 and the first inequality of (7.1) holds, then

[ Plahia)dg! (@) A dg (o)

[par]
" (7.10)

= / F(z,h(z)) det Dy (h* (), h?(x))dh' (x) A dR?(z)

[par]

Note that the integral on the right-hand side of (7.10) exists, is continuous and alter-
nating as a function of [pgr] fixed h! and h?, and continuous as the functional of h', h?
by Theorem 7.1.

Proof. The equality (7.10) is true when g* are smooth. The general case follows from
continuity of the integrals on the left and righthand sides of (7.10) with respect to the
pointwise convergence of ¢, i = 1,2 with uniformly bounded Holder constants. O

We may give an interpretation of the above results in the spirit of theorem 3.2 from [1].
Namely, a smooth (say, C!) function g = (g1,g2): [pgr] € R? — R? can be naturally
identified with the smooth surface representing its graph, and therefore, with the De
Rham 2-current T}, over [pgr] x R? (endowed with orthogonal coordinates (z,y) :=
(xt, 2%, yt,y?)) defined by

T,(Fdz' Adx?) = / F(z,g(x))dz' A dz?, (7.11)
[par]
T,(Fdz' Ady?) = / F(x,g(x))d2" Adg’ (x), (7.12)
[par]
T,(Fdy’ ndy?)i= [ Pl g(a))dg () £ dgP(o) (7.13)
[pqr]

for every f € C%([pgr] x R?).
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Proposition 7.7. If ' € CP%, i = 1,2, with
301+ P2 >2, 302+ b1 >2, (7.14)

then the map g — T, between C'([pqr]; R?) and the space Dy([pgr] x R?) of 2-currents
in [pqr] x R? endowed with its weak (pointwise) topology admits the unique continuous
extension to the space CP x CP2 (the continuity being intended, as usual, with respect
to pointwise convergence with uniformly bounded Hélder constants).

Proof. If ¢* € C%, i = 1,2, then the formulae (7.11), (7.12) and (7.13) still make
sense for an F' € C?([pgr] x R?) if one interprets the integrals involved in the sense of
Stratonovich. Namely, one defines the integral

(A) in (7.11), say, in the usual Riemann (or Lebesgue) sense (which in this case is
equivalent to the Stratonovich integral),

(B) in (7.13) in the sense of Theorem 7.1 (with o :=1, v :=1), and

(C) in (7.12) again in the sense of Theorem 7.1 but with x% in place of g', ¢/ in place of
g%, and F in place of F, where F is defined by

- F(zh 2% ¢' (2),9%), i=1,j=2

F $17$27 1’ 2 = ’ ’ i ) ) )
) = Pty 2 w), =2 - 1,

and with v := 1, a := 7 and 1 in place of 51 for the case i =1, j =2 or a := 5

and 1 in place of 85 for the case i =2, j = 1.

Note that (7.14) makes Theorem 7.1 to be applicable with such data.

Continuity of the map g — T}, between C#1 x CP2 and the space of currents endowed
with its weak (pointwise) topology is given by Theorem 7.1. The fact that it is the
unique continuous extension of its restriction to C' x C! follows from the density of
C' in any Holder space (with respect to the uniform convergence with bounded Holder
constants). O

Remark 7.8. The proof of Proposition 7.7 shows that the formulae (7.11), (7.12)
and (7.13) still make sense for the current T, with g € C#* x CP2 when F € C?([pgr] xR?)
(in fact, even for F' € C'11), if one interprets the integrals appearing there in the sense
of Stratonovich, i.e. as in Theorem 7.1 (in particular, in (7.11) it may be interpreted as
the usual Riemann or Lebesgue integral).

Remark 7.9. Theorem 3.2 from [1] says that the map g — T, defined by the formu-
lae (7.11), (7.12) and (7.13) between C'([pgr]; R?) and the space of currents endowed
with its weak topology admits a unique continuous extension to the Sobolev space
WL ([pgr]; R?) (even sequentially weakly continuous one). It is worth noting that the
extended current may be then defined for continuous differential forms (i.e. with F' just
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continuous), while here we have to require that the forms be smoother (in fact, request-
ing F to be C?, we are guaranteed only that the extended current T, be defined over
twice continuously differential forms). One may weaken the regularity requirement for
forms (e.g. requesting that F' might be less regular than C?), but this will inevitably
strengthen the requirement of (7.14) on the regularity of Tj,.

Remark 7.10. In order to identify the extension with the “second order Riemann-
Stieltjes” integral introduced in [26], we extend by continuity the identity

/f(x)deg((hl,h2)7[pqr],x)dx:/f(hl,hz)dhl/\th (7.15)
R2

[par]

for every f € C17 from smooth functions (h', h?) to hy € CP1, hy € RP2. In combina-
tion with [26, theorem 4.3] this identifies the two integrals. Formula (7.15) follows by
continuity and approximation.

We also notice that continuity of the right hand side in (7.15) gives the following
quantitative continuity of degree of Holder maps:

[ ) (deg (01 12), par). ) — deg ((K1,2), par). ) do < ], 12 k]
RZ
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Appendix A. Existence, uniqueness and stability of integrals

In this section we assume that w be an abstract 2-germ in D C R? (i.e. not necessarily
the one defined by (1.3) satisfying

|wpgr| < Cy diam([pgr])™, (A1)
|(6w)pgrs| < C2 diam([pgrs])™, (A.2)
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with positive constants 71, v, C1, Co independent on [pgr] and [pgrs]. We define then
w™ and S™ by

n—1

Whgr += (dya"[pgr],w), Sy, = Z (fill cut’[pq], w) . (A.3)
=0

We prove here the existence of limits lim, w™ and lim, S™ and their basic stability
properties. Note that we do not prove here that the respective germs are nonatomic
and additive (although in fact this could be proven), as it is usually done in the sewing
lemma.

Lemma A.1. Under the conditions (A.1) and (A.2) if w is alternating, then

Sl — 1| < Oy diam([pg]) 2707, (A4
{[pqr], (w™ — 65™) — (W™t — 68" F1))| < 4C, diam([pgr]) 2272 72), (A.5)

In particular, if v1 > 1 and 3 > 2, then the germs

Spq = nh_}n;OS
Vopgr = nlLH;owpq = hm ( Wogr — 080 ) + 0S5
are well defined, continuous (if so is w), alternating and
1Spg = Spal < T dlam([pq])712_”(”’1 b, (A.6)
n n 402 3 v29—n(72—2)
(Wpar = Voar = 0(8" = S)par| < 75—, diam([pgr])™*2 : (A7)
Moreover, if [pgr] C D with diam(D) < oo, then
|whar = Viar| < Cs diam([pgr])72"(0a=DA02=2) (A.8)

with v = v1 A y2, and

3¢,
1—21-m

4Cs

Cs = 122

diam(D)"™ ™7 + diam(D)"77.
Proof. For the readers’ convenience we organize the proof in several steps.
Step 1. To prove (A.5), observe that for some geometric map p: Simp?(D) —

Chain®(D), i.e. continuous and commuting with affine transformations, one has

wllmmpz - wzgompz = <dya[p0p1p2],w> - <[p0p1p2},W>

= (9p([pop1p2]), w) + (fill[p1ps], w) — (fill[popa], w) + (fill[pop1], w) (A.9)
= (p([pop1p2]), ow) + (il O[pop1p2], w),
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and moreover,

4
p([popipa]) = Y Qi Qi € Simp®(D), diam Q; < diam([pop1ps]),i = 1,..., 4.
=1

(A.10)
The explicit construction of p can be given as follows. Write

Q= (pr+p2)/2, @ :=(po+p2)/2, a2:=(po+p1)/2

and set

p([pop1p2]) = [Pop1P290] + [Pogop2q1] + [Pop1doqz] + [Podoqiqz]-

Clearly, this is (A.10). To see that (A.9) holds, we use the fact that w is alternating and
collect the following identities:

(9lpop1p24o], w) = ([P1p290] — [Pop290] + [PoP1d0] — [Pop1P2], W)

= — (fill[p1pz], w) — ([pop1p2]; w) + ([Pop140] — [PoP240], W) ,
(9lpogop2q1], w) = ([gop2q1] — [Pop2¢1] + [Pogqoq1] — [Pogop2], w)

= (fillpopz], w) + ([pPop2qo], w) + ([90p2q1] + [Pogoq1],w) »
(9[pop190g2], w) = ([P190g2] — [Pogoqz] + [Pop1g2] — [Pop1g0], w)

= — (fill[pop1], w) — ([pPop190], w) + ([P19042] — [Pogog2]; W)
(9lpogoq1g2], w) = ([909192] — [Poq1g2] + [Pogog2] — [Poqoqi], w) -

By summing all of them, we obtain

(9plpop1p2], w)

= — ([pop1p2], w) — (fll[p1p2], w) + (fill[pops], w) — (fill[pop1], w)
+ ([gop2q1] + [P19092] + [909192] — [Poq142], W)

= (dya[pop1p2],w) — ([pop1pe],w) — (fill O[pop1pal,w) ,

which yields (A.9).
Therefore by (A.2) and (A.10), we have

| (p([pop1p2]), dw) | < 4C; diam([pop1p2]) ™. (A.11)

Writing then dya”[pgr] = Zil A; with A; € Simp? (D) being dyadic simplices equal,
up to translations, to a dilation of [pgr] of a factor 27", we get from (A.9)

<Ai,w1> — <Ai,w0> = (p(A;),ow) + (fillOA;, w),
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and summing the latter expressions over i = 1,...,2%", we arrive at
2271.
nt+l _  n _ . 1_ .0
Wpar — Wpgr = § :<A“W w’)
i=1
22n

= 3 (ol ) + (Bl ent” olpar, ).

(A.12)

since if A; and A; have a common couple of vertices, say, pp and pi, then by alternating

property of w one has

(filllpop1], w) = — (fll[p1po], w) ,

i.e. the respective terms cancel out from the above sum, while the terms coming from

the sides of dyadic simplices belonging to the boundary of [pgr] remain, their sum giving

rise to (fill cut™ 9[pqr],w). Observing that
(fill cut™ O[pgr], w) = {[pqr], 65" — 65™)

and rewriting (A.12) with this help, we arrive at

2271.
(W;L;a:l - (5Sn+1)pqr) - (w;qr = (65")pgr) = Z (P(A;), ow) .
i=1
Therefore,
22n
(bt = (6S™ ) pgr) = (@par — (05™)par) | < D 1{p(Ay), 6w) |
i=1
2271,
<4Cy Y diam(A;)? by (A.11)
i=1
: 72
< cn (Sl
as claimed.

Step 2. The estimate (A.4) follows with C':= C; just observing that
S;,’;l — Spy = (fillcut™[pq], w)

while in view of (A.1) and of the definition of fill cut™ one has

| (fllcut”[pg], w) | < C1r2" (dn;;ﬂpql)) |

(A.13)
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Step 3. Existence of S and V follow now from (A.4) and (A.5) respectively. Since w is
alternating, then so are w™ and S, and therefore also V' and S. Now, the continuity of
w implies that of S™ and w™ for each fixed n € N, and hence the continuity of S and V'
follow from (A.6) and (A.8) respectively once they are proven. E.g. to prove continuity
of S, for [pg] C D and [rs] C D with D bounded, given an ¢ > 0, we choose an n € N
such that C diam(D)2"(1=7) < /3, so that

‘Spq - STS| < |Spq - S;Lq| + |S;Lq - S’?s‘ + |S7tbs - STS|
<2e/3+1S,, — S| by (A.6) and the choice of e,

so that it is enough to find a 6 = d(n, ) > 0 such that [S}, — S| < e/3 once |p — 7| +
lg — 5] < & to get |Spq — Srs| < €. The proof of continuity of V' is completely analogous
(with the use of (A.8) instead of (A.6)).

Step 4. Finally, we prove (A.6), (A.7) and (A.8). The inequality (A.6) is proven by
the chain of estimates

|Spq = Spal = | D (Spg = Spa )| < Crdiam([pg)™ Y 2507 by (A4)
k=n+1 k=n
on(l-m)
< Clm diam([pq])™*.

Analogously, (A.7) follows from

|wgqr - qur - 5(Sn - S)pqr| = |(w;gqr - 55;}117") - (V;)q?” - 6SP¢1T)|
= Z (<w§qr - 555!17’) - (w];q_rl - 555(171))
k=n+1
< 4Cy diam([pgr])? Y 2K by (A5)
k=n
on(2=v2)
S 402m dlam([pqr])” .
Finally, (A.6) gives
n 30 : n —Y1
[6(S" = S)par| < 7575, diam([pgr])™2"4=),

which together with (A.7) implies (A.8), concluding the proof. 0O
As a result of Lemma A.1 we have that V' and S satisfy

‘Spq| < Cdiam([pq])™,
Wpgr — (V = 0.9) pgr| < C diam([pgr])?>.



34 G. Alberti et al. / Journal of Functional Analysis 286 (2024) 110212

In particular, if v; > 1 and 5 > 2 this implies

|Spq| < o(diam([pq])) as diam([pg]) — 0, (A.14)
Wpgr — (V=05 pgr| < o(diam([pqr])Q) as diam([pgr]) — 0. (A.15)

Moreover, since

Spq = i (fillcut’[pq], w) ,
=0
then one has
(68)prq = —wprq when r = ’%. (A.16)
Finally,
(dyalpgr], V) = ([pqr], V). (A17)

Let us notice the following elementary result.
Lemma A.2. Let V € Germ?(D) satisfying (A.17) for every [pgr] C D and
[Vpar| = o (diam([pgr])?)  as diam([pgr]) — 0.
Then Vpgr = 0 for every [pqr] C D.
Proof. From (A.17), we obtain ((dya)™[pgr],V) = ([pgr], V) for every n € N, yielding

Vo | =y par], V)| = 2200 (207 )

= diam([pgr])?o(1) — 0
asn — oco. O

The following curious result, though not used elsewhere in this paper, gives the unique-
ness of such a couple (S,V) for a given w.

Lemma A.3. Given an w € Germ?(D), the couple of germs (S,V) € Germ'(D) x
Germ?(D) satisfying (A.14), (A.15), (A.16) and (A.17) is unique.

Proof. Suppose that there are two couples (S;,V;) € Germ'(D) x Geer(D), 1=1,2
satisfying (A.14), (A.15), (A.16) and (A.17). Then for S := 51 — Sy and V :=V; — 1}
we get
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|Spq| < o(diam([pg])) as diam([pg]) — 0, (A.18)
|(V = 68)pgr| = o (diam([pgr])®), as diam([pgr]) — 0, and (A.19)
(08)prq =0. when r = ]% (A.20)

For each n € N dividing dyadically the line segment [pq] by consecutive points

J J . n
TJ:<1_2—n)p+2_HQ7 ]:Oa"'aQa

we get

27L
Spq = E :ST’jT’j+1
J=0

by (A.20), and hence,
= pq|
Sl < 32 151,01 < 2% (20) ~ o)

Jj=0

as n — 0, by (A.18), and taking the limit in the above inequality as n — oo, we get
Spq = 0. Then (A.19) is reduced to

|Vpgr| =0 (diam([pqr])2) as diam([pqr]) — 0, (A.21)

which implies that V' = 0 in view of Lemma A.2, because V = V; — V5 and both V7, V5
satisfy (A.17). O

Consider now a sequence of continuous alternating germs {w;,} C Germ?(D) satisfying

|(Wk)pgr| < C1 diam([pgr])™, (A.22)
[(dwk) pgrs| < Co diam([pgrs])™?, (A.23)

with positive constants v; > 1, 79 > 2, C1, Cy independent on [pgr], [pgrs] and k.

|
-

n

(Wi)pgr == (dya" [par],wr), (S§)pq := <ﬁll cuti[pq]7wk>. (A.24)

i

I
o

Lemma A.1 guarantees the existence for each k € N of continuous alternating germs

(Sk)pq = nlggo(sl?)pqa

(Vi )pgr :== nh_{{.lo(wl?)qu = nh_{go((wg)pqr = 6(SK )pgr) + (65K ) pgr-
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Suppose further that wy — w pointwise. Then clearly the latter satisfy (A.1) and (A.1)
and thus Lemma A.1 provides the existence of continuous alternating germs

Spy := lim S”

pq n—ooo P
Vogr := lim w” = lim (W . —0S" )+6S" .
pqr n—oo P47 n—>oo( par pq?") par>

where w™ and S™ are defined by (A.3). The following stability statement is valid.
Lemma A.4. Under the above conditions one has S = limy S and V' = limy, Vj, pointwise.

Proof. We note first that

diam m
[(S7)pq — S| = (Bl cut” [pgl,w — wy)] < €12 (#) S0

as n — oo uniformly in k, which implies S = limy, Sj, pointwise via the standard estimate
|(Sk)pq - Spq| < |(Sk)pq - (Sl?)pq| + |(Slrcl)pq - S;T)Lq| + |Spq - S;;lq|‘
Writing

(Vie = 65k) = (V = 65) = = (wif = Vie = 6(Si — Sk)) +
@" =V =4(5" = 9)) = (" —wi —8(5" = 5¢))

and evaluating the latter relationship at [pgr], using

(Wi )par = (Vi)par — 6(SK = Sk)par| < c2n2=2)

Wi = Vigr — 6(S™ = 8)pgr| < C272772)

with C' > 0 independent of n and k, we arrive at the estimate

|(Vi = 0Sk)pgr — (V = 08)pgr| < 202"(772) 4 |W;qu — (Wg)pgr — 0(S™ — Sl?)pqr| .
(A.25)
Given an € > 0 we fix an n = n(e) € N such that the first term on the right-hand side
of (A.25) does not exceed ¢/2, and since lim S} = S™ and limj, w}’ = w™ pointwise, we
get that also the second term does not exceed £/2 for all sufficiently large k. This means

pointwise and therefore V' = limy V; pointwise since limg Sy = S, concluding the
proof. O
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