®

Milan J. Math. Vol. 89 (2021) 147-186 Check for
https://doi.org/10.1007/s00032-021-00329-8 updates

Published online May 7, 2021
© 2021 The Author(s)

I Milan Journal of Mathematics

Anisotropic Curvature Flow of Immersed
Networks

Heiko Kroner, Matteo Novaga®, and Paola Pozzi

Abstract. We consider motion by anisotropic curvature of a network of three
curves immersed in the plane meeting at a triple junction and with the other
ends fixed. We show existence, uniqueness and regularity of a maximal geometric
solution and we prove that, if the maximal time is finite, then either the length of
one of the curves goes to zero or the L?-norm of the anisotropic curvature blows
up.

Mathematics Subject Classification. 53C44, 35K51, 74E10.

Keywords. Anisotropic shortening flow, networks, short-time existence, maximal
solution.

Contents

Introduction
Notation and Preliminary Definitions
2.1.  Anisotropies

148
149
149

2.2.  Anisotropic Scalar Curvature and Anisotropic Curve Shortening Flow 150

2.3. The Geometric Problem

152

2.4. Behavior of a Generic Tangential Component A at the Triple Junction 154

2.5. Special Flow: Behavior of A’ in the Interior Points 155
Short-time Existence for the Special Flow 156
3.1. Linearized Problem 158
3.2. Fixed Point Argument 162
Maximal Solution for the Geometric Problem 164
Integral Estimates and Main Result 167
5.1. Estimates on ||s||z2 and ||ky]|L2 169
5.2. Estimates on ||(¢k)ss||z2 and ||(Ke)ss|| L2 173
5.3. Main Result 181
Acknowledgements 181
Appendix A. Some Useful Results 182
References 185

W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00032-021-00329-8&domain=pdf
http://orcid.org/0000-0002-0812-3780

148 H. Kroner et al. Vol. 89 (2021)

1. Introduction

The aim of this work is to study motion by anisotropic curvature of a network
of three curves in the plane. This evolution corresponds to a gradient flow of the
anisotropic length of the network, which is the sum of the anisotropic lengths of
the three curves. Since multiple points of order greater than three are always ener-
getically unstable (see [11,18]), it is natural to consider networks with only triple
junctions, the simplest of which is a network with three curves meeting at a common
point.

The isotropic version of this problem attracted a considerable attention in
recent years (see for instance the extended survey [14] and references therein). In
particular, the short-time existence for the evolution has been first proved by L.
Bronsard and F. Reitich in [5], and later extended in [12,15] where it is shown that,
at the maximal existence time, either one curve disappears or the curvature blows
up.

The main result of this paper, contained in Theorem 5.8, is the extension of
the result in [15] to the smooth anisotropic setting. More precisely, we show that at
the maximal existence time of the geometric solution (see Definition 2.8), either the
length of one curve goes to zero or the L?-norm of the anisotropic curvature blows
up. In the latter case, we also provide a lower bound on the blow up rate of the
curvature (see Lemma 5.3).

A relevant technical issue in this paper is due to the fact that, in the case of
networks, the evolution is governed by a system of PDE’s rather than by a single
equation, hence it is difficult to use the maximum principle, which is usually the
main tool to get estimates on the geometric quantities for curvature flows. As a
consequence, following [15] in order to control these quantities we rely on delicate
integral estimates and interpolation inequalities.

A challenging open problem is the extension of such result to the nonsmooth
(including crystalline) anisotropic setting, as it was done in [6,16] for the case of
closed planar curves. In the case of networks, the dependence of the integral esti-
mates on the anisotropy, makes such extension problematic.

Let us point out that, in the paper [3], the authors proved a short-time existence
result for the crystalline evolution of embedded networks, under a suitable assump-
tion on the initial data which allows to reduce the evolution equation to a system
of ODE’s. We also recall that in the papers [2,10] the authors discuss existence
of global weak solutions for the evolutions of embedded networks by anisotropic
curvature flow.

In [12,15] the authors proved, in the isotropic case, the long-time existence
for the evolution of a network of three curves and the convergence to the minimal
Steiner configuration, under the assumption that the length of each curve is bounded
away from zero. The main difficulty in extending such a result to the anisotropic
setting is the lack of a monotonicity formula as in [9] (see [15, Proposition 6.4] for
its adaptation to the case of a network), which in turns prevents a characterization
of the parabolic blow-up of the evolution at singular times. This is a challenging
and very interesting research direction.
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The paper is organized as follows: In Section 2 we introduce the notation and
define the relevant geometric object that we shall use throughout the paper. In
Section 3 we prove a short-time existence result for the evolution following the
approach in [5,15]. In Section 4 we show the existence and uniqueness of a maximal
geometric solution and we prove that, at the maximal time, either the length of one
curve tends to zero or the H'-norm of the anisotropic curvature blows up. Finally,
in Section 5 we refine this conclusion by showing that, if the H!'-norm blows up,
then also the L?-norm of the anisotropic curvature blows up. We conclude the paper
with an Appendix containing some technical result which are used in the paper.

2. Notation and Preliminary Definitions

We consider a flow of regular planar curves parametrized by u : [0,T] x I — R2,
where I = [0,1]. We denote by s the arc-length parameter of the curve (thus
0s(+) = 0:(")/|uzl), by 7 = uy/|uz| = us = (sinf, —cos#) its unit tangent and
v = (cos 0, sin #) its unit normal. The Euclidean scalar product in R? is denoted by -.
The symbol L stands for anti-clockwise rotation by 7/2, therefore (a,b)*t = (—b, a).
Recall the classical Frenet formulas

Ugs = Ts = Kk = KU, Ve = —KT. (2.1)

ufE$

uel?  |ug[? |t |
expression for v¢ one infers that for the scalar curvature x we have

Obviously k = - v. Moreover recall that from the

Kk = 0. (2.2)

2.1. Anisotropies

Let us recall some definitions and properties of anisotropy maps (see for instance [4]).

Definition 2.1. We call anisotropy a norm ¢ : R? — [0, 00). We say that ¢ is smooth
if o € C°(R?\ {0}) and ¢ is elliptic if p? is uniformly convex, that is, there exists
C > 0 such that

D?*(p*) > C1d (2.3)

in the distributional sense.
The set W, := {¢ < 1} is called Wulff shape. We say that ¢ is crystalline if
W, is a polygon.

Definition 2.2. Given an anisotropy ¢, we introduce the polar norm ¢° relative
to ¢ as

¢°(z) = sup{{ - x| p(§) < 1}.

Remark 2.3. Note that ¢ is smooth and elliptic if and only if ¢° is smooth and
elliptic ( [6, § 2]).
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The ellipticity condition implies that the Wulff shape is uniformly convex.
Moreover, from (2.3) one infers that

G = ¢
" 2max{p(7)| v € S}’

for unit vectors v and 7 with v - 7 =0 (see [16, Remark 1]).

D2<p(1/)7' ST > 6’,

(2.4)

In the following, we shall restrict ourselves to the case of smooth and elliptic
anisotropies.

Observe that the homogeneity property of a norm ¢ yields Dy(p) - p = ¢(p)
and D?p(p)p = 0 for any p # 0, two facts that we will use repeatedly in our
computations.

2.2. Anisotropic Scalar Curvature and Anisotropic Curve Shortening Flow

When wu is smooth and the anisotropy ¢ is smooth and elliptic the classical formu-
lation of the anisotropic curvature flow is given by the equation (see [1])

up = @° (V) Ky, (2.5)
where the scalar anisotropic curvature is given by
Kp:i=—Ng-T (2.6)
with N = D¢°(v) the Cahn-Hoffman vector. Thus
Ky = D*p° (V)T - Tk,

Clearly, boundary and initial conditions (and compatibility conditions) have to be
specified as well, but for the moment we neglelct those and focus only on the evo-
lution equation. By setting

#(0) := p°(v) = ¢°(cos b, sinb), (2.7)
a straightforward calculation gives
$(0) +¢"(0) = D*° ()T - 7, (2.8)
so that we can rewrite the flow (2.5) as
ue = ¢(0)(6(0) + ¢"(0)) kv = ¥ (0)rv, (2.9)
where x is the Euclidean curvature and
$(0) == ¢(0)((0) + ¢"(0)) = °(v) D?*¢° ()7 - 7. (2.10)
Note that by (2.4), the ellipticity of ¢ implies uniform bounds for %, i.e.,
M >y >m>0. (2.11)

In the following we shall admit tangential components to the flow, therefore we
will consider evolution equations of type

up = @°(V)kov + AT = Y(0) kv + AT, (2.12)

for some sufficiently smooth scalar function .
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FIGURE 1 Network with one triple point O and three endpoints
P! P2 P3.

Definition 2.4. The special anisotropic curve shortening flow is defined through a

specific choice of tangential term, namely we take A = ¢°(v)(D?¢°(v)T - T) T

n (2.12). Thus, the special anisotropic curve shortening flow is given by

w = WD )7 7) 5 = 00 5 (2.13)

Next we derive the evolution laws of relevant geometric quantities.

Lemma 2.5. Assume u satisfies (2.12). Then, the following equalities hold
00s(-) = 0504(-) + P (0)K>0s(-) — AsDs ()
7t = [(W(0)K)s + A&]V
v = —[(1p(0)k)s + Ak]T (2.14)
ki = (Y(0)K)ss + Y(O)K° + iy
0y = (Y(0)k)s + Ak.

For the special flow (2.13) where X\ = () ety - 7 = —1p(0) 2 (i) we have that

luz|? Oz \ |uzl

= w?e) "(O)[((0)5)s + ] + D(0)Aes — H(O) (W(O)K2)s — AXs + M) (0)r
(2.15)

Proof. The assertions easily follow by straightforward calculations, see for instance
[16, Lemma 1] for the special case where A = 0 and [14, Lemma 3.1] for the isotropic
case . U

Lemma 2.6. Assume u satisfies (2.12). Then the following holds for the isotropic
and anisotropic length of the curve

%Lm) - jt/lds - —/Iz/J(G)m2ds I (2.16)
Lo = 5 [ 0)ds = = [ e w)ds + 16N~ w(ORDE ) -
(2.17)

Proof. We compute

ZU) /T”mm:_/m*me“+/}%MhM:—/w@ﬁ@+uﬁ

I I I I
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and
%Lw(u) cjt/ dS—/Dgo utxd:n—/Dgp —(0)KT + A\v)dx
/D2 *(v)r - T(O)RAs + [¢° (V)N — B(O)RDY" () - 71}
UV s + 62N~ 9(ORD ) -l

O
2.3. The Geometric Problem

For basic definitions of networks see for instance [14, § 2]. We consider networks
S of curves parametrized by regular maps u’ : [0,1] — R2, i = 1,2,3, such that
u(1l) = P? (with P* € R? given) and u‘(0) = u/(0), for i,5 € {1,2,3}, that is
the curves are parametrized in such a way that the origin is mapped to the triple
junction (Fig. 1).

Definition 2.7. (Geometrically admissible networks) A network S is called admissible
if there exist regular parametrizations o' € C%%([0,1],R?), i = 1,2,3 such that
S = U3_,0%([0,1]) and there holds

a'(1) = Pt i=1,2,3,

o1(0) = 0%(0) = 0*(0)

S D (vh) =0 where 1 := 2

loz| >

7,)1.

together with
mfo =0 atx=1,
where k. denotes the anisotropic curvature of the curve %) and
@
f@fpcpo(yé)uo Nl = K A (W + Nl fori,je{1,2,3} at z =0.

Here \) denotes a further geometric quantity, whose expression is formulated in
(2.26) below. In particular we see that \{, is given as a linear combination of ¢(6")x"
and (071,

Definition 2.8. Given an initial admissible network o := (o!,02%,0%) as in Defini-

tion 2.7 we look for T > 0 and regular maps u’ : [0,7) x [0,1] — R? i = 1,2,3,
with u® € CHTQ’Q“'D‘([O T) x [0,1],R?) such that

(ul - v = (0K on (0,7) x (0,1) i=1,2,3, (2.18)

with initial datum (0, -) = o%(-) up to reparametrization ( i.e., u*(0,-) = o*(¢%(-))
for some orientation preserving diffeomorphism ¢* € C?7([0,1],[0,1]) ) and (natu-
ral) boundary conditions

u(t,1) = P* forallt € (0,7),i=1,2,3,
ul(t,0) = u?(t,0) = u3(t,0) for all t € (0,7), (2.19)
S0 De°(Vi(t,0)) = 0 for all t € (0,7)

A solution to such problem is called geometric solution.
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Remark 2.9. (Anisotropic angle condition) The boundary condition

ZDw(yi) =0 (2.20)

at the triple junction is the anisotropic version of the Herring condition (cf. [14 Def
2.5]) and is derived by considering the first Varlatlon of E(S):=3%7_1 [;¢

Indeed, for variations of type u’+ep’, where ¢ are smooth functlons with ¢ ( ) = O
©'(0) = ¢7(0) for all 4,5 € {1,2,3} we can write

d R 3 4 .
Z/O (D" 'TZWV"SOZdS—ZD@O(VZ(O))'(@Z(O))L7

(where here and in the following we write ds instead of ds’, the meaning being
clear from the context) and (2.20) is immediately deduced. Note that the vectors
£ .= Dy°(v') appearing in (2.20) belong to the boundary of the Wulff shape, i.e.,
g OW,, i =1,2,3. We can state that the angles at which the tangent planes to
OW,, at &' can meet are bounded away from zero and 7: indeed in one of these two
limit cases, the three vectors must be in shape of a Y (possibly with two vectors
coinciding), but we get a contradiction using the symmetry and convexity of the
Wulff shape.

Since v* is normal to the tangent plane at £ = Dy°(v') € OW,,, this means
that there exists a positive constant C' depending on ¢° such that

0<| Vi <C<1, %] (i.je{123}).

In turns this implies the existence of a postive constant ag depending on ¢° such
that

Wi >ap>0 i#j (5,5 €{1,2,3}). (2.21)

For the notion of geometric solution it is enough to specify the normal velocity.
To attack the problem analytically, we actually consider the system

= (0")K"V 4 N i=1,2,3, (2.22)

for some scalar maps A € C'2:%([0,T) x [0,1],R?). Note that the presence of tan-
gential components A’ is necessary to allow for movements of the triple junction.
In principle there is some freedom in the choice of these maps, but the freedom
is restricted only to the points in the interior of the interval of definition. Indeed
we show below in Section 2.4 that \’, i = 1,2,3 are fixed by the problem at the
boundary. More precisely we show that at the boundary we can express A\’ as a
linear combination of the geometric quantities 1 (0%)x’ and ¢ (67F1)x*1,

Among all possible choices of tangential components A, we highlight one spe-
cific flow that will play an important role in our discussion:

Definition 2.10. A solution as in Definition 2.8 such that ui, i = 1,2,3, evolves
according to (2.13) is called Special Flow.

The Special Flow provides a well posed problem that we can attack analytically.
We shall use the Special Flow to derive short-time existence of a geometric solution,
and to show its uniqueness and smoothness.
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2.4. Behavior of a Generic Tangential Component A’ at the Triple Junction

At the triple junction beside the concurrency condition we impose that the velocity
be the same for all curves involved, hence we impose

V(O + Nt = (09I 4+ NI (2.23)
or equivalently (after rotation by m/2)
_¢(91)%i7i + AN = —w(ﬁj)njrj VYY)
for every i,j € {1,2,3}. Multiplying by Dy°(v*), summing over i, and using (2.20)
gives

3

0= Z (07 (V)K" + N (7" - D° (1)) (2.24)
and .
3

0= Z (WX = (0K (7" - D (v")). (2.25)

In the isotropic case this amounts to Z?Zl K'=0= 23:1 A

On the other hand, starting from (2.23) and taking the inner product with
appropriate normals and tangents we get (with the convention that the superscripts
are considered “modulus 3”)

w(ez)%z _ w(ei:l:l)ﬁi:l:l(yi:l:l X I/i) + )\i:l:l(Tz’:I:l X I/i),
)\i — w(@iil)ﬁiil(yiil . Ti) + )\iil(Tiil 7_1)
For the isotropic case where all constants and coefficients can be given explicitly see
[14, §3]. The above system can be written as

(i+1 . i) 0 (ri+l . i) 0 (O it (01K
0 (i1 i) 0 (ri=1. i) (ORI B (01K
i+t i) 0 (ri+l. 1) 0 A\itl = A\
0 (it ) 0 (ri=1. 1) Ni—1 A\

Writing « = (v vt), B = (7L vi), v = (71 v8), § = (771 - 1Y) we see that
above matrix has determinant equal to det = (a? + (3?)(6% + 42), which can never
be zero since o and 3, respectively d and 7, can not vanish simultaneously. Thus we
obtain

(ORI G 3 PR 05 (0")r’
1/1(91_.1)151_1 _ g CRERE 0 3z | | v(8)s
AT e 0 e O A
A L=~ A

From the first two equations we infer that if 3 # 0 or § # 0 then we can express \°
as a linear combination of ¥ (6")x" and 1 (0**!)x"*!. By (2.21) we know that in fact
|8] and |0| are bounded from below. In particular we obtain that
. R | . . . |
A= gw(gz)mz _ 7w(91+1)/_€z+1 and A= 11#(01)/11 o g

: ; : BRI, (226)
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so that

3
N <Y |w(67)r| i=1,2,3 (2.27)
j=1
at the triple junction with C' = C(ag) depending on the anisotropy.

For the analysis that follows we will also need expressions for the time derivative
Aj. Using (2.26) we can write

(5),

with C' = C(ag) depending on the anisotropy.

[9(0°)K" | + Cl((0")K")e| + ‘ <;>t

RYES [0 a4 (0 )

(2.28)

Lemma 2.11. The total anisotropic length of the network decreases in time along the
evolution.

Proof. The statement follows by adding the contribution of each curve as computed
in (2.17), using (2.25) at the triple junction, and the fact that A’ = 0 = ' at the
fixed points P?, i = 1,2,3 (this follows from (2.12) and d;u’ = 0 at P;). O

2.5. Special Flow: Behavior of A\’ in the Interior Points

In the following we assume that (2.13) holds for every curve of the network and that
we have a uniform bound on the curvatures, namely

3
> sup [&(t, )]z~ < Co.

i—1 t€[0,T]

Since the following considerations hold for any curve of the network we drop the
indices for simplicity of notation. Upon recalling (2.12) let us denote with V' the
length of the velocity vector. Then

V2 = |w]? = ((0)k)* + N\ (2.29)

Using Lemma 2.5 (in particular also (2.15)) we observe that w := V2 satisfies (cp.
with [15, page 263] for the isotropic case)

we = () wss — Aws + 20(0)k%w — 20(0)[(V(0)k)s]* — 20(0)(Ns)* + N

where
= K K K 297(0) = K K
N =2(((0)r)s + A )(w(e) )((0))s + A zb(@)) 2(((0)k)s + Ar)
P'(0) 9 2
) (@O £ 3
= K K wl(e)w = W(Q)w = 2(In w
=2((¥(0)K)s + A )1/)(9) 20tw(0) 2(Inp(0))w.

Note that N vanishes in the isotropic case. Bringing N to the left-hand side and
multiplying both sides of the equation by e=2"¥(?) we obtain

(we—anw(Q))t _ w(e)e—antb(G)wss _ /\e—anw(G)ws + Qw(9)1€2w€_21n¢'(9)
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— (20(0)[(1(0) )] + 20(0) (Ay)?) e~ ¥(O)

If w(t,) = V2(t,-) > 0 does not take its maximum at the boundary (where &
and hence A, recall (2.27), are controlled by assumption) then it achieves its max-
imum wy,qee(t) = maxgqjw(t,-) in an interior point. By Hamilton’s trick ( [13,
Lemma 2.1.3]) we have that %wmar(t) = wi(t, Tmaz) Where Tpe, € (0,1) is an
interior point where w(t,-) assumes its maximum. Then

(Winaze 2@, < 20(0) 2 winape 2P < Cwppgpe 2O

where C' depends on Cy and on the anisotropy map (recall (2.11)). Gronwall’s in-
equality yields

—21 % CcT —21 0
Wmaz€ n¥(6) <e (wmaxe ny( ))’t:O-

It follows that V' and A" are uniformly bounded on [0,7) for i = 1,2, 3.

3. Short-time Existence for the Special Flow

The aim of this section is to establish a short-time existence result for the spe-
cial anisotropic curve shortening flow (recall Definition 2.10 and (2.13)). More pre-
cisely, given an initial network o := (0!, 02, 0®) of sufficiently smooth regular curves
satisfying appropriate boundary conditions (see below) we look for 7' > 0 and
u' [0, T) x [0,1] — R2, ui € C75%2Fe([0,T] x [0,1]), i = 1,2,3, € (0, 1) such that
B () (D2 () ) i=123 (31
g | |ug|

u

up = (0")

with initial datum (0, -) = o%(-) and boundary conditions

u(t,1) = P* for all t € [0,T],i=1,2,3,
ul(t,0) = u?(t,0) = u3(t,0) for all ¢t € [0, 7], (3.2)
S0 De°(Vi(t,0)) =0 for all ¢ € [0, T].

We assume that o¢ € C?2([0,1],R?), i = 1,2, 3, are regular maps fulfilling the
following compatibility conditions:

o'(1) = Pt i=1,2,3,
o(0) = 02(0) = 0*(0) N (3:3)
2?21 De°(v§) =0 where we set 1 := %,
as well as
IUfTQ =0 atz=1 fori=1,2,3 (3.4)
O’I
i O-:ivx j U%x P
»(65) i = (0)) |aj|2 atx =0 for i,j € {1,2,3} (3.5)
where

P\ . A O(. 0 201’10.0-;
w6 = 0) (D) - ).
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Existence and uniqueness in the isotropic case have been shown in Bronsard
and Reitich [5]. There the short-time existence proof is carried out in three steps:
first a linearization around the initial data is performed, second the classical theory
for parabolic system is used to prove existence for the linearized system, third a
fixed-point argument is applied to obtain short-time existence for the original non-
linear problem. Due to the presence of the anisotropy map the problem is now
clearly highly nonlinear and some details require attention. In the following we
provide the main arguments. With respect to [5] one striking difference consists
in the treatment of the boundary condition at the triple junction. In the isotropic
case (2.20) yields 7! + 72 + 73 = 0, which gives an angle condition described in
[5, eq.(28)] as 7 - 72 = cos(2m/3) = 7% - 73, The latter two equations are then
accordingly linearized around the initial datum. Here we need to work with (2.20)
directly, since ¢° is a given arbitrary (smooth and elliptic) anisotropy map.

Function spaces and notation. For the convenience of the reader let us recall the
definition of the parabolic Holder spaces (recall [17, page 66 and 91]) and fix some
notation.

For a function v : [0,7] x [0,1] — R and p € (0,1) we let

v(t, ) — v(t, y)|

[v] T = sup ’
’ (t,2),(t,y)€[0,7]x[0,1] |z — yl°
" (t,z),(t',2)€[0,T]x[0,1] |t —t|r

For o € (0,1) and k € Ny we define CHTQ””O‘([O,T] x [0,1]) to be the space of all
maps v : [0,7] x [0,1] — R with continuous derivatives d9{dJv for i, j € NU{0} with
2¢ 4+ 7 < k and such that the norm

k

][RP = sup |0;0%(t, @)
C 2 Fre((o,1]x0,1]) 2i+z];0(t,z)e[0,T]><[O,l}

+ Z [8§3§v]a7z+ Z [atiaiv]k+a;2i7j7t

2i+j=k 0<k+a—2i—j<2
is finite. Note that C %2 ([0, T]x[0,1]) c C* %%+ ([0, T]x[0,1]) C C%-*(]0, T]x
[0,1]). We adopt the following conventions:

e whenever clear from the context we shall not write the set of the parabolic
Holder spaces, that is, we simply write ||v||0k%)k+a instead of ||,UHC&5£’R+D‘

([0,77]
x [0, 1]);
e the C' 2% *+a norm of a vector-valued map is the sum of the norms of its
components.

e for C*-Hélder norms on spaces in only one variable we always write the
set and use the notation k + «, for instance C?*([0,1]) or C3([0,T]) =
CO2 ([0, T));

Useful lemmas for parabolic Holder spaces are collected in Appendix A.
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3.1. Linearized Problem
For some 0 < T' < 1 and M > 0 to be chosen later on (cf. (3.12)) define

X; = {v e M2 (0, 1] x (0,15 R o]l 24 o < Mo0(0,) =0'() ] (3.6)

fori=1,2,3. Furthermore let § := min{\a‘( )| cxe[0,1], and i € {1,2,3}}. It is
§ > 0. Upon considering o as a map o® € C° 2" 2+e ([0, T] x [0,1]; R?), by extending
it as a constant function in time, a similar reasoning as in [7, Lemma 3.1] (using
now Lemma 6.3) yields that it is possible to choose T' = T'(M, J, o) so small in the
definition of X; above that any map v € X; is regular for all times. From now on we
assume that 7T is fixed in such a way that the regularity of the curves is guaranteed,
that is

@ (¢, 2)| > %5 for all (£,) € [0,T] x [0, 1] (3.7)

for any u' € X;, i = 1,2,3. As in [5] we seek a fixed point of the map

3 3
R:[[x - 1%
j=1 j=1
u=(a', %) — Ru=u=(u',u? u?) (3.8)

where u solves the following linearized system, which we refer to as the linear prob-
lem.
The Linear Problem (LP) Given u = (u!,u? 43) € H?:r X, we look for u =

24«

(ut,u?,u?), u € H L C227([0, T % [0,1];R?) solution to
u — Dju, = f’ (3.9)
u? (0,2) = o (x) (3.10)

where

_v) fLZ(MW> w%»uieRz

Jj = |Jg|2 |a35|2 n ’Ugc|2 zx

for j = 1,2, 3, with (the linearized) boundary conditions (recall (3.2) and v§ = |Uii |
u'(t,1)=P"  vte(0,T), i=1,2,3
ul(t,0) = u?(t,0) = u®(t,0)  Vte€ (0,7)

3 : . , 3
o yi (ulI)J_ o Vi i J;: ’U,;: _ o I/i 1 o Di 1 ,ai 1
° (v %y 1 o). F) ) @i =i b
I e e O R e E A B (XY

Solution of the linear problem (LP)
As in [5] we follow the theory developed in [17]. The above system can be
written as L(x,t, 0y, 0 )u, with L(z,t,0,,0;) = diag(lxr)$_, where

(0,1, 0y, 01) = 0y — D;0? if k=2(i—1)+j
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for some j € {1,2} and i € {1,2,3}. In the following let (fori = /-1, € R, p € C)
3
L(z,t,i¢,p) := det L(x,1,i,p) = [ [(n + Dig?)?
i=1

‘CA(ZEa t 15,]9) = L(1:7 ta if,p)ﬁ_l(l‘, ta 1£7p) = diag(Ak:k)g:l
with
[T, (0 + Dig?)?

p+ D2

for I € {1,2,3} and j € {1,2}. Since many terms coincide in the following we simply
write

Ay = A = A, Ag = Azy = Auy, Az = Ass = Age.
As in [5] we note that the parabolicity condition [17, p. 8] is fulfilled since for any
1 =1,2,3 we have that

Dizm-min{ :j:1,2,3,x€[0,1]}>0

o3 ()|
where m is as in (2.11).

At the boundary we need to check the so-called complementary conditions [17,
p. 11]. First of all we consider the system of boundary conditions at the junction

0
point at = 0. Here the system reads Bu = | 0 | where u = (u',u?, u?) € R® with
b
B a 6 x 6 matrix given by
Id —Id 0
B(x=0,t,0,,0,) = | 0 Id —Id
Q1 Q2 Q3

where each block entry is a (2 x 2) matrix with

o (po(yé) 0 —0, YA Ui Or 0
Q“‘|@(@ 0>+<D¢@“\@P><Om>

with all coefficients evaluated at 2 = 0. Therefore we obtain

1 0 —1 0 0 0
0 1 0 -1 0 0
. 0 0 1 0 —1 0
B(x =0,t,ir,p) = 0 0 0 1 0 1
in51 —in52 in53 —in54 in55 —in56
in52 in51 in54 in53 in56 in55
where
o & ¢°(v5)
b51 = <D(10 (VOI) : |0_1‘2> ; b52 = ’01(‘)
o o2 ¢°(v5)
b53 = <D90 (Vg) ’ |O'2‘2> ’ b54 = |0_2?J
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3 o(,,3
g ©° ()

bss = <D<PO(V8) ) x) ) bse =

|o3]? |03

with all expressions evaluated at = 0. In the isotropic case b5; = bsz = bs5 = 0

2 (Vo)
los] |01|
has six roots with positive imaginary parts and six roots with negative imaginary
parts provided Re(p) > 0 and p # 0. More precisely writing p = |p|e!?» with

—7/2 <6, <7/2and |p| # 0 we may write

and

Next note that as a function of 7 the polynomial L(z,t,ir,p)

L(x,t,it,p) = HD27'77' (7'77';)2

with

x4 p
Tz_:Tz (:U,p)z 5 1(%4-2”) = —1 Dﬁz
Following [17, p. 11] we set
3
M*T = M*(z,7,p) = H(T — 72
i=1

By [17, p. 11] the complementary condition at x = 0 is satisfied if the rows of the
matrix

A(z = 0,t,ir,p) := Bz = 0,t,ir, p)L(x = 0, t,ir,p)

are linearly independent modulo M+ whereby p # 0, Re(p) > 0. Therefore we need
to verify that if there exists w € R® such that
w' - A(z = 0,t,ir,p) = (0,0,0,0,0,0) mod M
then w = 0. This gives the six equations
Aj(wy + wsiths; + wgithse) =0 mod M+
Aq(wy — wsiThsy + weiths;) =0 mod M
Ag(—wy + w3 + wsithsz + weithsy) =0 mod M™T
Ag(—wy + wy — wsiThsy + weiThsz) =0 mod M™T
Az(—w3 + wsiTbss + weithsg) =0 mod M
Az(—wg — wsiThss + weiThss) =0 mod M.
Using the fact that A; and M have many factors in common, we infer that the
first equation in equivalent to
p1(7) (w1 + wsiThs) + weithsa) =0 mod (7 — 77")

where

pi(r) = (=7 )7 =15 )2 (r— 15 )%
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Since (7 — 7;7) can not divide p;(7) then 7;" must be a root of the remaning linear

factor. Reasoning in a similar way for the other five equations we obtain that w
must satisfy the system

wy + w5ib517'fr + wﬁibg,ﬂfr =0

Wy — ’w5i7'1+b52 + w6171+651 =0

—wy + ws + w5i7'2+b53 + weiT;b54 =0
—wg + Wy — w5i7'2+b54 + w6i7'2+b53 =0
—Ws + w5i7'3:’—b55 + U)GiTg'_b56 =0

—wy — wsiTs bse + weits bss = 0

for whose determinant we compute

1 0 0 0 ibmi7y  ibsory

0 1 0 0 —irfbsy irgbs

-1 0 1 0 iT;_b53 iT2+b54
det 4+ . 4

0 -1 0 1 ) b54 17Ty b53

0 0 —1 0 iT;_b55 iT;—b56

0 0 0 -1 —iT;_b56 iT;b55

= —(b52’7’1+ + b547‘2Jr + b567'5r)2 — (b517‘1+ + b53’7‘2Jr + b557'3+>2

3 . - 2 3 . . - 2
(&) [ 102 (Do) o | o)
- @ o] pwwz;)) (Zl 012 pzp(ea))

i=1

B (1) Deo(vh) ok [ 1
_p<z w(eg)> “’(Z ot wwa)) 70

i=1

2
since p # 0 and <Z?:1 %) > 0. It follows that w = 0 and the complementary
condition at x = 0 is fulfilled. Checking the complementary condition at x = 1 is
done in a similar way, but here computations are much simpler since B(z = 1,,ir, p)
is given by the identity matrix.
Finally we observe that at ¢ = 0 the initial condition is given by the system
Cu = o where C € R%%% is the identity matrix. The complementary condition here
(cf. [17, p 12]) requires that the rows of the matrix D(z,p) = C - L(z,0,0,p) are
linearly independent modulo p% at each point x € (0,1). This is readily checked.
Using (3.3), (3.4), (3.5) and the definition of the spaces X; we also observe
that the linear problem fulfills the compatibility conditions of order zero (cf. [17,
p. 98]). Application of [17, Thm. 4.9] yields the existence of a unique solution u €

24«

[1;_, C75 2+ ([0, 7] x [0, 1];R?) satisfying

3
[
; Il o252 2t 0,7y
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3
<C (Z;(Hf’ﬂm rxo F 10" lozraqony + 1P°]) + 1B 2 <[0T1>)
(3.11)

3.2. Fixed Point Argument

Let u = (u*,u?,u?) € H?Zl C*5%:2+2([0, T] x [0, 1]; R2) be the solution of the linear
problem (LP). We would like to verify the self-map and self-contraction property of
the operator R (recall (3.8)). To that end we employ (3.11).

Self-map property We need to estimate the right-hand side in (3.11). For j =1,2,3
and using the definition of X; as well as Lemma 6.1 we compute

i . $(07)  (6))
Hf ||C§*“‘ g CH ( |ag?|2 |0'%|2 ) .

M (ww‘j) — ()] o3 H

U a
T2zl o g o

1 1

@2 |oif?

+ 180l o5 H

C‘Ev"‘)

Writing out the expressions of type ¥(0) in terms of tangents and normals (recall
(2.10), (2.8)), manipulating them appropriately into products of differences (simi-
larly to what we have done above) and application of Remark 6.1 and of Lemmas
6.1, 6.2, 6.4, 6.5, and 6.6 yields

1
A

1 llog e < CiT%

where C1 = C1(9,]|07 || c2+a(j0,17), M, [[¢°||c4). Next we write

=3 (1600 - )+ o) [ = ] )

% D°(7) -ﬂ-] — 1 (Dg°(7) - 7) [ﬁ - t‘D a

il 0%
x O-'I

+ (oo
Similar considerations yield now

[Bll 5 o 2y, < CoT

lo

with C = C1(6, |07||c2+a((0,17), M, ||¢° || 2 ). Putting all estimates together we derive
from (3.11)

3
HUZHCQ"'T"‘,2+Q([O TI%[0,1]) 3CO(C1 + 02)T2 + Co Zl(||01’02+a([071]) + ’PZD
Hence choosing
3 . .
M :=2Co Y (l|o"[lca+e (o1 + [P]) (3.12)
i=1

and taking T < 1 so that 3Cy(C —|—C’2)T% < M /2 we infer that R maps X7 X Xox X3
into itself. This will be assumed henceforth.
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Contraction property Let v = (u!,u? v?) = R(u4) and v = (vt v? v3) = R(v) €

I j=1 X; be two solutions of the linear problem (LP). Set w = (w!,w? w?®) with
wl =u/ —v7, j =1,2,3. Then the w’’s satisfy

— Djwi, = f’(a) - f(v) (3.13)

w? (0,2) =0 (3.14)

where D;

f(@) - f(v) = (

w(o(@)) ¢<ea>> o (ww@)f‘) B ¢<e{s>> .
alede) T e )
for j = 1,2,3, with boundary conditions (recall that 1§ = (T;j r and note that here
¥ (6(u)) is given by (2.8) and (2.10) with tangent and normal vector of the curve )
wi(t,1)=0 Vte[0,7], i=1,2,3
wl(t,0) = w?(t,0) = w3(t,0) Vvt €[0,T)

i("(o)')' (D) - Tay e )

=t ot | 0%
§<¢ i Y |)<ﬂ;>L
+<<D@ 00)- Iail) oil ~ T |> i,
;(w"@é)ww( @) o |)< o)t
_ ((D@O(V(i))' |Z:|> AR ‘_ |>@; _b@) —b@)  Vte[0,T).

This is again a linear parabolic system and it satisfies the complementary and
compatibility conditions. In particular it satisfies the Schauder-type estimate

3
7
; 1l o252 e g0 g0,

3
< Co (Z(\f"(u) = POl o gompon) + 1@ - b<v>|rcl+2a(w> - (3.15)

i=1
Using the lemmas from the Appendix A, the definition of X, and arguments similar
to those employed in the verification of the self-map property we compute for j =
1,2,3

1@ — @)l < ‘“‘95“)” - ‘“f

Y(6(0))  ¥(68))

o3 |2

@, — Ul g
cs

24

< CT? @ - @jHCHTa
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T (@)™ = @) "Il e

([0,77)

([0,77)

@)1l

)

01l o5

H(ered- Z) - 0 0@ @)

Huz Um” Lo

lo%| ) |ok [u% ]l o252 (0,77 (10,71
0f (i iy 1 o/ 1 N\i iy 1
+||(De” (v(a)") - 7(u) )|ﬁ§c| — (De”(v(9)") - (D) )@ ¢ (o) ||Uz|| e 01)) )

3
< CT% Z Hﬁj - ﬁjHszT".wa
=1
where C' = C(M, 9, ||o|lc2taqoa)); [|©°[lc+). Thus, by possibly choosing an even
smaller T, we obtain

an [ Zu*n 24 st 1101

and the contraction property of R is estabhshed.

Finally application of the Banach’s fixed point theorem yields the existence of
a unique map u € H?Zl X; with u = R(u), that is a solution to (3.1), (3.2). In
particular we can state the following theorem.

Theorem 3.1. Let P' € R?, i = 1,2,3, be given points and o € (0,1). Let o° €
C?T([0,1],R?), i = 1,2,3 be regular maps fulfilling the compatibility conditions
(3.3), (3.4), (3.5). Then there exist T > 0 and unique reqular maps u' €
2EQ’QJFO‘([O,T] x [0,1],R?), i = 1,2,3 such that (3.1), (3.2) are satisfied together
with the initial conditions u'(0,z) = o'(x), x € [0,1], i = 1,2, 3.

Corollary 3.2. Letu’ € C’HTQ’HO‘([O,T] x[0,1],R?), i = 1,2, 3 be the solutions found
in Theorem 3.1. Then u* € C*((0,T] x [0,1], R?).

Proof. The instant parabolic smoothing can be shown by some standard arguments
employing a cut-off function and a boot-strap argument in the same fashion as in
[7, Thm 2.3].

O

4. Maximal Solution for the Geometric Problem

We now prove existence, uniqueness and regularity of a maximal geometric solution.
We first show that a geometric solution is also a solution to the special flow up to
a diffeomorphism.

Lemma 4.1. Let (u',u?,ud), with u' € C*2*2T([0,T] x [0,1],R2), i = 1,2,3, be
a solution of the geometric problem (according to Definition 2.8) with tangential
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components \' = ul - 7¢. Then there exists a orientation preserving diffeomorphism
= C’HTQ’”O‘([O,T’] x [0,1],10,1]), ¢ = 1,2,3, for some 0 < T" < T, such that
(@, a2,a3), with @i (t,y) == u'(t,¢'(t,y)) € C 25 2F2([0,T"] x [0,1], R2) is the solu-
tion of the Special Flow (recall Definition 2.10 and Section 3 ).

Proof. Since the proof of existence of ¢’ is performed identically for every map
1 = 1,2,3, let us omit the index ¢ for simplicity of notation. Note that by the
assumptions on the initial data (recall Definition 2.7) we have that the anisotropic
curvature (and hence the curvature and curvature vector) vanishes at x = 1 at time
zero, that is

(’f’/)’(tzo,le) =0. (4.1)
Moreover we have that at the junction point at time zero there holds

(W)Y + XNT)](1=0.2=0) = (W) + N 77)|10.0=0) for i, j € {1,2,3}.
(4.2)

First of all construct a diffecomorphism ¢q : [0,1] — [0, 1] such that ¢¢(0) = 0,
¢0(1) =1, ¢07y >0 in [0, 1] and

_ ¢(9(07?J)) ¢O,yy(y) u:vm(ovy) ux(()?y) - A(()?y)
|uz(0,9)? (b0 (y))? |ua (0, )| |uz (0, )]

at y = 0,1 (whereby recall that A\(0,1) = 0). This can be done for instance by
imposing also that ¢o,(y) = 1 at y = 0,1, and by taking a suitable perturbation
(near the boundary points) of the identity map. Next, note that at a boundary point
y = 0,1 we have

+9(6(0,9))

(4.3)

Uyy () = Uz (t, y)(¢ Y )) +Ua (b Y)Pyy (b Y) _ Usalty) byy(t,y)
|y|? UIP(¢y(t,9))? lua(t, )12 Jua(t, y)|(y(t,9))?

(
ualtoy
u:m:(t y) ¢yy(t7y)
= (w)(t:9) (|u ol YT ey e y>>2) (&)

7(t,y)

therefore by (4.1), (4.3), and (2.11) we infer that |u“|’2 (0,1) = 0 that is (3.4) is
fulfilled. Similarly using (4.2) and (4.3) we infer that (3.5) is also fulfilled. Since

ﬂt(ta y) = ut(t7 Cb(t, y)) + Uy (tv d)(t’ y))gbt(tv y)
= (W(O)kv + AT)(t, 6(t,y)) + e(t,y)|ua(t, 6(t,y))|7(t, 6(¢, )
= (W(O)FD)(ty) + (At (t,9)) + 6u(t,y)ua (t, o(1, ) ) 7(1 6(E, y))

we see that for @ to fulfill (2.13), we need ¢ to be a solution of

1

00 = gy (VO 7))~ A (t))

‘uﬂ?(t: ¢( Yy
— 1/’(5) ¢yy(t7y) +¢(9~) ulz(t7¢(tvy)) : uE(ta¢(t7 y)) _ A(ta¢(t7y))
|ua (t, (8, y))[? (Dy () |ua (t, o(t, y)|* |ua (t, (L, y))|
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(where 1(0) = @°(7)D2@°(0)7 - 7 with 7(t,y) = 7(t, d(t,y))) together with
#(t,0) =0, o¢(t,1)=1, ¢u(t,y)>0 Vtand yel0,1],
and
¢(0,-) = ¢o(-)-
Observe that by the construction of ¢g the compatibility conditions of order zero are
fulfilled. Instead of solving the PDE for ¢, it is convenient to work with the inverse

diffeomorphism 1 = n(t, z), such that ¢(¢,n(t,x)) = x, and derive its existence first
(as proposed in [8]). Indeed we see that 7 must solve the linear PDE

_¢t(t:y) _ w(e) ) — T ulw(t7m)'u$(t7x) _ )‘(t7x)
by (ty) Tty e () e )@’(9) e (0, 2] |uz<t7m>|)

together with
n(t,0) =0, n(t1)=1, Ne(t,z) >0 Vitand z € 0,1],

nt(tv {I}) =

and
The existence of n € C” 22+ ([0, T] x [0,1],R) follows from standard theory [17].

Possibly making the time interval smaller we can ensure that 7(¢,-) is a diffeomor-
phism. Finally we take ¢(t,-) = n~1(¢,-). O

From Lemma 4.1, Theorem 3.1 and Corollary 3.2 we directly obtain the fol-
lowing result.

Theorem 4.2. Let o € (0,1), P* € R%, i = 1,2, 3, be given points and o*, i = 1,2, 3,
as in Definition 2.7. Then there exist T > 0 and reqular maps u’ € C%TQ’Q"'O‘([O, T)x
[0,1], R2)NC>((0,T) x [0,1],R?), i = 1,2, 3, which solve the geometric problem with
initial conditions u*(0,x) = o'(x), € [0, 1], in the sense of Definition 2.8 (i.e., up
to reparametrization of the given initial data). Moreover, the solutions u® are unique
up to reparametrization, that is, they parametrize a geometrically unique evolving

network.

We eventually show that at the maximal existence time either the length of
one curve goes to zero or the H'-norm of the curvature blows up.

Proposition 4.3. Let T be the maximal time such that there exist solutions of the
geometric problem as in Theorem 4.2, then we have
liminf min  L(u'(t)) =0 li ! = +o0. (4.4
iminf min  L(u'(?)) or  limsup max |5 [lm ) = +oo. (4.4)
Proof. Assume by contradiction that L(u’(t)) > ¢ and ||} ||g1 ;) < C, for all i =
1,2,3and t € [0,7), and for some 0, C' > 0. By Lemma 6.7, for any € € (0,7) we can
reparametrize the admissible network u'(-, T —¢), i = 1,2, 3, in such a way that the
reparametrized network o' satisfies the compatibility conditions (3.3), (3.4), (3.5)
and moreover
1

loillgary gy <€ oDl >
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where the constant C” > 0 depends only on § and C'. Indeed, we can first reparametri-
ze u'(-, T—¢) by constant speed. Then we notice that for the so obtained parametriza-
tion v* the uniform bound on the (anisotropic) curvature yields that

Vi

I lesssy = ke (L)l < C:
xT

For the compatibility conditions (3.3), (3.4), (3.5) to hold we need now to reparamet-
rize v’ again (as explained in (4.3) with v instead of u, so that |v,| = 1/£(v?) and
Vze Ve = 0). As appropriate diffeomorphisms ¢’ we take now suitable perturbations
near the junction of the identity map such that (¢%)'(0) = (¢°)'(1) = 1, (¢*)’ > 0
n [0,1], (4.3) holds, and the ||¢*||c2.1/2-norm is uniformly bounded by a constant
depending only on C, §, L(u(T — ¢)), and the anisotropy map (see (4.3) and recall
(2.27), (2.11), Lemma 6.7). The maps o! = v’(¢") satisfy the claims.
Then, by Theorem 3.1 there exist solutions u’ to the special flow starting from
ol at T — ¢, defined on the time interval [T'— ¢, T — ¢ + 7), where 7 > 0 depends
only on ¢ and C (in particular it is independent of €). By choosing ¢ small enough
we then have T'— ¢ + 7 > T. Notice that, by Lemma 4.1 (see also Corollary 3.2)
there exist smooth diffeomorphisms ¢¢ : (a,b) x [0,1] — [0,1], (a,b) C (T —&,T)
such that ul = u’o ¢!, i =1,2,3. Let now n € C>°(R) be such that 0 < n(t) <1 for
all t, n(t) =0 for t < aand n(t) =1 for all t > b, with a < b and [a,b] C (T'—¢,T),
then the functions

‘ u’:(t,m) ' for (t,z) € [0,a] x [0, 1]
u'(t,x) = q u'(t, (1 =n(t)z +n(t)e(t, z) for (¢,z) € (a,b) x [0,1]
ul(t, x) for (t,z) € [b,T —e+ 1) x [0,1]

give rise to geometric solution defined on the time interval [0, T —e+7), contradicting
the maximality of T O

5. Integral Estimates and Main Result

In this section we derive integral estimates for a solution of the geometric problem
(recall Section 2.3). We shall always assume that the flow is smooth up to the initial
time ¢ = 0, which is not restrictive in view of Theorem 4.2.

We start with a general lemma.

Lemma 5.1. Let u: I — R? satisfy (2.12) for some smooth map \. Let S : I — R?
be a normal vector field along the curve u, that is (S -7)=0. Then

i (357 %) /Sz

=155 <9u) }

A
n /I(S (S, — w(Q)Sss))st N /I(S . SS)WdS

RN R ()
Jis-sa oy = 1Py
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DS@ V) ( ISP (0(6)5), —ww)m(s-ss)) ds (5.1)

(v)
Proof. Since
(ds); = (As — (kv - wy))ds = (s — 9 (0)K%)ds

a direct computation gives

7 (5 )5t ) + [5Gy
/I(S.(StzéSss))sol(u)dSJr;/fsz (go"l( )d
R
:/I<s-<st—w<e>sss>>¢ o+ 157 (), 2

g0 1 AT
+[(S SS)@"(V) | | ©° (v )}

/,<S~Ss>(;/iy)d/| G
/I(SS /ysu( >ds.

Using the expression for Ht from Lemma 2.5 we observe

)1 |2( ), 650 (555) 595 ().

)
( OEZ;) <;|S’2(¢(9)/{)8 —p(0)K(S - Ss))

and the claim follows. O

Also we recall some useful interpolation estimates (here we cite [15, Proposi-
tion 3.11, Remark 3.12]):

Proposition 5.2. Let u : I — R? be a smooth regular curve in R? with finite length
L, and let f: I — R be a smooth function. For p > 2 we set

102 flloe == </ lagf\pds) ’ : whereds := |u'(z)| dz.
I

Then, for any m > 1 and p € [2,4+00], we have the estimates
s . Bam,
105 flle < CrmpllOT T2l £ 127 + o Il

W and the constants Cp m p, Bnom.p

for everyn € {0,...,m—1} where o =
are independent of w. In particular

102 fll 2 < Cro 107 FIIT2 111727 +

. n+1/2
Lma N fllzz with o = e
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5.1. Estimates on ||k||z2 and ||k, ||L2

We now apply the Lemma 5.1 for the special choice of S = ¥ (0)kv, which is the
normal component of the velocity vector. Using Lemma 2.5 we compute (here and
below we write w' = (w - v)v for the normal component of a vector w € R?)

S = (ue)t = p(0)kv, 1SI? = (¥ (0)r)?,
Ss = (Y(0)r)sv — (V(0)k) kT, 1SsI? = ((¥(0)r)5)* + (¥(0)r)*?,
as well as
= ($(0)R)ss — (B(O)R)R* )+ (...)7,
Se = [ (O)(V(O)R)s + M)k + P (O) (Y (O)K)ss + Y(O)K” + Ars)]v + (.. )7
(S (St = $(6)55)) = (018 (O (W(O)m)s + 2 (0)) " + A5 (1)),
= ((0))5(S - 55) +2(0(O)r) k + A(S - S5).
Therefore the integral terms appearing in the right-hand side of (5.1) amount to

1 A
[5+8= 0080 s = [(5-50) s

(
(1(0))s zzb(e)/fﬂ
/(S Sa) o) /' ey %

W V) T (stwm ()RS sg) ds

(v) 2 2
D
/ 2@*% -3 | T 9" (052 ((0)s) .
In particular notice that with S; — ¢(9)SSS hlgh order terms disappear. Equation
(5.1) becomes

410, b0 ) [ e 1o A ]!
i (2/ =0 d)*/f'“/’”) I ooy {(S ) oy T2l w(u)]o

o[G0 s o9

For the boundary term we notice that

(550 20— (5 (50 20—, (5 L0
o (v) o (v) p°(v)
This motivates the choice of S since at the boundary the velocity u; is either zero
(at the fixed boundary point) or coincides with the velocity of the other curves
meeting at the triple junction. We can then lower the order of the terms at the
moving boundary point by exploiting the boundary conditions. More precisely we
write

(6)
v)

= G (@O0 20)) A — () LD

. = (U - R)sV ¢
(589) 505 = (e (OR)) %

- (ut , viw)et > ISWIPRI0
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which yields
(580505 + gl 2so°<u>]o = (v 500) - ;AW]

Derivation in time of (2.20) gives (at the junction)
3 3 3 i
of. i of, i\gii iNgi T
0=—=> (D°(W))e =D D*° (V)0 =D w(0 )9t¢o(yi)-
i=1 i=1 i=1
After multiplication by ( ) which rotates vectors by 7/2, we finally infer that

0="S (06 ”
; oo (v)

holds at the junction point. In particular, since u} = u? = uj at the junction point,

we infer 23: <ui'¢(9(i)9 > ( Zw 92 z) =0.
oo (17

i=1

Summing (5.2) for every curve in the network, we therefore obtain
W(0")r")? zw(f)) i (V(0)r")?
;dt 3 [ +Z/|w(e>>| ZA el
+Z</ L@ 1 [ De0) Tt w(el‘w)?(w(ei)#)sds) (5.4)
12 () 2Jr (eo(v")?
A more geometrical interpretation of the above expression is discussed in Remark 5.4
below. Using (2.11) as well as C~! < ¢°(v) < C and |Dy°(v)| < C (recall that

Dy°(v) lies on the Wulff shape) we can write
3

Zi( /%ds>+m/y (0 ’)|¢O(1Vi)ds
chr oy +Z( [ ase [ 1000 P )

Choosmg € = m/2 we obtain

=0

3

th(/wf?z > 5 0P s

Z CIN|((67)K7) 2]:’;70 + Z Cllb (0% | 1
1=1

Next we apply mterpolatlon estimates, under the assumption that we have a uni-
form control (from below) of the lengths of the curves composing the network. By
Proposition 5.2 it follows

(076 |40 < CUI ORI 0 (0)R35" + (07K =)
< CW O L[ (09K 132 + Cllp(07) 6|
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E/I|(¢(9i)ni)5|2wogyi)ds+ce </1 st)3+c.

Moreover, for the boundary term we use (2.27) and Proposition 5.2 to infer

|Ai|<w<9i>ni>2\m < C(6")R") Zw eﬂm\ < Oll( ewannwwﬂanm
< C(l(w(0")x >||”2||w<9> R (67K )
At )all 5 1 (07K + ||¢(9j)"éj|m)>

Jj=1
99 w)? Y’

3
< eZ/Kw(eJ)nJ)sP
j=1"1
where for the last step, we have used several times the Young—inequality. Putting
all estimates together and choosing € appropriately we infer

3

40 0) ([ ) o
gCZ<1+/Ist>37

where C' depends on the anisotropy (precisely (2.11), ag as in (2.21), as well as
C™' < ¢°(v) < Cand |[De°(v)| < C) and on the uniform bound from below on the
lengths of the curves. Note also that so far only information of \* at the boundary

has played a role. Recalling that x, = ;p((e )) x and integration in time for 0 < t1 < to

yields
B 1 N 1
(3 (14 [, (k0)200 ()ds))* femey (0, (1 + [, (k2)29° (1v1)ds))? e—t,

In particular if, for 0 < T" < oo, there exists a sequence of times t; — 7', for j — oo,

< C(tz — tl).

such that
3
(Z/(mé)zgpo(yi)d,f;) — 00 as j — 00 (5.5)
i=1 1 =t
then we obtain for any ¢t € [0,T) that
1
5 < C(T —t).

(S0 (1 + fy ()20 (v1)ds)

Therefore we can conclude with the following statement, that is valid for a solution
to the geometric problem posed in Sect. 2.3:

Lemma 5.3. If for 0 < T < oo, the lengths of the curves are uniformly bounded from
below

L(u(t)) > 6 > 0, i=1,2,3, for anyt € [0,T)
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and there ezists a sequence of times t; — T', for j — oo, such that (5.5) holds, then
there exists a positive constant C' such that

o c
Z/ )2 Yds > Nig=r for anyt € [0,T),

where the constant C > 0 depends on 6 and ¢° (namely m, M (recall (2.11)), ag
(recall (2.21)), C71 < 9°(v) < C and |Dy°(v)| < O).
In particular, taking t = 0 we have

VT > — © —.
> i1 1850, ')HL2(I)

_ ()

23 5 Observe that (5.4) can also be written

Remark 5.4. Upon recalling that x, =
as

th 3/ |ﬁ;|%°<u">ds)+§33 / |<¢<ew>s|2;i<53)ds:f;;m;)z@w) B
v Z < / WO 4 / D () (6L (00 )

/ Di?(v') - 7 (1) 2(6(6 )i o
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where in the integration by parts we have used the fact that the velocities and hence
the curvatures vanish at the fixed boundary points. On the other hand note that

(Y(0)r)s 1 ) _@Or)s - D)7
©°(v) ) ), ¢ (v T eo(v)

() = oo

and therefore
3 [ I, %{’;B)ds
=5 [oON o0+ 5 [ (e PEELTY 000

@° (v

- /Im)s( (DR () - 74 (1) ds.

It follows then

Z {5 (5 [riperoas) + 5 1@ >|“”("Z ds-t 5 [ OO )ds
+%/l (ﬁ;nlw>2¢(9i)<ﬂo(Vi)ds}
B Zi (N(55)” = De* (') - 7' (51)*) 9° (1)

—Z/Dw V) (k) ((0")k ds+2/ (kL) (V') ds.

For the second last integral on the right-hand side note that

’/IDgoo(u"). K2 (507 ds_‘/Dap mn[\/i (0')r ds
/I ((ii))ds+2/l (n;m %) e (v')ds

and so it can be nicely absorbed. It follows then
d (1 Q2 ) 2 o
Zcﬁ(2/|m¢| >+2 [ o). s

i=1
+ E /1(/’3 ) 0 (V) ds.
=0 3 127

x=0

—_

Z =D (v') - 7 (ky,)%) ¢° (V')
i=1
5.2. Estimates on ||(¢¥K)ss||z2 and ||(Kky)ss||r2

Similarly to [15] (where the isotropic setting is considered) we now introduce some
notation that simplifies exposition and reading. We indicate by p, (0" (1x)) a polyno-
mial in the variables (1(0)x), ..., 0" (1(0)k) with coefficient functions C' = C(i, P,

. ,35“@[1) that depend on i, P, 82“1,!) and such that every monomial is of the
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form

h h
C (;d) . ,agmp) H(ai(q/m))ﬁz with Z(l =0
=0 =

Note that, due to the smoothness assumptions on the anisotropy map ¢° we will
be able to bound uniformly from above all the coefficient maps C (i, U, ... ,83“1/1),
that is

1
‘C (ﬂ/%--- 7ag+1¢> ’ < Oy, for any h € Np.

(G
For this reason we treat these maps as coefficients and refer to them as such. More
precisely the maps C (i, Y, ...,00) are assumed to be sums of rational functions
of type

polynomial with constant coefficients in the variablest(6), ..., 8 ()
¥ (0)

for some r € Ny and, as a consequence, the following rule applies

1 1

as <C (7,[17 ¢7 e 783¢>> = C <¢7¢7 R 8£L+11/}> (wh}) (56)

which is obtained by differentiating the left-hand side and recalling that 0, = k =

5 (Wn).
Similarly, we denote by p, (|0"(¥x)|) a polynomial in the variables |(6)k)], ...,
|07 (1(0)k)|, with constants coefficients such that each monomial is of the form

h h
ol J REACDIE with » (I+1)8 =0
=0 =0

We denote by ¢, (87 \, 9" (1)) a polynomial as before in A, ..., 8/ X and (¢(0)k),
.., 01 (1(0)k) with coefficient functions C' = C’(i,w, ..., 0y ) such that all its
monomial are of the form

j h j h
c (lw, . ,83+1w> [T@ne TT @k wr)” with » 21+ D+ Y _(1+1)8 =0
1=0 1=0

’lb 1=0 1=0 = =

We exemplify the notation just introduced in the next lemma (which is partially
the anisotropic counterpart of [15, Lemma 3.7] and) which will be used subsequently.

Lemma 5.5. For j =0,1,2 we have that

0,91 (1K) = YOI (w) + AT (o) + C (; w’) ()OI (6R) + py2(D3 (65)).

In particular it follows that

Qtt = [(wl‘i)s + )\/i]t = 8,585 (¢H) + (A/i)t
= (M) + Y(PR)sns + AW 50 + C (; w') () ()0 -+ P (0s (%))
= w(lb’i)sss =+ Q4()‘t7 a?(wﬂ))
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Proof. Using Lemma 2.5 and (2.11) we obtain (we write ¢’ for dygip and write
instead of 1(#) to simplify the notation)

Ot (1K) = Yk + Yy = O (VK)s + M)k + Y[(VK) g5 + V> + Arg]

= () e+ A(R)s ﬁ'(wn)s(w 4wy
() s + A(UR)s + C (; w') (UR)e(abw) + C (;) e (57)

and the claim follows for j = 0. Next, using again Lemma 2.5, the previous step
and (5.6), we compute

()5 = 0:05(or) = D00 (wm) + o ()5 — Xo(r)s
= 'R(YR)ss + Y(UR)sss + s (V)5 + AWK)ss

’L/}// (w/)Q l K K K ’(/)7/ K K K K
+( )W’ )06 6) + (0600 + (). ().)

T
— P ) + 2 ()2 () + () () — As(tiw)
¢3 ’l/} S ¢ S S S

() sns + AR s + C (i aﬂ) ($8)ss(158) + C (i v, w”) ()% (Vs

L (i,qy) (¥K)s)? +C (i,w’) (Pr)*.

The case j = 2 is computed analogously. The last statement follows by the definition
of the polynomial q4(A;, 9?(k)) and the fact that by Lemma 2.5 we can write

1 1 1 A !
ko = (0)ss + 5 (0400, (wwn)) = (R + 0+ 5 (). = X (0
U
Next we apply Lemma 5.1 to
S = ¢(wﬁ)ssy
which is a term in the normal component of uy (see (5.9) below). We have that
S = ¢(¢”)ssl’a
1S = ?|(¥r)ss |,
Ss = (W' K(VK)ss + (R sss )V — (PK) (PK)ssT
- (%wn)(wn)ss n wwn)sss) v — ($R)($R)sa,
S-S5 =0 (WK)(VK)ss)? + 7 (VK ss (PK) sss,
15,2 = (%) [(108) (R ) s 2 + 2165 s ? + |(BR)R)ssl? + 20 (68) () s ()0

= V?|(VK)sss|” + 20" (VK) (VK)ss (VK) sss + s (05 (1K),

Sas = ((WK)ssss + 2%@&)(%)5% +ps (D2 () + (.. )7
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Moreover using Lemma 5.5 with j = 2, and Lemma 2.5 we can write
St == [wt(w/’i)ss + 1[)@682(1/%)]1/ + ( . .)’7’
= [0/ ((¥R)s + A&) (YK) 55 + (VI (Pr) + A3 (Vr)

+C <;, d)’) (Vr)O2(YK) + ps (0% (k) )} v+ (.01
= {0 () A () 0+ 003 ()
€ (o) (00w + (@20 + (.1
Therefore
(S = 0.t = (MY'w(w)s + w020m)] +.C (.07 ) (wm)o2wn
S w’ S
+ ps (02(4)) — 208 () ()5 )
(St~ 6Ss) S = M (VR)((9)55)? + U2 ()50 ()]
€ (0. ) (060355 + (B2 )
and we obtain
S+ (81— 0S5s) = A8 - 55) — (S 8.)(8)s — IS ()
= () (R () 02000) + (@20,
as well as
1 2 1 / 3 2
SISEOR). — 0Ol 8. = C (160" ) (0r)m).w02(60) + (0 (),

Plugging the above expression into (5.1) yields

& (5 1) + [oomn 20— [(s50 20+ s 2]
+/ ( (w v w) W)(W)ssa?wm+p8<a§<wn>>) o

Dcp

S (0 (00! ) 0 we)..0200) + pa(@2 () ) ds.

With help of Young inequality and using (2.11) we achieve

(5 [1st—sas) + 5 [1wn)np 22

)
RN C) N WP 2 (o) s
< |5 50204 Jls SOO(V)]Ow/Ipsaa @r)hds. (5
To treat the boundary term
MO 1, A
(550505 + 319 SOO(V)]O
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1
[(YF) ss |2
0

_ | "(YR)((YK)ss)? + 0 (VK K A
= [w(u) (4R (R))? 02 () )sss) + 555

it is imperative to be able to lower the order of the term with three spacial deriva-
tives. Note that the A-term is of type

TN O
2o () WPl = s

To handle the term (S - Ss) observe that by Lemma 2.5 and (5.7) we can write

47(OeN, 92 (YK)).

Uy = [Yrv + A7) = (VK)w + (VE)ve + T + 7%
= [(VK)e + A0]v + (A — (Yr)0)T

= [(R)as + M), + jj (D)) + 5 ()* + X0+ O = (9)00)7
=S+ [Mvr)s + Zl(w/@)s(wm) + ;(@Zm)?’ + N0y + (.. )T (5.9)

At the fixed boundary point (that is at x = 1) we have that (Yr) = A = A\ =
(¥K)ss = 0 since the here u; = uyy = 0. Hence we need to treat only the boundary
terms at the junction point. Here we have, using (5.9),

(S- 80 = S+ (8" = (une - (5:))
- [Awn)s & (o) +

= (ugr - (S5)*) — R.

;(1/,,{)3 + Aﬂt] (V' E(YK) ss + P (VK)sss)

Concerning the term R we observe

!/

1/) 1 3 /
[Awn)s + ) + S + Aet} (0 k() us)

!

= £ K K l K 3 21 K)T 1/}7/ K K = 2 K
- [2A<wn>s+ Lm0 + L) + XL () } (N ) )ss) 47(90n, 02 ().

Using Lemma 5.5 we also compute

w/
NR)+ - (0R) ) + - (0R)" + AT (0)e
= (20 + W R)(WR)s 4 — (k) + N2R)(Ou()s + aa(DN, 2 ()
=@ u (1 S') (5009° + X2 ) @uw).) + ar(012, 2200
W V@R (1, N1,
(<2>\+ ) WL () + 2 wn))(w)s)t

—(2X + w'ﬁ)t‘(w;)s’ — (VYK)s <;(¢H)3 + )\2f<a> + q7 (9N, 02 (YK))

= 9 (g5 (N, 05 (¥R))) + 7 (DA, D2 (YK)).
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Hence

R= at <Q5()\7 85 (¢"{))) + Q7(at)\a 85(1/1/{))

Therefore we obtain that at the junction point we have

NN () PN () ) -
wo(y)(s SS)_ (pO(V)( tt (SS) ) SOO(V) (8t(q5()\,8s(¢ )))+Q7(at>\783(¢ )))

) 1
e°(v) ©°(v)
Next, using (5.9) and the expression derived above for S, we observe that

WO o
(po(y) tt (Ss) )

O v
= oo() PR+ A0 <w
- o((ey) [(VK) ¢ + A0 )Y (VE)sss + ( )
- 0(9) [(Vr)s + A0:] (01 + qa (DN, O2(1K))) +

(v
1 ¥(0)
= ———q7(0\, 02 (YK

o) O T )
where we have used Lemma 5.5 in the second last equality. Hence so far we have
shown that

R ()TN P S R RN () BN PR
(550 oy + 3 ), =~ (690565 + 197 55) |
(000 2000)) + 504 (a5, 0u(0)) = AL () -+ A0 e
(5.10)

To handle the last term we use the boundary conditions: twice derivation in time
of (2.20) gives (at the junction point)

(uee - (Ss)™) — [0: (a5 (X, 05 (¥K))) + a7 (9N, 02 (k)] -

(w&)(wﬁ SS _'_ 77/) wﬁ; SSS)

— = a1(0e, 02 (V)

(p() q7(0: A, 05 (k)

[(YK): + A0t] 04

AS)

_ L b
) p°(v)

3 3

0= _E(DSOO(Vi))tt:Z(DQ o 01 z t_ZD?; o ezTZ‘FZDQ o )eét,ri

=1 =1 =1
3

— _ZDSSOO( 01
=1

Since here uy, = u#, = uj,, we obtain Ruj, = Ru?, = Ruj, with R = (1 o ) which
rotates vectors by 7/2, and hence (recall (5.9))

3 3 o)
ozRu,}t(—ZD?* °( "(07)? Z ttr)

i=1

3
_ W) [ —D30f (V)i (1)2 P(0") i
= ;(R tt) ( D7p°(v") (07 + SOO(Vi)Htt >

i

’L
HttT

||'Mw
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Yo+ NI 4 (A — (61RO

z it w(gz) P
e+ Siatie’)

S
(o

It follows that

3 i
> T/ff‘)y? L6 (0))s + N6

3
= 3D O 0+ 3]
- 203 ()T (0)2 (N — ($(07)K")602)

3
Z (DP° (V)7 + DP° (V)T T V") g7 (OW N, 92(1(07)K1)),

where note that |D3¢°(v))ritirt + D3¢°(v)) i < C. The expression above
together with (5.8) and (5.10) yields

- d (1 D (07K s P 1 iy2 2 ¥(0")
Z@ (2/w(0)(¢(9 )K" ss| SOo(w.>czs> +2/<w(9 N2 (W(09)K) sl o )ds

I
3
Zat( s 0. (000 ) oo+ 2 Clan(O0 2 0(0)5)

=0

£ye | petigzeowas. (5.11)

Finally we apply interpolation inequalities. Using Proposition 5.2 and Hoélder in-
equality as demonstrated and carefully explained in [15, p.260-261] we obtain that

»(0)
e (V')

/Ips(laﬁ(w(m)%i)l)%@/I(w(Hi))Ql(w( A ) sss|? ds®+Ce|[Y (0" 1) +C

(5.12)

where the constants depend on (2.11), the anisotropy map, and the bounds of the
lengths of the curves.

At the triple junction recall that we can write A’ in terms of (1(67)x?) for
j # i. In particular, we have that (2.27) holds. Together with (2.28), Lemma 2.5
and Lemma 5.5 we infer that

Lemma 5.6. We have that at the junction point there holds

3
D lar @, X ()K" )] < Cpr(12((07)6)]; 5 = 1,2,3).
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3
Z |as (A", 05 (4 (8")")] < Cps(10s(p(67)r7)];j = 1,2,3),

where C depends on the anisotropy map and where the polynomials on the right-hand
side mow contains derivatives of ((67)k?) for the three different curves.

Using Lemma 5.6, interpolation estimates, and Holder inequality as in [15, p.
262] we obtain

Z |47 (9N, 92 ((0")w"))] < Cpr (102 (¥ (07)r7)]; 5 = 1,2,3)

3
<> WOV AT b 4 Cllu@ g+ O 63

From (5.11), (5.12), (5.13), choosing € appropriately, integrating in time and using
(2. 11) we obtain

Zuwe K" ssl 7200y (t) Cme Mmm®+&+ZC/M)%MmW

3 Clas(¥, 0.0 NI,

=1

o) + ; C|Q5(>\i, as(w(ei)ni))‘(())‘(z:m

By Lemma 5.6, and together again with interpolation and Hoélder inequalities (cp.
with [15, p263]) we obtain that at the junction point we have, for any time ¢,

3
ZO\%(M‘,asw(@i)#))\(t) < Cps(|0s(W(07)K7)|; 5 = 1,2,3)

[\E:1>i

K)ssl| 22 () + Cl (06|12 (1),
so that we finally infer
3
D@ (0" )ssllz2(n) (8) < Co +Ct+ZC (IW(@Z)F» 122 () (t) / W(GZ)KZIIi‘éu)dt) :
=1 =1

where

Co = CZ 1 (06" ss 122 1y (0 +CZ 1 (0" 11 22 1) (0)

and C depends on (2.11), the anisotropy map, and the bound on the lengths of the
curves.

Upon recalling that x, = w%(y)
Proposition 5.2 we can summarize our above findings as follows:

(¥(0)k) and interpolation inequalities from

Lemma 5.7. If for 0 < T < oo, the lengths of the curves of the network are uniformly
bounded from below

L(u'(t)) > 6 > 0, i=1,2,3, for anyt € [0,7T),
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and we have a uniform bound for the curvatures

3
sup ko2 < Ok
tE[O,T); v (D=

then

3
sup » ([1(55)sll 2y + (6L ssll2(n) < €
tel0,T) ;=1

3
sup Z(H%”L?(I) + k52 ) < C,
te[0,T) 5

hold for a solution of the geometric problem (cf. Section 2.3). The constant C de-
pends on &, Cx, T, the initial data ||(YK) s p2(0) for i = 1,2,3, m, M (recall
(2.11)), ap (recall (2.21)), and on C~ < p°(v) < C, |D°(v)| < C, supg: (|¢/] +
"]+ [¢]).

5.3. Main Result

From Lemma 5.7, Theorem 4.2 and Proposition 4.3 we finally obtain our main result
on the behavior of a geometric solution at the maximal existence time.

Theorem 5.8. Let o € (0,1), o be as in Definition 2.7, and u' € C*2*2+([0,T) x
[0,1],R?) N C°°((0,T) x [0,1],R?), i = 1,2,3, be geometric solutions (as in Theo-
rem 4.2) defined in the mazimal time interval [0,T). Then we have

liminf in L(u'(t) =0 lims Nz = .(b.14
iminf min L(u'(t)) or  lmsup max [lwy[lr2) = +oo. (5.14)
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Appendix A. Some Useful Results

The following remark and the next three lemmas are a straightforward adaptation
to the present setting of the lemmas presented in [7, Appendix B].

Remark 6.1. Ifv € C"£%k+2([0,T]x[0,1]), k € Ny, then Lo € C* =" k=l+a([0, T]x
[0,1]) for all 0 < I < k and

l
Zlta < o .
192t gt e o oy S W02 v o 710,

In particular at each fixed z € [0, 1] we have 0Lv(-,z) € C*5([0,T]) with s = [E=1t2]
and 8 = ]H% —s.
Lemma 6.1. For k € Ny, a, 8 € (0,1) and T > 0 we have

1. if v,w € CTE R0, T) x [0,1]), then

lowll  ege 0 < Clloll rge ppallwll ege 4y
with C = C(k) > 0;

2. ifv e C2([0,T] x [0,1]), v(t,z) # 0 for all (t,x), then

5 ik

v v CO([o,T]x[o,u)HUHC%’“'

v Hc%va = HU
Similar statements are true for functions in C**8([0,T]) and C*T5([0,1]).

Lemma 6.2. Forn e N, k € Ny, o, 8 € (0,1) and T > 0 we have
1. if a vector-field v € C22([0,T] x [0,1];R"™), then

ol llgg.e < Cllvllgga,

with C' = C(n).
2. for v,w € C2([0,T] x [0,1]; R™) we have
1 2
o] = [w] | 45 .0 < C||[——— (Iollgg .o + ol og.o)*llv = wll o5 o
¢ ol +lwlllgoqo.ryxoay ¢ ¢ ¢
with C = C(n). Similar statements are true for functions in C*+8([0,T]) and
CEHA([0,1]).

24«

Lemma 6.3. Let T < 1 and v € C2 27%([0,T] x [0,1]) such that v(0,x) = 0, for
any x € [0,1] then

||alx'UHCm3—a ,m—4a < C(m)T6||UHCQ+T(172+a

for alll,m € Ny such that [+m < 2. Here 8 = max{%, 51 € (0,1); more precisely
if l=1 then 3 = 5.
In particular, for each x € [0,1] fized

1050 (-, 2)

m+ta

HC 2 ([0,7]) S
for all I,m € Ny such that | +m < 2.

Cm)T? ol 250 ...
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Next we provide a list of results that are useful in the contraction argument
in the proof of the short-time existence. In the following lemma we use that, given
ol € C2+([0,1]), then of € C*25:2+([0,T] x [0,1]) by extending it as a constant
function in time. For the definition of X;, ¢ and T recall (3.6) and (3.7) and the
remarks in between.

Lemma 6.4. Let o' € C?72([0,1]) and u*,v* € X;. Then we have that

i

ot = @l o o,z < CTF (180252 e .79,y + 1 e+ 10

for some universal constant C. Moreover, for T < 1 we have that

|a3:|||c%~*([o,T]x[0,1D

with C' = C(0). Furthermore, for m € N we have

llo,

« 3 ) 3
< 0T (] 240 . +llolloze o) -

([0,77x0,1])

T
los|m™  Jag|mlles~(o,1)x0,1))
: | :
. - — < CT>2
for any z € [0,1] and with € = C(m, 6, 8]l ;242 ova (g 110,17 19" lE2+a(0.1) 05
well as
" - " < CT% ut - ok (2] I
H |ai |™ ]vl|ch%<a([o T]%[0,1]) ot~ HC%’““([O,T]X[OJ])
1 o _
_ \ Ti A=) o 7
H @i () [ (@)™ H = ([0.1)) la =2 Hc%f““aoﬂx[o,m

again for x € [0,1] and with C = C(m, 4, ||a’||
(o[RS )-

Proof. Tt follows by an adaptation to the present setting of [7, Lemma 3.1] and [7,
Lemma 3.4] using Remark 6.1 and the Lemmas 6.1, 6.2, 6.3 stated above. ]

5% 2 (0,1 [0,1])

([0,77%0,1])

Lemma 6.5. Let o' € C*T([0,1]), @’,v" € X;, T < 1 and z € [0,1]. Then we have

o’ u’

e - Lo <ert,
oLl utllles “([0,T]x[0,1])
Cea) - <ors
[oi] A | CHTO‘([U,T])
with & = O, 18]l ;242 2 (g 10,177 lo* o2+ o,1y))- Similarly

U _ <COT?||at — o 24
— — S 2+4a o
o5l laLllles «qo,rx 0,17 C 2% 2 ([0, T)x[0,1])
vt ul, o
= . —_ . . < CT2 T 5t o
|@;|( ,.’1}') |alx‘( 737) CL‘%I([O TD X Hu v ||C%’2+a([O,T]X[O,1D

N 2 )-

with C' = C(0, HﬁiHC“Ta,Ha 22t ([0,T]%[0,1])

([0,7]x[0,1])
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Proof. 1t follows by writing every equation in the form

a b 1 1 1
B M NI Y (-
o a0 (|ar |b\)

and using the previous Lemmas 6.1, 6.2, 6.4. O
Lemma 6.6. Let h: R — R be a smooth map and u,v € C%*([0,T] x [0,1]). Then

< Ollull g0

[h(u)ll 5o “([0,T)x[0,1]) ([0,7]x[0,1])’

where C depends on the C*-norm of h evaluated on the compact set K1 = ([0, T] x
[0,1]). Similarly, we have
Hh(u) - h(v)HC%"’([O,T]X[OJ})

<C(1+ 0l Ju

(0.7 [0.1)) T H“”c%’“([O,Two,u)) Ullog e qo.rix o,y
where C' depends on the C*-norm of h evaluated on the compact set
K = conu(u([0,T] x [0, 1]) U v (0, ] x [0,1])),

where conv(E) denotes the convex envelope of a set E C R?.

Proof. By definition of the norm we have that

1)l o3 o g0 yxp0.1)) = ol [h(u(t, 2))| + [h(w)]aw + [P(u)]

wlR

t
so that, using the mean value theorem, we infer that
B o o o270y < SRR+ B+ [u]os + .0
1

and the first statement follows. The second statement is derived in a similar way.
For instance, to estimate [h(u) — h(v)]a,» We compute

[h(u(t, x)) = h(v(t, ) — h(u(t,y)) + h(v(t, y))|

|z —yl|*
1y bt ) + (1= No(t2)) = h(Au(t,y) + (L= Av(t,y))Jd\
[z —yl
_ \fol Wt ) + (1= No(t,)) (u(t, 2) = v(t, ) dA
|z -yl
o POt y) + (1= Mot y) (ult,y) — vt y)) dA
[z —yl|*

< sup [h|([ula.o + [lae)|lu = vllco + sup [A][u — v]a.
2

2

O

We conclude the Appendix with a repametrization result used in the proof of
Proposition 4.3.
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Lemma 6.7. Let p € R and v : [0, L] — R? of class H?, with |y (x)| = 1 for all
x € [0, L]. We claim that there exist C = C(L, u, ||v||gz) > 0 and a parametrization
¢ :[0,L] — [0, L] such that, letting 7 = v o ¢, it holds
1
F@l=¢@ > L forallze.L],
70 70) _ 60 _
7' (0)° ¢'(0)2
1Yl c241/2(j0,07) < C-

Proof. Let 6 = min(L/2,1/(2|p|)) and fix a smooth function f : [0,L] — R such
that | f| < |ul, f(0) =p, f=01in [d, L] and fOLf = 0. We then set ¢(z) = z + h(z),

with
h(z) = _/: /Oyf(t)dtdy.

W(x) = / Cfd, W) = (),
so that 2/(0) = 0, /(L) = 0, 1”(0) = £(0) = u, B”(L) = f(L) = 0 and
[ soat] <l <
0

Finally we have ||¢||C2+1/2([0,L]) < C(L, HfHC%([O,LD)
the required properties. O

We then have

W ()| =

, and the curve 4 = o satisfies
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