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Abstract
Tikhonov regularization is commonly used in the solution of linear discrete ill-posed
problems. It is known that iterated Tikhonov regularization often produces approxi-
mate solutions of higher quality than (standard) Tikhonov regularization. This paper
discusses iterated Tikhonov regularization for large-scale problems with a general
regularization matrix. Specifically, the original problem is reduced to small size by
application of a fairly small number of steps of the Arnoldi or Golub-Kahan processes,
and iterated Tikhonov is applied to the reduced problem. The regularization parameter
is determined by using an extension of a technique first described by Donatelli and
Hanke for quite special coefficient matrices. Convergence of the method is established
and computed examples illustrate its performance.

Keywords Inverse problems · Tikhonov regularization · Iterative regularization

1 Introduction

We consider the solution of minimization problems of the form

min
x∈Rn

‖Ax − b‖22 , (1)

where A ∈ R
m×n is a large severely ill-conditioned matrix whose singular values

decrease to zero with increasing index with no significant gap, and the vector b ∈ R
m

represents data. Throughout this paper ‖·‖2 denotes the Euclidean vector norm. In
the minimization problems considered, the vector b is not available; only a noise-
contaminated version bδ = b + e is known. The contamination e ∈ R

m may, for
instance, stem from measurement inaccuracies. Thus, we are faced with the solution
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of the least squares problem

min
x∈Rn

∥
∥Ax − bδ

∥
∥
2
2 , (2)

and would like the computed solution to be an accurate approximation of the solution
of minimal Euclidean norm of (1). We denote the latter solution by x†. However, due
to the severe ill-conditioning of A and the presence of noise in bδ , the least-squares
solution of minimal Euclidean norm of (2) typically is a poor approximation of x†.

In order to be able to determine a useful approximation of x†, the least-squares
problem (2) is replaced by a nearby problem obtained by Tikhonov regularization,
whose solution is less sensitive to the error in bδ than the solution of (2). Tikhonov
regularization replaces the minimization problem (2) by the problem

min
x∈Rn

∥
∥Ax − bδ

∥
∥
2
2 + μ ‖Lx‖22 , (3)

where μ > 0 is a regularization parameter and L ∈ R
s×n is a regularization matrix.

We will assume that 1 ≤ s ≤ min{m, n}, but it is easy to remove the upper bound for
s. The null spacesN (A) andN (L) of the matricesA and L, respectively, are assumed
to satisfy

N (A) ∩ N (L) = {0}, (4)

so that problem (3) has a unique solution for any μ > 0. For a recent review of
many solution methods for linear discrete ill-posed problems, including Tikhonov
regularization, we refer to [1].

It is well-known (see, e.g., [2]) that the solution of (3) may be over-smoothed,
i.e., the details of x† may not show in the solution of (3). A possible approach to
reduce over-smoothing is to apply an iterated Tikhonov regularizationmethod. Iterated
Tikhonov regularization may be considered a preconditioned version of the iterative
Landweber solution method or as a refinement technique of (non-iterated) Tikhonov
regularization. In either case, the resulting iterates are of the form

x(k+1) = x(k) +
(

ATA + μkLTL
)−1

AT
(

bδ − Ax(k)
)

, k = 0, 1, . . . , (5)

where x(0) is an initial approximation of x†. When x(0) = 0 and k = 0, eq. (5)
simplifies to (3). Discussions on the iterated Tikhonov method and illustrations of its
performance can be found in, e.g., [2–9]. These references discuss the choices of the
regularization parametersμk > 0, of the regularization matrixL, and of the subspaces
in which approximate solutions of (5) are determined. The need to choose solution
subspaces arises when solving large-scale problems to avoid the solution of a linear
system of equations with a large matrix in every iteration (5).

The convergence of the iterates x(k+1) determined by (5) for increasing values of
k depends on the sequence of regularization parameters {μk}k≥0. If the parameters
μk > 0 satisfy

∞
∑

k=0

μ−1
k = ∞,
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then the iterates converge to a solution of (2) that is closest to x(0) in some norm; see [4]
and references therein. For some choices of the parameters μk , the iterated Tikhonov
method (5) is “semiconvergent”, i.e., the iterates x(k+1), k = 0, 1, . . . , determined
by the method approach the desired solution x† when the index k increases and is
sufficiently small, but for larger index values the iterates diverge from x†. To avoid
“divergence”, the iterations are terminated sufficiently early.

If a fairly accurate estimate for the bound δ > 0 for the noise in bδ is available, i.e.,

∥
∥bδ − b

∥
∥
2 ≤ δ, (6)

then one can use the discrepancy principle (DP) to determine the regularization param-
eters μk and to decide when to terminate the iterations. A way to apply the DP
for iterated Tikhonov regularization is described below. Under the assumption that
b ∈ range(A), the DP prescribes that the iterations be terminated at iteration kDP,
where

kDP = min
{

k :
∥
∥
∥Ax(k) − bδ

∥
∥
∥
2

≤ τδ
}

(7)

and τ > 1 is a user-specified constant (typically chosen close to 1). This stopping
criterion is quite natural since

∥
∥Ax† − b

∥
∥
2 ≤ τδ. If a fairly accurate estimate for δ is

not available, then other stopping criteria can be used, such as criteria that are based
on the L-curve or generalized cross-validation; see, e.g., [1, 10–12] for discussions.

The main difficulties when applying the iterations (5) are that: i) an imprudent
choice of the parameters μk may produce slow or no convergence of the iterates x(k)

to x† as k increases, and ii) a large linear system of equations has to be solved in each
iteration.

It is the aim of this paper to present a convergence analysis for the iterated Tikhonov
method based on an extension of the technique employed by Donatelli and Hanke [13]
in their analysis of theApproximated IteratedTikhonov (AIT)methodwithL replacing
the identitymatrix I. TheAITmethod replaces thematrixAwith a spectrally equivalent

matrixC in the preconditioner
(

ATA + μkI
)−1

(appearing in (5), with L = I). A way
to determine suitable regularization parameters μk is also described. Subsequently,
the AIT algorithm was extended to special regularization matrix pairs {A,L} where
L is not required to be the identity. The convergence result in [13] was sharpened
in [5]; see also [14]. To allow for more general matrices A than those discussed in
[13], a new version of the AIT method, referred to as the Iterated Arnoldi Tikhonov
(IAT) method, was proposed in [6]. This method projects the problem to be solved into
a Krylov subspace of fairly small dimension. However, since the Arnoldi procedure
was selected to generate such Krylov subspace, the method only can handle square
matrices A and requires L = I.

This paper proposes new variations of the AIT method that allow efficient solution
of (5) with L �= I by projections onto Krylov subspaces generated by either the
Arnoldi or the Golub-Kahan bidiagonalization algorithms. We refer to such solvers as
Projected Iterated Tikhonov (PIT) methods. They can be regarded as extensions of the
IATmethod in [6]. In particular, to apply themethods proposed in this paper, thematrix
A is not required to be square. The new methods differ from those in [6, 8, 9] in that
they allow multiple iterations of a projected problem whose dimension is determined
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by applying the discrepancy principle (7). We experimentally illustrate that allowing a
suitable number of iterated Tikhonov iterations of the projected problemmay improve
the quality of the computed solution.

This paper is organized as follows. Section 2 reviews some projection methods that
form the basis for the new PIT method and describes the latter. Section 3 presents the
convergence analysis for PIT. Computed results are presented in Section 4, alongside
some algorithmic details about PIT. Concluding remarks can be found in Section 5.

2 Projectionmethods and the new PITmethod

Let the columns Vp ∈ R
n×p form an orthonormal basis for the subspace Vp in which

we would like to determine an approximate solution of problem (2). Typically, 1 ≤
p 	 min{m, n}. The methods we use to determine the columns ofVp simultaneously
compute a decomposition of AVp ∈ R

m×p, which involves a small matrix of order
(p + 1) × p that can be interpreted as a projection of A into the subspace Vp. We
consider the following methods:

(i) Let A ∈ R
n×n . Application of p ≤ n steps of the Arnoldi process to A with

initial vector bδ generically gives the Arnoldi decomposition

AVp = Vp+1Hp+1,p, (8)

where Hp+1,p ∈ R
(p+1)×p is an upper Hessenberg matrix with positive subdi-

agonal entries. The columns of Vp span the Krylov subspace

Kp(A,bδ) = span{bδ,Abδ, . . . ,Ap−1bδ} ,

with the first column proportional to bδ . We note that ifA is symmetric, then the
Arnoldi process reduces to the symmetric Lanczos process andHp+1,p becomes
a symmetric tridiagonal matrix.

(ii) Let A ∈ R
m×n be a possibly rectangular matrix. We allow m ≥ n as well as

m < n. Application of p ≤ min{m, n} steps of the Golub-Kahan process to A
with initial vector bδ generically determines the decomposition

AVp = Up+1Bp+1,p, (9)

as well as an analogous decomposition that involves AT . Here Bp+1,p ∈
R

(p+1)×p is a lower bidiagonal matrix, and the matrices Up+1 ∈ R
m×(p+1)

and Vp ∈ R
n×p have orthonormal columns. The columns of Up+1 span the

Krylov subspace Kp+1(AAT ,bδ) with the first column proportional to bδ; the
columns ofVp span the Krylov subspaceKp(ATA,ATbδ). Here and throughout
this paper the superscript T denotes transposition.

The remainder of this section describes our solutionmethod for (5) when thematrix
A is reduced by the Golub-Kahan process (9). The modifications required when A
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instead is reduced by the Arnoldi process (8) are straightforward. Projecting the prob-
lem (2) into the low-dimensional solution subspace Vp generated by applying p steps
of the Golub-Kahan process to A with initial vector bδ , cf. (9), gives the reduced
problem

min
y∈Rp

∥
∥Bp+1,py − b̃δ

∥
∥
2
2 , (10)

where b̃δ = ∥
∥bδ

∥
∥
2 e1 ∈ R

p+1 and e1 = [1, 0, . . . , 0]T denotes the first column of
the identity matrix of order p + 1. In the rare event when the decomposition on the
right-hand side of (9) does not exist for the chosen value of p (due to breakdown of
the computations), we replace p by the largest possible integer p′ ≤ p such that

AVp′ = Up′Bp′,p′ ,

where Bp′,p′ ∈ R
p′×p′

is of upper bidiagonal form. The computations are simplified
in this situation. We will not dwell on the details and henceforth assume that the
decompositions on the right-hand side of (8) exist, referring to [15, 16] for analysis
of breakdowns of the Golub-Kahan and Arnoldi processes.

Let
LVp = QR (11)

be the economical QR factorization of LVp, where Q ∈ R
s×p has orthonormal

columns and R ∈ R
p×p is upper triangular. We will assume that p is large enough

so that a solution that satisfies the DP can be found in the subspace Vp and that the
matrix R in (11) is nonsingular. In fact, in many applications, the matrix R is not very
ill-conditioned.

We are in a position to describe our algorithm for the solution of (5). Since this is
detailed for the Golub-Kahan bidiagonalization case, it will be referred to as Projected
Iterated Tikhonov - Golub-Kahan-Bidiagonalization (PIT-GKB). Let y(0) ∈ R

p be an
initial approximate solution and fix ρ ∈ (

0, 1
2

)

and q ∈ (2ρ, 1). Define

τ = 2 − ρ

2 + ρ

and let r(k) denote the residual at step k, i.e.,

r(k) = b̃δ − Bp+1,py(k), k = 0, 1, 2, . . . .

Introduce the parameters

τk =
∥
∥r(k)

∥
∥
2

δ
and qk = max

{

q, 2ρ + 1 + ρ

τk

}

, (12)

and define the vector

h(k) =
(

BT
p+1,pBp+1,p + μkRTR

)−1
BT
p+1,pr

(k), (13)
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where the regularization parameter μk is chosen so that the vector h(k) satisfies

∥
∥
∥r(k) − Bp+1,ph(k)

∥
∥
∥
2

= qk
∥
∥
∥r(k)

∥
∥
∥
2
. (14)

This requires the use of a zero-finder. We remark that in actual computations, we do
not form the matrixBT

p+1,pBp+1,p +μkRTR to compute h(k); instead we evaluate the
generalized singular value decomposition (GSVD) of the matrix pair {Bp+1,p,R} and
use it to compute h(k) for specified values of the parameter μk ; see below for details.

Having determined h(k), we construct the new approximate projected solution

y(k+1) = y(k) + h(k). (15)

The iterations are terminated as soon as the (k + 1)st residual r(k+1) satisfies the DP,
i.e., as soon as ∥

∥
∥r(k+1)

∥
∥
∥
2

≤ τδ.

This determines the index kDP = k+1. The associated computed approximate solution
of (3) is given by

x∗ = Vpy(kDP).

Note that the solution subspace Vp is chosen independently of L. This approach to
choosing solution subspace was possibly first applied in [17]. Computed examples
reported in [18] show this choice of solution subspace to perform well.

The PIT-GKB algorithm is summarized in Algorithm 1. When both PIT-GKB and
PIT-A (i.e., PIT based on the Arnoldi algorithm) are applied with L = I (5) (and,
therefore,R = I in (13)), e.g., with Tikhonov in standard form, they are referred to by
the acronyms PIT-A-sf and PIT-GKB-sf, respectively. Note that PIT-A-sf coincides
with the IAT method in [6].

3 Convergence analysis of PIT

In this section,we showanumber of results that are helpful for analyzing the theoretical
properties of the new PIT methods and show their convergence. Here, we tailor our
derivations to the PIT-GKB case, but these can be easily modified to handle the PIT-A
case similarly as in [6]. Introduce the (unknown) solution of the reduced problem (10)
with b̃δ replaced with b̃,

y† = B†
p+1,pb̃,

where b̃ = UT
p+1b, noting that the bound δ for the norm of the noise in the data vector

bδ also holds for the projected data vectors, as

∥
∥̃bδ − b̃

∥
∥
2 =

∥
∥
∥UT

p+1(b
δ − b)

∥
∥
∥
2

≤
∥
∥
∥UT

p+1

∥
∥
∥
2

∥
∥bδ − b

∥
∥
2 ≤ δ.

Introduce the “reduced error”
e(k) = y† − y(k).
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Algorithm 1 PIT-GKB Algorithm.

Input: A ∈ R
m×n, bδ ∈ R

n , L ∈ R
s×n , ρ ∈ (0, 1

2 ), y
(0) ∈ R

p,
p ∈ Z

+, and q ∈ (2ρ, 1)
Output: x(k) ∈ R

n

Set u1 = bδ/‖bδ‖
Compute p steps of GKB process: AVp = Up+1Bp+1,p
Compute QR factorization: [∼,R] = qr

(

LVp
)

τ = 1+2ρ
1−2ρ

b̃δ = ∥
∥bδ

∥
∥
2 e1 ∈ R

p+1

r(0) = b̃δ − Bp+1,py(0)

for k = 0, 1, 2, . . . do
τk = ‖r(k)‖2/δ
qk = max

{

q, 2ρ + 1+ρ
τk

}

Determine μk s.t.
∥
∥r(k) − Bp+1,ph(k)

∥
∥
2 = qk

∥
∥r(k)

∥
∥
2

where h(k) =
(

BT
p+1,pBp+1,p + μkRTR

)−1
BT
p+1,pr

(k)

y(k+1) = y(k) + h(k)

r(k+1) = b̃δ − Bp+1,py(k+1)

if
∥
∥r(k+1)

∥
∥
2 ≤ τδ then

x(k) = Vpy(k+1)

end
end

Lemma 1 With the notation and assumptions above, it holds, for
∥
∥r(k)

∥
∥
2 ≤ τδ, that

∥
∥
∥r(k) − Bp+1,pe(k)

∥
∥
∥
2

≤
(

ρ + 1 + ρ

τk

) ∥
∥
∥r(k)

∥
∥
∥
2

< (1 + ρ)

∥
∥
∥r(k)

∥
∥
∥
2
.

Proof The result can be shown in the same manner as [13, Proposition 1]. We omit
the details. 
�

We turn to the GSVD of the matrix pair {Bp+1,p,R}, defined as

{

Bp+1,p = U�XT ,

R = V�XT ,
(16)

where the matrices U ∈ R
(p+1)×p and V ∈ R

p×p have orthonormal columns, the
matrix X ∈ R

p×p is non-singular, and the diagonal entries of the matrices

� = diag(σ1, σ2, . . . , σp) ∈ R
p×p, � = diag(λ1, λ2, . . . , λp) ∈ R

p×p,
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are nonnegative and such that

σ 2
j + λ2j = 1, j = 1, 2, . . . , p;

see, e.g., [15] for details. Some computational aspects of the evaluation of the GSVD
are discussed in [19].

Define the matrix
L̂ = �XT = VTR

and note that, since X in (16) is non-singular and we assumed that R is invertible, the
matrix L̂ has a trivial null space. We therefore can define the norm

‖y‖L̂ =
∥
∥
∥L̂y

∥
∥
∥
2
. (17)

This gives the following result, which guarantees monotonic decrease in the L̂ norm
(defined in (17)) of the projected error vectors e(k), k = 0, 1, 2 . . . .

Proposition 2 With the notation and assumptions above, assume that

UUT e1 = e1, (18)

where U is defined in (16) and e1 is the first column of the identity matrix of order
p + 1. We have that, while

∥
∥r(k)

∥
∥
2 ≤ τδ, it holds

∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(k+1)

∥
∥
∥

2

L̂
≥ 2ρ

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

UT r(k)
∥
∥
∥
∥
2

∥
∥
∥r(k)

∥
∥
∥
2
.

Proof First, observe that

e(k+1) = y† − y(k+1) = y† − y(k) − h(k) = e(k) − h(k).

Substituting the GSVD (16) into the definition of h(k) in (13) gives

h(k) = X−T
(

�2 + μk�
2
)−1

�UT r(k).

We now expand
∥
∥e(k+1)

∥
∥
2
L̂ as

∥
∥
∥e(k+1)

∥
∥
∥

2

L̂
=

∥
∥
∥e(k) − h(k)

∥
∥
∥

2

L̂
=

∥
∥
∥e(k)

∥
∥
∥

2

L̂
− 2

〈

L̂e(k), L̂h(k)
〉

+
∥
∥
∥h(k)

∥
∥
∥

2

L̂
.
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Therefore, letting r̂(k) = UT r(k)

∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(k+1)

∥
∥
∥

2

L̂
= 2

〈

�XT e(k),�XTh(k)
〉

−
∥
∥
∥h(k)

∥
∥
∥

2

L̂

≥ 2

〈

XT e(k),�2
(

�2 + μk�
2
)−1

�r̂(k)
〉

− 2

〈

r̂(k),�2�2
(

�2 + μk�
2
)−2

r̂(k)
〉

= 2

〈

r̂(k),�2
(

�2 + μk�
2
)−1

r̂(k)
〉

− 2

〈

r̂(k),�2�2
(

�2 + μk�
2
)−2

r̂(k)
〉

− 2

〈

r̂(k) − �XT e(k),�2
(

�2 + μk�
2
)−1

r̂(k)
〉

= 2

〈

r̂(k),�2
[

μk�
2
(

�2 + μk�
2
)−2

]

r̂(k)
〉

− 2

〈

r̂(k) − �XT e(k),�2
(

�2 + μk�
2
)−1

r̂(k)
〉

≥ 2μk

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥

2

2

− 2
∥
∥
∥r̂(k) − �XT e(k)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥
2

= 2

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥
2

(∥
∥
∥
∥
μk�

2
(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥
2

−
∥
∥
∥r̂(k) − �XT e(k)

∥
∥
∥
2

)

(a)= 2

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥
2

(∥
∥
∥r(k) − Bp+1,ph(k)

∥
∥
∥
2
−

∥
∥
∥r(k) − Bp+1,pe(k)

∥
∥
∥
2

)

(b)≥ 2

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥
2

(

qk
∥
∥
∥r(k)

∥
∥
∥
2
−

(

ρ + 1 + ρ

τk

)∥
∥
∥r(k)

∥
∥
∥
2

)

(c)≥ 2

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥
2

((

2ρ + 1 + ρ

τk

) ∥
∥
∥r(k)

∥
∥
∥
2

−
(

ρ + 1 + ρ

τk

) ∥
∥
∥r(k)

∥
∥
∥
2

)

= 2ρ

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

r̂(k)
∥
∥
∥
∥
2

∥
∥
∥r(k)

∥
∥
∥
2
,

where (a) follows from (18), (b) is a consequence of the definition of μk in (14) and
Lemma 1, and (c) holds due to the definition of qk in (12). 
�

Proposition 2 yields the following result.
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Corollary 3 With the notation and assumptions above, we have

∥
∥
∥e(0)

∥
∥
∥

2

L̂
≥ 2ρ

kδ−1
∑

k=0

∥
∥
∥
∥
�2

(

�2 + μk�
2
)−1

UT r(k)
∥
∥
∥
∥
2

∥
∥
∥r(k)

∥
∥
∥
2

≥ c
kδ−1
∑

k=0

∥
∥
∥r(k)

∥
∥
∥

2

2
,

where c is constant that depends only on ρ and q.

Proof The proof is similar to the proof of [13, Corollary 3]. We therefore omit the
details. 
�

The immediate implication of Corollary 3 is that the proposed iterative solution
method terminates after a finite number of iterations if δ > 0. In fact, if this were not
the case, then we would have that kδ = ∞ and the series

∞
∑

k=0

∥
∥
∥r(k)

∥
∥
∥
2

would converge. Therefore,

lim
k→∞

∥
∥
∥r(k)

∥
∥
∥
2

= 0,

which is absurd since we assumed that
∥
∥r(k)

∥
∥
2 ≥ τδ > 0.

We now show that, if δ = 0, then the iterates (15) converge to a solution ofAT y = b̃
as k increases.

Theorem 4 Let δ = 0 and assume that Bp+1,py(0) �= b̃. Then the sequence {y(k)}k
converges to a solution of the system Bp+1,py = b̃ that depends on y(0).

Proof We first show that if the iterates {y(k)}k converge, then this requires an infinite
number of iterations. By contradiction, assume that for a finite k it holdsBp+1,py(k) =
b̃. Then h(k−1) coincides with e(k−1) (up to a component in the null space of Bp+1,p).
This implies

qk−1

∥
∥
∥r(k−1)

∥
∥
∥
2

=
∥
∥
∥r(k−1) − Bp+1,ph(k−1)

∥
∥
∥
2

=
∥
∥
∥r(k−1) − Bp+1,pe(k−1)

∥
∥
∥
2

≤
(

ρ + 1 − ρ

τk−1

) ∥
∥
∥r(k−1)

∥
∥
∥
2
.

This, however, contradicts the definition of qk−1 in (12). Therefore, we must have that
there is no finite k such that Bp+1,py(k) = b̃.

We now show that {y(k)}k is a Cauchy sequence. Let k > l. Then

∥
∥
∥y(k) − y(l)

∥
∥
∥

2

L̂
=

∥
∥
∥e(k) − e(l)

∥
∥
∥

2

L̂
=

∥
∥
∥e(k)

∥
∥
∥

2

L̂
− 2

〈

L̂e(k), L̂e(l)
〉

+
∥
∥
∥e(l)

∥
∥
∥

2

L̂

=
∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
− 2

〈

L̂e(k) − L̂e(l), L̂e(l)
〉

=
∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
+ 2

〈

L̂e(l), L̂y(k) − L̂y(l)
〉

.
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Therefore, it holds

∥
∥
∥y(k) − y(l)

∥
∥
∥

2

L̂
=

∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
+ 2

k−1
∑

i=l

〈

L̂e(l),�XTh(i)
〉

=
∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
+ 2

k−1
∑

i=l

〈

�XT e(l),�
(

�2 + μi�
2
)−1

�UT r(i)
〉

=
∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
+ 2

k−1
∑

i=l

〈

�XbT e(l),�2
(

�2 + μi�
2
)−1

UT r(i)
〉

≤
∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
+ 2

k−1
∑

i=l

∥
∥
∥�XT e(l)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2

=
∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
+ 2

k−1
∑

i=l

∥
∥
∥Bp+1,pe(l)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2

=
∥
∥
∥e(k)

∥
∥
∥

2

L̂
−

∥
∥
∥e(l)

∥
∥
∥

2

L̂
+ 2

k−1
∑

i=l

∥
∥
∥r(l)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2
.

Similarly, let j < l. Then

∥
∥
∥y(l) − y( j)

∥
∥
∥

2

L̂
=

∥
∥
∥e(l)

∥
∥
∥

2

L̂
−

∥
∥
∥e( j)

∥
∥
∥

2

L̂
+ 2

j−1
∑

i= j

〈

L̂e(l),�XTh(i)
〉

=
∥
∥
∥e(l)

∥
∥
∥

2

L̂
−

∥
∥
∥e( j)

∥
∥
∥

2

L̂
+ 2

l−1
∑

i= j

〈

�XT e(l),�
(

�2 + μi�
2
)−1

�UT r(i)
〉

=
∥
∥
∥e(l)

∥
∥
∥

2

L̂
−

∥
∥
∥e( j)

∥
∥
∥

2

L̂
+ 2

l−1
∑

i= j

〈

�XT e(l),�2
(

�2 + μi�
2
)−1

UT r(i)
〉

≤
∥
∥
∥e(l)

∥
∥
∥

2

L̂
−

∥
∥
∥e( j)

∥
∥
∥

2

L̂
+ 2

l−1
∑

i= j

∥
∥
∥�XT e(l)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2

=
∥
∥
∥e(l)

∥
∥
∥

2

L̂
−

∥
∥
∥e( j)

∥
∥
∥

2

L̂
+ 2

l−1
∑

i= j

∥
∥
∥Bp+1,pe(l)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2

=
∥
∥
∥e(l)

∥
∥
∥

2

L̂
−

∥
∥
∥e( j)

∥
∥
∥

2

L̂
+ 2

l−1
∑

i= j

∥
∥
∥r(l)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2
.
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We obtain

∥
∥
∥y(k) − y( j)

∥
∥
∥

2

L̂
≤ 2

∥
∥
∥y(k) − y(l)

∥
∥
∥

2

L̂
+ 2

∥
∥
∥y(l) − y( j)

∥
∥
∥

2

L̂

≤ 2
∥
∥
∥e(k)

∥
∥
∥

2

L̂
+ 2

∥
∥
∥e( j)

∥
∥
∥

2

L̂
− 4

∥
∥
∥e(l)

∥
∥
∥

2

L̂

+ 4
k−1
∑

i= j

∥
∥
∥r(l)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2
.

Choosing j ∈ {l, . . . , k − 1} such that
∥
∥r( j)

∥
∥
2 is minimal yields

∥
∥
∥y(k) − y( j)

∥
∥
∥

2

L̂
≤ 2

∥
∥
∥e(k)

∥
∥
∥

2

L̂
+ 2

∥
∥
∥e( j)

∥
∥
∥

2

L̂
− 4

∥
∥
∥e(l)

∥
∥
∥

2

L̂

+ 4
k−1
∑

i= j

∥
∥
∥r(i)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2
.

Since the sequence
{∥
∥e(k)

∥
∥
2
L̂

}

k
is monotonically decreasing and bounded from below,

it is convergent and, if k, j → ∞, the quantity

k−1
∑

i= j

∥
∥
∥r(i)

∥
∥
∥
2

∥
∥
∥
∥
�2

(

�2 + μi�
2
)−1

UT r(i)
∥
∥
∥
∥
2

is the tail of a convergent series thanks to Corollary 3. Therefore, the right-hand side
of the inequality above goes to zero when k, j → ∞. This shows that the sequence
{

y(k)
}

k converges.
It follows from Corollary 3 that the series

∞
∑

k=1

∥
∥
∥r(k)

∥
∥
∥

2

2

converges and, therefore,

lim
k→∞

∥
∥
∥r(k)

∥
∥
∥

2

2
= 0.

This implies that the limit point of the sequence
{

y(k)
}

k is a solution of Bp+1,py=b.
�

We now will show that when the norm of the noise in bδ goes to 0, the approximate
solutions generated by our method converge to a solution of the noise-free problem.

Theorem 5 Let δ �→ b̃δ be a function such that

∥
∥̃bδ − b̃

∥
∥
2 ≤ δ ∀ δ > 0.
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Fix ρ, τ , q, and y(0). Let kδ denote the number of iterations required to satisfy the stop-
ping criterion for noise level δ, and let yδ be the corresponding computed approximate
solution. Then, for δ → 0, we have that yδ converges to a solution of Bp+1,py = b
that depends on y(0).

Proof We omit the proof since it is similar to the proof of [20, Theorem 2.3]. 
�

4 Computed examples

We compare several versions of the PIT-A and PIT-GKB methods described in the
previous sections to various other solutionmethods for (3) and (5), that are summarized
in Table 1.

Apart from methods that implement iterated Tikhonov regularization through pro-
jection onto Krylov subspaces, we consider the AT and GKBT methods that project a
Tikhonov minimization problem onto Krylov subspaces of increasing dimension gen-
erated by the Arnoldi and Golub-Kahan processes, respectively. The AT and GKBT
methods can be regarded as straightforward simplifications of the PIT-A and PIT-GKB
methods, respectively. Since AT-sft and GKBT-sft are the AT and GKBT methods
applied to a Tikhonov problem transformed into standard form, respectively, L†

A acts
as a preconditioner, or “priorconditioner” [21], for the solution subspace generated by
the Arnoldi and Golub-Kahan processes, respectively. We also consider the TA and
TGKB methods, which compute approximate solutions of (2) by truncated iteration
applied to the Arnoldi andGolub-Kahan processes and correspond to early stopping of
the GMRES and LSQR methods, respectively. In the TA method, the Arnoldi process
is applied to reduce the matrix A with initial vector bδ (cf. (8)). The solution of the
reduced problem is an approximation of the solution of (2). The Arnoldi process is ter-
minated at step k with k chosen as small as possible so that the computed approximate
solution xk of (2) satisfies the discrepancy principle

∥
∥Axk − bδ

∥
∥
2 ≤ τδ.

The TGKB method is defined analogously.

Table 1 (Acronyms of the) projection methods considered in the numerical tests

TA, TGKB truncated Arnoldi, Golub-Kahan-Bidiagonalization (resp.) process

AT, GKBT Arnoldi, Golub-Kahan-Bidiagonalization (resp.) Tikhonov

AT-sft, GKBT-sft AT, GKBT (resp.) for standard form transformed Tikhonov

AT-L GKBT-L AT, GKBT (resp.) with a general regularization matrix (11)

PIT Projected Iterated Tikhonov

PIT-A, PIT-GKB Arnoldi, Golub-Kahan-Bidiagonalization (resp.) based PIT

PIT-A-sf, PIT-GKB-sf PIT-A, PIT-GKB (resp.) for Tikhonov in standard form

PIT-A-sft, PIT-GKB-sft PIT-A, PIT-GKB (resp.) for standard form transformed Tikhonov

PNITR-GKB Projected Iterated Tikhonov [9]
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When applying the discrepancy principle, one typically chooses the regularization
parameter μ > 0 so that the solution xμ of the Tikhonov minimization problem (3)
satisfies

‖Axμ − bδ‖2 = τδ, (19)

where δ ≥ 0 is the bound in (6) and τ > 1, τ � 1, is a safety parameter. This is
motivated by the fact that, if Ax† = b, then

‖Ax† − bδ‖2 = ‖b − bδ‖2 ≤ δ.

To assess the quality of the reconstructed solutions, we evaluate the Relative Recon-
struction Error (RRE) for the reconstruction x(k). It is defined as

RRE := RRE(x(k), x†) =
∥
∥x(k) − x†

∥
∥
2

∥
∥x†

∥
∥
2

. (20)

For all test cases, we perturb the measurements with white Gaussian noise, i.e., the
noise vector e is drawn fromaGaussianwith zeromean and a scaled identity covariance
matrix; we refer to the ratio σ = ‖e‖2/‖Ax‖2 as the noise level.

In our numerical experiments, we choose q = 0.7 and ρ = 10−3 for all PIT
methods (as well as AIT variants). Additionally, we let τ = 1.01when determining the
regularization parametersμk and using the discrepancy principle as stopping criterion.

Example 1 - image deblurring We consider an image deblurring test problem. The
true image is shown in Fig. 1a. It is made up of 512 × 512 pixels and is available
from IR Tools [22]. The true image is corrupted with an anisotropic Gaussian point
spread function (PSF) of dimension 64× 64, which is shown in Fig. 1b. The blurring
operator A ∈ R

262144×262144 is defined implicitly by the PSF. The observed blurred
and noise-contaminated imagewith noise level σ = 1% is shown in Fig. 1c. The noise-
and blur-free image, which is assumed not to be available, is represented by the vector
x† ∈ R

5122 , while the available blur- and noise-contaminated image is represented by
the vector bδ ∈ R

5122 .

Fig. 1 Image deblurring test problem. (a) True image of size 512×512. (b) Anisotropic Gaussian PSF, and
(c) Blurred and noisy image with 1% Gaussian noise
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The aimof this test problem is to compare the quality of the reconstructions obtained
with theArnoldi andGolub-Kahan-basedmethods proposed in Section 2. In particular,
we consider PIT-A-sf and PIT-A, which both use the Arnoldi process, and PIT-GKB
and PIT-GKB-sf, which both use Golub-Kahan bidiagonaliztion; Tikhonov regular-
ization is considered both in standard and general form. We compare our methods to
the approximated iterated Tikhonov method developed by Donatelli-Hanke [13] that
we denote by AIT (and AIT-L when L �= I ). In addition, we consider the TGKB,
GKBT, and GKBT-L methods. For all solvers, we apply a maximum of 100 steps of
the Arnoldi and Golub-Kahan bidiagonlization processes. The convergence history
for 100 iterations for all methods considered is displayed in Fig. 2. On the left panel,
we present the RRE of methods based on Golub-Kahan. On the right panel we show
RRE convergence history versus the number of Iterated Tikhonov iterations for the
projected problem of order p = 13 (i.e., at Arnoldi iteration number 13) for PIT-A,
PIT-A-sf, and for AIT and AIT-L when they satisfy the discrepancy stopping criteria
(19) (13 iterations). Moreover, to numerically study the robustness of the methods to
noise, we experiment with two noise levels: 1% and 5%. Results are summarized in
Table 2. Finally, we presented the reconstructed images in Fig. 3. We observe that
the methods that we propose (both when they are based on the Arnoldi and Golub-
Kahan processes) provide restorations of higher quality than the other methods in our
comparison. The TGKB method semiconverges, while all other methods that apply
Tikhonov regularization and rely on either the Arnold or Golub-Kahan processes yield
a stabilized solution and improve the reconstruction quality with each iteration.

Example 2 - tomography problem This test problem is generated by using the AIR
Tools II [23] functionalities available within IR Tools. Specifically, we consider a
smoothphantomof size 256×256pixels (shown inFig. 6 (a)) anduse anunder-sampled
fan beam acquisition setting, whereby only one of every four angles between 0◦ and
180◦ is sampled. We add 10% white Gaussian noise to the exact data. The associated
discrete forward operator is represented by a matrix A of size 17014 × 65536.

Fig. 2 Image deblurring test problem. Left: RRE convergence history for methods based on Golub-Kahan
such as TGKB, GKBT, GKBT-L, PIT-GKB-sf, and PIT-GKB. Right: RRE convergence history versus the
number of Iterated Tikhonov iterations for the projected problem of order p = 13 (i.e., at Arnoldi iteration
number) for PIT-A, PIT-A-sf, and for AIT and AIT-L when they satisfy the discrepancy stopping criteria
(19) (13 iterations)
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Table 2 Image deblurring test
problem. RRE for noise levels
1% and 5% for all methods

σ TGKB GKBT GKBT-L AT AIT

1% 0.1787 0.1543 0.1591 0.1543 0.1745

5% 0.1776 0.1833 0.2149 0.1833 0.1745

σ AIT-L PIT-A PIT-A-sf PIT-GKB PIT-GKB-sf

1% 0.1750 0.1573 0.1566 0.1521 0.1521

5% 0.1750 0.1574 0.1567 0.1523 0.1523

Since the matrix A is rectangular, we cannot use reduction techniques based on
the Arnoldi process. We therefore compare the reconstructions obtained by methods
based on partial Golub-Kahan bidiagonalization (GKB). For the GKBT-sft, GKBT-
L, PNITR-GKB, PIT-GKB, and PIT-GKB-sft methods, the regularization matrix is
chosen to be a rescaled 2D discretized Laplacian with periodic boundary conditions;
see, e.g., [24]. For all methods we apply a maximum of 30 steps of the GKB process
to the matrix A with initial vector bδ . Figure 4 displays the history of the relative
errors versus the dimension of theGKB-generated solution subspaces for each solution
method.

Figure 4 shows the new iterated Tikhonov methods PIT-GKB-sf and PIT-GKB
determine approximate solutions of higher quality than their non-iterated Tikhonov
counterparts, with PIT-GKB delivering the best reconstructions. Indeed, after the dis-
crepancy principle is satisfied at the 3rd GKB iteration (so that kDP = 3 in (7)), TGKB
abruptly semiconverges, while all themethods that apply some form of Tikhonov regu-
larization start to automatically choose an iteration-dependent Tikhonov regularization
parameter, thereby stabilizing and possibly improving the quality of the computed
solution. In frame 4a we see that GKBT-sft, based on ‘priorconditioned’ GKB, con-
verges slower than all the other methods based on GKB; this behavior motivates the
application of (iterated) Tikhonov regularization in general form to the projected prob-

Fig. 3 Image deblurring test problem. First row: reconstructions with TGKB, GKBT, GKBT-L, AT, AIT;
Second row: reconstructions with AIT-L, PIT-A, PIT-A-sf, PIT-GKB, and PIT-GKB-sf

123



Numerical Algorithms (2025) 100:1617–1637 1633

Fig. 4 Tomography test problem. History of the relative errors versus the dimension of the GKB-generated
approximation subspace for different solvers. (a) purely iterative methods and hybrid methods. (b) methods
that apply iterated Tikhonov on the projected problem. (c) closer comparison of some of the hybrid methods
and iterated Tikhonov methods. A red asterisk in frame (a) highlights the GKB iteration satisfying the
discrepancy principle

lem generated by GKB, rather than adopting available (iterated) Tikhonov in standard
form to the projected problem generated by ‘priorconditioned’ GKB, i.e., associated
to a Tikhonov problem in general form transformed into standard form (see also frame
4b). Also, looking at Fig. 4c, it is evident that incorporating a regularization matrix
positively impacts the quality of the reconstruction, as measured by the relative recon-
struction error, although this is true already for GKBT-L (when compared to GKBT),
further improvements are possible when applying PIT-GKB.

In general, looking at frames 4a and c we see that, applying some additional (either
Tikhonov or iterated Tikhonov) regularization to the projected problem stabilizes the
behavior of the reconstruction algorithm (with the general form of the latter delivering
the most improved and stable results). Looking more closely at the behavior of the
projected iterated Tikhonov methods in frame (b), we also see that the relative errors
of the reconstructions delivered by PNITR-GKB rapidly stagnate far away from the
PIT-GKB-sf and PIT-GKB ones. The behavior of the iterated Tikhonov iterations for
PIT-GKB-sf and PIT-GKB applied to projected problems of different dimensions are
displayed in Fig. 5. Here, we clearly see that, although iterated Tikhonov in standard
form seems to perform slightly better than its general form counterpart during the
first iterated Tikhonov iterations, at convergence the latter is always gives at least as

Fig. 5 Tomography test problem.History of the relative errors versus number of Iterated Tikhonov iterations
for projected problems of order (i.e., at the GKB iteration number): (a) 5; (b) 10; (c) 20
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Fig. 6 Tomography test problem. (a) exact threephasessmooth phantom from AIR Tools II [23].
Reconstructions at: (b) the 4th TGKB iteration; (c) the 20th TGKB-sft iteration; (d) the 20th GKBT-L
iteration; (e) the 20th PNITR-GKB iteration; (f) the 20th PIT-GKB-sf iteration (7th iterated Tikhonov
iteration); (g) the 20th PIT-GKB-sft iteration (7th iterated Tikhonov iteration); (h) the 20th PIT-GKB
iteration (7th iterated Tikhonov iteration)

accurate restorations as the former. This is especially true for projection subspaces of
larger dimensions.

Finally, Fig. 6 shows some reconstructed phantoms. Here, we can see that the
reconstructions associated to ‘priorconditioned’GKB are over-smoothed; that is, more
GKB iterations may be necessary to generate regularized solutions of high quality.
There is not much visual difference between the reconstructions obtained by methods
that combine Tikhonov and GKB projection. Arguably, some portions (especially the
yellow spots) of the reconstruction obtained by PIT-GKB are more defined than for
all the other reconstructions, and there is less smearing of the phantom structures.

5 Conclusion

This paper discusses iterated projected Tikhonov regularization. The regularized prob-
lems are projected into fairly low-dimensional Krylov subspaces that are determined
by carrying out a small number of steps of the Arnoldi process or Golub-Kahan bidi-
agonalization. The regularization parameter is determined by using an extension of a
technique introduced byDonatelli andHanke [13]. Fairly general regularizationmatri-
ces are allowed and a convergence analysis is provided. Computed examples show that
the proposed methods are competitive with related Krylov subspace methods in terms
of accuracy.
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