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Abstract
We consider the generalized Choquard equation of the type

—AQ+ 0 =1(0"QI" 7?0,

for3 <n <5, with Q € Hrla (R™), where the operator I is the classical Riesz potential
defined by I(f)(x) = (—A)™" f(x) and the exponent p € (2,1 + 4/(n — 2)) is energy
subcritical. We consider Weinstein-type functional restricted to rays passing through the
ground state. The corresponding real valued function of the path parameter has an appropriate
analytic extension. We use the properties of this analytic extension in order to show local
uniqueness of ground state solutions. The uniqueness of the ground state solutions for the
case p = 2, i.e. for the case of Hartree—Choquard, is well known. The main difficulty for the
case p > 2 is connected with a possible lack of control on the L? norm of the ground states
as well on the lack of Sturm’s comparison argument.
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1 Main results

In this work we study the uniqueness of the ground states for generalized Choquard equation
— Au+u=I(ul”)|ulP?u. (1.1)

Here and below /(f) is the Riesz potential defined by

1 1
I = (—A -1 = G s G = N 1.2
(N = 870 = Gox f0). Gollyh = (5 e (1)
where 3 < n < 5and [S"'| = n”/2/T(1 4 n/2) being the surface measure of the unit

sphere in R”. The active study of the existence and qualitative behavior of the ground states Q
is closely connected with stability/instability properties of the corresponding standing waves
U(t, x) = e'“u(x) that are solutions of the Cauchy problem for NLS

iU+ AU+ I(UIPHIUIPT2U =0, (1,x) e R xR",

1.3
U@©,x) =ux). (13

The study of the H ! -evolution dynamics of this Cauchy problem is motivated by the important
question of orbital stability/instability properties of the standing waves. The existence of
ground states is studied in [4, 17, 18], while [20, 21] treat the decay and scattering properties
of the ground states. A detailed classification result for linearized stability properties of the
standing waves is obtained in [5]. Considering linearization of (1.3) around standing waves,
one can apply the classification results from [5] and deduce that linearized stability holds for
p € (142/n, 1+4/n), while linearized instability is fulfilled for p € [14+4/n, 1+4/(n — 2)).
The ground states in this case can be obtained (see Theorem 2 in [5]) via the minimization
problem

E = inf Ep,(u). (1.4)

ueH!, ||uH2Lz:a
Here and below
1 1
Epu) = 5 Vulg, = 25 D00l l?), (15)

where
D(ul?, [ul?) = (I(lul?), |ul?) 2 = | (=) ul?|)3, . (1.6)

Since the local uniqueness of ground states forn = 3 and p < 7/3 is already discussed in [7]
and since our goal is to study the generalcase 3 <n < 5and2 < p < 14+4/(n—2), we shall
turn back to the approach in [17] where the ground states are associated with Weinstein-type
functional

1Val, + fluel,

w == 1.7
P = Gl ) (47
Namely, we define
W= inf W,u), (1.8)
ueH! \(0}

where

H!y(R") = {u € H'(R"); u(x) = u(|x])}.
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One can use the Gagliardo—Nirenberg type inequality

+2—p(n—2 —(n+2
D(u|?, [u|?) < Cllull 3277072 v 5=+ (1.9)

and verify that W is a positive constant. Nontrivial minimizer u € Hrla 4 of (1.8) exists (see

[5, 17]) and it can be normalized (multiplying it by appropriate constant) so that it satisfies
the Euler-Lagrange equation (1.1) and the condition

IVulZs + lulz> = D(ul?, ul?). (1.10)
As a consequence, it satisfies the Pohozaev identity

IVul®> _ D(lul”, jul?)
np—n-—2 2p '

Summarizing, we have the following relations

> _ Vull® _ DQul?, ul?)

W (1.11)
B Y P
where
n+2—pn-2) np—n-—2
B = Ly = =p-p (1.12)
2 2
and
kyy = P/,
p

Now we can state our first main result, which treats the local uniqueness of minimizers Q of
(1.8), satisfying the normalization condition (1.10).

Theorem 1.1 Assumen > 3and2 < p < 1+4/(n—2). Then one canfinde € (0, 1), so that
for any two radial positive minimizers Q1, Q2 € Hrlad of (1.8), satisfying the normalization
condition (1.10) and such that

— <eg,
101 QzIILgad <

we have Q1 = Q».

Remark 1.1 Note that the Pohozaev normalization conditions (1.11) are obtained as a con-
sequence of the fact that Q is a minimizer of (1.8) and satisfies (1.10), so there is universal
constant R > 0, so that

101y <R (1.13)

for any minimizer Q satisfying (1.10).

Another important question is the nondegeneracy of the ground state. The degeneracy of the
ground state means that the kernel of the operator

Li=-A+1-pl(Qr 10" —(p— DI(Q") QP2 (1.14)

is non trivial on Hrla ;- Here and below Q(|x]) € Hrla 4(R™) is a radial positive solution of
(1.1), so that setting A(]x]) = (—A)~' QP(|x|) and r = |x| we have the following ordinary
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differential system

_ 52 _E — p—1
9, 0(r) p 0, Q(r)+ Q(r) = A(r)Q(r)

2 (1.15)
—82A(r) — ——8,A(r) = QP (r).
r
The operator L becomes
n—1
Li==07 = ——b +1=pl(Q""1)Q"" ~ (p—DAQ'. (1.16)

Our next result treats the dimension of the kernel of L in Hrla ™). To be more precise, if
h e Hrla +(R")NKerL ., then we can have stronger regularity properties (see Proposition 2.2

below)
heH;,se[O,p—i—l), 1 <gq < oo,

where the Sobolev space H ; , defined for s € R and ¢ as above, is the closure of the Schwartz
functions under the norm || f | g ey = II(1 — A2 fllany. If h € HY (R") is a radial

solution of the equation L& = 0, then the couple of 4 and B = (—A)~! QP~ !} satisfies
the system of nonlinear second-order differential equations

” n—1 l —1 )
h'(r) + ——h'(r) = h(r) = pBQP"™" — (p — DAQ""h,
0 (1.17)
B'(+——B'(r) = -0 .

Our key point in the proof of Theorem 1.1 is the following.

Theorem 1.2 There is no classical solution (h, B) of the Cauchy problem (1.17) with initial
data

h(0) > 0, K'(0) =0, B(0) <0, B'(0)=0.
Now we can give some more precise information about the kernel of L.
Corollary 1.1 Ifn >3,2 < p < 1+4+4/(n —2), then
dim (KerL+ N Hrlad) <.

Remark 1.2 1t is well-known that nondegeneracy of the ground states plays crucial role
in the applications (for example blow-up in mass-critical defocusing case, spectral stabil-
ity/instability of ground states). The existence of nodal solutions is discussed in [8] and in
[9]. Their results imply existence of non-trivial non radial solutions to (1.1) that minimize
the energy functional over Nehari manifold. In the case p > 2 one can expect that these
non-radial solutions are minimizers of the Weinstein functional over H'! without radiality
assumption. However, the existence of non-trivial radial solution to (1.17) remains an open
problem. It is interesting to recall that uniqueness and nondegeneracy hold for n = 3 and
p > 2 close to 2 [23]. Even in the case of degeneracy one can use appropriate modification
of nondegeneracy assumption in order to control the spectral stability/instability as in [5].

Remark 1.3 Note that we treat the case p > 2. The analysis of the local uniqueness and a
result similar to Corollary 1.1 in the interval 1 + % < p < 21is also important. However,
we prefer to concentrate on the case p > 2 since our proofs use essentially the exponential
decay of the ground state. In the case 1 + % < p < 2, only polynomial decay occurs.
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1.1 Overview on existing results and ideas to prove the main results

There are different methods to prove the uniqueness of positive radial minimizers of nonlinear
elliptic equations with local-type nonlinearities. The method of McLeod and Serin [15, 16]
and the subsequent refinements due to Kwong [11] are also based on Sturm’s oscillation
argument and therefore they work effectively for local type nonlinearities. In our case the
nonlinearities involve the non-local Riesz potential and consequently we have met essential
difficulties in following this strategy. The classical case p = 2, n = 3 has been studied in
[13] (see [12] too), the approach is based on shooting method and the fact that the Riesz
potential behaves like

lull?
I(u?)x) = —L +0(1x|7"), x— o0 (1.18)
47 |x|
so that the conditions (1.11) become
]l 2 DQul?, [uf*)
= V)P =
3 4

in this case. Indeed, taking any two solutions u1, uz, we use the previous normalization
conditions and from (1.18) we deduce

[(lur ) (x) = I(lua)(x) = o (Ix] 1), x — o0.

This gives the possibility to apply Sturm’s argument and to follow shooting method to deduce
uniqueness. If p > 2 and n > 3, then (1.18) becomes

1
(n = 2)[5"T]

llull?,

p —
I(Jul")(x) = cn -2

+0(|x|7n+2) , X > 00, ¢ =

and obviously we lose uniqueness of the asymptotics of Riesz potential at infinity, since in
this case the L? norm is not presented in Pohozaev normalization conditions (1.11). Another
key point in [13] is the application of Newton’s formula (see Theorem 9.7 in [14]) valid for
n > 3 and any radial functions f(|x|) that is sufficiently regular and decaying at infinity

_ SyDdy
1N = (n —2)[S"7 1 Jro [x — yn=2 (1.19)
_ 1 f(yhdy '
(n —2)[S" 1| Jro max(|x|"=2, |y["=2)

One can assume that Q is a radial positive minimizer of Lemma 5.1 satisfying (1.1). In the
case p = 2 the Newton’s identity enables one to take radial £ € Ker L, where L is the
operator

Ly=—-A+1-21(0)0 — (0%,
and rewrite L& = 0 as .2 & = ¢, with ¢ being a real constant and

#ig = =06+ = (7 x10P) £ +200) [ 5 (1-7) 0wk

One can check that similar application of the Newton’s relation with p > 2 will lead to
relation £ & = c¢(x) Q, where c(x) is not a constant and

Lk = =N+ —c(p—1) (17" xl0)) 0%
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p » r sn—2 i
+——0@)? / s <1 - _2> 0P ()E(s)ds.
n—2 0 r
The fact that c(x) is not a constant is the reason why we can not follow directly the approach
developed in [12, 13] and therefore we are trying to obtain only local uniqueness of ground
state following a different idea. The casen = 3and2 < p < 248 with § > 0 smallis studied
in [23]. Since the nondegeneracy property of L is fulfilled for p = 2, n = 3, the author in
[23] shows that O, the ground state for p “\ 2, is close to Q> and obtains nondegeneracy
(and uniqueness) for p sufficiently close to 2. The result in Theorem 1.1 guarantees local
uniqueness of minimizers in the general case p € (2, 5) for n = 3 and also for

2,3), ifn=4
P€Y@2,7/3), ifn = 5.

The case n = 3 and 5/3 < p < 1+ 4/3 was announced [7], where local uniqueness is
established. Here we give detailed proof in the case n > 3,2 < p < 1 +4/(n — 2) that
clarifies some missing points in the proofs for the particular case n = 3, p < 1+4/n studied
in [7]. The approach in [7] is based on the construction of analytic function

D((Q + zh)P, (Q + zh)P)
(IVQI? + o + 22(IVA|? + )P

K@) = (1.20)

where i € KerL is orthogonalto Qando = ||Q ||iz. The construction of analytic extension
of K depends essentially on the asymptotic behaviors of Q and /4 at infinity. In this work
we continue to use the analytic extension of K, but a more precise asymptotic analysis is
applied following the approach in [6]. Recall that [6] proves the uniqueness of the ground
states associated with energy functional (1.5) with constraint ||u|| » = const.

Another delicate point is the fact that the kernel of L might be nontrivial. The key novelty
in our work is the fact that dimKerL, < 1 obtained in Corollary 1.1. On the other hand,
the lack of Sturm’s comparison argument for nonlocal ODE causes essential difficulties in
treating the nondegeneracy of L or to show nonexistence of nontrivial solutions of (1.17).
Our approach to obtain the local uniqueness of the minimizer might allow degeneracy of L,
however Theorem 1.2 guarantees that the Kernel of L has at most one nontrivial solution.
To show this fact we switch to new unknown functions

Ep(r) = — /oo " 'B(x) 0P (v)drx,
. (1.21)
En(r) = — f " TA() 0P (t)h(v)dT

and consider the ODE system (3.8) for these quantities in the place of the ODE system (1.17).
Here the key advantage of using the new quantities £p, &, is the fact that the initial conditions
for £p, &, can be connected with the orthogonality conditions (see Lemma 2.3 and (2.22))

hlQ, hlLi(0Q),

© (1.22)
£5(0) = — / 1 B(0) 0P (1)dT = 0.
0

Next, we explain the main idea to prove that there is no solution of (1.17) having initial
data

h(0) > 0 > B(0), 1’ (0)= B'(0)=0.
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We start with the following observation. If the first zero Rg of &, (r) is finite, then

&,(r) > 0,r € (0, Ry), & (Rp) =0,
£,(Ro) < 0.
Once h, B are given so that they satisfy (1.17) and (1.1), we define &, £p and Rp. Then we

are able to control the sign of & 1’3 on (0, Rp).
Crucial point now is to introduce the combination

(1.23)

En(r) +vép(r)

assuming v > 0 chosen appropriately large.
Consider the set

N={v>0;& )+ véz(r) <0, ¥r € (0, Rol}.

On one hand, we have éé (r) <0, forr € (0, Ry) as established in Lemma 3.5. If Ry < oo,
then this Lemma gives

£,(Ro) < 0. (1.24)

Further, Lemma 3.8 implies that the set N is connected and N = (vg, co) for some vy > 0.
Hence we are able to find vy so that

&,(r) +vog(r) < 0,7 € (0, Ry,

, , (1.25)
&, (Ro) + voép(Ro) = 0.
On the other hand, the property (1.23) guarantees that
£,(Ro) <0 (1.26)

and together with (1.24) this gives
&,(Ro) + vo&p(Ro) < 0

which contradicts (1.25). The contradiction shows that Ry = oc. But in this case £}, and B
have permanent sign on (0, oo) that is impossible due to orthogonality condition (1.22).

Outline of the paper

We organize the work as follows. Section 2 is devoted to the proof of Theorem 1.1, once the
crucial result given in Theorem 1.2 is assumed to be acquired. Namely, we start by displaying
our analysis on the first and the second linearization of a suitable version of the Weinstein
functional (1.7), summarizing some properties of the ground states arising from (1.1). At this
point we set up the main steps of the proof, introducing the definition of local uniqueness and
how to show it by using an extension of the Weinstein functional in the complex plane (see
(1.20)). As aforementioned, we utilize Corollary 1.1, which ensures that the space generated
by the H' radial functions lying in the kernel of L., defined as in (1.14), has dimension
one at most. Such a result is a straightforward consequence of Theorem 1.2, which will be
established in Sect.3. Finally, from Sect.4 to “Appendix 7 a wide set of ancillary tools,
mandatory for the proof of the main results, are developed.
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135 Page 80f39 V. Georgiev et al.

2 Proof of Theorem 1.1
2.1 Preliminary facts and scheme of the proof

Lemma 5.1 guarantees that we have to show the local uniqueness of the minimizer Q,
associated with the minimization problem

Wy = inf Wp(u), 2.1)
ueHrlud’ flu HiZ =0
where

o = o, kyy = Lwpir-n g TE2= P =2)
p

2
Any minimizer Q has to satisfy the Euler—Lagrange equation
—AQ+0=A0"", A=1(Q") =(=n)""(Q") 22)
as well the normalization conditions (1.11), i.e.
2 vVoOl?2 D(QP, QP
loP® _Ivelr _pwr.on 03
B Y p
with
_np—n-— 2 o
v=——"7H —=r B.

Let us start with the local regularity of ground states.
This question is discussed in Theorem 2 in [18] and therefore, if Q € H L(R™) is a solution
to

(1-2)0 =101"20(=M)""(101P), 2.4)

then Q € Wli’cq (R™). By using a bootstrap argument carefully, we can verify the following

global elliptic bounds.

Proposition 2.1 If
4
2<p<l4+——, n=3,4,5 2.5)
n—2

and Q € H'(R") is solution to (2.4), then for any s € [0, 1 + p) and for any q € (1, 00) we
have !

1Ol gy S 1. (2.6)

Corollary 2.1 If the assumption (2.5) is fulfilled, then A = 1(QP) = (=A)~1or) satisfies

ID*Allgn <1, Vs €0, p+2), g€ <max <+ 1) , oo>. 2.7
n—2+s

I Here H; (R™) is the Sobolev space obtained as completion of smooth compactly supported functions with

respect to the norm || f | s gy = (1 — A2 fll La @ny.-
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We can use the regularity result in Proposition 2.1 and see that
0 € H;(R"), Vs € [0, 1+ p), ¥g € (1, 00). (2.8)

Further Corollary 2.1 gives (2.7). Using the Sobolev embedding we can see that for n =
3,4,5, p > 2 we have

H)(R") C C*(R"), s € 3,1+ p) (2.9)

and ¢ € (2, 00). Therefore, we can consider positive radial minimizers Q that are strictly
decreasing in r = |x| and such that

Q € H?,(R") N C*(R")

r

A=(=A)"NEP) eLl? (R")YNC*R"), VA e H,lad(R”),}

rad

(2.10)

where g € (n/(n — 2), 00). The regularity of the radial functions Q, A and the positiveness
of Q imply

Q@) >0, Q'(0) =0, A0) > 0, A'(0) = 0.
The asymptotic behavior of Q is established in Corollary 4.1 as follows
(1) = *(@)G(x) (14 0 (7)) x| — oo, 2.11)

with ¢®(Q) > 0 and G being the fundamental solution of 1 — A. The minimizers of W), are
maximizers of ﬁ so we can consider the functional
r

1
K, h) = ————, 2.12
61 = S e 2.12)
which is well defined for (e, h) € [—eg, g0] X {h € Hrlad’ A1l 2rny = 1} and g9 > O small.

Then
D(1Q +¢eh|?,|Q + eh|?)

K(e, h) = 7
(IV(Q +emI2, + 10 +ehl2, )

has Taylor expansion

K (e, h) = K(0,h) + 3: K (0, h)e + %afl((o, h)e* 4 o(e?), (2.13)

where

K(0,h) = D(Q", "',

9K (0,h) = =2pD(Q”, O")"P(Q, L_h) 2,

1, 1 - (2.14)

7K. h) = =2p(p —HD(QP, Q") D(Q", QP h)"~

—pD(Q?, OP) " P(Lyh, h)p2
and

L_h=—Ah+h—(—A)"10P)0P 2h,
Lih=—Ah+h—p0"~'(=8)"(Q" ') 2.15)
—(p = DOP (=) (QP).

It will be convenient to introduce the following.
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Definition 2.1 If
ACH) R,

then we shall say that local uniqueness of the minimizer Q holds on A4, if there exists
g0 = &9(A) > 0, so that

Wy, (Q +¢eh) > W,(Q)
is fulfilled for any /& € A and for any ¢ € (0, o].
Now we are ready to explain the scheme of the proof.

Step I Proof of (2.13) and coercive estimate needed for Step IL.
Step Il Dichotomy property (see Lemma 2.4): reduction of the proof to check uniqueness
only on the one-dimensional space (due to Corollary 1.1)

KerLy N Ot N(AQ)* .

Step III Check of the fact that K(z) = K (z, h) is analytic near the origin and it is Holder
continuous in i € Hrla d

Step IV Construction of analytic extension of K (z) in appropriate domain (see Fig. 1) in the
complex plane and verification that K (z) can not be a constant.

2.2 Step |

As we promised above first we verify (2.13). We take h € H L(R™). We have the expansions
D(IQ + ¢h|”,|Q + eh|P) = D(QP, QP) + 2pD(QP, QP 'h)e
+[p(p —HD(QP, QP71 + p*D(QP~'h, QP )] &* + 0(&”)
and
1

(IVQI. +0 +2((Y0. Vh) 2 + (. ) 2) & + (IVAIZ, + A2, ) £2)”

_ ! 2p(VQ, Vh)ye +(Q, b))
(IVOIZ, + o) (IVOIZ, + o)

p 2 2 2
- VRl + 1 AllT2) | €
|:(||VQ||%2 +o)ptl ( L? Lz)

2
L[4+ 1>(<VQ,2Vh>Lz + <ZQ’ M) |2y o6,
2(1VQI2, +o)Pt

Hence
1
(UIVQI3, + o)
2p((VQ, Vh) 2 +(Q. h)12)
IV, +o)rt!
1
(UVQl7, + o)

K(0,h) = D(Q”, Q")

9K (0, h) = —=D(Q", Q")

+2pD(Q”, 0P~ 'h)
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From Lemma 5.1 we know that Q has to satisfy
D(Q?, 0P) = VOI7, +11Ql3,. (2.16)
Thus
0. K (0, h)
=—2pD(Q", 0")7" ((VQ, Vh)12 +(Q. h) 2 — D(QP, Q"))

and we obtain the second identity in (2.13) as well as the Euler—Largange equation (2.2)
together with the Pohozaev normalization conditions (2.3). Using (2.16), we obtain further

1 12UV Q. Vi) + (0. 1) 2)
~92K(0,h) = —2pD(QP, 0"~ 'h L L
20 KO = =2pDIOT O TG0, 1oyt

_ P P p 2 2
D(Q7?, 07) |:(||VQ||22 Y (VA7 + 1 hlle)i|

p(p + DUV Q, Vi) 2 + (0, h>Lz>2}

+4D(Q?, O*
@ Q)[ 201V QI3 +o)r+?

+ [p(p — HD(QP, QP2h*) + p>D(QP~'h, QP ' )] m
= —(4p? —2p(p+ D) D(QP, Q") "' D(QP, QP 'h)? -
—pD(Q”. Q") P(IIVhIl7 + | hI72)
+pD(QP, ") P [(p — DD(QP, QP2h%) + pD(QP'h, QP 'h)]
= —2p(p— DHD(Q’, Q") "' D(Q", Q" 'h)* — pD(QF. QP) P (Lih. h)2.
These relations imply

%BSK(O,h) = 2p(p —1)D(QP, Q7)"P~'D(QP, 0" 'h)?

—pD(Q?, Q") P(Lyh, h)a.

The fact that Q is a minimizer of W), satisfying the corresponding Euler-Lagrange equa-
tion (2.2) implies L_ Q = 0, so we have

(2.17)

0:K(0,h) =(Q,L_h);>» =0. (2.18)
Let us recall some of the known properties of the operators L.
Lemma 2.1 (see Lemma 1 in [5]) The operator L_ is self-adjoint and non-negative on Hrlad.

The control of the sign of (Lh, h);2 in (2.17) is realised on the space orthogonal to
L (Q) as stated in the next.

Lemma 2.2 The operator L satisfies the following properties

(a) Ly is self-adjoint on Hrlad;
(b) L has exactly one negative eigenvalue;
(c) Ly is non-negative on a space of codimension 1. More precisely,

(Lyh,h);2 >0 (2.19)
forh L L,(Q).
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135 Page 12 of 39 V. Georgiev et al.

Proof Most of the assertions are already established in [5] (see Lemma 1 and Lemma 6 in
this work). For completeness we shall sketch the idea of the proof. The operator L has the
representation

Li=-A+1-8,

~1 —1,np—1 -2 ~1 (2.20)
Rh) = pOP~ (=N (@) + (p — DO “h(=A)"(QP).

One can easily show that it is a symmetric A-bounded operator on L%a 4 50 L is self-adjoint.
Moreover R maps any bounded domain in Hrla 4 Into a precompact set in L.
We turn to the proof of the inequality (2.19). The relation (2.15) implies

LiQ=-2(p—-DO" ' (=A)1 0", }
(L(Q), k)2 = =2(p — 1)D(QF, QP 'h).

Then we quote the identity (2.17) and note that

(2.21)

SOZKO.1) = ~pD(Q?, )P D(QP, QP WL (Q), )2
=pD(QP, QP)"P(Lyh, h)p2 = —pD(QP, QP)"P(Lyh, h)p2
for h L L, (Q). Finally, we recall that K (¢, ) has local maximum at & = 0 so we have
32K (0,h) < 0.

Therefore, we have (2.19) and hence L can not have 2 negative eigenvalues. Thus, the
existence of at least one negative eigenvalue follows from (2.21) so

(L+(Q), Q)12 ==2(p — DHD(Q", Q%) <.

O
Therefore, we consider the set
{heHyyh LL(Q) 3K, h) =0}
={heH ;;h LL.(Q),(Lih h);2=0}.
The relation (2.21) guarantees that 7 L L (Q) if and only if
D(Q”, Q" 'h) =0
and the last identity can be rewritten in two equivalent forms
D(Q”, Q" 'h) = /oo A QP (R dr =0,
0. (2.22)
D(Q", 0"~ 'h) =/0 Q" (B(r)r"~'dr =0,
where
A(r) = (=8)71@N ), B(r) = (=8) (P (). (2.23)
Then the fact that K (e, k) has a local maximum at ¢ = O implies
(Lyh,h);2 >0, Yh L L{(Q) (2.24)
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forany h € H!

g With [[R][ 2 = 1. One can verify the following

{heHYyh LL(Q), (Lihh)2 =0} ={heH,)

a

s h LLi(Q), Lih =0}, (225)
that follows from the stronger coerciveness property.
Lemma 2.3 Assume
4
2<p<l4+——.
n—2

Then we have

(Lh, hyp2 = ClIAlI, Y h e Ho. (2.26)
rad
where
Ho=1{heHY Yy h LLi(Q), h LKerL,}. (2.27)

Proof To check this coercive estimate we follow [1, 22]. More precisely, we assume

inf Lih,h);»=0. 2.28
heHg,((—A—H)h,h)Lz:l( i 228)

where H g is defined by (2.27). Using (2.20) we see that (2.28) is equivalent to

inf (A +1Dh,h)y;2=1 (2.29)
heH g, (Rh.h), =1

and equip the space
KerL i NH ,N{Li(QY - ={heH ;;h L Li(Q),Lyh) =0} (2.30)

with orthonormal basis. Since this space has maximal dimension k < 1 (see Corollary 1.1),
we consider only the case k = 1, since the case k = 0 is similar. For this purpose, let the
vector ¢ # 0 generate the space (2.30). The minimization problem (2.28) has a minimization
sequence {hy}ren, satisfying all constraints. On the other hand, we have the representation
(2.20) with operator £ being a compact operator in Hr] - In conclusion, taking a subsequence
of {h;} we prove its convergence in Hrlad to some h* € Hrlad, satisfying (Rh™, h*);» =1,
h* L Li(Q), h* L KerL, and

(—A 4+ Dh* = AL (Q) + Xie + A2 Rh*.
Multiplying by 2* and using (2.29) we find 1, = 1 so
Lih* =ML (Q) + Are.
Multiplying by e, we get A1 = 0. Hence, we have
Lih* = AL (Q). (2.31)

Multiplying now by Q, we see that A = 0 so 4™ € KerL_ and this contradicts the properties
h* L KerL and ||A* || ;1 L= 1. Therefore, we have the estimate (2.26). O

The coercive estimate (2.26) implies the following.
Corollary 2.2 We have the relation

(heH ih L Li(Q),02K(0,h)=0y={heH ;;h LL(Q),Lih=0hL Q)
(2.32)
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Proof We already know from identity (2.17) that
{heHlyih LLi(Q).02K(0.h) =0} = {h € Hlyyih L Ly(Q). {Lih. )2 = 0O},
Combining the decomposition z = h —|—hll with 1 € KerL and hll 1 KerL, therelation
(Ly(hy +hi), (hy 4+ b)) 2 = (L (i), (h1)) 2
and the coercive estimate (2.26) of Lemma 2.3, we conclude that
(Lyh,h)2 =0,k L L (Q)
implies h{- = 0 and h € KerL.. So

(heH\yih LLi(0), 92K (O, 1) =0) = (h € Hyyih L Li(Q). Lyh = 0).

rad’
It remains to show that
{heH\yih LLi(Q),Lih=0)C {hL Q).

For the purpose we use (7.1) of Lemma 7.1 and can write
2
Ly <SQ + 7Q> =-20.
p—1
Since Q € ImL, we deduce

1 2
(h, Q)2 = =2 {L+(h), (SQ + 7Q>>L2 =
p—1
The proof is complete. O

To see that the negativeness of the second derivative 8521{ (0, h) implies the local unique-
ness (as stated in Theorem 1.1) we turn to the next.

Corollary 2.3 If
(he HYyih L L(0), 92K (0, h) = 0} = {0}, (2.33)
then the local uniqueness holds.
Proof Indeed in this case, the set H ¢ in (2.27) coincides with
{heHy h LL(O)
and the estimate (2.26) implies

92K (0,h) = —2pD(QP. QP) P(Lyh.h)2 < —C|h|%, . VheHy. (234)

Hlv

Further, we look for g9 > 0 so that taking arbitrary v € H g With [v]l 2 =Tandv L Q
we have

K(e,v) < K0, v) (2.35)

provided 0 < ¢ < gg. To verify this, we take v € Hrla 4 With [lvfl 2 = 1 and we represent v
as oL (Q)+ hy, where hy L L (Q). If o = 0, then (2.34) yields (2.35). If @ # 0, then
la| < 1/IL+(Q)Il;2 and we use the representation Q = L4 (Q) + wg, where i < 0 and
wo L L (Q). This relation shows that

V=v0+h, hLlLi(Q),veR v="2 20
uw
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Then the assumption v L Q implies & # 0 and we have the relations

K(e v) = ! - ! =K< ° h)
Wp(Q +ev)P Wy(0+evQ +eh)? 1+4+¢v

Then using the coercive estimate (2.26) we arrive again at (2.35).

2.3 Step

Our goal is to establish the local uniqueness of the minimizer Q, using the L? norm as a
measure for the distance between two minimizers. Proposition 4.1 shows that

— <8
101 = Qolly2 =

implies a similar bound in Hrla 4- Then our goal is to show that for any R > 2 there exists
go > 0, so that for any 4 in the set

{8 € Hug@®": ligl2 =1, lIglly < R),
we have

Wy (Q +eh) > W, (Q),

for 0 < ¢ < gp. Using the Taylor expansion (2.13) and the Corollary 2.2, we can conclude
that the local uniqueness of Q is fulfilled on

Brada(R) N (KerLy)*, (2.36)
where
Braa(R) ={g € H)oq@®": llgll2 = 1. llgllyy <R, gL Q.gLLi(Q).

Since KerL is at most one dimensional we can take e as the unit vector generating this
kernel. Then using the coerciveness, we deduce the local uniqueness of Q on the set

Braa(R) N {g: distyy1 (g, KerLy) > ) (2.37)

for small § > 0. Indeed, if & is in the set (2.37), then i = k + kL, where k € KerL and
k+ L KerL, with

disty (h,KerLy) = ||ki||Hrlad )
and
(Lh,h)p2 = (Lyk™ kb) 2 = ClkS |17, > C8
due to (2.26). So it remains to verify the local uniqueness of the minimizer Q on the domain
Braa(R) N{g: disty) (g, KerLy) = &} (2.38)
choosing sufficiently small §.
Lemma 2.4 Let ¢ generate KerL . and ||¢||;2 = 1. We have the following two possibilities:

(a) there exists 8 > 0 so that local uniqueness of the minimizer Q is valid in (2.38);
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(b) for any sequence {ei}ken, ek — O there exists subsequence {, }reN, so that

Wy (Q + emee) = Wp(Q): (2.39)

or
Wy (O — empe) = Wy(0). (2.40)

Proof Let {ei}reN, be a sequence with g — 0. If the property (a) is not true, then for any
8 =1/m,m € N and for any k € N, we can find A, € B;4q(R) so that

W, (0 + ex(him) = Wp(Q), (2.41)
disty d(hk*’”’ KerL,) < 1/m and
1k mlly) = R. (2.42)
Fix k and make the projection
hk,m = &k.m =+ g/g:m’ 8k.m € KerL+, gtm 1 KerL+
with
. 1
disty1 (him, KerLy) = gl < —. (2.43)

Since the dimension of KerL is at most 1 (due to Corollary 1.1) and we have (2.42), we
can find a subsequence of {1/m},,cn that shall be denoted again as {1/m},,cN so that

lim grnm — *ie € KerL,, (2.44)

m—0o0

where the convergence is in Hr]ad and A > 0. The relation ||/ ;2 = 1 and (2.43) yields
A = 1. Thus, we can justify the limit m — oo in (2.41) so we obtain (2.39) or (2.40).
Therefore the property (b) is established and the proof of the Lemma is complete. O

2.4 Step lll

Let us assume that option (b) of Lemma 2.4 holds. Applying a bootstrap argument as in
Proposition 2.1, we arrive at the following.

Proposition 2.2 If (2.5) is fulfilled and h € KerL4 N Hr]ad (R™), then for any s € [0, 1 + p)
and for any q € (1, 00) we have

1Al gy ey < 1. (2.45)

Moreover, B = (—A)~'(QP~'h) has regularity described in (2.7). For simplicity, we
shall use a weaker regularity (similar to the one proposed in (2.10))
h e H2,(R") N C*(R") (2.46)
B= (=M '"mel! R"YNC*R"), VB € H.,,(R". '

Then our goal is to take e that generates KerL ., normalized by |[¢] ;> = 1 and show that
one can find g9 > 0 so that

Wy, (Q +¢eh) > W,(Q) (2.47)

@ Springer



Local uniqueness of ground states for the generalized... Page170f39 135

for 0 < & < gp. This conclusion is in contradiction with the assumption that (b) of Corol-
lary 2.4 holds and therefore the statement of Theorem 1.1 will be established. Thanks
to regularity property (2.46), we see that h(r) = e(r) and B(r) = 1P Ye)(r) €
C2((0, 00)) N CL([0, 00)) satisfy the system of nonlinear second-order differential equa-
tions

1) + "rélh’m = h(r) — pBQ"™" — (p — DI(Q") QP 2h,

v 1 (2.48)
B"(r)+ ——B'(r) =—0" 'h.
r
We can apply the asymptotic expansion (4.25), (4.27) and we find
||h||Hr2ad +1G Rl oo up=1) + ||G613||Lw<|x|>1) <C. (2.49)

Here and below G (|x|) = G, (]x]) is the fundamental solution of (1 — A) having asymptotics

—lx|

Gu(lx]) =

Coo————=, |x|] = 00, o0 > 0.
e 1l = 00 cas

Following the scheme of the proof of the Theorem, we shall show that the function K (¢) =
K, (¢) can be extended to an analytic function K (z) = Kj(z) for complex z near the origin.

Lemma2.5 Let h = e generate KerL and ||¢| ;2 = 1. Then there exists g > 0 so that the
function
1

Kn(e) = K(e, h) = m,
r

e €10, &0l

can be extended as analytic function

D((Q + zh)?, (Q + zh)P)
(IVQI? + o + 22(IVR|2 + )"

Kp:ze{zeC;lz] <&} —

Proof We have the relation
1 D(|Q +¢h|P,|Q + ¢h|P)

Wy (Q+eh)? — ((IVQI2 + e2IVA[?) + (o +¢2))"

We obviously have the analyticity of
1
(IVQI2 +0) +22(1 + [VA]?)"

s ( (2.50)

near z = 0. In fact, (2.49) implies [|2]| 1 < C and hence there exists g9 > 0 so that (2.50)
is analytic in {|z| < go}. More delicate is the analyticity of the map
z— D((Q +zh)?, (Q + zh)P).
In this case, we use (2.49) again and find the estimate
lh(n]/Q@r) = C.
Then Re (1 + zh(r)/Q(r)) > 1/2 for |z| small and the function

Z—> (1 +zh(r))P
o(r)
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is analytic near the origin, say {|z| < &9} with g < 1/(2C). Then,

h(lx)) )P( h(y)) )P 0()? Q(y)Pdxdy
1 1 7 2.51
Z_’/f( T2omn) U o0 =] @30

is analytic in the same disk. This completes the proof. O

Remark 2.1 As mentioned in Sect. 1.1, the proof of the above lemma relies on the formula
(1.20) introduced in the paper [7], which is a consequence of the orthogonality property
Q1 hin Hr]a 4» if b € KerL . Specifically, we know that the operator L_ is self-adjoint

on Hrlad (see Lemma 2.1) and also that (Q, L_h);> = 0, by (2.18). Moreover, since the
operator L is also self-adjoint on Hrla 4 (see Lemma 2.2) and i € KerL ., we get

(Q,Lyh)2 =0=(L1Q, h)>.
An application of (2.15), (2.21) in combination with the fact that Q € ImL_ due to (7.1),
gives then the desired

(Q,h);2=0=(VQ,Vh)2.

2.5 Step IV

Let us summarize the properties of the function

1
Wy (Q +ze)P

(1) K (z) is analytic in z in a small neighborhood of the origin in C;
(ii) the coefficients of the series expansion of K (z) are real numbers;
(iii) for o close to 0 in R we have local minimum at the origin: K (o) > K(0) and in the
case (b) of Lemma 2.4 all partial derivatives /' K (0) are identically zero, so K (z) is a
constant.

K(z) = (2.52)

Then the final step in the proof of Theorem 1.1 is the following.

Lemma2.6 Let h = ¢ generate KerL and ||¢| ;2 = 1. The function K (z) = Kj(z) can not
be a constant.

Proof If K (7) is a constant, then

K(z) =K(0) (2.53)
near z = 0. Further, setting
w=w() =1 +Zh(r)’
Q)
we have on the line {Rez = Imz} the property
Re w@) = 1+ Rez2 L = 1+ mz ™ — 1 4 mw(o).
o) Q)

Since the principal value of Log w can be defined on the line Rew(z) = 1 4+ Imw(z) as well
as on its small neighborhood

As = {|Rez — Imz| < §,Rez > 0, Imz > 0}.
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Im z

-~ y
7 /
- -
/
/ /
-
y
2
/

{lz] < 46}

Rez

§25=A5U{|Z| < 45}

Fig.1 The domain of analyticity of K (z), here depicted by the shaded region 2

Indeed, we have

ho (r) - _ sl > 1-scC.
Q(r) Q(r)

In conclusion we have analytic extension of

2= DQ +:zh)", (Q +zh))

Rew — Imw =1 + (Rez — Imz)

in the domain
Qs = {|z] <46} U As.

Our next step is to show that K (z) can be extended as analytic function in £25. Indeed, we
can show the analyticity of Arg(c + z2) on 2. For |z] < 48 and § < /o /8 one has
Re (o0 + 7%) > 30 /4. For |z| > 45 and z € As it is easy to see that Re z > 24§, then we
have
Im (0 4+ z%) = 2(Re 2)(Im z) = 2( Re z)*> + 2 Re z(Im z — Re 2)
>2(Rez)> —2Re z8 =2 Re z(Re z — 8) > 48(28 — 8) = 44°.

This shows that we can extend K (z) as analytic function in the domain €25, so we can extend
the relation (2.53) in the whole ;.

Choosing z(R) = R + iR with R — 0o, we can use the relation
1+ z(R)h(Ix])/O(Ix]) R h(]xl)
Jo + z2(R)2 O(lx])’

combined with Lebesgue dominated convergence theorem to conclude that

. 1
A KR = 5
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The relation

1
W n=——=w P
P(Wo ) = s = Wp(Q)
shows that u(|x|) = /o h is a minimizer of W, satisfying the constraint condition ||u ||2L2 =
o. Hence the same is true for |u(|x|)| and both of them satisfy the equation

— Au+u=I(ul”)|ul”?u. (2.54)

Since & is orthogonal to Q, there exists ro > 0, such that 2 (rg) = u(rg) = 0. Now we can
use the following.

Lemma2.7 If u and |u| solve (2.54), u € C'(0, 00) and there exists ro > 0, such that
u(ro) =0, then u(r) = 0.

Proof If u’(rg) = 0, then the Cauchy problem for the ODE (2.54) implies the assertion. If
u'(ro) < 0, then |u(r)| is not differentiable in ry. The proof is now completed.

Therefore, we are in position to apply Lemma 2.7 and to conclude that u(r) = 0 for any
r > 0. This is an obvious contradiction since ||2| ;2 = 1 and completes the proof. m]

3 On radial solutions in the kernel of L
3.1 ODE system and its initial data

We recall that (Q, A) are solutions of

" n—1 1 —1
o (r)+ - Q'(r) = Q(r) — A(r) Q"
o 3.1)

A"(r) + ——A'(r) = -0

Ifth € Hrla 4(R™) is a radial solution of the equation L h = 0, then h and B =
(=AM~ oP=1h) are sufficiently regular as in (2.46) so the pair (2, B) is a classical solution
to the nonlinear ordinary differential equations system

" n—1 / —1 2
h'(r)+ ——h'(r) = h(r) — pBQ"™" — (p — DAQ" "h,
r
n— 1 (3.2)
B'(+——B'(r) = -0 .

We can transform the system (3.2) into two equivalent forms replacing (4, B) by the
normalized quantities

~ h(r) ~  B(r)
h(r) = Q(r),B(r)— A0 (3.3)
and the new unknown functions
Ep(r) = —/ " 1B(1) QP (1)dx,
" (3.4)

E(r) = — f ” " A 0P (D)h(T)dr.
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We note that we have the asymptotic expansions

h(r) = ho(1 + O(r?)), (3.5
B(r) = Bo(1 + 0(r?)), (3.6)

near the origin.

Lemma 3.1 We have the following properties

(a) the normalized quantities in (3.3) satisfy the system

[ QPR = =" AQP (pB + (p — D)), -
[ A2 B = ="' AQP (W - B); '
(b) the quantities &, (r), p (r) defined in (3.4) satisfy the following system
1
— Lo(En)(r) = 102y [PEp(r) + (p — 2)6n(r)],
) (3.8)
—LoGp)(r) = W(a(r)éh(r) —a(r)&p(r)),
where
IHOIRY
Lo(f)(r) = (W) (3.9)
and
w =20 ¢ o1y
A T
Proof Tt is easy to obtain a system satisfied by /i and B. Indeed, we use the relations
QZE/ :h/Q —hQ/, AZEI — B/A _ BA/
and arrive at the system (3.7). Integrating over (r, co), we find
n—1 2 /’Nl/ - _ _ ) ,
r B Q2 (r)N,(r) PER(r) — (p — 2)&x(r) (3.10)
" AT(r) B (r) = =&, (r) + E5(r).
From
Ep(r) =" AN QP (N B(),
&) =" A QP (N (r),
we arrive at
/ /! 1
(rf;x)Q,,) = gy PEp ) + (P = D& (),
55 1
(r"—l o Q,,) =~y &) — &)
and thus we obtain (3.8). This completes the proof.
O
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Corollary 3.1 For any v > 0 we have the equation

— LWER(r) +Ep(r)) (r) = a(v, r)&u(r), (3.11)
where

L L) = —Lo())) + V) f =
_ (i) V0L,

rn=lAQPr
_ 1 p (3.12)
V(U,r) = W (a(r) — ;)
1
T ) [voe(r) F(p-2)+ (ot(r) - 5)] .
Proof We have the identities
B ((vsg(r) + &(r))’)/
rn=laQr
1
= 02 va(r)ép(r) —va(r)ép(r) + pép(r) + (p — 2)6,(r)]
1
= 02 [(va(r) + (p = 2)8r(r) — (va(r) — p)Ep(r)]
! P
= gz L) + =2+ (@) = T )E )]
1 P
gy L@@ = 1) 08s0) + 86100
and the proof is completed now. O
An important point in the proof of Lemma 3.1 is the following inequality
Lemma 3.2
A(r)y = Q(r), Vr > 0. (3.13)

Proof Indeed the inequality is true for r large due to asymptotic expansions of Sect. 4.3. For
this we can define

re = inf{t; A(r) > Q(r), Vr > 1}.

If r, > 0, then A(ry,) = Q(r,) and we have two possibilities:
Case A there exists ry € (0, ry) sothat A(r) < Q(r), Vr € (r1,ry) and A(ry) = Q(ry).
Then we use (3.1) and find

~AA-Q+A-Q)0" ' =0 (3.14)

and applying the maximum principle for the interval (ry, r,) we arrive at a contradiction with
the fact that Q is positive.

Case B A(r) < Q(r), Vr € [0, ry). Thanks to regularity results of Proposition 2.1 we
can assert that A(r), Q(r) € C2[0, 00). Since we have the Fuchs—Painleve system (3.1), we
can apply Theorem 6.1 and deduce that A(r), Q(r) can be extended as even functions. Using
even extensions of A, Q on the real line, we deduce

A(r) < Q(r), Vr € (=rsr4), A(ry) = Q(ry), A(=ry) = Q(=r4).

Again an application of the maximum principle for (3.14) leads to a contradiction. O
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Our next step is to study the asymptotic behavior of &, £p near the origin and near infinity.
By using the orthogonality conditions (2.22) and the definitions (3.4) of &, £p, we find

£,(0) = — f T Am P (i (1)de = 0,
0

00 (3.15)
£p(0) = — / A0 QP (1) B()dT = 0.
0
Therefore, we have the relations
,
n(r) = / h(D) 7" A(2) 0P (v)dr,
0 (3.16)
Ep(r) = f B(n)r"'AQ" (v)dt
0
and hence we have the asymptotic expansion, given by next Lemma.
Lemma 3.3 We have the following asymptotics near r = 0
r PR 2
Ep(r) = —AoQ{ By (14 0(r?)),
" (3.17)

£() = —A0 Qo (1+ 0¢):
where Ag = A(0), Qo = Q(0).

Moreover, (3.4) imply that &,(r) and &g(r) have exponential decay at infinity. From
Lemma 3.1 we know that (k, B) satisfies the equations in the system (3.7). We take ini-
tial data

h(0) = ho, B(0) = By
so that
ho > 0 > By. (3.18)
From (3.16) we arrive at the following ordering rules.

Lemma 3.4 We have the following properties

(@ If
h(t) >0, Vt € (0,T), (3.19)
for some T > 0, then
En(1) >0, V€ (0, T). (3.20)
(d) If
B(r) <0, Vt € (0,T), (3.21)
for some T > 0, then
§p(t) <0, Vi €(0,7). (3.22)
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© If
h(t)>0> B@t), ¥Yte(,T) (3.23)
for some T > 0, then
E() >0>E&p(t), Yt € (0, 7). (3.24)

3.2 Scheme of the proof of Theorem 1.2

Let us make a plan of the proof of Theorem 1.2.

(@)

(b)

(©)

(d)

(e

We take initial data satisfying
h(0) > 0> B(0), h'(0)=B'(0)=0 (3.25)

and assume classical solution (&, £p) exists.
We define Ry as the first zero of &, (r). Note that this is well-defined, since (3.25) implies
positiveness of &, (r) for small » > 0. We have two cases:

(1) If Ry < oo, then
&n(r) > 0,r € (0, Ro), & (Ro) =0,

3.26
£,(Ro) < 0. (5:20)
(2) If Ry = oo, then we require
&n(r) > 0,r € (0,00), lim &,(r) =0,
e (3.27)

lim & (r) = 0.
rFr—00

One can show that the second option in the previous point is impossible, while in the case
Rop < oo we can control the sign of 51’9 on (0, Rp) (see Lemma 3.5 below). To be more
precise, the case Ry = oo can be excluded, since permanent sign of £, means permanent
sign of B and this contradicts the orthogonality condition (3.15) (see Corollary 3.2 below).
The previous point guarantees that there is a fixed Ry < 0o, so that (3.26) holds. Once
Ry is fixed, we can find sufficiently large vy > 0, so that

£,(r) +vo€p(r) < 0,7 € (0, Ro),
&,(Ro) + vo&p(Ro) = 0.
The precise statement and proof are given in Lemma 3.8.

The relations (3.26) and (3.28) lead to a contradiction. In fact, formally from (3.26) and
(3.28) we can have

(3.28)

£, (Ro) = o€ (Ro) = 0.
However, in this case we can use the fact that

Ep(r) <0,0 <r <Ry
and deduce that

£,(r) +vEg(r) < 0,r € (0, Ro),

3.29
&, (Ro) + vép(Ro) =0 329
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for any v > vg. However, for v large we prove in Lemma 3.6 below that
£, (Ro) + vEp(Ro) <0 (3.30)

holds. This is a clear contradiction with (3.29).

3.3 Proof of Theorem 1.2

Proof of Theorem 1.2 We define the maps
(h, B) — (h, B) — (. &)
as in (3.3), (3.4). We start with point ¢) in the scheme of Sect. 3.2. ]

Lemma 3.5 Assume the initial data hy, By satisfy (3.18) and &, £ are C2(0, 00)NC ([0, 00))
functions defined in (3.16) so that (&, &p) is a classical solution of

<ﬂjgg):ﬂ1;05mmn+@mamx .
—-<ﬂbﬁxgp):=rW422“)@hv)—st».
Let 0 < Ry < 00 be the first zero of &, (r), satisfying (3.26) or (3.27). Then we have
§p(r) <0, r € (0, Ro) (3.32)
and
£E3(r) <0, r € (0, Ry). (3.33)
If Ry < 00, then
Ep(r) <0, r €0, Rol. (3.34)

Proof We prove (3.33), since then (3.32) follows. To prove (3.33) we argue by a contradiction.
Let Ry < co. If ri € (0, Ro] is the first zero of £, such that £ (1) = 0 and £} is negative
on (0, r1), then we can multiply the second equation in (3.31) by £ (r) and integrate by parts
in (0, r1). Note that at this point it is crucial to use the asymptotics (3.17) near the origin. In
this way we find

T(Ep(r)? n 1
/0 md" = /0 m@h (r) — &g (r))ép(rydr. (3.35)
The different signs in (3.35) lead to contradiction. The case Ry = oo can be treated in a
similar way. To assure the integration by parts on (0, co) we use the exponential decay of
&, £p that follows from the definition (3.4) and the asymptotics of &, B.

This completes the proof. O

As it is mentioned in the point (c) in the scheme of Sect. 1.2, the above Lemma implies
Corollary 3.2 Assume the initial data hy, By satisfy (3.18) and &,,&p are C2(0,00) N

C ([0, 00)) functions defined in (3.16) so that (&5, €p) is a classical solution of (3.8). Then
Ry < oo and (3.26) is satisfied.
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Lemma 3.6 Assume the initial data ilo, éo satisfy (3.18) and &y, €p are C2(0, 00)NC ([0, 00))
functions defined in (3.16) so that (&, £p) is a classical solution of (3.8). Then there exists
vo > 0, so that for any v > vg we have

R(v) > Ry, (3.36)
where R(v) > 0 is the first positive critical point of &, + vEp and
& (r) +vEx(r) <0, r e (0, R(v)). (3.37)

Proof We use Corollary 3.1, especially we recall that the Eq. (3.11) is fulfilled. We take

P
> S~
info, gy ¢ (r)
and then (3.11) yields

_ (w) T+ VO, ) E) + vER(R) = a(v, P)E (), (3.38)
ri—tAQP
where
_ 1 P
V(V, r) = W (a(r) — ;) > 0,
! 4
a(v,r) = W [voc(r) +(p-2)+ (a(r) — ;)] >0

forr € (0, Rp), v > vg. We can follow the proof of Lemma 3.5 so multiplying the equation
by &,(r) + v&p(r) and integrating over (0, Rp), we arrive at contradiction if R(v) < Ry.
This completes the proof.

]

Consider the set
N={v>0;& )+ véz(r) <0, ¥r € (0, Rol}.

Givenany v € N, we denote by R(v) > 0 the first positive zero of &, (r) +v&j (r), satisfying
(3.37).

Lemma 3.7 The set N is connected and open. More precisely, if v, € N, then for any v > v,
we have v € N.

Proof Set
uy(r) = &p(r) +vép(r).
If v, € N, then we have
), (r) <0Vr € (0, R(vy)), R(vx) > Ro.
Take any v > v,. For any r € (0, Ry] we have
w,(r) =& (r) + vEp(r) = u), (r) + (v — v)ER(r).

From v, € N we have u}, (r) < O for any r € (0, Ro]. The inequality &5(r) < O for
r € (0, Rg] is established in Lemma 3.5. So the definition of N leads to v € N. The fact that
N is open follows from the strict inequality in the definition of N.

O
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Finally, we show that N 2 (0, 00). More precisely, we can complete the point (d) in the
scheme.

Lemma 3.8 There exists vg > 0, so that N = (v, 00). Moreover, we have
R(vo) = Ro
and
£, (Ro) + voép(Ro) = 0.
Proof of Lemma 3.8 We know from (3.4) that
&) + V5 () = "1 PN ) (B(0)Q(0) + vA(0)R(0) + o(1)
as r \( 0. This fact and the choice 2(0) > 0 > B(0) imply that
£,(r) + vER(r) > 0

for and r > 0 close to 0 and v > 0 small. Hence N can not be (0, 00). Let N = (vg, 00)
with vy > 0. If

£,(r) +voép(r) <0, Vr € [0, Ry,
then we can find § > 0 so that vgp — § € N. This contradicts the fact that
N = (vg, 00).

[m}

As it is mentioned in the point (e) of the scheme we arrive at a contradiction. This proves
Theorem 1.2. O

4 Asymptotics at infinity

In this section we aim to find more precise asymptotic expansions for two elliptic equations
—AB(|x]) = H(|x]), 4.1
(=A+ Dh(lx]) = F(lx]), 4.2)

assuming sufficiently fast decay of the radial source terms F, H. Taking into account the
regularity properties of Q obtained in Proposition 2.1 and the regularity of A obtained in
Corollary 2.1, we shall assume

h(r) € C*(0,00) N C' (10, 00)), F(r) € C(0, 00),
h(r)y=0(), h'(r) = 0(1), F(r) = 0(e™), b>1, asr— o,
2 1
B(r) € C*(0,00) N C ([0, 00)), H(r) € C(0, oo)’} (4.4)

} 4.3)

B(r)=o0(), Hr)= 00", a>n asr — oo.
The asymptotic expansions concern solutions to these equations represented as follows
B=GoxH, h=GxF,

where G and G are the corresponding fundamental solutions.
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4.1 Estimates and asymptotics of B

Lemma 4.1 If B, H satisfy

B(r) € C*(0, 00) N CL([0, 00)), H(r) € C(0, c0), “5)
Br)=o0), Hr) =00"%), a>n asr — o0 ’
and
—("'B'™) =" H ), 4.6)

then we have

o0
|B(r) — GoIIH |l 1 @y | S 77" / |H (7)|"d,
r . 4.7
§r_”+1/ |H(t)|t" dr,

r

|B'(r) — Gy Hl 1 ey

where
IH N 1 @ny = IS'HI/OC>o o~ H(v)dr.
Proof Integrating (4.6), we get
" 1B(r) = —/Or " H(v)dr. 4.8)
Therefore, we have

o0 o0
B'(r) = —r ! / "V H()dt 4+ ! f "V H(t)dr.
0

.
Since
1 1 1 1

/
- 4.
(n— 2)|Sn—l| =2’ Go(r) |Sn—1| =1’ (4.9)

Go(r) =

we obtain the second estimate in (4.7). Since B(r) = o(1), we get

1 o0 H(t) el
B(@r) = pa— /0 [max(r, t)]n—zr dt (4.10)

SO We can write

1 "H 1 © H
B(r) = / (rz) " ldr + / (12) " lde
0 r T

n—2 rn- n—2
1 *© H 1 * H 1 * H
= / @) " ldr — 7/ @) e+ —— / () " lar

n—2/J)y rn2 n—2/J rn2 n—2/J 12

and we find
o0
’B(r) - Go(r)/ H(lxDdx| 5 Go(r)/ |H(r)|r" " d.
R” r

Therefore, we have the first asymptotic estimate in (4.7). O
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The kernel G(|x|) of (1 — A)~! is a radial positive decreasing function given by

Ku—2)2(1x])

— — —n/2
G(x]) = Gu(lx]) = 2m)™" W»

“4.11)
where K, (r) is the modified Bessel function of order v > —1/2. We have the following
asymptotic expansion valid if » > 0 tends to oo

—lx|

G(x) = Gu(lxI) ~ W

(1+o0x™"),
L (4.12)

G'(Ix]) ~ 1+ 0(x|™)

o |x|(n=D/2 (

near infinity. Near r > 0 close to 0 we have the asymptotic expansion (see (27), p.83, Chapter
7.2,[3])

Ky(r) =cor "(1 4+ O(r)), co > 0. (4.13)
Hence

G(lx]) = IXI% (I+0(xD) ~ Go(lxD),

cn—2)
|x|n—1

4.14)

G'(Jx]) = - I+ 0(xD)

near x = 0 with ¢ > 0. Concerning the fact that G(r) is positive and decreasing, we can
deduce this property by applying a combination between the maximum principle and the fact
that G(r) is a solution of the elliptic equation

~G"(r) — "f_lG’(r) +G(r) =0, re 0 00).

More precisely, the function é(r) = rkG(r) satisfies the elliptic equation

1+2

~, n— k ~, ~ (n—2—kk~
-G'r)—-——GCr)+Gr)+ ——G(r)=0
r 4r2
so the maximum principle implies
*Gry\., Yk e[0,n—2]. (4.15)

Remark 4.1 The asymptotic behavior of ground states that are solutions of nonlocal elliptic
equations is studied in [2, 19] and these asymptotics are important to treat stability and
scattering.

4.2 Estimates and asymptotics of h
Lemma4.2 If h, F satisfy

h(r) € C*(0, 00) N C1([0, 00)), F(r) € C(0, 00),

b (4.16)
h(@r)=0),hFr)=0Q), Fr)=0(""), b>1, asr — oo
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and (1 — A)Yh = F. Then for r — o0 we have

o0
h(r) = c® G(r) + 0 (fm_mg_r f r<"—1>/2ef|F<r)|dr> :
r

4.17)
(o)
Wi)y=c®G'(r)+ 0 <r*<"*”/2e*’/ r<”*1>/2ef|F(r)|dr) )

r

Here
o0 r 1
c® = f G°(1)t" 'G(x)F(v)dt, G°(r) = f ,o*”“zidp. (4.18)
0 0 G=(p)
Proof We can make the substitution 2(r) = G(r)v(r), so that the Eq. (4.2) is transformed
into

2G'(r)
G(r)

"G () <u”(r) + ; Lo + z/(r)> — VR,

Introducing the function £(r) so that
E'(r) _n—1 n 2G'(r)
HOR G(r)’
we find £(r) = G2(r)r"~! we can rewrite the equation for v in the form
—(EMV' M) =G MENF(r) = Gorr" T F ().

Integrating over (r, R), we deduce

G2 (r) — R"'GP(R)W(R) = /R " G(r)F(r)dr.
i
Using (4.16), we arrive at
R"'GE (R (R) ~ e 2R (eRR("*”/Zh’(R) n eRR(”*”/zh(R)) -0
as R — 0. Hence
LG () = foo "G F(r)dr. (4.19)

Integrating over (0, r), we find

v(r)=/r,0_"+1 ! /Ootn_]G(t)F(T)d‘L'
0 Gz(/’) P

[ee) min(r,7) + 1 |
= - dp | "7 G(r)F(r)dt
/0 /0 e

= /Oo G®(min(r, 1))r" "' G(¢) F(t)dx.
0

The function G° is is positive increasing and has asymptotics
G°(r) = ¢ (co + o(1))

as r — 00. From the above relations we find

v(r) = /oo G°(min(r, 1)t" " 'G(r)F(r)dr
0
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= /OO G°(0) " 'G(r)F(v)dr — foo G°(D) " 'G()F(v)dt +
0

r

+/oo G°(Nt" 'G)F(r)dr

and this gives
v(r) = / G°(0)t" 'G(r)F(r)dt (1 +0 (/ r("_l)/zerlF(T)ldT>> -
0 r

Hence we have the first asymptotic expansion in (4.17). To check the second one we use
(4.19) and get

h(r) ’_ , _; o
<G(r)) =v(r) = TG0 /r "' G(t)F(t)dt

so we have
G'(r)h 1 o
- GO0 / "G (1) F(t)dt
G(r) G () ),
1 [ 1 —(n=3)/2 —r * (n=3)/2 t
< - t|F(t)ldt < — r e TT e'|F(r)ldt

rJ, r ,

due to (4.15). Using the first inequality in (4.17) we arrive at the second one. O

4.3 Asymptotics of the ground state Q and vector h in the kernel of L .

The ground state for the Choquard problem is described by the following elliptic system

(1-2)Q =40, (4.20)
— AA = Q7. 4.21)

The kernel of L can be described by the following linear elliptic system
(1= Mh=pBOP~ '+ (p— DAQ" 2, (4.22)
~AB=Q" ' (4.23)

Thanks to regularity properties obtained in Proposition 2.1 and Corollary 2.1 we can assume
that regularity properties of 4, Q are given by (4.3), while (4.4) represents the regularity of
B, A. By the asymptotic expansions of Lemmas 4.1 and 4.2, we achieve

Corollary 4.1 If Q € H! ,(R") is a positive solution of (4.20) and h € H! (R") is a
solution of (4.22), then we have

0(1xD) = (@Gl (1+ 0 (e7P=211)) | 4] - oo, (4.24)
with
Q) = /OOO G* @ GO AD Q@ dT > 0
and

h(lx]) = ¢®(h, Q)G (|x]) (1 o (e—‘xl)) . ] — o0 (4.25)
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with
c®(h, Q) = / ” G° ()T 'G() [pB® Q)P + (p — DAQP*h]dx.
0

Moreover, if A € Hrlad (R™) is a positive solution of (4.21)and B € Hr1

g (R™) is a solution
of (4.23), then

Alxl) = d(@)Go(lx]) (1+ 0 (7)), 1x] > ox, (4.26)
where
d(Q) = fR Q(lxP~ldx = |S”"1|f00o Q(r)P~ " lde
and
B(x]) = d(h, 0)Go(|x]) (1 +0 (e—'X‘)) . |x] = oo, 4.27)
where

dh. Q) = f Q(lx))"h(|x]dx = [S"7| / " 0@y,
R" 0

Now we are ready to check that the annihilation of both coefficients ¢®(h, Q) and d(h, Q)
in the asymptotics of #, B implies 1 = 0, B = 0.

Corollary 4.2 If h, B are solutions to (4.22), then the conditions
lim G~ (Hh(r) = lim G5'(r)B(r) =0
r—00 r—00
implyh =0, B =0.
Proof Following the approach in [6], we define the decreasing function
() = sup |G~ (0h(p)| + G5 () B(o).
p>r
The estimate (4.7) applied with H = 2 Q”~! and the assumption
lim G, (nB(r) =0
r—00

give

|B(r)l </°° (D)o~
Go(r) ~Jy  Go(D)

o0 o0
</ tn—qu(T)G(T)Pdr/S/ LO=D=0=Dp/2 g (1)~ g7,
:

~
r

o
rdrgf " Nh()| 0P~ (1)dr
r

In this way we arrive at

oo
LG 5/ rCoPED20Pt g (1), (4.28)
Go(r) ™ Jr

In a similar manner, we use (4.17) with F = pBQ? '+ (p—1)A 0P 2h and the assumption

lim G~ '(r)h() =0
r—00
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and obtain

)] _
G(r) ~

00
< / r(n—l)/2€tl_—n+2q>(_L,)_E(l—n)(p—l)/2e—(p—l)rd7:.
’

f r<"—1>/2ef|B(r)|QP—1(r)dr+/ =027 A(1) QP72 (1) |h(z)|dT

From these estimates and (4.28) we find
o0
o) </ LC=P=D/2,=(=2 (1)
.

and therefore we can use Gronwall Lemma A.1 from [6] and deduce & = 0. m]

Proposition 4.1 If Q1, Q> are radial minimizers of (1.8), satisfying |Qjllgm S 1,j=1,2,
the normalization condition (1.10) and such that

101 = Qa2 <,
then we have
101 — Qallgr Se. (4.29)
Proof We know that if Q j»J = 1,2 are minimizers, then we have (4.20) and
(1-2)Q; = A(2)IQ,I"Q;,
AQ)) = (=811,
The regularity estimate of Proposition 2.1
1Qjllas ey S 1, (4.30)
for s € [0, p + 1). Then we have
(1= A)(Q1 — Q2) = A(QD| Q11”201 — A(Q2)| Q21”2 Q. (4.31)

Using Sobolev inequalities, we find
(=8| o @my S N8l orsersn g (4.32)
L2(R") R
and
—1 -1
I£18177 Ml Lowonsd gy S ||f||L2np/(n+2)(Rﬂ)||g||iznp/(n+z)(Rn)-

Multiplying (in L?) the equation (4.31) by Q1 — Q> and applying the above estimate, we
get

IV(Q1 = Q)72 gy + 121 = Q21172 gy

2
S 101 = Q25 2upjwen (111l L2epsan+2y + 1 Q2 p2np /)

To be more precise, in the above bounds we are using (4.32) again and via the Gagliardo—
Nirenberg inequality

2(p—1)

—(n+2 2 +2— -2 2
gl sz S Vgl (=P g (F2mp =22/ @)

we find
” V (Ql Q2)||22 n < ” V (Ql Q2)||(n2p—(n 2))/178((" 2=pn=2)/p (4-33)
L2(R") ~ L

and this estimate implies (4.29). O
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Following the proof of the Proposition 4.1, we get
Corollary4.3 Ifhy, hy € KerLy N H! ,(R"), then we have
Ih1 = hallgr ey S A — hall 2@y (4.34)

5 Appendix I: Properties of the ground states

We start with the following variational statement.

Lemma 5.1 Assumen >3, p € (2,14 4/(n —2)). Then we have the following properties:

(a) we have the identities

W=W*"=W,, 5.1
where
W* = inf{W,u); u € H\yy \ {0}, [Vull72 + lull7> = D(Iul?, |u|?)},
We = inf{W,u); u € Hlyy \ (O}, [ull7, = 0.0 = Bkw}: G2
(b) we have also the identity
{u € Hyog \ 0% Wp() = W, IVul 3o + llull > = D(ul”, ul”)} 53)

= {u € HLy\ {0} Wpw) = W, l|ull?> = o = Bkw).

Proof of Lemma 5.1. To show the first identity in (5.1) it is sufficient to use the obvious
inequality YW < W* and deduce the opposite inequality W* < W from the following
observation: for any ¢ > 0 the property W + & > W,(u) > W implies that for any real
nonzero constant y the function pu is also satisfies W + & > W, (uu) > W. If we choose
w so that pu satisfies the constraint condition and take ¢ — 0, we get W* < W. In this way
we deduce W* = W. Similar argument shows that W = W, Let

Wy) =W, IVuljz + llullf> = D(lul?. [ul”).
Then forany & € S(R") we have (see Step I, proof of Theorem 1.1 in Sect. 2 for more detailed

calculation)

d
o Wolwteh| = D(lul”, )Y "VP (= Au+u — T(|ulP)ulP~2u, h)2)
e=0

and we deduce the Eq. (1.1). From this equation we deduce the normalization conditions
(1.11) so we have

2
lul2, = o = Bl
In this way, we obtain the inclusion

{u € Hlyy \ {0} Wp) =W, | Vull7, + llull?, = D(ul”, [u|”)}

| 5 (5.4)
C{u € Hoyy \{0}; Wpw) =W, |lully, = o = Bkw}.
Vice versa we have to show
{u € H\y \ {0} Wpu) =W, ull7, = o = Bk} 55)

C {u € Hyy \ (O Wpu) = W, [[Vul7, + llull;2 = D(ul”, [u]")}.
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If
Wy () = W,

then we have

d
S Woluten)| =D(lul”, P "VP (= Au+u — AT(ul?)|u|”"2u, h);2),
e=0

where

IVulZ + a2,
D(ul?, [ul?)

Then (5.5) easily follows from the implications
AS1l = ||u||iz Z o = Bkw. (5.6)
To be more precise, if A > 1, then we can find i > 1 so that pu satisfies
IV ()72 + llul s = D(pul?, |ul?).
Since pu is also minimizer for W), we see that (5.4) implies
W lulz, =o.

SO ||u||i2 < o. Similarly, A <1 = ||u||i2 > o and we have (5.6) that implies (5.5).
This completes the proof. O

6 Appendix ll: Fuchs-Painleve series expansions of ground states
The equation
—Au+u=1wP)ul! (6.1)
can be rewritten as a system of nonlinear second-order differential equations
” n—1_, p—1
QN+ ——00)=0-ArNQ"",
" n—1,
A+ —— A = —Q°. 6.2)
Our goal will be to verify that imposing special initial data

0(0)= Qo >0, 0'(0)=0,
A(0) = Ag, A'(0) =0, 6.3)

we can find a unique real analytic (near » = 0) solution to this Cauchy problem. Then we
can consider the following more general problem

Y () + ;Y’(r) = F(r.Y).
Y(0) = ¥'(0) =0, (6.4)
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where we have shifted the initial data to zero, but we assume that F(r,0) # 0 may be a
nontrivial source term. To be more precise, here Y (t) € C 2([0, 1); R") is a vector-valued
function, while F satisfies the assumptions

F(r,Y)isreal analyticnear r =0,Y =0 (6.5)
and
F(0,0) #0. (6.6)

As in Theorem 11.1.1 in [10] we can state the following Fuchs—Painleve type result.

Theorem 6.1 If the conditions (6.5) and (6.6) are fulfilled, then the Cauchy problem (6.4)
has a unique real analytic solution

o0
Y(r) =) Yt
k=2

nearr = 0.

This result applied to the Cauchy problem (6.2), (6.3) gives the following series expansions
nearr =0

Q) = Qo+ Y 0ur®™. A(r)= Ao+ Axpr®. (6.7)

k=1 k=1

To be more precise, we can take more general initial data

0(0) = Qo >0, 0'(0) = 01,
A(0) = Ag, A'(0) = Ay, (6.8)

and we can take
Qr)\ _ ([ Qo+ Qir ()
(A(r)) = <A0+A1r)+Y(r)’ Yr)y = (Yz(r)>
F(r,Y) = (QO + 01r + Y1) — (Ao + Air + Y2(n))(Qo + Q17 + Y1 (r)P ™! )
’ —(Qo + Q17 + Y1 (r)? '

Then assuming Q¢ > 0, we see that F'(r, Y) is real analytic near r = 0, Y = 0 and we have
the equation

" n—1 ’
Y'(r) + ——Y(r) = F(r.Y)

with zero initial data. Applying the Fuchs—Painleve Theorem 6.1 we see that Y (r) is real
analytic near » = 0 and rewriting the equation in Y in the form

rY'ry+m—10DY'(r)=rF(,Y),

we see that Y/(0) = 0, so we have (6.3).
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7 Appendix lll: Qis in the image of L ;.

Following [22] we have to prove the following.

Lemma7.1 If S = x - Vi is the scaling operator in R", then
2
Ly (SQ—I—FQ) =-20. (7.1)

Proof The scaling operator S = x - V, satisfies the commutator relations
[(—A), S1=2(=A),
(=) sT==2(-a)"". (7.2)
Indeed the first relation in (7.2) is trivial, while the second one follows from
[AB,C] = A[B,C]+[A, C]B,
applied with A = (—A), B = (=A)land C = S. Since
Lih=(—A+Dh
—pQ? (=)' Q" 'y = (p — DO PR (=A)T1(QP)
and
Li(Q)=-2(p— Q" (=00,
we shall use the relations
Li(SQ)=(-A+1SQ
—pQP ' (=A)TH(QPISQ) — (p — DN(QPESO(—A)TH(QP)
=S(-A+1)Q —2A0 - 0" 1 (=A)71(S0") — (5" H(=A) "M
=S(-A+1)Q—2A0 - [S(0" (=)' (0") + 207 (=)' (0")]
=S[(—A+1DQ - 0" ' (=M)THQEN] -2A0 — 2077 (=)' (QP)
=2[(-A+DQ - 0" (=)' (0N] -20+ 407 (—A)"'(0P)

2
—20-1L. (—Q>,
p—1

because (7.2) implies
—1 —1 —1 —1 —1 —1
S(PTH=D)THOM) = (SQPTH(=A)THQRN) + QPIS (=) 7H(eD)
-1 -1 -1 -1 -1 -1
= (SQPT)(=A)" Q) + QP (—=A) T (SQP) =207 (=) (QP).
Then the proof is completed. O
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