COMPACTNESS AND BLOW UP RESULTS FOR DOUBLY
PERTURBED YAMABE PROBLEMS ON MANIFOLDS WITH
UMBILIC BOUNDARY

MARCO G. GHIMENTI AND ANNA MARIA MICHELETTI

ABsTrRACT. Given a compact Riemannian manifold with umbilic boundary,
the Yamabe boundary problem studies if there exist conformal scalar-flat met-
rics such that OM has constant mean curvature. In this paper we address to
the stability of this problem with respect of perturbation of mean curvature
of the boundary and scalar curvature of the manifold. In particular we prove
that the Yamabe boundary problem is stable under perturbation of the mean
curvature and the scalar curvature from below, while it is not stable if one of
the two curvatures is perturbed from above.

1. INTRODUCTION

Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 3 with
boundary. In [I7] Escobar asked if there exists a conformal metric § = uﬁg for
which M has zero scalar curvature and constant boundary mean curvature.

This problem can be understood as a generalization of the Riemann mapping
theorem and it is equivalent to finding a positive solution to the following nonlinear
boundary value problem

(1.1) Lyu=0 ’ in M
' Byu+ (n—2um2 =0 ondM
Here Ly = Ay — 4(’;7__21)139 and By = —a% - ”gghg are respectively the conformal

Laplacian and the conformal boundary operator, R, is the scalar curvature of the
manifold, h, is the mean curvature of the M and v is the outer normal with
respect to M. If M is of positive type, that is when

I (IVul? + 52225 Ryu?) do + [ 252hgutdo,
Q(M,0M) := inf P

ueHI\0 2(n—1) n—1
J ul = dag)
M

is strictly positive, equation could have multiple solutions, and the question of
compactness of solution arises naturally. In fact, if the boundary of M is umbilic,
and the Weyl tensor W, never vanishes on the boundary, the full set of solutions
of is compact. This is proved in [9], for dimensions n > 8, and in [I2], for
dimensions n = 6,7,8. We recall that the boundary of M is called umbilic if the
trace-free second fundamental form of OM is zero everywhere.

Also, the authors show in [I0] that the problem is stable for perturbation from
below of the mean curvature, while in [IT], with Pistoia, they prove that there is
a blow up phenomenon when perturbing the mean curvature from above. This
recalls a similar result from the Yamabe problems on boundaryless manifolds, in

2000 Mathematics Subject Classification. 35J65, 53C21.
Key words and phrases. Umbilic boundary, Yamabe problem, Compactness, Blow up analysis.

1
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which perturbations form below of the scalar curvature preserve the compactness
of the set of solutions (see [4}, [3]).

At this point it is interesting to study what happens when one perturbs both
the scalar and the mean curvature, and to investigate compactness versus blow up
of solutions in this framework. Thus, we study the linearly perturbed problem

{ —Agu+ 4(”;211%911 +eau=0 in M

n—1)
g—;‘ + 22hou+esfu = (n — 2un—2  on OM
or, in a more compact form,
Loyu—er0u=0 in M
{ Byu —eBu+ (n—2)u2 =0 ondM °’

where €1, 5 are small positive parameters and «, 8 : M — R are smooth functions.
Here we choose € sufficiently small such that —L, 4 €1 is still a positive definite
operator.

Our aim is to prove that, if we linearly perturb the mean curvature term h, with
a negative smooth function, and jointly we perturb the scalar curvature term R,
with another negative smooth function, the set of solution is still compact. On the
contrary, if one between scalar and mean curvature is perturbed from above, the
compactness of solutions is lost. Our main results read as

(1.2)

Theorem 1. Let (M, g) be a smooth, n-dimensional Riemannian manifold of posi-
tive type not conformally equivalent to the standard ball with regular umbilic bound-
ary OM.

Let o, 8 : M — R be smooth functions such that a, 5 < 0 on OM. Suppose that
n > 8 and that the Weyl tensor Wy is not vanishing on OM. Then, there exists a
positive constant C such that for any 1,69 > 0 small enough and for any u > 0

solution of it holds
Cil S u S C and Hu||c2n(M) S C
for some 0 < n < 1. The constant C does not depend on u,e1,¢€2.

Theorem 2. Let (M, g) be a smooth, n-dimensional Riemannian manifold of posi-
tive type not conformally equivalent to the standard ball with regular umbilic bound-
ary OM.

Let o, B : M — R be smooth functions. Suppose that n > 8 and that the Weyl
tensor Wy is not vanishing on OM. If o > 0 on OM or > 0 on OM, then
there exists a sequence of solutions ug, ¢, of which blows up at a point of the
boundary when (£1,e2) — (0,0).

Let us shortly comment these two results.

e In a series of papers [4, ] 6] Druet, Hebey and Robert studied the stability
of classical Yamabe problem under perturbation of scalar curvature terms.
n—2 n+2

They proved that the set of solutions of —A u+ Wil)a(x)u =cun—2 in M
is compact if a(z) < Ry(x) on M, thus the problem is stable perturbing
R, from below, while they found counterexamples to compactness when
a(zx) is greater than Ry(x). In [I0, I1] the same problem is studied in
the case of boundary Yamabe equations by perturbing the mean curvature
term and a matching compactness versus blow up phenomenon appears. So
there is a strong analogy between the role of R, in classical case and h, in
boundary case. We continue here the same analysis, by perturbing both the
curvature terms at the same time, to complete the study. It appears that
the problem is stable only when perturbing both terms with non positive
functions, while it is enough to perturb from above one between h, and R,
to lose compactness of the solutions.
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e We worked here in the framework of umbilic boundary manifolds. In a
recent paper [14], we studied the case of manifold with non umbilic bound-
ary, that is when the trace-free second fundamental form is non zero in
any point of M. In this case it is possible to have compactness also for
positive small perturbation of the scalar curvature. We want to remind
that in the case of non umbilic boundary the compactness of solution for
the unperturbed case was proved by Almaraz [I] and Kim, Musso and Wei
[16].

e In the unperturbed case the compactness of solutions for umbilic manifolds
has been proved for dimensions n > 6 (see [}, [12]). It should be possible to
apply the same technique also in the perturbed case to extend Theorem
ton = 6,7. It is less clear to us if Theorem [2| could be extended to lower
dimensions. Case n = 5 remains open also for the unperturbed problem.

e Our theorems consider only perturbations that are everywhere positive or
everywhere negative on M. However, in Remark [27] it is shown that it
is possible to construct a sign changing « such that for any § the set of
solutions in no more compact, or a sign changing /3 such that for any « the
set of solutions in no more compact. We do not know if it would be possible
to craft a sign changing perturbation for which compactness is preserved.

The paper is organized as follows. Hereafter we recall some basic definitions and
all the preliminary notions useful to achieve the result. Section [2]is devoted to the
proof of the compactness theorem, while in Section 3] we prove the non compactness
result.

1.1. Notations and preliminary definitions.

Remark 3 (Notations). We will use the indices 1 < ¢, 4, k,m,p,r,s < n —1 and
1 < a,b,c,d < n. Moreover we use the Einstein convention on repeated indices.
We denote by g the Riemannian metric, by Rgpcq the full Riemannian curvature
tensor, by Rqp the Ricci tensor and by R, and hg respectively the scalar curvature
of (M, g) and the mean curvature of M ; moreover the Weyl tensor of (M, g) will
be denoted by W,. The bar over an object (e.g. Wg) will means the restriction to
this object to the metric of OM.

Finally, on the half space R} = {y = (y1,...,¥n-1.Yn) € R", y, > 0} we set
By(yo) = {y € R", [y —yol <r} and B (yo) = Br(yo) N {yn > 0}. When yo = 0
we will use simply B, = B,(yo) and B, = B;'(yo). On the half ball B;" we set
d'B} = B NORY = B N{y, =0} and 07 B;F = 0B;" N{y, > 0}. On R} we will
use the following decomposition of coordinates: (y1,...,Yn—1,Yn) = (T, yn) = (2,1)
where 7,z € R*! and y,,,t > 0.

Fixed a point ¢ € OM, we denote by v, : B;f — M the Fermi coordinates
centered at g. We denote by B, (¢,7) the image of Bf. When no ambiguity is
possible, we will denote B (¢,7) simply by B/, omitting the chart ),.

We introduce the following notation for integral quantities which recur often in
the paper

I;-):L = /Oo sds m -
0 (1 +82)
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By direct computation (see [I, Lemma 9.4]) it holds

2m

(1.3) I, = ?I,O,‘lfl fora+1<2m
@
2
I = m_i”;_llf;ﬁl fora+1<2m
a 2m—a—3 o
Im:TIm fora+3 <2m
Q@

Also, we have the following integral identities:

< thdt k!
(1.4) /0 A+)m (m—-1)(m—-2)-(m—1—k)

/°° a1
o (+tm m-—1

and, by change of variables

(1.5) / |91y Ay = o172 / > yB -
R (14 yn)? + |7]2]” gl o (L4 yp)2—o—nt

where w,,_o is the volume of S*!.

1

n-2
[(1+yn)? + 197 2
which is also called the standard bubble and which is the unique solution, up to
translations and rescaling, of the nonlinear critical problem.

We shortly recall here the well known function U(y) :=

16 —-AU =0 on R";
(1.6) g;fn =—(n—2)Un2 on OR .
We set
. Y
(1.7) Jii=0U=—-(n-2) —
[(L+yn)? +[5]7]*
kl
8k61U:(n—2){ nNYi1Yk S 62 2n}
[(+ya)2+ 1712 > [(L+ya)?+ (g7

—2 —2 2
(1.8) n =yt OU + U = =1 ]t S

2 2 [ +ya)?+ 92
and we recall that ji,...,j, are a basis of the space of the H! solutions of the

linearized problem

—Ap=0 on R7,
(1.9) % | pU2¢ =0 on IR,
¢ € H'(RY).

Given a point ¢ € OM, we introduce now the function -, which arises from the
second order term of the expansion of the metric g on M (see[L.18). The choice of
this function plays a twofold role in this paper. On the one hand, using the function
74 we are able to perform the estimates of Lemmas [T2} [T3] and Proposition [T4 On
the other hand, it gives the correct correction to the standard bubble in order to
perform finite dimensional reduction.

For the proof of the following Lemma we refer to [9, Lemma 3] and [I, Proposition
5.1].
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Lemma 4. Assumen > 5. Given a point ¢ € OM, there exists a unique v : R —
R classical solution of the linear problem

(1.10)

—Ay = [$Riju(@)yry + ljmnj(Q)yi] KU on RY
9y — _pUn3y on OR";

which is L*(R":)-orthogonal to the functions ji,...,j, (that is fRn vYegidzr = 0),
+

where ji,...,Jn are defined in and (@

Moreover it holds

(1.11) V)l < C(L+ [y)* 7" for 7 =0,1,2.
(1.12) / YqAvgdy <0,
RZ
(1.13) / U=z (t,2)7y,(t, 2)dz = 0
oR™

4 g
1.14 0)==—0)=".--= 0) =0.
(114) (0 = 5(0) 50

Finally the map q — v, is C2(OM) in classical sense.

1.2. Expansion of the metric. Since the boundary M is umbilic, given ¢ € OM

4
there exists a conformally related metric g, = Ay g such that some geometric
quantities at ¢ have a simpler form which will be summarized later in this paragraph.
We have

OA
Ay(g) =1, a—y}j(q):Oforaﬂkz:l,...,n—l.

Also, we have that @, := Aju, is a solution of (1.2)) if and only if u solves the
following problem

Lz u—e1au = in M
(1.15) { g u—e1au =0 in

Bg u+ (n— Nui? —egyfu=0 on M

4 2
where & := A, "o and §:= A, "2 6.

In the following expansion and in section [2] in order to simplify notations, we
will omit the tilde symbols, since we will always work in the conformal metric g,
while in Section [3| we will switch between metrics, so we will keep g and g explicitly
indicated.

With this metric we have the following expansions.

Remark 5. In Fermi conformal coordinates around ¢ € M, it holds (see [20])

(1.16) |detgq(y)| =1+ O(|y|™) with N arbitrarily large

(1.17) hi; ) = Oly*)  |hg(y)] = O(y™))
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g 1=
(1.18) 97 (y) =6" + gRikjlykyl + Rninjyz

1= 1
+ gRikjl,mykylym + Rninj,kyr%,yk + anznj,nyi
1 - 1 - _
+ ?ORikjl,mp + ERikisjmsp YY1YmYp
1 1 _ ,
+ §Rninj,kl + gs}’mij (Rikisnsnj) YnYrYi
1 3 1 4 5
+ aninj,nkynyk + E (Rm’nj,nn + 8RninsRnsnj) Yn + O(|y| )
1 -
(1.19) Ry, (y) = O(|y|*) and 7R, = _6|W|2
(1.20) Ofi Ry, = —2R7;.; — 2Rninjij
(121) Rkl = Rnn = Rnk = Rnn,kk =0
(1.22) Rnn,’rm = _2Riins'

All the quantities above are calculate in ¢ € OM, unless otherwise specified.

If we choose ¢, sufficiently small in order to have that —L, 4 1 is a positive
definite operator, we can define an equivalent scalar product on H! as

(1.23)
2
i / hguvdy,
oM

-2
(u,v)), = /M <Vgquv + nguv + alauv) dpg +
which leads to the norm || - ||; equivalent to the usual one.

With this norm we have that A, is an isometry. In fact, by (1.23)), for any
u,v € HY(M),

n —

((Aqu, Agu)), = ({u,v)); and, consequently, [[Aqullg = [|ullg,-
1.3. Variational framework. Given 1 < t < % we have the well known
embedding
i: HY(M) — L' (0M).

We define, by the scalar product ((-, ->>g,

2(n—1)

it L7z (OM) — HY(M)

2(n—1)

in the following sense: given f € L™ »—= (OM) there exists a unique v € H'(M)
such that

(1.24) v="1i(f) = {{v,p)), = / fedo for all ¢
oM
n—2 — .
— { ngv;@Ingtela—O Ona]W,
3 >hgv = f on OM.

So Problem (1.2) is equivalent to find v € H'(M) such that

v =g (f(v) — e25v)

where

F©) = (n—2) (*) ™.
2(n—1)

Notice that, if v € H,, then f(v) € L™= (OM).
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Problem (1.2]) has also a variational structure and a positive solution for (1.2} is
a critical point for the following functional defined on H*(M)

n— n—2
Jer,e0,9(V) = / |V vl + )R G0° + erav?dp, + T/ hyv?do,
oM

(TL _ 2)2 2(n—1)
+ f/ eofvido, — ———— v 2 doy,.
2 Jom 7 2n—1) Jou () I

We remark that, defined

z -2
Jere2.5(v) = : / V0% + s Ry + e16v?dpug + = hgvido;
) 4 Jom
1 2 (n —2)? / =
+ 5 /aM e9v3dog — 20— 1) Jous (vh) dog,
we have
(1.25) Jg(Aqu) = jg(u).

Given ¢ € OM and w(‘? : R} — M the Fermi coordinates in a neighborhood of ¢;
we define

W;.q(€) = Us ((w?)’l (6)) X ((w?)fl (é)) =
— =0 (1) x0) = =2V (@) x(60)

where y = (z,t), with z e R" Y and t > 0, dz =y = (1/)?)71 (¢) and x is a radial
cut off function, with support in ball of radius R. In an analogous way, given 7y, as
in Lemma [4] we define

1 1, 45— _
Vol = =z (5 00) @) x () ©)
and, given j, defined in and we define

240 = =i (5 007 (©) x (0) 7 ©)

By means of ((-, ), it is possible to decompose H' in the direct sum of the following
two subspaces

f(é’q = Span <A Z§7q, .. ,Aquq>
K, ={pe B D) ((p.AgZ8,)), =0, b=1,....n}
and to define the projections

= H'(M) - K;, and II* = H'(M) — Kj-,.

Notice that, since A, is an isometry, we have that ¢ € IN((;}q if and only if A;lgo €
K5, and the same holds for f(g,-q.
In Section (3] we will look for a solution @, = Aqu of (1.2]) which has the form

g =Ny Woq+ 8 Vsg+0) =Wsg+06Vsg+ ¢
where ¢ € K (fq. By means of ¢}, this is equivalent to the following pair of equations
(1.26)
T {Wsg + 02Vig + & — i [F(Wag + 02V + @) — £28(Wig +6*Vsg +6)] } =0
(1.27)
-+ {Wg,q+62%,q+q~s—ig [f(W5q+5 Vsq+ &) — eaB(Ws 4 + 62 V5q+¢)H =
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2. THE COMPACTNESS RESULT

In this section, firstly we recall a Pohozaev type identity which will give us
a fundamental sign condition to rule out the possibility of blowing up sequence
(see subsection . A recall of preliminary results on blow up points is collected
in subsection [2.2] while a careful analysis of blow up sequences is performed in
subsection [2.3] The proof of Theorem [l| is given in subsection [3.1] Throughout
this section we work in ¢ metric. For the sake of readability we will omit the tilde
symbol throughout this section.

2.1. A Pohozaev type identity. We will use this version of a local Pohozaev
type identity (see [T, 9]).

Theorem 6 (Pohozaev Identity). Let u be a C?-solution of the following problem
—Agu—l—ﬁ]{gu—i—sla:O:? in B}
%—!—”T*zhgu—l—sgﬂu: (n—2)u»—= ond'B}

for Bf =41 (Bf(q,7)) for g € OM. Let us define

o n—2 0u r 2 ou |’ r(n —2)? 2(n-1)
P(U,T) = / ( B Ua — §|Vu\ +r E > dgr+m / u 2 dag,
a+B; a8’ B;)
and
P(u,r) = — / (y“@au + 2 ; 2u> [(Lg—A)u]dy+nT_2 / (gkaku + ; 2u> hgudy

B 8'B}t

-2
+ &1 / (y“@au + n 5 u) audy

B
-2 -2
+ i 5 €9 / (ﬂkaku + i 5 u> Budy.

8'B)t

Then P(u,r) = P(u,r).
Herea=1,....,n,k=1,....,n—1 and y = (§,yn), where § € R"~! and y,, > 0.

2.2. Isolated and isolated simple blow up points. Here we recall the defini-
tions of some type of blow up points, and we give the basic properties about the
behavior of these blow up points (see [11 [7, 15} 21]). We will omit the proofs of the
well known results.

Let {u;}, be a sequence of positive solution to

Lgvu—sl ,'aiu:O in M
(2.1) : T
Bju+ (n—2)un—2 —ey;fiu=0 on oM
__a __4_ __2_ _ 2
where o; = Az," P — A" o, Bi = A, B = Ay 0B, 2 — x0, gi — go in
the Cﬁ)c topology and 0 < &7 4,€2,; < &.

Definition 7. 1) We say that zo € OM is a blow up point for the sequence u; of
solutions of if there is a sequence z; € M of local maxima of w;|,,, such
that x; — xo and u;(z;) — +oo.

Shortly we say that x; — x¢ is a blow up point for {u;},.

2) We say that z; — ¢ is an isolated blow up point for {u;}, if ; — z¢ is a
blow up point for {u;}, and there exist two constants p, C' > 0 such that

ui(x) < Cdg(x,xi)z%n for all z € OM ~ {z;}, dg(z,z;) < p.
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Given z; — x( an isolated blow up point for {u;},, and given ¥; : B;(O) - M
the Fermi coordinates centered at x;, we define the spherical average of u; as

2
u;(r) = ——— u; o Y.do
z( ) wn—17”"71 /8+Bfr 7 '(/)z r

and .
wi(r) =717 a;(r)
for 0 <r < p.
3) We say that x; — ¢ is an isolated simple blow up point for {u;}, solutions of
(2.1)) if ; — x¢ is an isolated blow up point for {u,}, and there exists p such that

w; has exactly one critical point in the interval (0, p).

Given x; — x¢ a blow up point for {u;},, we set

2
M; = u;(x;) and §; :== M;™".

Obviously M; — 400 and §; — 0.
We recall two propositions whose proofs can be found in [2] and in [7].

Proposition 8. Let x; — xo be an isolated blow up point for {u;}, and p as in
Definition[]. We set

2
vi(y) = M; (w0 ) (M7 y), fory € BY a2 (0)-
pM;
Then, given R; — oo and ¢; — 0, up to subsequences, we have

(1) |vi - U|02(B$>(0)) < Ci5

7

zliglo log M; -

(2)

Proposition 9. Let x; — x¢ be an isolated simple blow-up point for {u;},. Let n
be small. If 0 < € <1 is small enough and 0 < €1 ;,€2,; < &, there exist C,p > 0
such that

M |V (gi(y))] < Oy~

fory € By (0) {0} and k = 0,1,2. Here \; = (%) (n—2-mn)—1.

Proposition 10. Let x; — x¢ be an isolated simple blow-up point for {u;}, and
a,B <0. Then e1,;0; = 0 and e2; — 0.

Proof. We compute the Pohozaev identity in a ball of radius 7 and we set 5 =:

R; — co. We estimate any term of P(u;,r;) and P(ui, ;).

Set
2
I(u,r) = / (n;ng?: - g|Vu|2 +r % > do,
o+ Bt
_r(n—2)? 2n-1)
IQ(U,T') —m / u 2 dUg,

a(8'B;)
we have P(u;,r) = I (ui,r) + Ia(u;, 1)
By Proposition [9] we obtain
I (ug,r) = Mi_2’\1'[1(Mi>‘iui, r) < CMi_2)\i / \y|2(27”+’7)d0,« < cJ?i(n_Q);
o+ Bt

2(n—1) (n—
n—2 Scéj‘l(” 2)

Ir(ug,r) < eM ™
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Then

(2.2) Plug,r) < 6072

In a similar way we decompose

~ -2 -2 -2
P(uj,r):=— / (y“@au + i 5 u) [(Lg — A)uldy + nT / (ykaku + i u) hgudy
B ' Bt
-2
+e1 / (y“c')au + u> audy
BY
n — 2 Lk n — 2 _
+ 5 €9 7 Opu + 5 u ) pudy =: Is(u, ) + Iy(u, r) + Is(u,r) + Ig(u, 7).
&' B

The terms I3, I; and I are been estimated in [10]. For the sake of completeness we
report here the main steps of the estimates. By Proposition [9] and by definition of
v; we have

2
[VFoi(s)] < M7 L [s]PH 0 = 6714 [ PR
So, recalling that |h, (d;5)] < O(3}[s[*), we get
n—2
v

-2
(2.3) ‘I4(Ui, 7")| = nT(SZ / (Skakvi + 9 z) hgi ((SiS)’Uidg < C(S?_Qn.

9'BY

Using the expansion of the metric, it easy to check that
(2.4) I3 (ug, )| < 02720

Finally, by Claim 1 of Proposition by (1.5) and by (1.3) we get

-2
hrn <§k8k’l}i + n ’Ui> 57(515)’07d.§
1— 00
o' B,
-2
= B(zo) / (SkakU + = 5 U) Uds
Rn—1
n—2 1— 132
= 2 B( 0) / =12 n—1
S+ 5P
n—2 n—2

SO

(2.5) Is(ui,r) = €2,:6:(B + o(1)).
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In a similar way we proceed for I5. In fact, by (1.5)), (1.3)) and (1.4]), we have

(26) hm <§a Ui + n ; 2’Ul> ai(éis)vidg =

1—> 00
+
BR

i

-2
— a(mo)/ <5a8aU +2 . U) Uds

Ky
_2 1— n2_72
="t [ U e

1+ s,]2+ |52
]R+ ]R"_l

n—2 © 1 —¢? e 1
= a\To ) Wp— In_z/ 76&-]”_ / dt:|
yotwhons |17 [ et =t | e

n—2 n—>5 1
= o |17 72— — % =
5 @o)wn—2 { "1 = 3)(n - 4) "_ln—4}

2(n —2)

R O Y Py (o)L

_1Wnp—2 = A>0

and thus
(2.7) Is(ui,r) = €107 (A + o(1)).
Concluding, by , , , , . we get
—c87 77+ (A + 0(1))e1i62 + (B + o(1))ez,i8; < 0,72
which is possible only if €1 ;0;,€2,; — 0. O

Since €1 ;0;,€2,; — 0 by Prop. the proof of the next proposition is analogous
to Prop. 4.3 in [1]

Proposition 11. Let x; — x¢ be an isolated simple blow-up point for {u;}, and
a, B < 0. Then there exist C,p > 0 such that
(1) Myui(4i(y)) < Clyl>~™ for ally € B (0) \ {0};
(2) Myu;(vi(y)) = C'Gi(y) for all y € B} (0) \ B (0) where r; :== R;M;> ™"
and G; is the Green’s function which solves
Ly Gi=0 in B;(O) ~ {0}
G;=0 on 0t B} (0)
B,,G; =0 on &' B (0) ~ {0}

and ly|"2G;(y) = 1 as |z| = 0.

By Proposition [§] and Proposition [11] we have that, if z; — zo is an isolated
simple blow-up point for {u;},, then it holds

2.3. Blowup estimates. Our aim is to provide a fine estimate for the approxima-
tion of the rescaled solution near an isolated simple blow up point. In this section
x; — T is an isolated simple blowup point for a sequence {u;}, of solutions of .
We will work in the conformal Fermi coordinates in a neighborhood of x;.

Set @; = A;ilui and

2 2

(28) 8= a7 " (w) =ul (@) = M7 wily):=0,7 widy) for y € B (0).

K2
k3
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Then v; satisfies

Lgivi — 5171'041‘(51'y)1}1' = 0 iIl BE (O)
2.9 _n_ 5
( ) Bgi’Ui + (n — 2)1);"72 — 62,,‘,81‘(51'3/)’01' =0 on 8’32 (0)

where g; = Gi(diy) = Aﬁ (6:y)g(d:iy), and ai(y) = A:;ﬁ(y)a(y), Bily) =
A" 7 (9)B(y).

The estimates that follow are similar to the ones of [I, Lemma 6.1], [9, Section
4] and [10, Section 5], where the main differences concern the terms which contain
the linear perturbations.

Lemma 12. Assume n > 8. Let y,, be defined in . There exist R,C > 0
such that
[0i(y) = U(y) = 672, ()| < C (87 + €147 + €2,06:)
for |yl < R/6;.
Proof. Let y; such that

pi = max |vi(y) — Uy) = 6;ve, )| = [vi(yi) — U(s) — 077z, (i)
‘y‘SR/‘Si

We can assume, without loss of generality, that |y;| < R
In fact, suppose that there exists ¢ > 0 such that |y1\ > 5 for all i. Then, since
v;(y) < CU(y), and by (L.11)), we get the inequality
[0i(yi) = U(yi) = 672, (i)l < C (lyal>~" + 6 |yl *™") < 06772

which proves the Lemma. So, in the next we will suppose |y;| < R . This will be
useful later.
By contradiction, suppose that
(2.10) max {pl 153, ‘Ll,i_1€17i($lv2,ﬂ7;_15271'5i} — 0 when 7 — oo.
Defined
wily) = p; * (vily) = U(y) — 6772, (y)) for [yl < R/,
we have, by direct computation, that w; satisfies

Lgiwi = Ai n BJr (0)

(2.11) Bjw; +bjw; = F; on a/BJF (0)
where

;= _ 2 '3 ? K ,

.:_f{ o= A) U+52%)+52A%1}=

€1 1512
Ay =Qi + ;(6;y)vi(y),

7
= 1 _n_ _n_ _2 n—2
a=-1 {<n SO+ 87— (- U U, - 2 0 65%9} ,

521

Fi :Qz 51( 1y)vz( )

We will estimate terms b;, A; F; obtaining that the sequence w; converges in Cfoc (R%)
to some w solution of

(2.12) { Aw =0 in R%

%w—l—nUﬁw =0 ondR} ’
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then we will derive a contradiction using (2
Since v; — U in CZ (R) we have, at once,

(2.13) b, — nUT2 in C2 (R7);
(2.14) bi(y)] < (1 +|y)~2 for |y| < R/d:.

We proceed now by estimating Q; and Q;. As in [10, Lemma 11|, using the expan-
sion of the metric and the decays properties of U and ~,, we obtain

(2.15) Qi = O "0} (14 |y))*~
and
(2.16) Qi =O(p; '8} (L+1y))° ™).

Since |v;(y)] < CU(y) from (2.15) and (2.16) we get

(2.17) A =07 63 (1 + [y ™) + O(u; ter 62 (1 + [y))* ™),
Fy=0(u 62 (1+ y)°™™) + O(u; Yea.i6s (1+ [y)*> ™).

In light of we also have A; € LP(B;/(;L_) and F; € LP(9' B}, 5,) forall p > 2.
Finally we remark that |w;(y)| < 1, so by (2.10) [@.13), [@2.14), [2.17) and by
standard elliptic estimates we conclude that, up to subsequence, {w;}, converges
in CIOC(]RQ) to some w solution of as claimed at the beginning of the proof.
The next step is to prove that |w(y)| < C(1 + [y|™!) for y € R%. Consider G;

the Green function for the conformal Laplacian L, defined on B:'/ 5, With boundary

conditions By, G; = 0 on 0’ BT /6 and G; = 0 on 8+B+ 5 It is well known that

G, =0(¢ - y|2 ™). By the Green formula and by (2 we have

w) =- [ Glena@dn©- [ %G (& y)wi(€)dor, (€)

5

[ Gilew) G©uie) - Fi(©) dog, (©)
o'BY,

5.

7

SO
5? 2—n 3—n €1 162 2—n 2—n
wi(y)] < = € =yl (A +[€])°"dE + —— € =yl (A + (€))7 dg
ki JBt, Hi JBh
en

+ /8 € — g1 " (€)dor (€)

5
+

Bﬁ
5.

k3

_ - 53 2,i0;
_ 2=n 1 —2 1 5—n
+/8,B; € =yl (( FIEN T+ +1€l)

i

2240 ) 4 12 )df‘.

7

Notice that in the third integral we used that |y| <
€l = lyl = 55 on 0* By

21} to estimate | — y| >

/5, Moreover, since v (&) < CU(§), we get

C . . s 2
(218)  fwr(©)] < - (A1) + 87 A+ IE)"") < % — on 0B

hence

6_27173 677, 2
(2.19) / € — 4| wi(€)do(€) < C Loy, (€) < 02
o+BY, o+BY, M i
En ks

i
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For the other terms we use the formula
(220) [l i e < ol

Rm

where y € R™** D R™ 5,1 € N,0 <1 <n<m (see [I, Lemma 9.2] and [3, §]) .
We get

& _ _ 53 _
(2.21) —- € —yPT (1 E)PTmdE < CE (1 + [y)>,
i J B, i
5
£1,i07 —n —n €1,i0; —n
22) B[ oy e < 0TI 1yt
Ki  JBt Hi
5
(2.23) | IE-uP e < )
o'BY,
Ti
5} 5 2 Z1\5 3 57 6
(2.24) PP TE < O )
Hi Jor BT, Mg
W
£2,i0i 5 o2n Fh2—n g5 — €200 3-n
(2.25) — €=yl "1+ [§))""dE < C——(1+ [y[)>™".
1223 o'BY, 122
5
By the previous estimates we infer that, for |y| < 2’;,

o, 0 “n |, €107 “n |, €240 “n
wi(y)| < C ((1 D G i el CR G )
so by assumption (2.10) we prove
(2.26) lw(y)| <C(A+|y))~" fory € RY

as claimed.
Finally we notice that, since v; — U near 0, and, by (1.14)), we have w;(0) — 0

as well as g:’]’f (0) = 0 for j =1,...,n— 1. This implies that

_67“’( . 0w
oy OYn—1

We are ready now to prove the contradiction. In fact, it is known (see [I, Lemma

2]) that any solution of (2.12)) that decays as (2.26) is a linear combination of
oU

gTZ’ cee 65’31 , ”772U +90 By This fact, combined with || implies that w = 0.

Now, on the one hand |y;| < %, so estimate QD holds; on the other hand,

since w;(y;) = 1 and w = 0, we get |y;| — oo, obtaining

(2.27) w(0) (0) = 0.

L=wi(y:) <CA+|ys)™H =0
which gives us the contradiction. U
Lemma 13. Assumen > 8 and o, 5 < 0. There exists R,C > 0 such that
£1,i07 + £2,:0; < C6;
for |yl < R/d;.



DOUBLY PERTURBED YAMABE PROBLEMS 15

Proof. We proceed by contradiction, supposing that
(2.28) (£1.402 + £2,40:) 67 — 0 when i — oo
Thus, by Lemma [I2] we have
vi(y) = U(y) = 6772, (y)] < 0(51,7153 +£9,40;) for |y| < R/0;.

We define, similarly to Lemma [T2]

1
w;(y) = P S (vi(y) = U(y) = 677w, (y)) for [yl < R/,
and we have that w; satisfies (2.11]) where b; is as in Lemma [12[ and

1

e o 2 2

Ql 51,1'51'2 + 52)1‘51' {(Lg‘ A) (U + 5l ’7931) + 67, A’Y:DL} ;
_ €107 P
A=t T )
A ; _ 2 = . o2 3 L_2 ) )
Qi = 61)1'51»2 +52,i51 {(n 2)(U+6z ’YJM) (’I’L Q)U n(ZU Va; B th(U—i—(SZ ’ywb)} ,
~ 3 idi

Fi =Qi + = Bi (8:y)vs (y).

2
€1,i07 + €2,:0;

As before, b; satisfies inequality (2.14)) while

2
8171‘51»
3

€1,i0; + €2,i0;

(5? 3—n 2—n
e () ) e ( 1+ ) )

&4 —n €2,i0; —-n
R0 (s 0l ) 0 (2 ).

3 3
€1,10; + €2,;0; €1,i0; + €2,i0;

@w)m0<

so by classic elliptic estimates we can prove that the sequence w; converges in
CZ.(R%) to some w.

52
We proceed as in Lemmato deduce that, by (2.28)) and since 51;;’7:?20 <1,

£2,i0; 1

€1,i62+€2,:0; — 7

S+ ]y)> " e 02 (L+ ]y " e (1+ |y|)3—”>

(Y <C|@a -1
hosw)l < <( )T €1,i02 4 £2,i0; £1,i02 + £2,0; €1,i02 4+ £2,0;
(2.30)

_ R
<C(A+ [y~ for |y < %

Now let j, be defined as in (1.8). Indeed, since w; satisfies (2.11)), integrating
by parts we obtain

(2.31) / jnFidUgi = / In [Bgiwi + bzwz] dO‘gi
o'Bh, o'Bh

5 5

i i

/0’3

W; BAI. n+bz ‘n dUﬂi-F/ |:’l,UZ— n:| dO’Ai
[ 4 J ] g 8+B; 6772' 8mj g
Er

i

+ / [wlth]n - janhwl] d:ufh'
B

+
R
5

St

where 7; is the inward unit normal vector to 9 B, . One can check easily that
S

i
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__2_ 5
Also, since 5;(6;y) = Az," % (8;9)8(;y), and 8 < 0, by Proposition we have
Bi(0:y)vi(y) — B(xo)U(y) for i — +oo.

and thus, as in Proposition [I0]

(2.32)
. . n—2 1— g
1 (8. 0) v, = — = =B>0
imtoo Sy POw Wty = = B(%)/Rw (1+ g™
T’i
SO
(2.33) / inFidog, = 62’7@(3 +0(1))
. ot Int'iG0g, = 6171‘(51-2 +e2.6; .

55
By (2.31)) and (2.33|) we derive a contradiction. Indeed, by the decay of j, and by
the decay of w;, given by (2.30) and by (2.28)), we have
Oin,,_ Owi ;
an; i an; In

(2.34) lim
i—=+00 Jg+ B}

55

:| dO’gi =0.

Since Aj, = 0, one can check that

(235) zllinoo Bt wiLﬁijndufh‘ =0.

S

i

Also, we can prove that

2.36 I 0 Qidpug, = 0.
(2.36) Ny Qidpg,

5

k3

Finally
. . ) Ojn 2
(2.37) lim w; [Bg, jn + bijn) dog, = w5 +nUn=24,|dos, =0
it 6’B*5'£ ORT Yn
since gi}; + nUﬁjn =0 when y,, = 0.

In light of (2.34)) (2.36)) and (2.35|) we infer, by (2.31)), that

oBY, BY

R
5

S

i

2
61’1‘(52»

T In i(6:y)vi(y)dpg, 1).
€107 + 2,0 Jp+, In(y)i(0iy)vi(y)dpsg, + o(1)

55

Again we have o;(0;9)v;(y) — a(zo)U(y) for i - +oo and o < 0, so, proceeding
as in Proposition [T0} we have

(2.39)
-2

lim Jn ()i (8:y)vi(y)dug, = a(zo) lim <5a3a11i + nw) vids =: A > 0,
i—oo Jpt 1—>00 2

% R}
S0

. £1,i07

2.40 nAw;]| = ——5"——(A 1
(2.40) . ] == G Ak o)

ks

i



DOUBLY PERTURBED YAMABE PROBLEMS 17

and, by (2.38)), (2.33) and (2.40)), we have

(2.41) 2277151'(B+o(1)) - _“;17716%‘2@%(1)).
€1,i07 + €2,40; €1,i0; + €2,46;
. . . 2
Since —<2::% d —=<2% _ cannot vanish simultaneously while i — oo, equa-

€1,i02+€2,i0; €1,i02+€2,:6;

tion ([2.41)) leads us to a contradiction. d

The above lemmas are the core of the following proposition, in which we iterate
the procedure of Lemma to obtain better estimates of the rescaled solution v;
of (2.9) around the isolated simple blow up point x; — xg.

Proposition 14. Assumen > 8 and o, 3 < 0. Let 7., be defined in . There
exist R,C > 0 such that

Vi (vi(y) = Uly) — 6772, ()| < COX(L+[y])> ™"

o (0s(0) ~ U(y) = 5272, (9) | < OO0+ Pyl

for |y| < % Here 7 = 0,1,2 and V7 is the differential operator of order T with
respect the first n — 1 variables.
Proof. In analogy with Lemma [T2] we set
wiy) = vi(y) = Uy) — 67, (y) for [y| < R/3;,
and we have that w; satisfies (2.11]) where b; is defined as before,
A =Q; + £1,i6] i (6:y)vi(y),
_ n n -2
Qi = {(Tl - 2)(U + 537&)m - (TL - 2)Um - n(S?Uﬁ’y@ - nThﬁz(U + 5127%)} )
Fy =Qi + €2,36: 8 (0:y)vi(y).
As before, b; satisfies inequality (2.14]) and
(242) Ai = O (L+[y)* ™) +O0(erad? (1+ y)*™),
(2.43) Fi =00} (14 |y)™") + Oleaidi (1 +[y)* ™).

We define the Green function G; as in the previous lemma and again, by Green’s

formula, by (2.42]), , and Lemmas [12| and we have
(2.44)  |wi(y)| < C6F on Bg/éi and  |w;(€)| < CoP2 on 6+B§/61.
By this we show that fa/BE 1€ — y[2= by (E)w; (€)dE) < 63(1 + |y|)~", while one can

5
manage the other terms in Green’s formula as in the previous lemmas. So we obtain

R
(2.45) [wi(y)] < CoF(L+ Jy)~" for [y] < o
Now we can iterate the procedure until we reach

i, R
(2.46) lwi(y)] < CEXH 1+ |y|)°™ for [y| < 35

(3

which proves the first claim for 7 = 0. The other claims follow similarly. O
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2.4. Sign estimates of Pohozaev identity terms. In this section, we want to
estimate P(u;,7), where {u;}, is a family of solutions of which has an isolated
simple blow up point x; — xg. This estimate, given in the following Proposition
[16] is a crucial point for the proof of the vanishing of the Weyl tensor at an isolated
simple blow up point.

Since the leading term of P(u;, r) will be — fBj/é (yP0pu + “52u) [(Lg, — A)v] dy,

i

we set

(2.47) R(u,v) = — /B . <yb3bu + o 2u> [(Ly — A)v] dy,
r/8;

and we recall the following result

Lemma 15. For n > 8 we have

s (-2 sl [("52)\W(q)|2+4(n_8)R%mj(Q)

(=D (n=3) (=3} (7 =5) , (n—1)
R(U+0%y,, U+5%y,) = ~26" fay 19Dy + 0(3%) for n > 8
Siwels [35W(g))* + %Résj‘(@] + 0(6%) forn =8

Proof. For the proof we refer to [9] for the case n > 8 and to [12] for the case
n =8. t

Proposition 16. Let x; — x¢ be an isolated simple blow-up point for u; solutions
of . Let o, 8 < 0 and n > 8. Then, fixed r, we have, for i large

Plug, ) =6} [CLIW ()] + Co R, ()] + 0(5})
where Cy,Cy > 0.

Proof. We recall that the definition of P is given in Theorem |§| and we take v;(y)
as in (2.8)). By Proposition [14] and by (1.11) of Lemma [4} for |y| < R/d; we have

[0i(y) = U) = O (L + [y"™) + O (1 + [y|*™") = O(7 (1 + [y[*™),

[a0avi(y) = ¥a0aU (y)] = O (1 + yI>~") + 067 (1 + |y|* ™) = 067 (1 + |y*™™),

SO

_9 _
/ (yaaaui + nQUz) e1i05u;dy = €1,;07 / (yaaavi 0
e

B

2
Ui) o; (8;y)vidy+er ;:670(57)
BT‘/51‘,

and, recalling that o;(6;5) — a(zo) < 0 and proceeding as in Proposition [10] we get

—2 —2 1— |y?
lim <ya5‘avi + n 5 vi> o;vidy = i a(zp) / I 9] —dy > 0.

i—00 2 1 2 =12
2 & +yn)? + 19
Analogously
-2 -2
/ (ykakui + - uz) £2,iBiuidy = €20 / (ykakvi + 5 'Ui> Bi(0iy)Udy+e2,:6:0(67)

+ +
o' B OB/,

and again we get

i ; —2 _n=2 1-|g*
lim v + n vi) (0;y)v;dy = —— B(x / ———dy > 0.
i [ (o ) sy = 520w [ Sy

+ —1
oBY, Rr
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Finally, since hg, (5;y) = O(0}|y|*) we have [5, 5+ (y°0pvi + 2520;) hy, (6iy)vidy =
r/8;
O(8?). So, for i sufficiently large we obtain

P(ug,r) > 7/+ <yb3bvi + 2 ; 2vi> [(Lg, — A)vi]dy + O(68?).
B

/8,

Now define, in analogy with Proposition
wi(y) = vi(y) = U(y) = 6772, (y).
Recalling , we have
P(ui,r) > R(U,U) 4+ R(U,62ys,) + R(6372,,U) + R(w;, U) + R(U, w;)
+ R(w;, wi) + R(67 Ve, 0772,) + R(wi, 677a,) + R(67 Yz, wi) + O(67).

By 9] we have that P(us, r) > R(U, U)+R(U, 29,,)+ R(6270,, U)+ R(027,, 027, )+
O(6?) and by Lemma we conclude the proof. O

Proposition 17. Assumen > 8 and o, < 0. Let x; — xg be an isolated simple
blow-up point for u; solutions of (2.1). Then |W(zo)| = 0.

2—n
Proof. By Proposition |11 and Proposition|§|, and since M; =6, > we have,

2
n—2_ 5, OM}u; 7 12 OMiu,
/ 3 M u;—= — §|VMl ug| #

P(ug,r) = ; o

do,

M

ot B
2(n—1)

rin —2)° / (a2) " day.

2(n—1)
(n—1) M) "=

i (8" BfY)

C 1) .

<— gy S OO <o
M— i Tp—2

2

On the other hand recalling Proposition [16] and Theorem [6] we have

Plug,r) = P(ug,r) > 6} [C1W (2:)]” + CoR2p ()] + 0(5}),

nlnj

so we get |C1|W (x;)|? + C2R$zlnj(xi>:| < §2. Recalling that when the boundary is

umbilic W(g) = 0 if and only if W(g) = 0 and Ry,,(g) = 0 (see |20, page 1618])
we conclude the proof. O

Remark 18. Let x; — x( be an isolated blow up point for u; solutions of (2.1]). We

set
~2 9 du®
(2.48) P’ (u,r) = / <n 5 ua—z — g|Vu\2 +r a—z ) do,,
o+BY
s0

—2)? 2(n-1)
Pluser) = Pl + = [ o,
8o’ B)
and, keeping in mind that for i large M;u; < C|y|>~" by Proposition we have
(2.49)

M Cr 1 _ C(r) n—2
r / Uy ’ dog| < T 21 /yn =0 | |2(n71)d09 < 2(n-1) C(T)éi
M< n—2 = y M n—2
(o' Bh) i gl =7 i

for i sufficiently large.
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Using Proposition (2.49), and since n > 8 we get

—92)2 2(n—1)
(2.50) P'(ug,r) = Plug,r) — TEZ_I; / u; "2 da, > CSF 4 o(0%)
8(8'B)

where C' > 0.

Proposition 19. Let x; — xg be an isolated blow up point for u; solutions of .
Assume n > 8 and [W(xg)| # 0. Then xq is isolated simple.

For the proof of this Lemma we refer to [I1, [9]

2.5. Proof of Theorem [1, Before the proof of Theorem, we summarize a result
which proves that only isolated blow up points may occur to a blowing up sequence
of solution. For the proof of this result we refer to [I9] Proposition 5.1], [23, Lemma
3.1], [15, Proposition 1.1], [1, Proposition 4.2] for the first claims, [9] for the last
claim when n > 8 and to [I2] in the case n = 8.

Proposition 20. Given K > 0 and R > 0 there exist two constants Cy,Cy; > 0
(depending on K, R and (M, g)) such that if u is a solution of

(251) { Lyu—eia0=0 in M

Byu —eafu+ (n—2un=2 =0 ondM

and maxaps u > Cy, then there exist q1,...,qn € OM, with N = N(u) > 1 with the
following properties: for j=1,...,N

(1) setrj:= Ru(q;)'~? then {B,, N 8M}j are a disjoint collection;

(2) we have Jula) " u(w,(0) = V()" 0)|oaqpg, , < K (here v; are the

Fermi coordinates at point q;;
(3) we have

w(@)dy (z,{q1, .., q.}) 7T < Cy for all x € OM
u(q;)dg (g5, qx)P~* = Cy for any j # k.

In addition, if n > 8 and W(x) # 0 for any x € OM, there exists d = d(K, R) such
that
min, dg(qi(u), qj(u)) = d.
P 7]
1<4,j < N(u)
Here g is the geodesic distance on OM.

We prove now the main result

Proof of Theorem 1. . By contradiction, suppose that z; — x is a blowup point for
u; solutions of 1b Let ¢, ... ¢} .,y be the sequence of points given by Proposition
By Claim 3 of Proposition [20] there exists a sequence of indices k; € 1,... N
such that dj (wi,q,ii) — 0. Up to relabeling, we say k; = 1 for all . Then also
qi — o is a blow up point for u;. By Proposition [20| and Proposition [19| we have
that qi — x¢ is an isolated simple blow up point for u;. Then by Proposition
we deduce that W(xzg) = 0, contradicting the assumption of the theorem. This
concludes the proof. O
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3. THE NON COMPACTNESS RESULT

In this section we perform the Ljapunov-Schmidt finite dimensional reduction,
which relies on three steps. First, we start finding a solution of the infinite dimen-
sional problem with the ansatz Agu = W(;,q +§2f/§7q +(;~5 where QNS € K’g:q. This
is done in subsection 3.1} Then, we study the finite dimensional reduced problem
in subsection [3:2] and in the last subsection we give the proof of Theorem 2]

3.1. The finite dimensional reduction. Let us define the linear operator L :
Ki-q — K(i-q as
(3.1) L(6) =T {6 — s, (' Way + °V,)[6]) }
and let us define a nonlinear term N (q~5) and a remainder term R as
(3.2)
N(@) =T+ {it, (FWig +0Vsg + 8) = F(Wig +62Vsg) = f'(Wig +62750)(4]) |
(3.3)
R=Tt* fit (F(Wag +02Vig)) = Wag — 8%V}
With these operators the infinite dimensional equation becomes

L($) = N(@) + R~ 11 {if, (26050 +67Vs0 +9)) }
In this subsection we will find, for any d, ¢ given, a function & which solves equation
2.
Lemma 21. It holds
IR, = { O (631ogd) + O(£16?) zfn =38
0] (53) + 0(g16?) ifn>8

Proof. Several estimates for this proof has been calculated in [13], which we refer
to. We report here only the main steps.
Take the unique I' such that

r =it (f(Woq+02Vs0))
that is the unique I" which solves

—A,+ R+ e€1al' =0 on M;

n

n—2
4(n—1)
g% + %hgr =(n-2) ((W&q + (52‘75,(1)4') " on OM.
Let us call a := 74(’;;_21)1%9. We have, by 1' that

IRIZ < i (£ +02Vsq) = Woq — 6°Vig

2 - -
J = ||F —Wsq— 52V57qH3

{Ag(Wé,q + 52‘75&) - a(Wé,q + 52‘76@)} (F - VNV&q - 52‘75,q)dﬂg

TS

510‘(‘;[/641 + 52‘7641)@ - V~V5,q - 52%7q)dﬂg

hg(W&q + 52%,q)(r - W(S,q - 52V6,q)dgg
M

. N o - N . N
+ / {f(W&q + 52%4]) - 7(W57q + 52V5,q)} (F - W&q - 52‘/5711)d09
oM

S—

ov
=+ 12+ I3+ 14
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We have that
Iy = / hg(Wsq + 0°Vsg) (A, ' R)dog
oM
< Clhg(Ws g+ °Vsg)| 20-n  [|A;'Rll5,
L, ™ (0M)

and, by change of variables and by (1.17)), we get

O(8%logd) ifn=28
~ 2 =
|hg(Ws,q + 0 Vs,q)lL@(aM) = { 0(6%) ifn>8

Similarly for I; we have
I < |AG(Wsg + 6°Vsq) —a(Wsg + 52v5,q)|L;2$2 "

)IIAJIRIIg

Since R3(0) = 0 (see [20, page 1609]), we get

~ ) [ O(®logd) ifn=38
|a(Wsq + 0 Va,q)|L;%(M) = { o)  ifn>8

and, using the expansion of the metric § and (1.10)), one can show that

[ O(®logé) ifn=8
|A5(Ws,q + 6Vs,0)] ;3(M)—{ o)  ifn>8 "’
thus we get

_ [ O(8®logd)|Rlly, ifn=38

hi+l= { O@)|Rly,  ifn>8

For the integral Iy we have

o 0
I SC(TL - 2) ’((Wé gt (5 Véq) ) (Wé,q) = 528 Vt5,q 2(n—1) ||R||g
L, " (9M)
n 6
+CO(n=2)Wsq)™? = 5 Wsg| sury IRl
L§ n (GM)
and, since U solves (1.6, we get immediately
_n __ (9
(3.4) (n—2)(Wsq)"2 — 87W57q 2(n—1) = 0(53)'
v L, ™ (9M)

Estimating the other terms requires more care, but, expanding ((U + 627q)+) a2

near U, using ([1.10) and the decay estimates ([1.11]), one can show that (see [13] for
all the details )

o 0
B35 [(Wa+ 85 ™ = (W)™ V| sy = O
L, ™ (dM)
Thus by (3.4) and (3.5) we have
I = 0(5%).
For I we have
I <ep|a(Wsg+6 V[;,q)| ||A 'R|;
9
Now by change of variables we have
2 )2n 2
Waa +0%Vsal, 2, = OGO+, = O0)

SO
I = 0(16%) | R,
which completes the proof. O
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The following lemma is a standard tool in finite dimensional reduction, so we
refer to [I8, 22] for its proof.

Lemma 22. Given (g1,¢3), for any pair (0, q) there exists a positive constant C =
C(9,q) such that for any ¢ € Kg)-q it holds

L)y = Clielly-

It is also standard to prove that N is a contraction, that is there exists n < 1
such that, for any ¢, s € Kz%q it holds

(3.6) IN@@)llg < nllelly and [N (1) = N(p2)llg < nller — pallg
By Lemma Lemma and (3.6)) we prove the last result of this subsection.

Proposition 23. Given (e1,¢2), for any pair (8, q) there exists a unique b= d~>57q €
K(%q which solves such that

13, = O (6%logd + €102 +26)  ifn=3
9 O (63 + €102 + €26) ifn>8

The map q +— ¢ is C*.

Proof. By Lemma by (3.6) and by the properties of i,, there exists C' > 0 such
that

|e7 (v + B -1 {i (228075, + %75, +0) }) |

<c (mn&sng IRl +

Now it is easy to estimate that

i (azﬁ(m,q + 625, + g?b))

it (eﬁ(vf/&,q +6%Vs4 + q?)) Hg) .

)

< &g (HW&(] + 62‘7641 2(n—1) + Hé
g L, " (0M)

g
If n > 8, by Lemma [2I] and by the previous estimates, for the map
T() = L7 (N(@) + R =11+ {ir (228(Ws, + Vs, +0)) })
it holds } .
IT@)lly < C ((n+e2)l1dllg + 26 + 18 +6°).

It is possible to choose p > 0 such that T is a contraction from the ball Hq~5||g <
p(g20 + £16% + 62) in itself, so, by the fixed point Theorem, there exists a unique
¢ with ||@]l, = O(e20 + £16% 4 §°) which solves . In addition by the implicit
function Theorem it is possible to prove the regularity of the map g — ¢. The case
n = 8 follows verbatim. O

3.2. The reduced functional. Once we solved , we show that we can find
a critical point of J, (Wg,q + 52‘75,(1 + gg) by solving a finite dimensional problem
depending only on (4, ¢).

Lemma 24. Assume n > 8. It holds

‘Jg (WM +6%Vs + 55) —J, (WM + 521757(,) ’
<o (23

where the constant C' does not depend on q € OM.

v, )
g9 g9
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Proof. We have, for some 6 € (0,1)

jé(Wé,q + 52V6,q + ¢) - jé(Wé,q + 52V6,q) = jé(Wé,q + 52V6,q)[¢]

1 -
+ 597 Woq +0°Vig +69) [0, ¢]

n

-2
= / (VaWsg +6°V5Vsg) Vad + <4(n1)Rg + 51d) (Wsg +6°Vsq) ¢dug
u -
= —2
—(n- 2)/ ((W&q + 52V5¢1)+) ¢dog + nT / hg, (Weq +6°Vs,q) ddog
oM oM

- 1
+ / £2B (W g + 02Vs ) ddog + = @]I2
oM 2 ’

n 1\ 73 1 N
_ 5 / ((W(S,q + (52‘/25,11 + 0¢5,q) ) ¢§,qd0'§q + 5 / E2ﬂ|¢|2d0'§.
oM oM

Now, by Holder inequality we have

‘ / Wi gddpig| < C Wi,
M

2n < C52||¢H§
g

¢

2n

L2
g

and

5 < C8|Viglrzloliz < 6%l

/ Vs.gbdiis
M

Immediately we have ‘faM 525\¢|2d0g’ < C52||<;SH£%7 and following the proof of [13]

Lemma 8] we obtain that

n

((Waq+02Vsg)") " oo

< C&%|¢ll

‘/ (ViWisg +6°VVsq) Vi — (n — 2)/
M Iol

M

and

2

/a B ((Woq+02Vsg +60) ") 63,do

< Cllgll3-
Finally by (1.17) we have

< C6°|¢ll5

/ hg, (Wsq + 6°Vsq) ddog
oM

and, proceeding similarly to (3.7,

/ 93 (W, + 62Vs ) ¢do
OM

< Cead|¢ll5-

This proves the first estimate. Using the result of Proposition [23] we complete the
proof. (]

Lemma 25. Let n > 8. It holds

Jy(Ws,44+02Vs ) = A+e18%a(q) B+e206(q)C+6*0(q) +0(e16) +0(26%) +0(5°)
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where

1 (n —2)2 2y
A — 2d —_——m— (n—2) d
2/R VU (y)|"dy 2 —1) /RH U(y,0) y

.
1 2
B :ga(Q) Uly)“dy

C =58 [ V@02

o0 =3 [ b~ s Wl [ AT
(—2n-8) 2l
Rngla) |

22 —1) i L (T4 yn)2 + [912)"

dy.
"

Here W (q) is the Weyl tensor restricted to boundary.

Proof. The main estimates of this proof are proved in [I1, Lemma 8], which we

refer to for a detailed proof, here we limit ourselves to estimate the perturbation
terms. We have

~ ~ 1 n—2
Jg(Ws g+ 6°Vsg) =3 /M Vg, Wsq + 6°Vs.)Pdpg + Sn=1) /M Rg(Ws.q + 6°Vs.4)*dpg
1 __a
1

__2
+ =& A " B(Ws g + 02Vs4)?doy
27 Jom ’ '

(TL — 2)2 / 2 2(“:1)
-2 Wsq+0%Vs,) "2 dog,
2(7’L _ 1) oM ( q ‘1) g

n—2

+ / hg,(Ws.q + 6%Vs,4)?dog,
oM

We easily compute the terms involving €; and eq, taking in account that A,(q) =1
and the expansion of the volume form given by (1.16)), getting

1 4 1
31 /M Ay "2 a(Ws g + 0%Vs g)2dug = 551<52a(q) / Ul(y)*dy + O(16%),
and
1 2 1
o / MG T B(Wag + 67V o)y = 5 2206(0) / U (5, 0)2dg + O(25°).
oM Rn—1

The remaining terms are estimated in [I1, Lemma 8|, and it holds

n—2
= / Ry(Wa g + 6°Vs o) dug
-1 Ju

1
= Vi (W, 5%Vs )|2dus
2 /M | gq( Sq T 6,q)| Hg + 8(n

n—2 2 2(n—1) n—2
- ()/; (Wé)q + 62%;‘1) " dUGq + T/@ hf}q (W57q + 62%7q)2d0.‘3q
M M

2(n—1)
= A+ 5(q) + O(6%)
which completes the proof. O

3.3. Proof of Theorem [2| At first we provide a sign estimate for function ¢(q)
defined in the previous paragraph.

Lemma 26. Assume n > 8 and that the Weyl tensor Wy is not vanishing on OM.
Then the function ¢(q) defined in Lemma is strictly negative on OM .
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Proof. We can write the function ¢(gq) defined in Lemma [25] as

1 _
(o) = 5 /Rn YqAvgdtdz — C1[W(q)|* — (n — 8)C2Ry,,;(q),
+

where C, Cs are positive constants. If n > 8, since in umbilic boundary manifolds
W (q) = 0 if and only if W(q) and Ryin;(q) are both zero (see |20, page 1618]), by
our assumption at least one among |W(q)| and R},,.;(q) is strictly positive. Since
by the term involving v, is non positive, the lemma is proved.

When n = 8 the term involving R%igj vanishes. However in [12] a refined analysis

of the term f]R" YqAyedtdz was performed, leading to the following improvement of
+

estimate (|1.12):
. YgAvedy < _C3R§i8j(Q)a
R+

where C3 > 0. This was possible by a more precise description of function v, as
sum of an harmonic function with explicit rational functions, proved in Lemma 19
of the cited paper.

Thus for n = 8 we have

p(q) < —C1IW(q)|* — CsRE;s;(a) <0,
and the proof is complete. O

Proof of Theorem[3 We give a detailed proof in the case o > 0. The case 8 > 0 is
analogous and we will emphasize the difference at the end of the proof.

If o > 0 we choose
6= vV )\51

g2 = o(£?)

where A € RT. With this choice, by Lemma [24] we have that

‘Jg (W\/E,q + )\61‘7\/E7q + QE) — Jg (W\/E,q + /\61‘7%,(1) ’ = 0(6%)
and that, by Lemma

Jg (VNV\/E’(I + )\51‘7\/@&) =A + 6% (/\O[(Q)B + )\QQO(Q)) + 0(6?).

We recall a result which is a key tool in Ljapunov-Schmidt procedure, and which
is proved, for instance, in [I1, Lemma 9] and which relies on the estimates of Lemma

Remark. Given (g1,e3), if (A, q) € (0,4+00) x M is a critical point for the re-
duced functional I, ., (), q) = J, (VNV\/E,q + )\Elvmﬁq + 5)7 then the function

W\/Eq + Xslf/m’q —i—(/; is a solution of 1}

To conclude the proof it lasts to find a pair (), q) which is a critical point for
181762 ()‘7 q)

Let us call G(), q) := Aa(q)B + A\2¢(q). We have that a(q)B is strictly positive
on OM, by our assumptions, while by Lemma  is strictly negative on OM. At
this point there exists a compact set [a,b] C RT such that the function G admits
an absolute maximum in (a,b) X M, which also is the absolute maximum value
of G on RT x M. This maximum is also CY-stable, in the sense that, if (Ao, qo)
is the maximum point for G, for any function f € C'([a,b] x OM) with ||f]|co
sufficiently small, then the function G + f on [a, b] X OM admits a maximum point
(X, @) close to (Mg, qo). By the Cy stability of this maximum (A, go), and by Lemma
given ¢ sufficiently small (and g5 = 0(¢?)), there exists a pair ()., , gc,) which



DOUBLY PERTURBED YAMABE PROBLEMS 27

is a maximum point for J, (W\/E,q + ey V\/E’q} and, in turn, that there exists
a pair (5\51 , (751) which is a maximum point for I, ., (A, ¢). This implies, in light of
the above Remark, that W\/ﬁﬁqsl + )\Elaley%l + ¢ is a solution of 1|
and the proof for the case @ > 0 is complete.

For the case 8 > 0 we choose

0= )\52% and g1 = 0(52%)
in order to have
~ 2~ 4 4
Jy (WA 1+ A% v;;,q> =A+¢e5 (AB(q)C + Ap(q)) + o(e3),
€949

and the proof follows identically. O

Remark 27. We give an example of sign changing perturbation «(q) such that
problem admits blowing up sequences of solutions. Since dM is compact,
there exists a go € OM maximum point for ¢. We take a o € C?(0M) which has a
positive local maximum in gy, and that is negative somewhere. We choose

0= vV )\81

ez = o(e})

as in the previous proof. By construction, the pair (A, qo) = (— gg((gs)),qo) is

a CV-stable critical point for G(),q), in fact Vy ,G(Xo,q0) = 0 and the Hessian
matrix is negative definite. Then we can repeat the arguments of Theorem [2} The
construction of a sign changing 8 is completely analogous.
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