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Abstract. In this paper we prove a large deviation principle (LDP) for the empirical measure of a general system of mean-field
interacting diffusions with singular drift (as the number of particles tends to infinity) and show convergence to the associated McKean—
Vlasov equation. Along the way, we prove an extended version of the Varadhan Integral Lemma for a discontinuous change of measure
and subsequently a LDP for Gibbs and Gibbs-like measures with singular potentials.

Résumé. Dans cet article, nous prouvons un principe des grandes déviations (PGD) pour la mesure empirique d’un systéme général
de diffusions interagissant en champ moyen avec une dérive singuliere (lorsque le nombre de particules tend vers 1’infini) et montrons
la convergence vers 1’équation de McKean—Vlasov associée. En cours de route, nous prouvons une version étendue du lemme intégral
de Varadhan pour un changement discontinu de mesure et par la suite un PGD pour les mesures de type Gibbs avec des potentiels
singuliers.
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1. Introduction

In this work we study the limiting behaviour of weakly interacting, or mean field, diffusions, where the interaction depends
only on the empirical measures of the particles. For every N € N the particle system is defined by the coupled stochastic
differential equations (SDEs)

N
. 1 .
N,i _ N,i )
0 dx! _b,<X, ’NE Sthv,,>dt+dW,’,
i=1

X, iid. with law po.

Here Wi, ..., W" are independent d-dimensional Brownian motions, pg is a given initial distribution, and b is a measure-
dependent drift vector. A common example for b is of the form

(1.2) bt(x,u)=/ o(t,x —y)du(y),
Rd

for some interaction kernel ¢. Such type of drifts commonly appear in models of classical physical systems, biological
systems such as the collective motion of micro-organisms (bacteria, cells, etc.), and flocking and swarming behavior of
animals, granular media, as well as models in opinion formation.

When b is sufficiently regular, the limiting behaviour of the particle system for a large particle number is well under-
stood. For example, when b is Lipschitz and bounded, the empirical measure

1 N
N . E
ZX = N SxN.i,
i=1

converges to the law of the McKean—Vlasov equation [58,60]
(1 3) {dX,:b,(X,,LaW(Xt))dt+th,

X with law pg.

Moreover a large deviation principle (LDP) holds for the empirical measure z% ,as N — oo, see e.g. [7,10,11].

The case of a singular interaction, that is irregular b, has been widely studied too. The convergence of the system (1.1)
to the corresponding McKean—Vlasov equation has been shown for various examples of singular drifts, most of them of
the form (1.2) with singular interaction kernel ¢, e.g. [3,6,30,33,41,42] (see Section 4.4 for detailed explanations).

However, establishing LDPs for these singular drifts has remained unsolved. Apart from the work by Fontbona in
[29], where an LDP for the time-marginals of (z§ ) was shown for a repulsive kernel ¢(x) = 1/x, little is known to our
knowledge. We aim to fill this gap, by providing LDP results and new tools for a large class of singular measure-dependent
drifts.

As the main example, we consider the following drift

(1.4) bi(x, ) :=1/f(x,u,/w¢(t,x —y)du(y)>,

where ¥ : R? x P(R?) x RY — R?, with P(R¥) the space of probability measures equipped with the bounded Lipschitz
metric dpr.. We will show an LDP when v is Lipschitz and the interaction kernel is in an appropriate L” space. More
precisely, combining several key statements from Section 4 (see Proposition 4.16, Remark 4.18 and Proposition 4.24), we
obtain the following result:
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Theorem 1.1. Suppose that

() (Lipschitz property) ¥ : RY x P(RY) x R? — R? is jointly globally Lipschitz, i.e. there exists some constant M > 0,
such that for all w,x,y,z € R? and W,V E P(Rd):

[v(x, . 2) = ¥ (v, w)| < M(Jx — y| +der(p, v) + |z — w]);
(ii) (Linear growth) there exists a constant L > 0 such that for all x, z € R, uwe P(RY):

[¥](x, 1, 2) < L1+ |zl);

(iii) (Exponential moment) for all B > 0, the initial distribution pg satisfies
/ P dpy(x) < oo;
R4

@iv) (Regularity) for p,q € [2, 00l withd/p +2/q < 1,
@ € L1((0,T), L?(RY)) + L>((0, T) x RY).

Then the family {QN} of laws of empirical measures zg for X = XNV, ..., XNNY satisfying (1.1), with drift b as in
(1.4), has an LDP with rate function

R(IW™) if R(uIW) < oo,
+00 otherwise.

]'"(,u)={

Here, R(11||v) is the relative entropy of i w.r.t. v defined by

dv
log| — )dv ifv<u,
R = / g(du)

+00 otherwise,

WH is the law of a process X!" satisfying the SDE
dX; =b(X/, ) dt +dW,,

and W = Law (W), where W is a Brownian motion with initial law po (and i, is the time marginal of | at time t).

Furthermore, z])\(’ converges almost surely to the unique minimizer of F (i), which is the unique law of the solution to

the McKean—Vlasov SDE (1.3).

An application of Theorem 1.1 with g = oo is the case of a drift b of the form (1.2), with

Z
|z]

o(t,z) = Izlo‘g( ) Lizj<r + h(2) 1z >R,

with g : S971 — S?~! and h : R? — R? both Borel bounded, R > 0, and exponent « satisfying
a>—1 ford>2, and o>-—-1/2 ford=1.

Here the inequality for d = 1 arises from the fact that we require |z|* € Lf;c (R?) for some p with p > 2, while for d > 1
the constraint p > d comes into play.

In fact, we prove LDP and convergence to the McKean—Vlasov equation for systems with singular drifts under more
general assumptions, see Theorem 4.5 and the examples in Sections 4.3, 4.4, where we include many-particle interaction
(that is, dependence of b on 1 ®¥) and interaction kernels ¢ merely satisfying

E[ef o WECW WA _ oo v eR,

where W1, W2 are independent Brownian motions with common initial law p.
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Note that even the convergence result to the McKean—Vlasov SDE in Theorem 1.1 is new: while some works do show
convergence for the class of drifts (1.2) with even more singular ¢ [6,30,41], we are not aware of a result that covers drifts
of the form (1.4) under our assumptions.

Our proof of the LDP relies on using a singular change of measure via Girsanov’s theorem and an approximation by
regular drifts. Indeed, Girsanov’s theorem gives at least formally

do" -
(1.5) v (W= eP(C(10. T RY)),
where QV is the law of the empirical measure z% of the interacting particle system X = (XM, ..., XV'V) satis-

fying (1.1), PV is the law of the empirical measures z{,vv of N independent d-dimensional Brownian motions W =
w',...,w")and

E(u) = / V(e pp(d),
(1.6) r LT
V(x,u)=—/0 bt(xt,M[)'dXt-i‘E/O |bt(Xz,m)!2dt-

By Sanov’s theorem, { PV} satisfies an LDP with rate function R(-||W). We need to transfer this LDP to an LDP for { OV}
and, to deal with this, we extend a classical tool in large deviation theory, Varadhan’s Integral Lemma. We believe that
this extension and other underlying results are relevant on their own and they might also prove helpful in future works on
singular drifts. Let us briefly state our strategy.

In a nutshell, Varadhan’s Integral Lemma (or Varadhan’s Lemma for short) allows one to transfer the LDP through a
continuous change of measure and is in fact a natural extension of Laplace’s method to infinite dimensional spaces. To
be precise, let {z"} be a family of random variables on a probability space (L2, A, P), taking values in a Polish space X
endowed with its Borel o-algebra B(X'). The classical Varadhan’s Lemma (cf. [12,14,62]) reads as follows.

Proposition 1.2 (Varadhan’s Integral Lemma). Suppose PV satisfies an LDP with good rate function I : X — [0, oo],
and let £ : X — R be any continuous and bounded function. Then the family of measures {Q"} defined by

do" 1
(1) i= 5—e NEW

—_— or PN _almost eve eX,
PN Zn J ry

1.7)

with normalizing constants Zy , satisfies an LDP with good rate function

(1.8) F(u) = +&E)(w) — Uiél;((l +E ).

Subsequently, various extensions have been developed in the past decades to relax the assumption of continuity; for
example to deal with singular functionals or contractions for Gibbs measures on RY [4,8,18,36], or on abstract spaces
[2,12,20,21,32,47,49]. We refer to the background paragraphs in Sections 2 and 3 for a more detailed discussion, and only
highlight a few points here.

A common thread in some of the extensions above are various approximation arguments. For example, as outlined in
[14] on exponential approximations, the family {0} satisfies an LDP if there exists another family {in } which satisfies
an LDP for each A > 0 and approximate Q" in some exponentially good way (as A — 0). Liu and Wu [49] make use of
techniques involving exponential approximations and prove LDPs for Gibbs measures with singular potential. However,
in our setting, we cannot rely on their result since, for general drift as in (1.4), the associated £ is not actually in the form
of a Gibbs energy. Hence, we have developed the following extension (see Theorem 2.8 for the precise statement):

Theorem 1.3 (Extended Varadhan Integral Lemma). Let PV = Law(z") be a family satisfying an LDP with rate func-
tion I, and E,EN : X — [—00, 0] measurable functions. Moreover, let &, EI{V X — [—00, 00], A > 0 be measurable
functions such that, for each ). > 0, the family of measures {in I~ defined by

N
dQ; ._ Le—NE{V(u)

PN = Z?‘V for PN -almost everyue X

with normalizing constants Z%,, satisfy an LDP with rate function

Fulu) =T +E) () — Vig((I +E)W).
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Suppose that for some y > 1,

1
lim sup N logE[e_VN‘g{V(ZN)]

N—o0

< 400,

inf (I +y&)(n) > —oo,
neD(I)

for every A > 0, and that a constant K € R exists, such that for every g € R,

1
lim sup lim sup — logE[eﬁN(‘sN*g{V)(ZN)] <K,
A—=0 N-—oo N

limsup sup (,3(& -&)— I)(u,) <K.
r—=0 peD()

Then the family {Q"} defined by

do" — Le—NSN(u)

: or PN -almost eve eX
aPY T Zy Jf ry i

satisfies an LDP with rate function

F(p):=U+E () — jg)f((f + ).

We provide a self-contained proof which only relies on basic large deviation theory and elementary convexity esti-
mates. The two main points of this extension are that we do not require £ to be continuous and that we also do not require
the approximating energies 5){\’ to be continuous, but merely to induce an LDP in the sense described above. The latter
point is an essential tool in proving Theorem 1.1. Namely, even for regular drifts b, the change of measure (1.5) provided
via Girsanov’s theorem is not necessarily continuous, while there are classical results on LDPs for interacting particle
systems with regular drifts. Hence we can prove Theorem 1.1 by approximating the singular drift » in (1.6) with regular
drifts b, and applying then the extended Varadhan’s Lemma Theorem 1.3.

Other extensions and applications of Varadhan’s Lemma have also been developed to deal with this, for example to
prove LDPs for weakly interacting diffusions with regular drifts [12,15,55]. Moreover, in [15], one of the authors of this
manuscript developed an enhanced version of Sanov’s theorem in the rough path setting, which allows for Varadhan’s
Integral Lemma to be applied. However, to our knowledge, none of them have been used to prove LDPs for weakly
interacting diffusions with singular interaction.

It should be noted that one cannot expect to establish an LDP via a change of measure for every singular drift. This is
indeed the case when the law of the interacting particle system is not absolutely continuous with respect to the law of the
non-interacting system. A particular example in which this occurs is the Keller—Segel model with ¢(¢, z) = —V log z, for
which a notion of propagation of chaos was established in [6] but an LDP result remains open.

However, even in the large class of drifts for which the system can be described via a change of measure there is still
a gap between those for which there is a known LDP and propagation of chaos, and those for which others have merely
shown propagation of chaos. We believe that not only are our results such as Theorem 1.1 a sizable step in closing this
gap, but that the general tools we provide will help close it even further.

Organization and highlights of the paper. In Section 2 we recall basic definitions and results in large deviation theory,
and provide an extension of Varadhan’s Lemma in Theorem 2.8. Next, in Section 3, we use this to prove LDPs for
empirical measures of mean-field Gibbs systems, where the log-densities E{/V : P(S) = [—o0, oo] are parameterized by
a family of Borel functions yN . sk [—o0, 0], k € N (see (3.1) for a precise definition). In Theorem 3.4, we provide
sufficient conditions, in terms of suitable approximations of {V", V}, under which {£}, £y} induces an LDP — this result
is in the same spirit as [49]. We further prove a result (Theorem 3.10) that generalizes Theorem 3.4 to include ‘Gibbs-like’
measures — which are not of Gibbs form but such that the error 5{}’ — 5{}1 can be essentially bounded by Gibbs measures —
that simplifies our task in proving LDPs for weakly interacting diffusions in Section 4.

In the latter, with the results of Sections 2 and 3 at hand, establishing an LDP for a system of weakly interacting
diffusions amounts to (1) proving a (change-of-measure) representation formula (Girsanov’s formula) for the laws {Q"}
of the empirical measures zg associated to the solution X = (X1, ..., XV-V) of (1.1); and (2) proving the existence of
a family {biv } of “exponentially good” approximations for b (cf. Theorem 4.5 and the concrete examples in Section 4.3),
which implies Theorem 1.1 considered above with a drift b specified by (1.2). For drifts b satisfying the assumption of
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Theorem 1.1, and for all the examples in Sections 4.3, we further show that the rate function F associated to {Q"} attains
a unique minimizer (see Section 4.4 for the general case), which implies almost sure convergence.

Finally, for the sake of completeness and consistency, we have included a relatively large appendix containing technical
results and proofs utilized throughout the article, which we believe to be either new, or helpful to the reader.

2. An extension of the Varadhan integral lemma

In this chapter we extend the classical Varadhan’s Integral Lemma (cf. [14,62]), to allow for establishing LDPs via a
change of measure with possibly discontinuous density.

2.1. Notations and preliminary results

We introduce some notation that we will use throughout the manuscript. The space X is a Polish space endowed with its
Borel o-algebra B(X'). The symbol P(X) denotes the set of all probability measures on X and we use the letters P, Q,
and PV, QV, ... for probability measures on X'. With a little abuse of notation, we use u both for a generic element of X
and for the canonical random variable on X (u(x) = x for all x in X); this notation is unusual, but it will be convenient
in the next sections, where X’ will be itself a space of probability measures. We often consider (without loss of generality)
PV as the law of an X-valued random variable zV, defined on a probability space (2, .4, P) (independent of N); E
denotes the expectation with respect to [P.
We recall a definition of a large deviation principle (LDP).

Definition 2.1. A family of measures {QN } C P(X) satisfies an LDP with rate function F : X — [0, oo] if (1) F is
lower semi-continuous, if (2) for every Borel set A,

1
— mfJ%M)<hmnﬁ——mgQN(A)<hnmup—-ng (A) < — inf F(u),
HEA? N—00 HEA

and if (3) the family {Q"} is exponentially tight, i.e. there is a sequence of compact sets K, C X’ such that

1
lim sup lim sup v log OV (X \ Ky) = —0

M—o00 N—o00

We denote the domain of F by D(F) :={u e X | F(u) < oo}.

Remark 2.2. As shown in [14, p. 8, 120], Definition 2.1 in Polish spaces is equivalent to stating that (2) holds with a
good rate function F, i.e. F having compact sub-level sets.

Remark 2.3. Let {z"} be a family of X'-valued random variables such that Q¥ = Law(z") € P(X) satisfies an LDP
with rate function F. If the minimizer u* € X of F is unique, then the LDP implies the convergence QV — § w+ weakly.
In fact, by a standard argument we obtain a stronger result: almost sure convergence of the random variables zV to ;*, as
stated below. For a proof, see for example [54, Theorem A.2].

Lemma 2.4. Suppose PV satisfies an LDP with rate function F, and that F has a unique minimizer u*. Then zN
converges P-almost surely to u*.

Now, let PY = Law(z") be probability measures on X" satisfying a large deviation principle with rate function I :
X — [0, co]. We consider pairs ({€ Ny &) (denoted (EN, &) for short) of a sequence of Borel functions £V : X — R and
a Borel function £ : X — R, and study whether an LDP may be established for the induced measures Q"

doN 1 _yen
() 1= o—e NETW

2.1 2X ()=
@D dpN Zy

for PN -almost every u € X,

where the normalization constants Zy are assumed to be finite for all N € N.
Precisely, we define J and F as follows:

I(w) +EW), peD),

J =
=1 e, wé D),
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and, if inf,,c x J(w) is finite, we define
F(w):=J(u) — inf J(u).
neXx

Finally, note that by construction for any Borel set A

1nf (5 + () = inf J(w).
HEAN HEA

Then the property we investigate is given in the following definition.

Definition 2.5. We say that (£, £) induces an LDP if inf, cx J (1) is finite, {ON} (defined as in (2.1)) satisfies an LDP
with rate function F and satisfies the so-called Laplace principle,

1 NN
22 lim — logE[e V¢ @] = — inf J(w).
2 iy ogEle =

The following lemma provides a characterization in terms of an unnormalized LDP.

Lemma 2.6. The following statements are equivalent:

() The pair (EN, £) induces an LDP (according to Definition 2.5);
(i) inf,cx J () € R, J is lower semi-continuous, the family {ONY} is exponentially tight, and for every Borel set A,

. . . 7N(€N N
_;112{0 J(p) < 1]1\]1’Il)lcl>lofﬁ logE[e ©14]
2.3)

1
<limsup — log E[e V" @)1, ]< — inf J ().
Nooo N HEA

Proof. Suppose (£V, &) induces an LDP. Exponential tightness of @V follows from the definition of an LDP, and since
F is lower semi-continuous J is as well. By the Laplace principle (2.2),

lim — logE[e V"] = — inf J(w),
i,y g Be™" M) =~ it G0
where the right-hand side is assumed to be finite. For for any A € B(X), we have that

1 _NEN (M) 1 1 _NEN (M) 1 N
NlogIE[e < IA]:ﬁlogE N ¢ “14 +N10gZ

1 N
log oN ) + — 10 gZ
Therefore, by (2.2) and the LDP of Q% , we then obtain

1 NN 1
limsup — logE e NETED 41 =1im sup — log OV (A) — inf J(u)
N—oo N [ ] N—oo N neX
< —inf F(u) — mf J(u) =—inf J(u).
MEA HEA

The lower bound follows similarly, and hence (2.3) is satisfied.

Conversely, assume that J is lower semi-continuous, inf,,cx J (1) is finite and that (2.3) holds. Then F is lower
semi-continuous as well, and by (2.3) applied to A = X,

lim —log]E[ NN = inf J (1),
HE

N—oo N

where the right-hand side is assumed to be finite. Now normalizing by Zy and proceeding as above it follows that for any
A € B(&X),

1 1
- mf F(p) < hmmf— log 0"V (A) <lim sup N log oM <— inf F(w).

N—o0 HEA

Along with the exponential tightness of Q¥ , this implies that (£V, £) induces an LDP. (|
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Remark 2.7. Notice that the classical Varadhan’s Integral Lemma is recovered when & is continuous and bounded, and
EN =& forall N eN.

2.2. An extended Varadhan integral lemma
Now we present the main result of this section.
Theorem 2.8 (Extended Varadhan Integral Lemma). Let PV = Law(z") be a family satisfying an LDP with rate

Sfunction I. Moreover, let (5){\’, &) be pairs inducing an LDP for all 1. > 0. Suppose that the pair (EV , £) is such that for
some y > 1,

1
(2.4a) lim sup — logIE[e_VNSiV(ZN)] < 400,
N—oo N

(2.4b) inf (I +y&)(p) > —o0,
pneD(I)

for every . > 0, and that a constant K € R exists, such that for every B € R,

1
(2.5a) lim sup lim sup — log]E[eﬁN(gN_giv)(ZN)] <K,
r—>0 N—oo N
(2.5b) limsup sup (B(Ex—&)—1I)(n) <K.
r—0 ueD(I)

Then the family {QN} defined by (2.1) satisfies an LDP with rate function F. In particular, the pair (EV, £) also induces
an LDP.

Remark 2.9. We give some comments on the assumptions:

(i) It was shown in [40] that under (2.4b), condition (2.5b) is equivalent to the uniform convergence of &, to £ on the
sub-level sets {i | I () < M} of I for any M € R, and that (2.5a) implies:

1
(2.6) Forany 6 > 0: lim limsup v log PN(|5 — SAI(ZN) > 8) = —00.

A=0 Noo

(i) Condition (2.5b) could appear redundant for those who are familiar with LDPs: if (£V — E){V ,E — &) is a priori
known to induce an LDP, (2.5b) and (2.5a) are equivalent. But in the proof we need to approximate £V and &£
separately, which requires us to have both conditions. Nevertheless, we do expect from this reasoning that bounds
for (2.5a) are also bounds for (2.5b). We will see that this is indeed the case for the interacting particle systems in
Section 3.

(iii) Note that condition (2.5a) implies (cf. Lemma A.4)

1 1
lim lim sup ¥ log E[e‘Nﬂgg(ZN) 14] =limsup ¥ log IE[e_N’SEN(ZN) 14].

-0 N>oo N—oo

and
1 NN 1 NN
lim liminf — logE[e™ VA& 1 ,] = liminf — log E[e V€™ @01 4],
Jim lim inf 37 log e a]=limint 7 logB[e 4]

for any Borel set A € B(X) and 8 € R, which is considerably stronger than simply inequalities for open and closed
sets. An open question is whether this is stronger than, equivalent to or weaker than (or none of the former) the
statement that the induced measures in exponentially approximates Q" as A — 0 (cf. [14, p. 130]).

(iv) An alternative approach to prove the type of results in Theorem 2.8 could be to get an LDP for zV in a larger space
with a stronger topology, where £V is a continuous function, and then apply the classical Varadhan Lemma; the
LDP in the stronger topology could be obtained by exponential approximation, as in [14]. This strategy is used, for
example in [21,49], in the context of certain singular Gibbs measures.

Remark 2.10 (Toward interacting diffusions). We outline briefly how Theorem 2.8 will be applied in our context of
singularly interacting diffusions. Recall that we are interested in an LDP on the space X = P(S), with § = C ([0, T']; R?)),
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for the law QY of the interacting particle system X = (X1, ..., XV-V) satisfying (1.1), as N — oo; the drift b is
possibly singular. As we have written in the Introduction, in this context we take P" as the law of the empirical measures
z’v\{, of N independent d-dimensional Brownian motions W', ..., WV : by Sanov’s theorem, the family {P"} satisfies an
LDP with rate function 7 = R(-||W) (the relative entropy with respect to the Wiener measure W). As a consequence of
Girsanov’s theorem, the energy is given formally by

E(w) =/SV(x,u)du(x),

T 1 T )
V(x,u)=—/0 bz(xz,m)'dxz+§/0 |be (xe, )| dt.

The approximating energies &, and potentials V; are defined as for £ and V but replacing b with a smooth bounded
approximation b, . The fact that, for each A > 0, &, induces an LDP follows from classical results for interacting diffusions
with smooth drift. The assumption (2.5a) reads in this context, for every € R,

lim sup lim sup L log E[e” Zﬁl[v(wf,z%)—v,\(wi,z%)]] =K,
>0 N-ooo N

with K independent of B. Note that this condition involves deterministic and stochastic integrals of N independent
Brownian motions only. In order to check this condition, we need to control the dependence on N, which we do in
Section 3 by making use of Gibbs-like structures.

Note finally that, even when the drift b is smooth and bounded, V and so £ are not continuous in general (in the
topology of weak convergence on P(S) at least), because V involves a stochastic integral. As a technical detail, the
precise definitions of V and £ in the particle system differ from the definitions in the McKean—Vlasov SDE, due to both
the precise definition of the stochastic integral as Borel map and the issue of self-interaction, see Section D.2.

We now briefly explain the strategy to prove Theorem 2.8. For a Borel set A € B(X), we define the following func-
tionals on the space of Borel functions £ on X/,

pa€):=— inf (I +E)(w),
2.7) lueAmD(I) i
PN (&)= Nlog]E[e*NS(Z 4], neN

We will show in Lemma 2.11 that qbﬁ] and ¢4 are convex and from above (in A) by ¢% and ¢y respectively. Moreover,
the fact that (€N, &) induces an LDP can be read as a set of variational inequalities for ¢2V and ¢4 for each A € B(X),
ie.
Pa0(€) <liminfel (V) <limsupgl) (EV) < ¢5(E).
N—o0 N—o00
Finally, the convergence of (2.5) over X" will be seen to imply corresponding statements over every set A € B(X), which
implies bounds on ¢ﬁ/ EN — 5){\’ ) and ¢4 (€ — &,). Hence the extended Varadhan Integral Lemma is morally equivalent

to a type of stability of variational inequalities for convex functionals, for which we can use Theorem A.1 in Appendix A.
Here are the convexity properties and bounds for ¢4 and q)iv :

Lemma 2.11. For any Borel set A € B(X) and any N € N, the functionals ¢4 and ¢>2V defined in (2.7) are convex and
bounded from above by ¢y and ¢>§V( respectively (that is, o4 < ¢px and qbi‘v < ¢>§V( for every A € B(X) and any N € N).

Proof. For any N € N and any « € (0, 1), for any Borel functions &1, &, it holds by Holder’s inequality (with exponents
1/ and 1/(1 — a))

08 logE[e—N(051+(1—a)€2)(ZN)1A] — IOgE[e_aNgl @) 1Ae—(1—a)N£2(zN) 1A]
<alogE[e VO 1]+ (1 —a)logE[e VEE1,].
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Convexity of ¢2’ follows by dividing (2.8) by N. The bound ¢ AV < qb})V( follows from the positivity of the exponential and
the monotonicity of the logarithm. Finally, for any « € (0, 1),

inf I+ (a8 + (1 —a)&)= inf al+E)+ 0 —a)U +&)]
ne

weAnD(I) ﬂD(I)[

>a inff (I+&)+(—a) inf (I+&),
neAND() ueAND()

which gives convexity of ¢ 4. The bound ¢4 < ¢y is easily verified. O
We can now prove Theorem 2.8.

Proof of Theorem 2.8. Recall, for any Borel set A € B(X) and Borel function G, we have by definition

Pa0(G) = L inf (I +9)(w), ¢;(G)=— inf (1)(1 + 9 (),

eA°ND(I) neAND

and
1
PN (G) = ¥ logB[e~V9E"1,].

Lemma 2.11 gives that ¢ 40, ¢ 5 and ¢/]X are convex for every N € N. Moreover, by the bounds ¢£‘V < ¢% and ¢ ; < dx,
assumptions (2.4) imply, for some y > 1 (independent of A),

limsup g} (y&Y) < +o0
N—o0 for every A > 0,

$i(yE) < +o0
while assumptions (2.5) imply
lim sup lim sup¢>i1v(,3(€N — S){V)) <K

r—>0 N->oo

for every B e R.
limsupgz(B(E — &) < K
r—0

By Lemma 2.6, the assumption that (£ N £,) induces an LDP is characterized by
(2.9) P40 (&) <liminfel (£)) <limsupgl) (&) < pz(En).
N—o0 N—o00

We are now in a position to apply Theorem A.1, which implies that (2.9) also holds for (£ N &) (cf. (A.9)), ie.

a0 (E) < 1]'1Vminf¢ﬁ’ (EN) < limsupgl (V) < ¢4 (E).
— 0 N—o0

Moreover, for every ¥’ € (0, y), both limsupN_)ooqbQ’(y’EN) < 400 and ¢;(y'E) < 400 (cf. (A4a) and (A.4b)). In
particular, for A = X, we have that —¢y (€) is finite, and

1
(2.10) lim sup N logE[e*}’NgN(zN)] < 00.

N—o0

By Lemma 2.6, we can conclude that (", £) induces an LDP provided we show lower semi-continuity of J and expo-
nential tightness of Q™.
First, from (2.5b) we can conclude that for every K’ > K and B > 0 there exists a large enough A*(K’, 8) such that

K' +1
8- 8160 = = Ve Xz (K ).

In particular we derive that £, converges pointwise to £ on D(I) (in fact, the convergence is uniform on sub-level sets of

I). Next, note that a Borel function J is lower semi-continuous if and only if for every u € X

liminf inf J(v) > J(w),
e—>0 veBc()
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which in the case of

I(w)+G(w), weDU),

J =
A I e D),

for a Borel function G can be rewritten as

(2.11) limsup ¢, (1) (G) < —Jg(u).

e—0

To show this for G = &, fix p, and note that by convexity for any « € [0, 1), A, €,

®8.0)(@E) < agp (&) + (1 — ), (a(l — a) (€~ &)
<adp (&) + (1 —a)px(a(l —a) ' (€ = &)).

Since the left-hand side is independent of A, taking subsequently limits in € and A and using the lower semi-continuity of
I + &, we derive

limsup ¢, () (@€) < a]i{ninflim sup@p. ) () + (1 —a)limsupoy (a(l —a) N - EA))
e—0 - e—0 A—0

< —alimsupJg, (1) + (1 —a)K.
r—0

Since g(a) :=limsup,_, o ¢, () (@&) is convex and bounded from above around o = 1 we conclude by Lemma A.3 after
letting ¢ — 1,

limsup ¢, () (£) < —limsup Jg, (1).
r—0

e—0

Now, to establish (2.11) for G = £, note that either 7 (1) = +o0o in which case the inequality trivially holds, or we have
1 € D(I) and thus we employ the pointwise convergence of &, to £.
Finally, to prove exponential tightness, fix an arbitrary M > 1 and let K; be a compact set in X" such that

1
lim sup 5 log PV(X\ Ky) < —M.

N—o0

By Holder inequality we derive, for every « in (0, 1),
1 _NEN N o —1NEN (N l -«
5 logE[e M D 14k, ] < 5 logE[e* NEED] 4 —log PYN(X\ Ky).

After taking the limit supremum in N, the first term on the right-hand side is independent of M and finite by (2.10),
provided &' < y. Therefore,

1
lim sup limsup — logE[e*NgN(ZN)lx\KM] = —00,
M—o0o N—oo N

which proves the exponential tightness of Q" and concludes the proof. (I

Background. We are only aware of one paper extending Varadhan lemma for discontinuous log-densities in a general
framework, namely [12], which however uses different assumptions. Instead, extensions of Varadhan’s lemma for partic-
ular contexts have been proven, often involving conditions like (2.6). For example, [20] proves an extended contraction
principle which is closely related to exponential approximations (cf. [14]); a localized version of (2.6) is used in [4] for
their concept of quasi-continuity to prove LDPs for vortex systems; the papers [21,49] use an alternative strategy to get
an extension of the classical Varadhan Lemma in the context of singular Gibbs measures, see Remark 2.9(iv).

3. Gibbs measures
3.1. Notations and preliminary results

In this section we consider the setting for Gibbs measures over weakly interacting particle systems.
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Let S be a Polish space, endowed with its Borel o-algebra B(S). Let 1o € P(S) be a given reference measure. For
simplicity, we will suppose in the following that g is non-atomic, i.e. it has no atoms (cf. Remark 3.1). We are given
i.i.d. random variables w;, i € N, defined on some probability space (€2, 4, P), with values in S and common law p; we
can think of w; as non-interacting particles. We denote by E the expectation with respect to PP.

To describe our interacting particle system, we fix k in N, k > 2, and take a k-particle interaction potential VN on S,
i.e. a Borel function VN : S¥ — R. We define the energy E ‘]}’ : SV — R of an N-particle configuration (N > k) by

1
EfGr...oxn)=— > VVi.....x)

i1,...,ig distinct

(when the N-dependence is made explicit in the superscript, with a little abuse of notation we use £ Q’ instead of £ 37 N)-
Then the interacting particle system is described by the probability measure QZ‘\,’ on (€2, A) defined by

where Z {)7 is the normalizing constant, assumed to be finite. Under QY , the particles w; are subject to interaction via the
potential V. Note that the energy E y is invariant under permutation, or, in other words, depends only on the positions
of the particle w; and not on their label i, via a fixed interaction potential V¥ — this is a mean-field interaction. Note
also that particle configurations (xi,...,xy) are more likely, according to Q’, if VN assumes lower values in these
configurations.

Our main interest is in large deviations for the empirical measures associated with w; under the probability measure
Ql‘y. For this reason, we consider the state space X = P(S), equipped with the weak topology (w.r.t. continuous and
bounded functions on §), which turns P(S) into a Polish space [14, Theorem D.8]. For each N € N, we denote by
zNV . SN — P(S) the continuous map

N
1
N . N .
SN,y =x e Y = NZI:‘S"" e P(S).
1=
We denote by PV € P(P(S)), resp. QO’ € P(P(S)) the law of the empirical measure z&]‘,’ for ® = (wy, ..., wy) under P

(where w; i =1, ..., N are i.i.d. with common law 1), resp. under QI‘\,’. We aim at giving an LDP for Ql‘\,’.
We further define the function £ ‘]y :P(S) - R by

3.1) &Y (W) = /(Sk>’
+00 otherwise,

where (Sk ) is S* but with the diagonals removed, i.e.
(S5 = {0 € S [ xi # x, Vi, j e {1, ... k) withi # j}.

Notice that when w;, i =1, ..., N are i.i.d. random variables with common law g, then

EY@1,....on) = /( o VDT =B P

due to the non-atomic property of the reference measure wg. Hence, by construction and the mean-field interaction
property, the interacting particle system may then be recast as a change of measure in P(P(S)), namely

1 N
N . —N& N
(32) QV = ZNe V(H)P .
14

Given a Borel function V : $¥ — R, we define similarly the function £y : P(S) — R by

Vdu®*t if Ve L' (u®h),
Ev(u) = /Sk

+00 otherwise,

(3.3)
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The functions 5",\' and &y are Borel maps on P(S) (cf. Appendix C, in particular Lemma C.2 and Corollary C.4) and are
defined identically except for the N dependence in V and the domain of integration, i.e., (S¥) instead of S.

Remark 3.1. A few comments on the assumption that 11 is non-atomic:

(i) The energy E y as defined above does not rule out self-interaction, i.e., two particles occupying the same position
(x; =xj fori # j). While E ‘1}’ is meaningful for bounded potentials V', this may cause an issue when V¥ is singular
on the diagonal. The non-atomicity of g resolves this issue: indeed, if w; are i.i.d. random variables on (2, A4, P)
with common law 1o, then P(w; = w;, i # j) = 0, which then allows E{y (w1, ...,wp) to be defined P-a.s.

(i) However, if the reference measure 1 is atomic but the energy for the N-particle system is still given by E {}’ there is
also an alternative method. Namely, fix N and note that £ \]y x)=E ‘Iy (y) forany x,y € S N with ziv = z§v . Hence the

function E{,V “P(S) - R

EN(() " w). wezd(sY),
+o00, otherwise,

EY () = {

is well defined. Moreover, it is easy to verify that zf’(SN) is closed and for VN e Cp(SN) the map EN((zf’)_1 (w))
is continuous on z2 (SV), hence 53’ (w) is Borel. By a monotone class argument similar as in Appendix C one can
extend this to all Borel V¥, and we can then proceed as in the rest of this section. However, note that 5{/\’ might no
longer be of integral form as in (3.1).

Now we give the classical results concerning LDP. We start with the non-interacting case, namely Sanov’s theorem:

Theorem 3.2 (Sanov’s theorem). The family {PN} of laws of the non-interacting particle system satisfies an LDP with
rate function I : X — R, where

I () := R(ull o)

is the relative entropy of (1 € X with respect to [Lg.

We recall that the relative entropy is defined as

dv
log<—> dv ifv<u,
R(|p) == /s dp

+00 otherwise.

For the LDP for the interacting particle systems, we introduce the following notation:

Ev(u) +1(u) forue D),
+00 otherwise,

Jv () I=!

with D(I) :={u | R(u||po) < 00}, and, if infy Jy > —o0,

(3.4 Fv(p) = Jv(n) — vi;‘;f( Jy (V).

We now give an LDP in the case when VY = V is in C;(S%). In this case, Ey is also continuous and bounded, and
so the LDP for QQ’ is essentially a consequence of the classical Varadhan Lemma. The only (and technical) difference
with the classical Varadhan Lemma comes from the missing diagonal in (S¥)’, which in general causes S‘I/V to not be
continuous.

Lemma 3.3. Suppose V : S¥ — R is continuous and bounded. Then (Y, Ev) induces an LDP (in the sense of Defini-
tion 2.5). In particular, the family {Qj‘\,’} given by (3.2) satisfies an LDP with rate function Fy .

Proof. By applying Lemma C.2 k-times, we get that, for any continuous and bounded V/, the function £y is continuous
and bounded on P(S). Hence, by the classical Varadhan Lemma (cf. Proposition 1.2), the couple (£y, £y) induces an
LDP in the sense of Definition 2.1.
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Then, approximating (£Y), Ev) with (v, Ev), we have that (£Y, Ey) induces an LDP by Theorem 2.8, provided we
show that, for some y > 1 and K € R,

1
lim sup — log E[e_”NS‘I’V(Z“]Y)] < 400,
N—o00
(3.5) :
limsup — logE[eﬂng‘h}_‘g"l(Zﬁ)] <K forevery 8 >0.

N—o0

The first limit follows easily from the boundedness of V. For the second limit, we can bound away all the self-interactions
to obtain

1
|5{/V(ZaIY)_5V(Za]Y)|=_ Z Viwiy, ..., 0i) — Z V(wiy, ..., oi)

Nk
(36) i1,...,i; all distinct iyenny i
1 k(k—1) ., k(k—1)
<————N Viee=—"1Vlloo-
= E 1Vlileo N 1Vlleo
In the inequality above, we used that the number of k-tuples (iy, ..., i) with at least two equal indices is bounded by
N*=1k(k — 1)/2. The second limit in (3.5) follows easily. O

Thus, we are in the same setting as in the previous section, i.e., we have created a large class of family of functions
(VN, V) such that their induced interacting particle systems satisfy a certain LDP. Hence, next we will show how to
extend this class by approximation.

3.2. Main results

We give our main result for this section, which serves as a tool for LDPs for Gibbs measures with a possibly discontinuous
interaction potential. The result brings the general LDP result of Theorem 2.8 into the Gibbs measure context. In the
following, (f)~ denotes the negative part of the function f.

Theorem 3.4. Let (VN,V,) be a family of Borel functions on Sk such thar (€ 1\; , €y, ) induces an LDP. Let ( VN V)bea

family of Borel functions on S* and assume that, for some y > 1,

limsuplogf eyk\(Vf’)‘ldM?k <100
N—o0 Sk

3.7 forevery A > 0,
log/ eykl(v*)_ldug’k < +00
Sk

and that, for some K € R,

limsuplimsuplog/ eﬂlVN_VkN‘dug’k <K
r—=0 N—oo sk
3.8) for every g > 0.
limsuplog/ eﬂlv_vk‘du?k <K
=0 Sk

Then (EY, Ey) induces an LDP. In particular, the family of induced interacting particle systems Q{\,I satisfies an LDP
with normalized rate function Fy given in (3.4).

Similarly to Theorem 2.8 for general LDPs, informally this results states that Ql‘\/] satisfy an LDP if there exists
interacting potentials VAN and V;, which approximate V" and V in an exponentially good way and whose corresponding
interacting systems Ql‘\,’A satisfy an LDP, for each 1. Again, this allows the following generalization:

1. It allows V to be discontinuous.
2. The only requirement on LDPs for approximants is that (£ NA , €y, ) induces an LDP, not that V), are continuous.
3. We can allow for the potential V" in the interacting particle system to depend on N € N (cf. Remark 3.7 below).

In the case where the sequence of functions V' is constant and equal to V, an LDP follows whenever V satisfies the
appropriate exponential moment condition.
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Corollary 3.5. Suppose that VN =V forall N € N, and such that
(3.9) f PVaus* < oo forall g >0.
Sk

Then (EY, Ev) induces an LDP.

Proof. The result follows from Lemma 3.3 and Theorem C.5. Indeed, by Theorem C.5, with the choice u = uff’k, X = Sk,
there exists a sequence (V) C C, »(S%) such that

lim log/ ePIV=Val dugbk =0 forany 8 >0.
A—0 Sk
Since the family V) induces an LDP by Lemma 3.3, both (3.7) and (3.8) are satisfied. U

Remark 3.6. Recall that in the definition of the energy E ‘1}’ for the N-particle configuration we have excluded self-
interaction, due to possible singularities in V. However, if V is bounded (but not necessarily continuous), Corollary 3.5
remains valid when the energy does include self-interactions, i.e.,

1
EN(x1, ..., xn) = ~F > Vi),
[1yeenlf

In this case, (5‘1/\' , £v) induces an LDP with

EY () :=Ey(n) = /

Vdu®* forall u e P(Sh.
Sk

Indeed, this holds simply due to the estimate (3.6).
Remark 3.7. The setting of Theorem 3.4 includes also the case of interactions among different number of particles.

For example, let (N-independent) interaction potentials Uy : St SR, k=1,2,3, be given and assume that the energy
function E (1\]] is the sum of these three interactions, i.e.

1 1 1
E(A;[(Xl,-u,xN):m Z U3(X11,xi2,xi3)+m Z U2(xi1,xi2)+NZU1(xi1)~

i1,i2,i3 distinct i1#iy i
Therefore, by taking
VY Cep 0,13 = U, 0 9) 4 < Ut ) ey,
N-2 (N—1)(N-2)
we see that £ {}1 =FE Q’ (for x1, ..., xy all distinct) and we are in the previous setting.

Remark 3.8 (Toward interacting diffusions). As for Theorem 2.8, we outline briefly how Theorem 3.4 will be applied
in our context of singularly interacting diffusions, in the case of two-point interaction drift (1.2). Recall that we are
interested in an LDP on the space X ="P(S), with S = C([0, T']; R?)), for the law QY of the interacting particle system
X =XM1 ..., XNNysatisfying (1.1), as N — oo; the drift b is of the form (1.2), the interaction kernel ¢ being possibly
singular. As we have written in the Introduction and in Remark 2.10, here we take P as the law of the empirical measures
zjv\:, of N independent d-dimensional Brownian motions W', ..., WV In the case of two-point interaction, the energy
given formally by Girsanov’s theorem takes the form (3.1) of a Gibbs potential:

£(u) = /S V3, DR di(y) i),

T 1 T
V(x,y,z)=—/0 w(t,xz—yz)~dxz+5/0 ©(t, xr — y1) - @(t, x; — z7) dt.
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The approximating potentials V) are defined as above for V but replacing ¢ with a smooth bounded approximation ¢; ;
for each A > 0, the corresponding energy £y, induces an LDP by classical results for interacting diffusions with smooth
drift. The first assumption in (3.8) reads in this context simply as

imsuplog [V HIW W] <

9

for some K independent of 8. This condition involves deterministic and stochastic integrals of three independent Brow-
nian motions W1, w2, w3 only, and, as we will see in Section 4 and Appendix D, can be checked using tools like Itd
calculus for exponential martingales (Lemma D.2) and Khasminskii’s Lemma D.5.

We come now to the proof of Theorem 3.4, which relies heavily on Theorem 2.8 and the following bounds. These
bounds convert the approximation properties for V into those for £y, needed to apply Theorem 2.8.

Lemma 3.9. For any k, N € N with N > 1, and nonnegative Borel functions V, VN : Sk = R, the following inequalities
hold true:

1 1
(3.10a) NlogE[eN‘gC](zm < log / VY ap®k,
1
(3.10b) sup (Ev (1) — R(ullpo)) < — / etV dud*
nebD k

where D = {v € P(S) | R(v|ig) < +00}.

Proof. For the proof of (3.10a), we use the Hoeffding decomposition [39] for £ N which reads

[N/k]
v
& () = Nk(N k)'N' Z [N/k V¥ (@0 (jk—k+1)s - -+ » O (k)

where Sy is the group of permutations of {1,..., N} and [N/k] denotes the integer part of N/k. The point of this

decomposition is to group the elements V¥ (w;,, ..., ;) into an average (over possible permutations o) of averages

(over j) of O(N) independent elements (that is, for fixed o, the elements within the nested average are independent).
By Jensen’s inequality, applied to the exponential function and the average over o,

NEN (M) 1 N! N LN/K] N
E[e v e ]:E exp N‘ 28: Nk(N—k)![N/k] jX_; \% (w(a(jk_kH)),...,a)a(jk))

OEON

N N G
Z E| exp NEN — k)l [N/A] Z V¥ (@ (k1)) - -2 Oo (k)

UESN

N N A
ZE[eXp[Nk(N—k)![N/k] ; Y (wj"_k+l""’wjk)]}’

where we used the fact that that w; are exchangeable (as i.i.d.) in the last line. Since the random variables
(Wjk—k+1, - - - » wjk) are independent in j, we have therefore

ey 1A N N
E[eV (Zw) V¥ @jk—it1s ... ]
y |:]1_[1 o [Nk(N OUIN/R] (@t @)

_[N/k]]E v v
B j1:11 xp Nk(N—k)![N/k]V (wjk—k+1,...,wjk)

=E|exp NEN — 1)1 [N /] W1,y ..., O ,
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where we used again that ; are exchangeable in the second equality. Since N! < N¥(N —k)! and N/[N/k] < Nk/(N —
1) for every k, N € N, N > 1, we then obtain

NN N (N/k]
E[eNgv (Zw)] < E[exp[ﬁkvl\’(a)], e, a)k)i|] )
Taking the logarithm and noting that [N /k] < N /k for every k, N € N yields

1 1 N
ﬁlog]E[eNg‘[/V(zg)] < p logE[exp[ﬁkVN(wl, e, wk)]:|,

which concludes the proof of (3.10a).
To prove (3.10b), we first recall the additivity property of the relative entropy, i.e.

R(n® ) = kRl o).
Hence, for any u € D, we have that
k(Ev () — R(llno)) =/ kV dp® — R(u® | uf*) < sup {/ kVdv — R(vnug@k)},
Sk veDk LJ Sk
where DX = {v e P(5%) | R(v||u89k) < 400}. By Lemma B.1 we have that
sup {/ kVdy— R(v||,u,8§k)} = log/ ekvdu?k.
veDk LJ Sk sk

Therefore, if the right-hand side is finite, the desired estimate (3.10b) follows. O

Proof of Theorem 3.4. In order to apply Theorem 2.8, we have to show that there exists some y > 1, such that for every
A>0,

1 _ N (N
(3.11a) limsup — logE[e "V C0)] < 400,
N—o00 N
(3.11b) inf (RGullo) +y v, (1)) > —o0.

and that, for some K € R, the following holds true for all 8 > 0:

1 N_eoN (N
(3.12a) lim sup lim sup —logIE[eﬁMgV ngl(Z“’)] <K,
A—>0 N-—oo N
(3.12b) limsup sup (BIEy — Ev; (1) — R(ullpo)) < K.
rA—0 peD

Due to linearity and (3.10a) of Lemma 3.9, we have for some y' € (1, y):

1 —y/NEN (N 1 'NEN N 1 / -
NlogE[e v NgV/\(Z"’)] < NlogE[ey V’l(Vv_l(z“’)] < Elog /Sk kwy 103 'du(‘f’k.

Since y'N/(N —1) <y forall N > N, :=y/(y — y’), we obtain from assumption (3.7) the finiteness of the right-hand
side uniformly in N for N > N,,. Hence, taking the lim sup yields (3.11a).
As for (3.11b), we apply (3.10b) of Lemma 3.9 to any u € P(S) with R(u||po) < +00, to obtain

1 / -
R(ullo) +v'Ev, (1) = Rl o) = Eyryvyy- () = =7 log [ e MW ap > oo,
k Sk
Similarly, we apply Lemma 3.9 to obtain
llogE[eﬂNle",‘Lsyxl(ziV,)] < llog/ ek%mvkvﬁd“?k’
N Sk

1
sup (Bl — £, = 1)) = log [ 1Yy,
ueD k sk

which by assumption (3.8) yields (3.12a) and (3.12b). The conclusion follows applying Theorem 2.8. U
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Background. As mentioned in Section 2, various extension principles to singular functionals or contractions have arisen.
See for example [20] on various generalizations of Sanov’s theorem, in which a stronger topology is used — defined by the
property that all functions £y for which £k = 1 and V satisfies (3.9) are continuous with respect to this topology. This was
subsequently generalized in [21] to the case k > 2. Note that an application of the classical Varadhan Lemma to the result
in [21] should yield a very similar result to our Corollary 3.5; this type of argument has been used in [22, Lemma 2.4] in
the proof of a moderate deviation principle for a bounded interaction kernel.

More recently, in [49], a similar setting as this section was studied, i.e., large deviations for mean field Gibbs measures
on Polish spaces, involving singular potentials. In this work they assume so-called strong exponential integrability of
the negative part V™~ of the interaction potential V, and require a entropic inequality involving the positive part V't
of the interaction potential. It is straightforward to verify that strong exponential integrability of | V| is in fact a stronger
assumption and is equivalent to (3.9), and in particular their results include the case of Corollary 3.5. In a sense this allows
them to treat stronger repulsive singularities than the ones considered here. It should be noted that while both their work
and Corollary 3.5 are not sufficient for the general setting of interacting diffusions as in Section 4, a similar assymetric
generalization involving variational or weak convergence techniques for Theorem 4.5 might be possible, which we leave
for future work.

Other LDP results for Gibbs measures with singular potentials have been proven, see e.g. [2,8,18,56], with locally
compact base space S, [32] with potentials satisfying a bound from below and a lower semi-continuity assumption. In
particular in [2] the case where (3.10) only holds for some 8 instead of all — which, in R4, allows for potentials V with a
logarithmic singularity — is considered, on compact Polish spaces and assuming V lower semi-continuous.

It should be noted that inequalities related to (3.10a), which in our case is derived from the Hoeffding decomposition
has also arisen in different context and different names. For example, in [21] a similar inequality stems from the existence
of regular partitions of complete hypergraphs due to Baranyai, and in [49] modifications of decoupling inequalities of de
la Pefia were used. Hoeffding decomposition has been used directly in some generalizations to [21], for example [19].

3.3. Extension to Gibbs-like potentials

The previous results use the Gibbs structure of the potential £y to reduce the LDP problem to the context of Section 2.
However, for this reduction to hold, only some Gibbs-like bounds are needed. This allows to prove LDPs for empirical
measures not coming from Gibbs laws, as soon as Gibbs-type bounds are possible. As we will see in the example of
Section 4.3.3, this is the case of interacting diffusions where the drift depends non-linearly on the empirical measure
and/or on its k-times tensor product.

As before, let S be a Polish space with its Borel o-algebra B(S), uo € P(S) be a given reference measure. The state
space for the LDP is X = P(S), equipped with the weak topology. As before, PY denotes the law of the empirical
measure zu]\,’ , where w;,i =1, ..., N are i.i.d. random variables defined on some probability space (2, A, IP), with values
in S and common law po; E denotes the expectation with respect to P. Now let EV : P(S) - R, N e Nand £ : P(S) —» R
be Borel functions, let OV « PV be the probability measure on P(S) given by

oV — LNe—NstPN
~ :

where ZV is the renormalization constant, assumed to be finite. We further recall the notations £ {y (u) and € {,V (u) given

in (3.1) and (3.3) for any Borel function V : S¥ — R. As before, we denote D = {v € P(S) | R(v| o) < 00}.
Our main result is the following:

Theorem 3.10. Let (EV,E)) be a family of LDP inducing pairs for all A > 0 such that (2.4) holds for some y > 1
(independent of A). Assume that, for every A > 0 and every 8 € R, for every i in D, there holds
c,gzvggy )

I I
(.132)  limsup - log E[¢¥€"~ED)] < € + Climsup - log E[e

N—oo N—oo

P

(3.13b) B = E)G0)| = R(wlimo) < € + Clog /S exp(cﬂ /S Gy du®<k—‘><y>) dpo(x),

for some constant C > 0 independent of B, A and (., some cg > 0 independent of A and ., and some nonnegative Borel
functions GV , Gy, : S* — R (independent of B and ). Assume also that Giv and G, satisfy, for some K € R independent
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of B, for every >0,

(3.14a) limsuplimsup/ LN du?k <K,
r—=>0 N—oo JSK

(3.14b) limsupf PO du?k <K.
r—0 Jsk

Then the pair (€ N &) induces an LDP with the normalized rate function Fy in (3.4).

Remark 3.11. A simple condition for the inequalities (3.13a) and (3.13b) to hold is if

€Y =& =€y, 1€ = EIW) =6, () forall e P(X),

Remark 3.12 (Toward interacting diffusions). As for Theorem 2.8, we outline briefly how Theorem 3.10 will be
applied in our context of singularly interacting diffusions, here in the case of a quite generic interaction drift, as in (1.4)
with ¢ possibly singular. Recall that we are interested in an LDP on the space X = P(S), with § = C([0, T]; R%)), for
the law QV of the interacting particle system X = (X1, ..., XV-V) satisfying (1.1), as N — oco. As we have written
in the Introduction and in Remark 2.10, here we take PV as the law of the empirical measures zlv\", of N independent
d-dimensional Brownian motions W', ..., W¥: the energy given formally by Girsanov’s theorem is

E(w) =/SV(x,u)du(x),

T 1 T )
V(x,u)=—/o bt(xz,uz)~dxr+§/0 |by Cxr, )|~ dt.

The approximating energies £, and potentials V, are defined as above but replacing b with a smooth bounded approx-
imation by ; for each A > 0, the corresponding energy &, induces an LDP by classical results for interacting diffusions
with smooth drift. The Gibbs-like assumption (3.13a) reads in this context: for every g € R,

lim sup 1 log E[” ZL[V(W",Z%)*VA(W",Z%)]]
N—oo

—k+1 Nowi '
N en G (W./l’_."W.Ik)]

3

1
<C+ Climsup — logE[e
N—oo N

with C independent of 8 and A and cg independent of A. The assumptions (3.14a) and (3.14b) read in this context, taking
Giv = G, for simplicity: for every g > 0,

A—0

with K independent of 8.

As we will see in Section 4 and Appendix D, by using Itd calculus for exponential martingales (Lemma D.2), Theo-
rem 4.5 shows the Gibbs-like assumption (3.13a) for a convenient function G, ; for such G, the conditions (3.14a) and
(3.14b) can be checked by tools like Khasminskii’s Lemma D.5.

Proof of Theorem 3.10. The proof is similar to that of Theorem 3.4. The result follows from Theorem 2.8 provided we
verify condition (2.5). For condition (2.5a), by assumption (3.13a) and Lemma 3.9, we have

1 1 N (N
lim sup lim sup N log E[eﬁN(gN_‘g*)(Zg)] < C + Climsuplimsup v log E[ecﬁNng o )]

A—>0 N-—>oo A—>0 N—>oo

1
< C + Climsuplimsup — log/ kwrenGy du(‘?k,
Sk

A—=>0 N-—o0o
for all B € R. Hence, by assumption (3.14a), we get

1 log K
lim sup lim sup — logE[eﬂN(gN_giv)(zg)] <C+C o8 .
A—->0 N—oo N k
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For condition (2.5b), by assumption (3.13b) and Lemma B.4, we have, for every u in D, for every A > 0 and every 8 € R,
|BE — &)W — (1+ Clk— 1)) R(ll o)

< —C(k = DR(1t|uo) + C + Clog /S CXP<C/3 [S Gy du®(k_”(y)> dpio(x)

< ~Clk = DRG0 + € + Clk = DR(uljuo) + Clog [ 7% dug.
N

Hence, taking the sup over u in D and then the lim sup over X, by assumption (3.14b) we get

limsup sup [B(€ — &) (w)| — (1+ Ck — 1)) R(ullpmo) < C + ClogK.

r—>0 pebD

Condition (2.5b) follows by simply dividing by 1 + C(k — 1). The proof is complete. (]

Remark 3.13. As the above proof shows (and as consequence of Lemmas 3.9 and B.4), the assumptions (3.14a) and
(3.14b) imply, respectively, the following two bounds:
[eCﬂNSgA(Z‘{Y)] < IOgK <

1
limsup limsup — logE
A—>0 N-—oo

)

lim sup log / exp(cﬁ / Gi(x,y) du®("_”(y)> dpo(x) < (k = DR(ullpo) +log K < oo.
A—0 N Sk=1

4. Singularly interacting diffusions
4.1. Notations and preliminary results

In this section we study LDPs for a system of mean field interacting diffusions, defined by a singular drift. We will put
this problem in the framework of Gibbs-like structure of the previous section (cf. Section 3.3).
For N € N, we consider the following system of interacting SDEs

N
. 1 ,
N _ 4N N,i . P
@1 dX;"" =b, (Xt ‘N E SX,N']>dt+del’ i=1,...,N,

j=1
X, id.d. with law po.

Here the drift bV : [0, T] x RY x P(RY) — R is a Borel map, where P(R¢) is endowed with the (metrizable, com-
plete and separable) topology of weak convergence. The processes W', i € N, are independent d-dimensional Brownian
motions on a standard filtered probability space (22, A, (F;):, P), po € P(RY) is the law of the i.i.d. initial data X (1)\/ '+

We now set S := C([0, T']; ]Rd), the space of continuous paths in R4, and note that XV-' € S foreachi =1,..., N.
Moreover, we set QéVN € P(SN) to be the law of XV := (XN-1, ..., XN-N) defined by the system (4.1). We set W € P(S)
to be the Wiener measure with pg as marginal at time 0 and pN ¢ P(SY) the law of N € N independent Brownian
motions, i.e. PN :— W®N  With a little abuse of notation, we will consider W' to be d-dimensional independent Brownian
motions with initial law pg, unless differently specified; similarly, we will use W for a d-dimensional Brownian motion
with initial law pg, unless differently specified.

Consider the empirical process z% eP(S),

1 N
2y = D Sxm,
i=1

and let O}, € P(P(S)) be the laws of the random variable zy induced by Q;VN. Similarly, let PV be the law for the
empirical process zjvvv of the non-interacting system induced by P~ . We will use zN, for x € SV, to denote the empirical

measure associated with x, and z" for the canonical process (that is, the identity process) on P(S). We will often use the
notation ( f, 1) to denote [ f dpu.
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Recall that, as in Section 3, the sequence PN satisfies an LDP with rate function
1:P(S) — R; I(p) := R(p||W),

where R(u||W) is the relative entropy of p with respect to the Wiener measure W.
For the particle system, a Gibbs-like representation holds. Indeed, for a Borel map & : [0, T'] x R x P(RY) — RY, we
introduce the potentials

T
2
N N2 1, ) Vbl(xvli):z'/ |bt(xt,l/«t)| drt,
4.2) Vb (x, 1) := _Vb ’ (x’M)+§Vb (x, ) with 0 T

V,,N’Z(x, %) :=/0 b (X, pt) - dxy,

where VbN’2 1§ X P(S) — R is defined as stochastic integral under the law of (Wi, z’vvv) on (x, ). We define the corre-
sponding log-density as

gév(ﬂ) = /SVbN(x’ wydu(x) if Vb1 (-, ), VbN’z(., w) e L'(w),

0 otherwise,

uweP(S).

See Section D.2 for the precise definition and measurability properties of Sév . Similarly we define V}, and &, by replacing
VN2 with

T
Vb2(x, Ww) ::/ by (x¢, uy) - dxy,
0
now as stochastic integral at a deterministic . See again Section D.2 for the precise definition of £, and its measurability
properties. The Gibbs-like representation of the particle system is given by the following lemma, which is essentially a
consequence of Girsanov’s theorem and the mean field form of the interaction (b" depending on zg), the details of the

proof are postponed to Section D.3.

Lemma 4.1. Fix N € N. Assume that

N T
Blew(5 [ [ 18 siy) Parazy, ) | <o

Then there exists a weak solution to the system (4.1), which is unique under the constraint

T
4.3) / 6N (xe.2Y) P dt € L'(S.2Y)  for Qv-ace. V.
0

For this law, we have the following representations:

dOp Ny -NEhe 4O ~NEN (1)
(4.4) ) = Ty = T,

Now we provide a class of drifts (b"V, b) which induce an LDP for the law QQ’N. Morally, this is the class of Lipschitz
drifts (with respect to the 1-Wasserstein distance). The class of FLip-inducing pairs in the definition below allows for
some margin to include the case of drifts without self-interactions, similarly to Lemma 3.3. In the following, P;(R%)
denotes the subset of P(R?) of all probability measures on R with finite first moment; W; denotes the 1-Wasserstein
distance on P; (R?).

Definition 4.2. The class FLip consists bounded Borel functions b : [0, T] x R¢ x P(R?) — R? such that the map
(x, ) — b(t, x, ) is globally Lipschitz continuous on P (R?) with respect to the 1-Wasserstein distance, uniformly in
t €0, T],1i.e., for some My >0,

|b(t,x, 1) = b(t, y,v)| < Mp(Ix — y| + Wi, v)),

forall £ € [0, T], (x,y) € R? and p, v € P;(RY).
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Moreover, the pair ({bN }, b) (in short (N, b)) is called JFLip-inducing (subjected to {PN }) if it satisfies the following
conditions:

1. b e FLip;
2. The sequence b" is uniformly bounded, i.e. supyy |16V [|oo < 00;
3. There exists a sequence cy with cy — 0 as N — oo such that

T
(4.5) / (|br — bfv|2(-, Z,N) zfv>dt <cy, for PV-almost every V.
0
Lemma 4.3. Assume that the initial law pg satisfies
(4.6) f P dpo(x) <00, VB> 0.
R4

Assume that (bY , b) is FLip-inducing. Then (5;,{, , Ep) induces an LDP.

Remark 4.4. The exponential condition (4.6) is required only to apply [10, Theorem 34]: that result needs (4.6) because
it works with the 1-Wasserstein topology instead of the weak topology (the LDP in weak topology follows then by
contraction principle). For this reason we suspect that, in the space P(S) with the weak topology, the condition (4.6) is
not necessary.

Proof of Lemma 4.3. The LDP induced by (£, &) follows from [10, Theorem 34] (see also [27]). There an LDP is
proved for Q 2’ with rate function R (u||W*#), where W* is defined as in Theorem 4.5 (as the law of the solution to (4.12)).
By Lemma D.4, we have

R([WH) = R(ul|W) = ().

In particular, the infimum of the R(-||W) — &, is the infimum of the left-hand side above, that is 0. The Laplace principle
is then trivially satisfied as e ™V & () is the density of the Girsanov’s transform.

Hence, note that by Theorem 2.8 it is enough to show (2.4) and (2.5a) for 8){\’ = 515\,’\, and & =EN =£:=&,. To
derive (2.4a), we have for any y € R,

E[e NN G| 2 g[er T 6 W Wi

4.7
T i 1
< E[ezyzz,”:l Jo \bﬁ(wz,z%,,)\zdt]z < oV NTIPV I

where Lemma D.2 was applied in the first inequality. Since VblN is trivially bounded by 7'||p" ||C2,o, we then obtain
E[e 7 NEV @] < o Hr/ANTIVIE,

Since supyen 16N oo := M < 00, (2.4a) is satisfied.
Moreover, using Lemma B.1 we have for any y > 1 and any u € P(S) with R(u||W) < oo, that

yE () < R(u|W) + log B[ "W).
In a similar fashion as before, we can estimate the second term on the right-hand side uniformly in u to obtain
R(ulW) 4+ y& (1) = —a,

for some constant ag > 0 independent of u € P(S), which gives (2.4b).

For (2.5a), we will consider the part of S}i\,’\, - Eliv determined by V! and V-2 separately. First, note that Vb/\f,’z - VbN 2 —
Vb%f , and similar to the argument of (4.7) we have for all € R

E[eﬂN(Vbl\,/\;z_b(A,z%),zal;)] < E[ezﬁz Z[(VZI foT \b{"—b,|2(W,",z%.[)dt]l/2 < eCNNﬂZ'
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Secondly, since

2

N2 2 N N 1 2 BN
BIIBY " = 1612 = BV +181)[bY = b] = S (M + Ibllec)” + = [bY = b

we derive

E[eﬁN«Vb‘N<-,z%>,zc’v>—<vb‘<»,z€§>,z%>)] _ ]E[eﬁ >V, qub,N|2—|bt|2)<w,f,z§¥,,,>dz]

2 .
E[e'? (MHIbleo)+ o Sy (b —bi P (Wi 23y

IA

Np2
o AL M+blloo)+ N5

IA

Finally, via Cauchy—Schwarz, we conclude that for all 8 € R

[emeNN )&’ (z%»] -

1m su (0] .
P N & 2 *©

N—o0

4.2. The main result

Now we give the main result of this section, which states the LDP for the system (4.1). The assumptions may seem
involved at first glance, but their meaning is not difficult: we have an LDP for the system (4.1) as soon as we can
approximate in a suitable way the drift » by regular drifts b, , along the Brownian empirical measure z% and the couple
of Brownian path W and measure p with finite relative entropy.

Theorem 4.5. Assume the condition (4.6) on the initial law pg. Suppose there exists a sequence of FLip-inducing drifts

(bﬁ\v, b))>0 and a sequence (g,)>0 of Borel functions g : [0, T] x (Rd)k — [0, +00), k € N, such that the following
conditions hold:

() for every » > 0, for PN -almost every zV € P(S),

T T
(4.8) / (\bﬁ-bﬁ,ﬁ(-,zﬁ),zﬁ)mg/ / et x, .. x)d(zN)® s
0 0 J(RHkY

(ii) for every A > 0 and every u € P(S) with R(u||W) < oo and W-almost every W,

T T
4.9) | =bnpvipar= [ ee W
0 0 Rk

Suppose also that (g)),>0 satisfies for some K > 0,

T
(4.10) limsup E[ef fo @ Wi WOd] < g g eR,

A—0

where W1, .., Wk are independent Brownian motions with common initial law pg.

Then the family {Q}[:]N} of laws of 2§ (for X = (XN-1, ..., XV'N) satisfying (4.1)) has an LDP with rate function

R(pWH) if R(u[[W) < oo,
(4.11) ]:(,u)={ ( ) .

+00 otherwise,
where WH is the law of the process X!" satisfying the SDE

(4.12) dX; =b/(X!', w)dt +dW;.
Remark 4.6. Note that the zeros of the rate function JF are exactly the solution to the McKean—Vlasov SDE

dX,=b;(X;, Law(X,)) dt +dW,,
X with law pg,

with R(Law(X;)||W) < oo. In particular, since F has at least one zero, there exists at least one solution to the McKean—
Vlasov SDE with finite relative entropy (with respect to W).
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We will see in the proof of Theorem 4.5 that, under the assumptions of the above theorem, Q}')VN is well-defined by
Lemma4.1.

Moreover, since (4.10) is quite general, an application of Khasminskii’s lemma provides us with the following suffi-
cient condition:

Lemma 4.7. Let (g5))>0 be a sequence of Borel functions g, : [0, T] x (Rd)k — [0, 400), k € N, that satisfies

T
(4.13) limsup sup EY0o Xk[/ gk(t,W,l’xl,...,W,k’x")dt]:0,
0

A—0 X]yeuny xkERd

where the expectation is over k independent Brownian motions whxr Wk starting at points X1, ..., X € RY re-
spectively. Then (4.10) is satisfied.

Proof. By Khasminskii’s lemma (cf. Lemma D.5), (4.13) implies that, for every 8 >0 and every 0 <« < 1,

T 1,x k,x, 1
sup E[eﬁ Jo @@ W Wy k)d’] < ,  forall A > 0 sufficiently small,
(X1,...,x5 ) ERKd l—a
and so, averaging (x1, ..., X;) over ,ogz’k and using Jensen inequality yields
B gt W, WKy dr 1 .
]E[e 0 A Wi ! ] < 1 for all A > O sufficiently small.
-«

3

r—0

which gives (4.10) with K = 1. U

Proof of Theorem 4.5. We would like to apply Theorem 3.10 to £ ﬁ,, Ep, 5117\1'\,, Ep, , with

T
Giv(xl,...,xk)=Gk(xl,...,xk)=/0 g)\(t,xtl,...,xtk)dt, xiGS,izl,...,N.

We claim that the conditions (2.4), (3.13a), (3.13b) and (3.14a), (3.14b) hold. Then Theorem 3.10 and Lemma 4.3 give
an LDP for QZVN with rate function R(u||W) + & ().

We now prove the claims on the above conditions and the form (4.11) for the rate function. In particular, we prove that
(4.8) and (4.9) imply (3.13a) and (3.13b) respectively. Finally, note that (4.10) directly implies (3.14a) and (3.14b), and
(2.4) follows as in the proof of Lemma 4.3.

Preliminary uniform bounds. We call, for u € P(S),

[eﬂN<f0T |bﬁ—bﬁ,<-,z%,,>|2dz,z1v>]

k]

— 1
K. g :=limsup N logE

N—oo

ﬁk,ﬁ(ﬂ) = logE[eﬂfoT Ibfbx(W,M)Izdl].

We will show that there exists A¢g > 0 and Sy > 1 arbitrarily large (more precisely, for every By > O large, there exists
Ao > 0), such that for all 8 < By:

Flo,ﬂ = ?)\osﬂo <0,

sup  Hyyp(u) — (k— DR(u|W) < sup  Hjgp(n) — (kK — DR(u|IW) < .
“, R([W) <oo “, R([|[W) <oo

4.14)
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We start with the proof for f;\o, go- Applying assumption (4.8), we get

b —bY (z%,,)ﬁdr,z%]

Kiopo: _hmsup N logE[ PNy 161" =)

N—oo

5limsupNlogIE[e‘B‘”\’f(skvGAO(J‘l ----- (@)l "k)].

N—o0

Since (3.14a) holds, we can apply Remark 3.13: for any By, the above right-hand side is finite for Ao > O sufficiently
small. For H, g,(1t), we have

Ho (1) — (k — DR(u[W) = log E[efofo 10-br WP dr] _ (1) R (| W)

< logE[elSOfsk—l GAO(W,y)d/t®(k’l)(y)] — (k= DR(u|W).

Since (3.14b) holds, we can apply Remark 3.13: for any By, the above right-hand side is finite and bounded uniformly
over u for Ag > O sufficiently small.
As a consequence of (4.14), we have (for N large at least)

(4.152) E[e% sVl (x,z%)dz%(x)] oo
(4.15b) B[] < o0 v with RGu[W) < oo,

In particular, V L (-, z) and v Y ( Nyarein L1(zV) for PN-a.e. zV and also, for every u with R(u||W) < oo, Vbl(-, 173

and Vb (-, ) are in L' (), see Section D.2 for details. Moreover, by Lemma 4.1, at least for N large, the system (4.1)
admits a weak solution, with unique (under the additional constraint) law has density given by (4.4). Finally, the inequality
(4.15b) holds replacing 1/2 with any 8 > 0 in the exponential, in particular &, is Borel by Lemma D.3.

Verification of (3.13a) and (3.13b). We fix A¢ and By such that (4.14). In view of (3.13a), we show some easy uniform
bounds. Using the inequality |pV |> < 2|pN — b){\; 1+ 2|b§x) | and applying Holder inequality, we get, for every £ > 0,

N 2 N 2 N
lim sup — logE[ Ny (B Gy P deziy) ] < timsup — logIE[ 4N (fy 1B =0 2y ) dt,zw>]

N—o00 N—o00
. 1 b d N
(4.16) +11msup—NlogE[ 4EN([y 1bY Gz P t,zw)]
N—o00
. 1_ 1_/
= 5KA,0,4[ + EK)»O,M < 00,

where ?;»0,46 is finite because sup <y ||bf\\; lloc < 00. Using now the inequality |5|> < 2|6 — b > +2|bV|? and pro-
ceeding similarly, we also get, for every £ > 0,

4.17) limsup%log]E[ EN(fy 1B Czy P, zw>]

N—o0

(Kx 4e+Kxo 40 +KA0 44)

l\)l'—‘

To show (3.13a), we write, for 8 € R,

*ﬂN(ngfgb’zv)(z’v"V) fﬂN<(Vb‘N7V;iV>(~,z’vVV),z’VVV> 2BN (V. y va>< BB ]1/2

]S]E[e ]]/ZE[e

and we control the differences V1 —v! ey and V7, — Vbz,v separately. Using the inequality
A

(4.18) E[e

2
BDN =03 = VP o+ (o S o P

’
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and applying Holder’s inequality and the bounds (4.16) and (4.17) (with £ = 4), we get

1 1 Ny _N
'BN«V[,N —Vhﬁv)(-,zw),zw)]

1
lim sup N log E[e

N—o0

1— 1 — _ 1 T
(4.19) < Krtot —(Kn 16+ K. 1) +limsup — log R[N o 16X =t )02y D drzy)
Rt ) 0> *o.16 v P2N g

o0

1— 1 — — 1—
= ZKA,,16 + E(KA.O’16+KA‘0’16) + EK)\’ﬂZ.

For Vsz - Vsz , we use Lemma D.2 to obtain
A

2 N 2 Ny N .
Efe WY CIOA) 4t I -0, Pl pary
and therefore
1 ABN(VE (20 —V2 G2z 1—
(4.20) limsup —log EN[e " 7" T < 2K 4
N—o0 N 2

Putting together the inequalities (4.18), (4.19) and (4.20), we get, for some constant ¢ > 0 (independent of 8) and some
cg >0,

1 —BNEN, —ENNE)
4.21) limsupﬁlogE[e BN TN W

N—o0

]SE-’_CK)\.,Cﬂ’

with ¢ = (K1, 16 + K. 1¢)/2 = 0. The assumption (4.8) gives, for some new cg > 0,
04 20,16 p B

1 —BN(EN—E )@y
limsup — logE[e N T W

]

N—o00
- . 1 r N \®k
< c+climsup — logE|exp| cgN gt x1,...x)d(zy )" dt
N—oo N 0 J@hky ’
1 T
§E+climsup—logE[exp(CﬁN/ / gx(t,x,],...,xf)d[d(zlv\;)®k>i|
N—ooc N sty Jo

and (3.13a) follows.
As for (3.13b), we use Lemma B.1 to obtain, for every p with R(u||W) < oo,

BlEb (1) = &b, (W] < R(uW) + log B[PV W10~V (W01,

Using the same arguments as before, we get, for some ¢’ > 0 (independent of B) and some cg > 0,
k+1 —
(4.22) BlEn (1) — &, (W] < TR(MIIMO)Jchrc Hj ¢,

where ¢ > 0 is such that ¢ > (H;,.16() — (k — DR(u|| o) + ﬁgo,m)/z for every p with R(u||W) < oo, and F;O,ﬁ =

T
logE[eﬁ Jo ‘bko(W’“)‘zd’]. The assumption (4.9) gives, for some new cg,

k+1 _ . T, -
ﬂ|‘€b7\’(ﬂ) _ gb;\\’ ('u)| < TR(M”MO) L+ c/logE[eLﬂ Tsk Jo ant. Wi P xF)drdu®* l)]
and (3.13b) follows.

Proof of (4.11). By (4.15b), b satisfies the assumption of Lemma D.4, which then implies the representation formula
(4.11) for the rate function. The proof is complete. (]

The above proof shows that we can relax some of the assumptions, as we show below.
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Proposition 4.8. The results of Theorem 4.5 (namely the LDP for Q;}VN with rate function F) remain valid if any of the
following statements hold:

(a) Instead of FLip-inducing drifts (b/\ , by )0, we assume that for every A > 0 the family QN has an LDP with rate
Sunction Fy, (defined similarly to F via (4.11), (4.12)), and for every € R,

lim sup B logE[exp<N,3/ (| t’ W) z%)) dti| <00

N—o0

(4.23)
sup logE[eXP<ﬂ/0 |bk,t|2(Wt’Ml)dt>i| — R(u||W) < oo.

“, R(n[|[W) <oo

(b) Instead of the existence of g, and (4.8), (4.9), we assume there exists a constant K € R such that for every f € R,

T
limsuplimsup%10g]E|}:xp<N,B/O <|th—biV’t|2(.,z ) ZWI))dti|

r—>0 N—oo
(4.24) -
limsup ~ sup IOgE[eXp<ﬁ/ by —bx,zlz(Wz,m)dtﬂ — R(u||W) < K.
r—=>0 w,R(u||W)<oo 0
Proof. The inequalities (4.23) imply via Lemmas 4.1, D.2 and D.4 both the representations of Q;VN and Fp, in terms
A

of Eli\,’\,, Ep, » and the estimates (2.4). Moreover, (4.24) combined with (4.21) and (4.22) imply conditions (2.5a) and

(2.5b§. Hence we can use directly Theorem 2.8 to deduce the LDP (the representation formula (4.11) follows again from
Lemma D.4). O

4.3. Applications to concrete examples

In this subsection, we consider common form of drifts bV that appear in applications.

4.3.1. Example: 2-point interaction

We start with the example of 2-point, translation-invariant interaction; while this is a particular case of the k-point inter-

action, we discuss this case separately, to highlight the essential ingredients of the result. In this example, we consider a
simple class of drifts, that commonly appear in various fields of application, namely

N
1
(4.25) b (xi,zY) Z(p,(x,— , zf:Nchxj
j=1

J?él

for some Borel map ¢ : [0, T] x RY — R4,

Remark 4.9. Strictly speaking, (4.25) is not a good definition, because the right-hand side depends on i and not just on
x; and z?. However we can give a rigorous definition with a harmless change of (4.25). Precisely, we can define

(4.26) = [ et ndimo).
R\ {x}
Indeed, note that (recall W = (W' ... . WV¥)isa N -tuple of d-dimensional independent Brownian motions with law
pN _ W@N)
1 . ; -
(4.27) < > oW —w])= /R " }(p,(x —y)dzyy ,(y), forae.re[0,T]and PN-ae. W,
J# o

because the set {t € [0, T] : Wti = W/,j # i} has Lebesgue measure zero for PN ae W= (Wl, e WN). Therefore,
if Girsanov’s theorem can be applied to the particle system (4.1), as it is the case in the next result, then (4.27) holds
also replacing W and PV respectively with XV = (XV-1, ..., XV:N)_ the solution to the particle system (4.1) with drift
(4.26), and its law QN . Hence such solution XV solves also the original particle system with drift (4.25).
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We introduce also the drift of the associated McKean—Vlasov SDE, namely
by(x, p) = / @i (x = y) dpi(y).
R4
Proposition 4.10. Assume the condition (4.6) on the initial law po. Suppose that

(4.28) E[ef o 1P W/ -WDd1] oo vpeR,

where W', W2 are independent Brownian motions with common initial law pq.

Then the family {Q;,V } of laws of the empirical processes associated to the interacting system (4.1) with drifts of the
form (4.25) satisfies an LDP with rate function F given in (4.11).

In particular, (4.28) holds whenever ¢ is in L (Lf_y),for P, q satisfying

d 2
(4.29) 2<p,q <00, —+—-<1
p

Proposition 4.10 is a special case of Proposition 4.13 with k =2, p; = p, p» = +00, and hence we will postpone the
proof.

Remark 4.11. The condition ¢ € L (LY_ ) with p, g satisfying (4.29) is well-known in the literature on the so-called
regularization by noise phenomenon (where an ill-posed ODE or PDE gains well-posedness by addition of a suitable
noise). Indeed, a d-dimensional SDE, with additive noise and drift in L? (L), with P, q satisfying (4.29), has the strong
existence and uniqueness property, see for example [26,45] among many others; on the contrary, if p, g do not satisfy
(4.29) not even with equality, there exist counterexamples to well-posedness for SDEs, even in the weak sense, see e.g.
[1, Section 7].

For this reason the exponents of (4.29) are likely optimal for irregular drifts ¢ in our example: we expect that, for
L! (Lf;_y) drifts without condition (4.29), even the 2-particle system is not well-posed. However, there are likely drifts

that satisfies (4.28) but are not in a L;’ (Lf) class with (4.29).

Remark 4.12. A relevant example of function ¢ verifying condition (4.29) is

Z
pt,z) =zl (E) lizj<r +h(2D) 17> R,

with g : S97! — S?~1 and h : R? — R both Borel bounded, R > 0, and exponent « satisfying
a>—1 ford=>2, and o>-—-1/2 ford=1.

It is unclear whether the restriction « > —1/2 in d = 1, which is due to the assumption p > 2, is really optimal or is a
drawback of the method, nonetheless the assumption p, g > 2 appears in several works dealing with singular drifts, like
[26,45].

When d > 2, the above condition includes the case

P(x) ==V (x), D, x)=|x]% o=>0,

in some neighborhood around x = 0, and with ¢ bounded outside of this neighborhood. However, ®(x) = log|x| does
not fall in this class. Moreover, as shown in [37], the exponential moment estimate of (4.28) actually blows up when g is
large enough.

The latter is also related to the fact that for d > 2 and a logarithmic potential ®(x) = log|x|, the law of SDE (4.1)
might no longer be absolutely continuous with respect to the law of non-interacting Brownian motions — it is possible in
the case of a sufficiently strong attractive force that the particles hit each other (see [31]). Interestingly enough, as is done
in [31], it can still be shown that the particle system converges to the corresponding McKean—Vlasov equation. However,
whether in this case a large deviation principle still exists is not known.
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4.3.2. Example: k-point interaction
We can also treat the case of a k-interaction drift, namely

1
(4.30) b;N(Xi,ZJ]cV)sz_l Z O (X, Xjys ooy Xjy)
J1s--es Jk—170 all distinct

for some Borel function ¢ : [0, T] x R — R?. As in the previous example, the rigorous definition of bV can be given
as in Remark 4.9. Similarly we take the drift of the associated McKean—Vlasov SDE

k—1
(4.31) by (x. 1) = f o0y e dpd TV Gy
R&=1d
Proposition 4.13. Assume the condition (4.6) on the initial law pg. Suppose that
(4.32) E[ef o 1PV WHd] <00 vp e R
where W, ... Wk are independent Brownian motions with common initial law py.
Then the family {Q,IbV } of laws of the empirical processes associated to the interacting system (4.1) with drifts of the

form (4.30) satisfies an LDP with rate function F given in (4.11).
In particular, (4.32) holds whenever

(4.33) o e LILY (- (LE) ).

with p1, ..., pk, q satisfying

d d 2
(4.34) Pl Pkq€l2.00], —A4-+—+<L.
p1 Pk 4

Remark 4.14. Similarly to Lemma D.7, (4.33) can be replaced by
¢ € L (L (- (L) )
for some permutation o of {1,...,k}.

Remark 4.15. The space of ¢ satisfying condition (4.32) is a vector space (as easily checked). Hence, condition (4.32)

also holds in the more general case of ¢ = Z;": 1 ¢; for some m, where, forany j =1,...,m,
W, P o
gje L (Lx) (- (Lx )--))

with pij ), e, p,ﬁj ), q(j ) satisfying (4.34). In particular, we can allow ¢ to be a sum of a bounded function and a function

satisfying (4.33) and (4.34) as in Theorem 1.1.

Proof of Proposition 4.13. We will use three different approximations:

1. First, we consider b with ¢ Lipschitz bounded and show that (b", b) are FLip-inducing, by bounding away the self-
interactions.

2. Then we consider the case b with ¢ Borel bounded. We apply Theorem 4.5 to get the desired LDP.

3. Finally, we extend this to ¢ satisfying (4.32) using truncation of ¢ and the approximation given in step (2).

The fact that (4.32) holds under conditions (4.33) and (4.34) follows from Lemma D.8.

(1) Assume that ¢ : [0, T'] x R¥ — R< is Borel bounded and that the map x — ¢(z, x) is globally Lipschitz continuous
for every ¢ € [0, T'], with Lipschitz constant Lip(¢) independent of . We will show that N, b) is FLip-inducing.

It is well known that b € FLip: indeed, for any x1, x; € R4 and A1, U2 € P(Rd), we have

b (x1. ) = by (x2, o) |

S/R(kfl)d|(pt()”7 yl"'-’yk—l) _§0[(.x2, yi7 "'7yl/{71)|d)/(yls yi) T 'dy(yk—hyl/gf])
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k—1

< LiP(‘P)<|X1 —x2| + ,/R(k—l)d <Z|yi - y,/|> dy(yl, yi) . -dy(yk_1, y,/(_l)>
i=1

=Lip<<o)<|x1 — x|+ (k — 1)f ly =] dy(y, y/)),
RGk—1d

for any coupling y between w and v; optimizing over all couplings then yields the required Lipschitz estimate. Moreover,
clearly |6Y| < |b| and hence supy 16" |00 < 00. Finally, to show (4.5), note that, similarly to Lemma 3.3, we have for
every N and PV -almost every zV

2
) a

_< 3 -y )wt(W;’Wtjl’___’lek_l)
J1seees je—171 all distinet — jp,..., Jk—17#1
2 1 Wi W/l ij—l 2d
T vl 22 = 2 Jewiwl W) ar
i=1 Jlseeos Jo=1FL Jlseees Ji—1

1 k—1Dk-=2) ,_
szrnwnéoNz(kl)(‘ ;N

2
c
+ |k — N2 |2> <7

for some generic constant C. Hence (b, b) is FLip-inducing.
(2) Next, suppose that ¢ : [0, T'] x R¥¥ — R is Borel bounded. We can find a sequence of Lipschitz approximations
(¢2)a>0, with ¢, as in (1) for each A > 0, such that ¢; — ¢ Lebesgue-a.e. as A — 0 and ||¢x]lco < ll¢|lco (for example,

we can take ¢, as convolutions of ¢ with approximations of identity). We take bf\\' , by, the corresponding drifts for the
particle system and the McKean—Vlasov SDE (as respectively in (4.30), (4.31) with ¢, in place of ¢). In order to apply
Theorem 4.5, with (biv , b)) as sequence of FLip-inducing drifts, we verify now the assumptions (4.8), (4.9) and (4.10).
The estimates (4.8) and (4.9) are easily obtained with

2
ot xr, . x) =, x1, . x) — @alt, xn, x|
Concerning (4.10), we start noting that
gt W W) >0 and g (r, W' ..., W) <4l|i, forP®dt-ae. (w,1).

Hence, for each § > 0, we apply dominated convergence theorem twice, i.e. to the time integral and then to the expecta-
tion, thereby obtaining

(4.35) E[eﬁfng;\(t,W,‘ ..... W,k)dt]_>l as h — 0.

that is (4.10). Hence we can apply Theorem 4.5 and obtain the desired LDP.
(3) Finally, assume that ¢ satisfies (4.32). We take

Gr=(@AL/A)V (—1/1).

We take also an increasing sequence (8 ), with B, — oo. For each A > 0 fixed, applying (4.35) to ¢, in place of ¢, we
get the existence of a Lipschitz function ¢, as in (1), such that

(4.36) E[eﬁ»xfor Ifﬁx—@ﬂz(r,W,‘.,...,W,"’)dz] <14A.
Now we take bﬁv , b, the drifts for the particle system and the McKean—Vlasov SDE, as respectively in (4.30), (4.31) with
@y, in place of ¢. As before, in order to apply Theorem 4.5, with (b, by) as sequence of FLip-inducing drifts, we verify

the assumptions (4.8), (4.9) and (4.10). As before, the estimates (4.8) and (4.9) are easily obtained with

2
g}\.(t7xl7"'7xk):’¢(t’xl7"’7xk)_¢A.(t7xl""’xk)‘ .
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Concerning (4.10), we split g5 < 2| — @.|> + 2|@;. — ¢, |* and study the two terms separately. For the first term, for every
B > 0, we have by dominated convergence theorem

r—0 1—0

The two bounds above give (4.10). Hence we can apply Theorem 4.5 and obtain the desired LDP. The proof is complete. [

4.3.3. Example: Measure dependent drift
As an example of a more general interaction, we consider drifts of the form (cf. [53])

1 1 1
4.37) th(xi, ziv) =N Z\D(x,-,xj, N Zwt(xi,xg), v Z(pt(xj,xg), (ziv)t),
J#i Ui t#£]

where W : R* x P(RY) — R? and ¢ : [0, T] x R*¢ — R< are Borel maps. As in the previous examples, the rigorous
definition of " can be given as in Remark 4.9. Similarly we take the drift of the associated McKean—Vlasov SDE

bt(x,u)zf ‘I’<x,y,/ <pz(x,z)dut(z),/ wt(y,Z)dm(z),ut>dut(y)-
R4 R4 R4

Throughout we will use both the 1-Wasserstein metric, W; and the bounded Lipschitz metric, dg, on P(RY), with the
latter given by

dsL(u,v) =  sup { / (0 dpu(x) — / ¢(x>dv(x>}.
Rd Rd

#:llpllo=<1,Lip(¢)<1
Note that dgy, < Wj.

Proposition 4.16. Assume that the initial law pg satisfies condition (4.6). Furthermore, let W € Lip(R4d x (P(R?), dg1)),
and suppose that there exists a constant L such that

(4.38) W(x,y,a,b,w) < L(1+lal+bl), x,y,a,b€R? peP(RY)
and
(4.39) E[ef Jo 1PV WD) < oo forall B R,

where W', W2 are independent Brownian motions with common initial law pq.

Then the family Qév of laws of the empirical processes associated to the interacting system (4.1) induced by drifts of
the form (4.37) satisfies an LDP with rate function F given in (4.11).

In particular, (4.39) holds whenever ¢ is translation invariant with ¢ € L (Lf_y) for p, q €[2, 00] satisfying

d 2
(4.40) SrZcn
P q

Remark 4.17. A couple of comments:

1. Similar to Remark 4.15, Proposition 4.16 holds for any ¢ = ZTzl @; with each ¢; satisfying (4.40) for suitable
exponents p(/ ), q(f ),

2. Asin Remark 3.6, when ¢ is bounded, we can include self-interactions in the summations in (4.25), (4.30) and (4.37)
without changing the results above.

Remark 4.18. The example of Theorem 1.1 is a particular case of (4.37), which can be seen by setting

W(x,x2,y,x3, ) :==Y(x, 14, y).
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The LDP for Q 1’7\' follows from Proposition 4.16. Moreover, the convergence to the McKean—Vlasov SDE will be shown
in the next section, and follows directly from Proposition 4.24.

Proof of Proposition 4.16. The proof is an adaptation of the proof for Proposition 4.13. As in step (1) of the proof of
Lemma 4.13, we first consider suitable bounded Lipschitz functions ¢ with corresponding drifts b. Also in this case, it
is not difficult to see that in this case (b", b) is FLip-inducing. First, to show that b € FLip, note that b is bounded by
(4.38) and the boundedness of ¢ yields

by Cets 1) — by (2. p12)| < Lip(\IJ)//Rd (=l =l + )+ AD)dy (o1, 32)+ D,

where (II) = Lip(¥)dpL(u, v) and
(D < Lip(p) //R Rd(lm —x2| + [wi — wa|) dy (i, wy),

(ID) < Lip(e) // (131 = yal + w1 — wal) dy (wr, wa).
RXRd

Noting dpr. < W1, inserting estimates (I) and (I) into the previous inequality and optimizing over all couplings y between
u1 and po yields

|be(x1, 1) — by (x2, w2)| < Lip(W)(2 4 3Lip(@)) (Ix1 — x2| + Wi (i1, n2)),

i.e., the Lipschitz estimates holds. Next, note that we have for P -almost every zV

/ (|x —bfv|2(-,zfv),zﬁv)dt =< (Lip(qj)”w”ooﬁ + NL(I +2||<p||oo)> ,
0

which vanishes as N — oo.
Finally, since W is Lipschitz, we find that for any ¢, b and approximating sequence ¢*, b* the estimates (4.8) and (4.9)
may be obtained with g, (¢, x, y) = Lip(\I!)2|g0, - <p,"|2, and the rest of the proof follows similar to Proposition 4.13. [J

Background. There are several papers dealing with large deviations for McKean—Vlasov SDEs. One of the first papers is
[11], which proves an LDP for the paths of empirical measure, assuming continuity on the drift » among other hypotheses.
The papers [12] and [7] prove an LDP (for the empirical measures on the path space, as here), again assuming also
continuity of the drift. The work [46] proves propagation of chaos and a large deviation upper bound, assuming b bounded
and continuous in the measure argument, but with respect to a stronger topology (the t topology). Outside the context
of bounded (or linear growth) drift, we are aware only of the result in [29], which shows an LDP for a system of one-
dimensional particles with a repulsive two-body interaction of order 1/x, that is the framework of Section 4.3.1 but with
¢(x) = 1/x, which is outside the class we can deal with here.

We also recall the recent papers [52] and [16] on large deviations for interacting diffusions/McKean—Vlasov SDEs
when also the noise intensity tends to 0, and [53] for the large deviations of the Brownian one-dimensional hard-rod
system.

4.4. Uniqueness for the McKean—Vlasov SDE

In this subsection we consider the McKean—Vlasov SDE associated with the particle system (4.1), namely
4.41) !dxt=bt(Xt»LaW(Xt))dt+th,

X with law pg,

for a given Borel drift b : [0, T] x RY x P(R?) — R¥ and a given initial law py.

We assume conditions on b which include the examples in the previous subsection. We show, under these conditions,
uniqueness in law for the McKean—Vlasov SDE (4.41). As a consequence, in all examples in the previous section, the
empirical measures associated with the particle system (4.1) converge, as N — oo, to the law of the solution of the
McKean—Vlasov SDE (4.41).
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We keep the notation of the previous section, with S = C([0, T']; R4 ), W the d-dimensional Wiener measure with

initial law py and W the Brownian motion with initial law pg (similarly W' are independent Brownian motion starting
from pg). We fix m > 2 and, for n > 0, we set

d
M, = {MGP(S) ‘ H—“

o)
L™ (S, W)

We introduce some notation and give some remarks on the restriction from paths on [0, T'] to path on a subinterval [0, T>].
We call w0, 7,1 : S = C([0, T]; Rd) — S, 11 :=C([0, T2]; Rd) the restriction map; for y € S, we call yj0,1,] = 7[0,151 (V)
its restriction to [0, 72]. For p € P(S), we call pjo,1,] the restriction of p to the interval [0, 73], thatis pjo, 7,1 = (770,75 #0,
which is a probability measure on Sy, 7,; similarly we use dpjo,7,1/dW for the density of pjo, 7] with respect to Wio 7).
Note that dpjo,7,]/dW is a version of the conditional expectation of dp/dW given m|o r,]; in particular, if dp/dW €
LY (S, W) for some y > 1, then dpo,7,1/dW is in LY (S0, 1,1, Wio,1,1) and we have (by Jensen’s inequality for conditional
expectation)

ldpro,751/dWliLr < lldp/dW| Ly
We keep a similar notation for ,0[0 1,)° Dote that d,o[o ] JdW®k (the density of p%sz] with respect to W([%sz]) coincides
with (dpjo, 1, /dW)®k (the density tensorised k times). Finally, we call V}, [0, 7] for the map V), (as defined in Section 4.1)

with final time 75 instead of T'.

Theorem 4.19. Fix the initial law py € P(R?). Fix m > 2. Assume that, for every n > 0, for every > 0,

T
(4.42) sup E[exp(ﬂ/ |b,(W,,,ut)|2dt>:| <0
HEP(S), R(uIW)<n 0

Assume also that there exist a non-negative Borel function g : [0, T] x (RY)* — R and, for every n > 0, a constant C, =0,
such that, for every0<T); <Th <T,

T
2
f by Cer ) — by )2
T

(4.43) -c /

for W-a.e. x and every ju,v € My,

T
(k—1 k—1 k—1
(/ gz(x;,y;)dt>| B o) — v VoW ()

—1
0.75] 1

where ujo,1,) = d [0, 1,1/dW and vio,1,] = dvio,1,)/dW, and that, for some m > m with i > (m/2) =m/(m —2),

T m
(4.44) IE|:</ g,(W,‘,...,W,k)dz) i|<oo.
0

Then uniqueness in law holds for the McKean—Vlasov equation (4.41) among laws with finite relative entropy with respect
to W, that is: if X and Y are two solutions with laws 1 and v respectively, and if R(j1|W) < oo and R(V||W) < oo, then

a=rv.

Proof. For any pu € P(S) with R(u||W) < oo, assumption (4.42) gives via Girsanov’s theorem D.1 the existence of a
weak solution X* to the SDE

(4.45) dX; =b/(X!, we)dt +dWy,
with law F(u) := WH* = Law(X*) given by

dF(u)
dW

(W) =exp(Vo(W. ),
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with V}, as defined in Section 4.1. Note that F'(u) is the unique law solving (4.45) and having finite entropy with respect
to W. Indeed, if v is the law of another solution Y* to (4.45) with R(v||W) < oo, then, by Lemma B.1,

T
J [ b ol dr vy < ROIW) + g B[ ] < o,
SJ0

Therefore the uniqueness condition (D.1.3) is met under v and so v = F ().
Moreover, the density of F(u) with respect to W is in LY (S, W) for every finite y > 1: Indeed, following standard
computations (similarly to the proof of Theorem 4.5) and using assumption (4.42), we have for some ¢y,

14 T 5
:| SE[exp(cy/ |b,(Wt,/L,)| dt)] < 00.
0

Finally, note that a process X, with R(Law(X)||W) < oo, is a solution to the McKean—Vlasov SDE if and only if its law
is a fixed point for F. In particular, if [ is the law of a solution to the McKean—Vlasov SDE, with R(i||W) < oo, then
€ LY (S, W) for every finite y and satisfies (4.46) (with i in place of p and F(u)).

Let & and ¥ be the laws of two solutions to the McKean—Vlasov SDE and 7 be the subset of [0, T'] consisting of
all times 7 such that fi and v coincide when restricted to [0, T1] (that is, fijo,7,] = Vjo,7,]). Clearly 7 is an interval
containing 0. We will show that 7 is both open and closed in [0, T'], thus implying that 7 must coincide with [0, T'], and
hence u =v.

The fact that 7 is closed follows easily from the fact that & and v are measures on continuous paths: indeed, if (7},),
is an increasing sequence in [0, T'] converging to 7’ and & and v coincide up to 7,, for every n, then & and ¥ coincide up
to T’ as well.

We will now show that 7 is open, that is, if £ and v coincide up to T, then there exists 7> > T} such that & and v
coincide up to 73. Fix > 0 such that /& and v belong to M,;, (such n exists due to (4.46)). Fix also 75 > T to be specified
later. Unless differently specified, all constants in the proof are independent of 7>.

Using the elementary inequality |¢® — e| < %(e“ +eP)|a — b|, we get

(4.46) (W)

IEHdF(M)
dW

‘dﬁlom _diop

_ ’dF(/l)[o,Tz] _dF®)0.1]

dw dW dW dW
L (dF()o.1,)  dFV)0,1] _ _
< * ’ Vv i) =V, L)l
< 2( W + W |Vi.10.751C+ /) = Vi [0,151C, D) |

So by Holder’s inequality with 1/y 4 1/m = 1/m (with shorthand LY = LY (80,751, W0, 7»1), ¥ > 1),

= (%
AN P

By (4.46), (4.42) and the fact that R(p||W) < ||d,0/dW||'fm(57W) for any p € P(S), we have, for some C, > 0,

dF (D)
dW

dF (.1 dF®)0,1
dW dW

|

ﬂwum—wnwhw

LY LY

dF (D)

dF (D)
LﬂWdW

dW

<

H dF ()
dW

” dF (i)
dW

LY LY (S, W)

T
<2 sup ]E|:exp<cyf ‘bt(Wt,,o,)|2dt>i|
PEM, 0

T
<2 sup E[exp(c,,/(; ‘b,(W,,p,)}zdt>] <Cy.

PEP(S),R(p|W)=n"

LY (S,W)

By definition of V}, [0,7] (in Section 4.1 with final time 7>), we obtain

T
A(mmnn—mm&»wm

1Vo.0.71C. ) = Vo j0.11 . D) | s < )
L77‘1

1| [P _ 2 2
+JA‘WW&M”—WWQMHW

=+,
Lm
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For the first term, we obtain by the Burkholder—Davis—Gundy inequality

T _ .0 3 T _ 2 3
/ |bt(Wts/Lt)_bl(Wtsvt)| dt / ibt(thMt)_bt(thvt” dt
0 0

DH=a <c
Lm/2 L
for some constants ¢1, ¢; > 0. As for the second term, we estimate as follows
1 1
_ fb) o 0 2 I _ 0 2
an < / (bW 0| + | (We )P de ) - / 1B (W, i) — by (W, )2 d
0 0 Ln"1

1
2

! T o T _ o
+‘f |bt(Wt»vt)| dt / |bt(WtalLt)—bt(Wt,Ut)| dt
i 0 0

T 5 2
f b (W, i)t
0 Lm

3
=
Lrh
for some constants ¢, ¢ > 0. Using the inequality a™ < e’ﬁ“, we obtain the estimate
3 - o o
<E|exp m/ \bt(W,, ,u,)’ dt
Lm 0

T e
< sup E[exp(ﬁz/ |bt(Wt,p,)|2dt>] <Cy,
0

pPEM,

L

T o
H/O |bt(Wt’Mt)| dt

where we have used again (4.42) and the fact that R(p||W) < ||dp /dWH’fm( S.W)" The same argument holds for the term

with [/ |b,(W;, )| dr.
Putting the terms (I) and (II) together, and using that ft[o,7;] = V[0,7;], We then obtain

1
2

T
Hvb,[o,rz]c,m—Vb,[o,Tz]o,ﬁ)Hmscsfo b (Wi i) — by (W, 5) 2 ds

Lm
T _ o %
=c3 / b (Wy, i) — by(Wy, )| dt
T Lm
for some constant ¢3 > 0. Using assumption (4.43) (with the notation W = Wl ..., W5 and w-l = (W2, ..., Wh,

where W' are independent d-dimensional Brownian motions with initial law o), we further estimate the right-hand side
to obtain

T, N 1/2
/ |bi (Wi, i) — bi (Wi, 9)|” di
T

1

L

ll[O,Tz] ®Kk—1)

T d
< BV | (EW! / W,)dt
=4 |:< . & (Wy) dW

1 1 I
<csEV | (EY / g (W) dt
T

k

2

j=2

k 1 . T (m/2)'q\ i/ (m/2)
S (o)
T

j=2
W m dﬂ[O,Tz] d‘_)[O,Tz] . mAN 2m/m=1/2m)
|E 1_[ v (Wo.1,1)
dW dw 1012
2<U<k,t#j

®Kk—1)

dvio, 1) (W’l[o,Tz])

dW

(Wior) —

P

din, 1, i AV0,D] (1,
W(Wj)_ dwz( []O,Tz])

5 _ _ 5\ i 1/
l—[ d[L0, 1] v dvyo, 1, (W 1)
dW dwW 0,731

2=<l=<kt#]

Ao, 1] (1)) dvio, 1] 1)
B (W ) — IO ()
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T, m~ 1/(2m) dii dv k—2 dil dv

<c¢7|E f g (Wy) dt M0, 1] v V[0, T3] H0,7] _ V[0,7»]
T dW dW || ;m dW dW |[;m
T s 1/ () dii d5
_ H10,T5] V[0,T»]
<c|E W,)dt k=2 —
_C8< I:/Tl & (Wy) ] ) n H dW dW i
for appropriate constants ¢; > 0,i =1, ..., 8. We conclude that, for some C’,, > 0 (independent of T and 73),
ditpo,r)  dvor) | _ |dF(Wm  dFO)0.n)
dW dW || pm dW dW m

ditjo, 1,1 dVjo,1]
dW dW

) 7 i 1)
sc,,(E</ gz(Wz)dt)>
T

By assumption (4.44), we can find T, > T close enough to 77 such that

i 1, i /)
T

Hence, for such 7>, we get that d fi[o,7,1/dW = dvjo,1,1/dW, that is i and vV coincide up to 7>. The proof is complete. []

Lm

Remark 4.20. As the proof shows, assumption (4.43) may be replaced by the weaker one

T
/ by Crro ) — by G )| di
T

k

Tz . .
@4 =, fS,H (/T g(’»xr»%)df> > luo71(v7) = vio.a O [T Gatorzy v viozap (v)* dWE D )
1

j=2 2<t<k
L#j

for W-a.e. x and every u,v € M,,

where w9, 1,] = dpo,1,1/dW and vjo, 7o) = dvjo, 1, /dW.

Remark 4.21. The proof of Theorem 4.19 shows, morally, a contraction bound for F" in M,, provided that 75 is suffi-
ciently close to 7. From this bound it should be possible to get local existence for the McKean—Vlasov SDE. Unfortu-
nately, the iteration in time scheme does not work easily, because the constant  bounding the L norm of the solution
and the time step 75 — 77 can change from one time step to the next. Nonetheless, in all the examples where our LPD
result Theorem 4.5 applies, existence for the McKean—Vlasov SDE holds due to existence of a minimizer of the rate
function F.

Corollary 4.22. Under the assumptions of Theorems 4.5 and 4.19 (possibly modified as in Remark 4.20), as N — 00,
the family of empirical measures zg associated with the particle system (4.1) converges almost surely to the (unique) law

L of the McKean—Viasov SDE (4.41) (with finite relative entropy with respect to W).

Proof. The zeros of the rate function F in Theorem 4.5 are exactly the laws of the solutions to the McKean—Vlasov SDE
(4.41) with finite relative entropy with respect to W. In particular, since JF is a good rate function, there exists at least
one law solution to the McKean—Vlasov SDE. By Theorem 4.19, such a law is unique (among the probability measures
with finite entropy with respect to W), and it is then the unique zero of the rate function F of the LDP for (z¥ )N in
Theorem 4.5. Hence Lemma 2.4 applies. ]

Remark 4.23. As noted by Sznitman in [58,59], convergence in law of the empirical measures zV to the constant variable
[ implies that the sequence Qév,\, € P(SN) is ji-chaotic, in the sense that for every k € N,

Law(XV!, .. xVK) — a®k,
weakly as N — oo on § = C([0, T]; R?). In particular, we have a form of propagation of chaos, namely that for all k € N,

Law(X', .. xMK) = %, wrelo, 1.
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Now we come back to the examples in Sections 4.3.1, 4.3.2, 4.3.3, recalling the drift for the corresponding McKean—
Vlasov SDEs, namely:

o for the example in Section 4.3.1,

bz(x,u)=/ o (x, y)d (¥);
Rd

e for the example in Section 4.3.2,

by(x, ) =/ O (X, y2, -y A (y2, - Y1);
R*—=1d

e for the example in Section 4.3.3,
bz(x,u)z/ \If(x,y,/ (Pt(va)th(Z),/ §0t(y’Z)dlth(Z)»M>dﬂt()’)-
R4 R4 R4

Proposition 4.24. For the examples in Sections 4.3.1, 4.3.2, 4.3.3, under the assumptions of Propositions 4.10, 4.13 and
4.16 respectively, the corresponding McKean—Vlasov SDEs admit a unique solution X with R(Law(X)||W) < oo, and

the family of empirical measures z% converges almost surely to the law of X.

Proof. We have seen in the previous section that the examples above satisfy the assumptions of Theorem 4.5, so it
is enough to verify the assumptions of Theorem 4.19, possibly modified as in Remark 4.20. Assumption (4.42) is a
consequence of (4.14) in the proof of Theorem 4.5. Assumptions (4.43) and (4.44) are satisfied, with any given m and m
as in Theorem 4.19:

o for the example in Section 4.3.1, taking g(¢, x, y) = |p(¢, x, y)|2;
e for the example in Section 4.3.2, taking g(¢, x1, ..., xx) = |o(t, x1, ..., xk)|2.

We will not show the proof of this fact, which is similar to, and easier than, the next proof in the example in Section 4.3.3.
For the example in Section 4.3.3, we will show that assumptions (4.47) and (4.44) are satisfied, taking

g(t,x,y,2) = (Lip(¥)? + L) (1 + i (x, D) + |@r (v, 2] ),

where L is the linear growth constant for W as in (4.38). We start showing (4.47). We denote, for 0 <t < T,

v (X, Y, M[IO,TZ]» M[zo’Tz]a M?O,Tz]) =V (xt, Yt /; @1 (X1, 21) dM[IO,TZ](Z), [S @i (Ve,21) dlvb[zo,Tz](Z)» M?)»

[0,75] 10,751

and also uo, 7,1 = d t[0,1,1/dW and vjo, 1,1 = dv|o,15]/dW. For simplicity of notation, in the following proof of (4.47), we
often omit the subscript [0, 7>] from w, v, u, v, W, S (up to the end of the proof of (4.47), every time we write i, v, ...
Wwe mean (L[o,7,], V[0,7,])- We have the following estimates, with a generic constant C > 0 (independent of T and 73): for
any 71, L with0< T < T, <T,

T
2
/ |bt(xt9M1)_b[(xt,Vz)| dl=/
T\ T,

1

T
|
T

Il
+C/ /[‘I/z(x,y,u,u,u)—‘I/z(x,y,v,u,u)]dv(y)
T S

1

2
dt

I

/S\I/z(x,y,/x,u,u)du(y)—fS‘IJz(x,y,v, v,v)dv(y)

2
dt

/S\I’t(x, Vo iy i, ) d(p —v)(y)

2
dt

T 2
¢ [ [ty v = 0ty wldvon)| ar
T S

1

2
dt

T
+C/ /[\Ilt(x,y,v,v, w) — ¥ (x,y,v,v, v)]dv(y)
T S

1

=: (D) + (D) + 1) + (V).
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For the term (I), we have

T
(I):Cf
T
T
SCLZ/ f<1+
Ty S

I
§CL2/ //(1+|(pt(xt’zt)|+|§0t(yt’zt)|)
T SJS

1

2
dt

/S\If,(x, Vs s i, () d(p —v)(y)

u(y) — v(y)| dW(y)|* dt

+ ‘Lwt(ytazt)du(z)

)

u(y) — v | dW() du ()| di

/;‘Pt(xt,zt)dl/«(z)

u(y) — v(y)|u@) dW(y, )| dr

I
=CL2/; [92(1+’¢t(xtvzt)‘+‘¢t(ytazt)|)

1

T
<3C fS (/T L2(1+ |o(t, x. 20| + o1, ye. 20 [) dr)\u@) — v u@)? dW(y, 2).

1

For the term (II), we have

)
I <c / / Lip(¥)?
Ty S

I
=C / Lip(¥)?
T

1

2
dv(y)dt

/Sfﬂ(t, X, 20) d( —v)(2)

2
dt

/S 0 20 (@) — v(@)u(y) dW(y, 2)

I
= C/S2 </ Lip(q’)2|<p(t,x;,zt)|2df>|u(z) —v(@)[fu(y)? dW(y, 2),

T

where u(y) has been added artificially to satisfy (4.47) with k = 3. As for (III),

)
(11D §Cf fLip(qz)2
Ty S

T
=C / f Lip(¥)?
T S

3
= Cfsz (/ Lip(\lf>2|w(t,yz,zt)fdt>\u(z) — @) () dW(y, 2).

T

2
dv(y)dt

/Sw(t, Ve, 20) d(u —v)(2)

2
v(y)dW(y)dt

/Sw(t, yir 20 (u(2) — v(z)) dW(z)

In view of the term (IV), we recall that, for any ¢ € [0, T»],
dpL (s, Vi) < dBL([0,T]5 V[0, T>])>

which follows from the fact that the map e; : Sjo,7,] — R?, ¢;(x) := x;, is 1-Lipschitz. Hence,

T
avy=c /
T

T
< C/ Lip(W)*dpL (s, v1)* dt
T

1

2
/S[wt(x,y, v, 1) — Wyr . v, v )] dv)| di

< C(T» — T1) Lip(¥)?dpr (1, v)*.

We also recall that the bounded Lipschitz metric dpy, is bounded by the total variation distance dry . Therefore we derive,
adding again an artificial term u(z),

(IV) < C(T, — Ty) Lip(W)*dry (1, v)* = C(Ty — T1) Lip(¥)*[lu — v]7,

T; 2
_ c(/ ’ Lip(\I/)zdt> (/2|u(y) — () |u(x) AWy, z))
T, S

1
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T
= C/S2 </ ZLip(\,p)Z dt)‘u(y) _ v(y)‘zu(z)2 dW@z(y,z).

T

Putting together (I), (II), (IIT), (IV), we get (4.47).
Finally, to complete the proof, we verify assumption (4.44) for g (with any fixed m and m as in Theorem 4.19). Note
that it is enough to prove

E[(foTW,(W}, Wt2)|2dt)mi| < 0.

But this easily follows from the assumption (4.39) on ¢,
IE[e’S Iy |‘/”|2(Wfl’wf2)dt] <oo, VBeR,
which implies the finiteness of all moments of the variable fOT |go,(W,1, W,2)|2 dt. |

Background. The convergence of the particle system to the McKean—Vlasov SDE, in the sense of Corollary 4.22, is
classical in the case of Lipschitz bounded drift, see e.g. [58]. The case of non-Lipschitz drift has also been treated
in various works and we mention only some of them. In the context of the example in Section 4.3.1, the paper [41]
proves the convergence, with quantitative bounds, for ¢ in W% (which includes our example) such that div(e) is in
W12 The work [33] covers the case ¢ = —V® with ®(x) = [x|* with « in (0, 1), which is a relevant example of
Section 4.3.1 for d > 2 (see Remark 4.12). Both in [41] and [33] the initial conditions are assumed to be diffuse in a
suitable sense. The paper [61] (which has appeared after our paper came on arXiv), exploiting the technique in [43],
shows well-posedness and convergence of the particle system for ¢ as in our example in Section 4.3.1 (namely ¢ in
L1(L?) with p, ¢ satisfying (4.29)), also possibly non-translation invariant, with a condition of continuity of ¢ outside
a set of singular points. As examples of convergence in critical cases, that are not covered by our results, we recall
[31], for ¢ = —V® with ®(x) =log|x|, and [30], for the 2D Navier—Stokes equations and the associated vortex system,
that is ¢(x) = x*/|x|?. Outside the context of Section 4.3.1, we already mentioned [46], proving convergence in the T
topology when b is bounded and satisfies a suitable continuity assumption in the measure argument. The paper [42] proves
convergence for a general measure-dependent drift, assuming a quite weak condition but depending on the solution to the
McKean—Vlasov itself; the result is then applied to the case of bounded drifts. However we are not aware of a convergence
result that covers our Corollary 4.22 and Proposition 4.24, although the recent work [35] (which has also appeared after
our paper came on arXiv) proves convergence for a class of singular drifts similar to that in Proposition 4.24.

Concerning (weak or strong) uniqueness for McKean—Vlasov SDEs with irregular drifts, we mention [9,28,34,50,51,
57]. It is also worth mentioning [13] on a regularization by noise phenomenon, via an infinite-dimensional noise, for a
related mean field game problem.

Appendix A: Limits of convex functions

Let V be a vector space. We consider a sequence of convex functions ¢, : V — R (with domains D,,), and two convex
functions ¢7 and ¢y with ¢ < ¢y on V (with respective domains Dy, Dy ), which will act as asymptotic lower and
upper bounds for ¢, in a sense specified below.

Moreover, we consider pairs of sequences and points ({y,}, y) € VY x V, which for simplicity will be referred to as
the pairs (yy,, y), and denote (y,, y) € D for the statement y € Dy and y,, € D,, for every n. We then have the following
approximation result.

Theorem A.1. Let y > 1, and let the sequence of pairs (¥ n, ya) be such that for every 1 > 0,

(A.la) limsup(ﬁn(yyk,n) <00,
(A.1b) du(yyr) < oo,
(A.2) oL(y) < ljgiogf% V) < limsup ¢ (Y,n) < du(Vn)-

n—0o0
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Moreover, let the couple (x,, x) be such that there exists a K € R such that for all € R,

(A.3a) lim sup lim sup ¢,, (ﬂ(y;hn — x,,)) <K,
r—0 n—>o0
(A.3b) limsup ¢y (B(y: —x)) < K.
r—0

Then forany 0 <y’ <y,

(A.4a) lim sup ¢, (y’xn) < 00,

(A.4b) pu(y'x) < o0,

and that

(A.5) dL(x) < ﬁH_l)ioI(l)f(f’n (xn) < limsup ¢, (x,) < Py (x).

Remark A.2. Some comments on these assumptions:

(i) Note that the convex functions ¢, ¢y, ¢ are all allowed to be improper, i.e. allowed to be equal to —oco on their
domain, or to have empty domain.

(i) The constant K in (A.3) is independent of 8, which is crucial in proving the convergence. As an example, note that
when ¢y is even with ¢y (0) = 0 the assumptions imply that (A.4b) holds for K = 0 as well.

First, we will establish some technical properties for limits of convex functions: a generalization of the classical
statement on continuity of convex function on the interior of their domains to certain pointwise limits of convex functions,
and a result that shows how under (A.3a) the limits in n, A of ¢, (x), ¢, (v ) in effect ‘commute’.

Lemma A.3. Let g, : R — R be a sequence of convex functions such that for some a, b € R

limsup g, (a) < oo, limsup g, (b) < oo.
n—0o0 n—o0

Then the functions

8(z) :=limsup g, (2), 8(2) :=liminfg, (z)

n— oo

are both either equal to —oo on (a, b), or finite and continuous on (a, b).

Proof. First, note that there exists a large enough N such that for all n > N both g, (a) and g, (b) are bounded from above,
and in particular [a, b] C D(g,). Moreover, it is easy to verify that g = limsup,,_, ., §,(z) is convex as well, [a, b] C
D(g), and with g bounded from above on [a, b]. We will show that either g = —oc on (a, b) or that limsup,,_, ., l|8x llcc
is finite — in which case we will derive that g is Lipschitz continuous at any proper sub-interval [c,d] C [a, b] with
a < c <d < b. The case for g follows from a similar argument and the fact that g is convex itself.

Now, suppose that limsup,,_, ., [1gx llococ = 00. Since g(z) is bounded from above on [a, b], it follows that there exists a
subsequence n’ € N and a sequence z,; € [a, b] such that

lim g,/ (z,) = —o0.
n’— oo
By compactness in [a, b] we can choose a converging sequence z,; — z*. We will treat the case z* € (a,b) and z* =a, b

separately. First, assume the former and fix s € (a, ). Then for any small enough € > 0 and large enough n’ such that
g (zy) <ooand |z, — 7*| < € with a 4+ € < z* < b — €, we have by convexity of g,/

Iy — S s—a
gn(s) < gw(a) + & (Zn')
W —a Zy —a
S —a
=& (@* + *7311’(51’)7
7t —a—e€
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whenever s € (a, z,/], and where g,/ (a)™ = min(0, g, (a)). Repeating the argument for s € [z,/, b) we derive

. . s—a b—s .
limsup g,/ (s) < limsup max(g:, (a), g:/ (b)) + max( , ) limsup g,/ (z,)
n'—o0 n'—00 *—a—€ b—7—€)
= —00.
In particular we conclude that g(s) := liminf,_, o g, (s) = —00. The case for z* = b (or z* = a) is similar, using the fact

that s € (a, z),) for large enough n'.

Next, suppose otherwise, i.e. limsup,,_, . [gn]lc < 0. Recall from classical convex analysis on R? (e.g. similar to
[24, Theorem 6.7]) that bounded convex functions on convex sets O are uniformly Lipschitz on certain subsets A C O
with d(A, O€) > 0. In particular, when f : [a,b] — R is convex and bounded, a +§ <c <d < b — §, for some § > 0,
the Lipschitz constant of f on the interval [c, d] is bounded by

K :=28""flloo-

Since pointwise limits or pointwise minima of K -Lipschitz functions are also K -Lipschitz, and

g@= lim (lim min g(),

n—00 \m—00 pn<[<m

it follows that g is K-Lipschitz as well. Since c, d are arbitrary, we conclude that g is continuous on (a, b). (]

Lemma A.4. Let (¢p,)neN be a sequence of convex functions on V and (y;. ») a family of sequences and (x,) a sequence
in V. Suppose there exists a y > 1 such that

(A.6) limsup ¢, (yyi.n) <00, forall A>0,

n—oo

and suppose there exists some constant K € R such that

(A7) lim sup lim sup ¢, (,B(y;L,n - x,,)) <K forall BeR.

A—0 n—o00

Then forany 0 <y’ <y,

(A.8) lim sup @, (¥'xn) < 00,
n—>0oo
and
(A.92) lim limsup ¢, (yx,») = limsup ¢, (x),
=0 n—o0 n—o0

(A.9b) lim liminf @, (yx.») = liminf ¢, (x,).
n—0oo

A—0 n—o0

Proof. First, note that if ¢ is convex, we have for any x, y € V and « € (0, 1) for which both ol (y—x),(1 - oz)_lx €
D(¢) that x +y € D(¢)
p(x+y) <ap(ex) + 1 —wp((1—a)'y).
and therefore,
p(=¢(y —x+x)
(A.10) | 1
<ad(a™'(y—0) + (1 —a)((1 —a)"'x).

Now, we begin by establishing (A.8). By (A.6) and (A.7) there exists a large enough N such that foralln > N*, A, 8 € R,
and all 8 € R both yy, , € D, and B(x — y;) € D,. Therefore, for any ¥’ € [0, y), by (A.10) we have

On (v xn) < (1 =) ((1 =)'y (o — yan)) + €u (Y yan),
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with @ = y’/y. Passing to the limes superior in n, we obtain

lim sup ¢, (V/xn) < (1 —oa)limsup¢, ((1 - a)_l V/(xn - yk,n)) + o limsup ¢, (Y ya.n)-
n— o0 n—>oo n—od
Note that the left-hand side is independent of A > 0, while the second term on the right-hand side is finite for every A > 0
by (A.6). Moreover, by (A.7) it follows that the first term on the right-hand side is finite for sufficiently small A > 0.
Hence, the left-hand side is finite as well and in particular, we have shown (A.8).
Next, from (A.10) we find for any « € (0, 1)

Onlaxy) < (1 — a)d’n( (xn y;w)) +agy (yk,n)’

Gn(Yan) < (1 =)y ((1 - a)il(y)»,n - xn)) —‘1-0[(1)”(()(71)6").

Taking limits in A and n, we obtain

(A.11a) lim sup ¢y, (ax,) < (1 —a)K + ozhmmfhm sup ¢n (Ya.n),
n—oQ n— oo
(A.11b) lim sup lim sup ¢, (y1,.») < (1 — @)K + e limsup ¢, (¢ ' x,),
A—>0 n—>o0 n—o00

where we made use of (A.7). Note that g(z) := limsup,,_, o, ¢, (zx,) is bounded from above around z = 1, and by
Lemma A.3 is either continuous in (0, y’) or g(z) = —oo in a neighborhood around z = 1. In both cases, passing to
the limit « — 1 in (A.11a) and (A.11a), we recover (A.9a).

Similarly, to establish (A.9b), we first note that after repeating the argument of (A.11), we find

liminf ¢, (ax,) < (1 —a)K +aliminfliminf¢n(y;“n),
n—oo n—>oo

hmsuphmmfd)n(y;\ D =<(0—-a)K +ozhm1nf¢n(a xn)
r—0

Set £,(2) := ¢n(zxy), g(z) := liminf,_, o g,(z), and recall that g(z) is bounded from above on [0, y’]. Hence, again
applying Lemma A.4 and passing to the limit z — 1 in g(z), and @ — 1 above, we conclude the proof. (|

Now, as a special case, for when ¢, = ¢, x, = x and y, , = y,, we have the following statement.

Corollary A.5. Let ¢ be a convex function on V. Suppose there is a y > 1 such that ¢ (yy,) < oo for all L > 0, and that
there exists a constant K € R such that

limsup¢(,3(x - yk)) <K forall B eR.
r—0

Then forany 0 <y’ <y, ¢(y'x) < 00, and ¢ (x) =1limy_.o ¢ (yy).

Together, these results show how to connect ¢ (x) to ¢r(yi), @n(x,) to ¢y (ya.n). and ¢y (x) to ¢y (). Since by
assumption ¢, (yx,,) is connected to ¢z, (y;) and ¢y (v, ), we derive corresponding statements for (x,, x). Indeed, we now
show how the above results imply Theorem A.1.

Proof of Theorem A.1. Applying Corollary A.5 to both ¢, and ¢y separately, we obtain from (A.1b) and (A.3b) the
convergences

¢L(x) = lim ¢ (y,). ¢y (x) = lim ¢ (y2).

Similarly, from (A.1a) and (A.3a) it follows from Lemma A.4 that
hm lim sup ¢, (yi.,n) = limsup ¢y, (xp),
2=>0 n—oo n— 00

Im})llm inf¢, (yy.n) = 11m 1nf¢,1 (xn).
A—0 n—
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Finally, we use the above and the relationship between y, , and y, assumed in (A.2), to obtain
3¢ (x) = lim ¢ (y2) < lim liminf ¢, (yx n)
r—0 r—0 n—o0

= liminf ¢, (x,) <limsup ¢, (x,)
n—00 n—00

= lim limsup ¢, (yx.n) < lim ¢y (y2) = v (x).
=0 n—ooo r—0

The boundedness conditions follow similarly. O

Appendix B: Variational representation of exponential integrals

Below we will give an extension of the classic variational formulation of exponential integrals. This is exploited in various
arguments of the paper.

Lemma B.1. Let (X, A) be a measurable space and V : X — [0, 0] be a non-negative A-measurable function. Then

veD

(B.1) log/ evd,uzsup{f Vdv—R(vIW)},
X X

where

D={vePX)|RW|p) <oo}.

In the case of Polish spaces X, the result also follows directly from [17, Proposition 4.5.1], which deals with potentials
V that are either bounded from below or from above. Nevertheless, for completeness, we give here a direct and elementary
proof.

Proof. We will first prove that for every v € D,

(B.2) f Vdv—R(v||;L)§10g/ eV du,
X X

and then we will show by approximation of bounded functions that

(B.3) log/ eVdu < sup{/ Vdv—R(v||u)},
X veD /X

which together will imply (B.1).

For the first inequality, we take any v € D and assume, without loss of generality, that ¢’ is integrable with respect
to 1. In this case, Young’s inequality (in the form ab < e% — b + blogb) and the finiteness of R(v||n) < +oo imply the
finiteness of [, V dv. Let uy € P(S) be defined by

1
wy = —e"u  with ZV=/ eV du.
Zy X

Now let us rewrite the expression on the left-hand side of (B.2) as follows,
dv
/ Vdv—RU|w) =/ Vdv— / log —dv
X X x du
v v v dv
=log [ e"du+ | loge” dv—log | e"du— | log—dv
X X X x du

dv (dpy\™"
zlog/ evd,u—/ log<—v(ﬂ) )dv
X X du\ du

= log/ eV du—R|uy)
X

B4

By non-negativity of the entropy R(-||iv), (B.2) holds for any v € D.
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To show (B.3), consider the sequence V,, = min{V, n} for n € N. Note that V,, is a non-decreasing sequence of non-
negative bounded functions converging pointwise to V. Since V,, is bounded, we have that R(uy, ||t) < 400 and that
| X e"" dp < 0o, and we define again wy, as above. Hence, repeating the argument of (B.4) for V,, it follows that

/ Vidv — ROvllp) = log/ eV du— Rlluy,).
X X

In particular, taking v = py,, we get

1og/XeV" du=/xvn dpv, — R(uv, l|1) s/XVduvn — R, ll0).

Maximizing over n, we conclude (B.3). ([l

Remark B.2. In the proof for bounded V the equality in (B.1) follows by checking that v = py is the unique maximizer
(B.1). However, this is not possible for a general unbounded V, even when eV is integrable with respect to . A simple
example over X = [0, 1/2] follows from taking V (x) = —logx + a loglogx ' 4 1 with any 1 < & < 2: for this example,
wy is well defined and clearly R(uy ||[;ey) = 0, but both R(y||) and f Vdupy are infinite. In particular, 1y does not
belong to D and is not a maximizer of (B.1), even though py, is a maximizing sequence.

In contrast, if V satisfies a slightly stronger exponential integrability condition, then R(v|juy) < oo does imply
R(v||n) <ooand [V dv < oo, as we show below.

Corollary B.3. Let V : X — R be a measurable function and juy = Z;levu with normalization constant Zy . Further,
suppose there exists y > 1 such that

/ e'WVlidu < 0.
X

Then
R(|uy) <oo <= R|u) <oo.

Moreover, the following equality holds:
®.5) ROLwy) = Rl — [ Vav+iog [ ¢ ap.
X X

Proof. Repeating carefully the proof of (B.4), one gets formula (B.5) if V is in L'(v) and one of the two condi-
tions R(v||i) < oo and R(v||[uy) < oo holds. Hence it remains to show that each of the conditions R(v||u) < oo and
R(v|my) < oo implies that V is in L' (v).

In the case R(v||u) < oo, by (B.2) we have

/ [VIdv < Rl +logf eV,
X X
which is finite by assumption.
In the case R(v|jiy) < 0o, we apply again (B.2) but with base measure wy instead of p and (y — 1)V instead of V,
getting
/(y —D|V]dv < R(vlluv)+log/ eV DWVlapy
X X
< ROlw) +1og [ eV~ og [ ¢ du.
X X

which is finite by assumption. The proof is complete. (]

Lemma B.4. Let F : XX — [0, 00), k € N be a nonnegative measurable function satisfying

/ exp(F (xq,...,x¢)) dp®k < oo,
Xk
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and v € P(S) is such that R(v||u) < oo. Then
log / exp( / F(x,y>dv®"—‘<y>> dp(x) < (k= 1)R(v|p) + log / " dp®*.
X kal Xk

Proof. A simple application of Lemma B.1 yields

log / exp( / F(x,y>dv®"‘(y)) dp(x)
X Xkl

=SUP{<P, /XH F(x,y)dv®k_l(y)>— R(pllu)}

p

=sup{{o @ V1 F) = R(p @ v® ! u @ u® )} + (k = DRI
0

<sup{(o, F) = R(o|u®)} + (k = DROI|10) =1ogka " du® + (k= DR,

o

which is the desired estimate. (]

Appendix C: On measurability and exponential approximations
C.1. Measurability of integral maps

In this subsection we give a measurability result for integral maps. This in particular implies measurability of &y and 5{}’
in Section 3. In the following, X and Y are Polish spaces, we recall that P(Y) endowed with the weak topology is also
Polish; X, Y and P(Y) are endowed with their Borel o -algebras.

Theorem C.1. Given any Borel function
X XY xPY) 3 (x,y, 1) = flx,y, 1) € [-00, +00],

then the set {u € P(Y) | f € L' (w)} is Borel and the mapping

Fp: X xPX)>(x,u) 1feL1(p,)/;f(xsya/¢L)dM(Y)

is also Borel.

The case when f(x, y, u) = W(y) for some measurable W is a classical question, and treated in great generalization
in for example [5, Chapter 8]. However, for simplicity, in our setting we stick to the case of metric spaces, and adapt an
argument of [44] (Theorem 15.13). First, we provide a generalization of Lemma 7.3.12 of [14].

Lemma C.2. Suppose that f isin Cp(X X Y X P(Y)). Then Fy is in Cp(X x P(Y)).

Proof. In the following, we denote Z = X x Y x P(Y). The idea of the proof is similar to the fact that for Polish
spaces X and Y, the set of functions { f (x)g(y) | f € Cp(X), g € Cp(Y)} is convergence determining for P(X x Y) (see
for example Theorem 3.4.5b of [23]), which is used in Lemma 7.3.12 of [14]. Namely, first note for any g(x, y, ) :=
g1(x)g2(y)g3(1), with g1 € Cp(X), g2 € Cp(Y) and g3 € Cp(P(Y)), the boundedness and continuity of Fy is trivial.

Now, consider a sequence (x,, 4,), converging to (x*, u*). In particular the subsets L := {x,} U {x*} C X and M :=
{tntn>1 U {u*} CP(Y) are compact in X and P(Y) respectively. In particular, the set M C P(Y) is tight, i.e., for every
€ > 0 there exists a compact set K C ¥ such that u*(K¢) <€ and pu,(K¢) <€ foralln > 1.

Therefore, fix any € > 0. By applying Stone—Weierstrass on the compact set B = L x K. x M, we find a sequence
(€“Ni=1 € Cp(Be) with g (x, y, 1) == g (15" (1)g5" (), where g € Cyp(L), g5" € Cp(Ke) and g5' € Cp(M),
such that

. ’l _
ll_‘fg)”f_ge ch(Be)—O'



Large deviations for singularly interacting diffusions 537
Now also fix [ € N. By Tietze’s extension theorem we find a §§’l € Cp(Y) such that
') =g"'(n onk 185" ¢y ry = 185
& W)=8 (y) on ke, 82 e,y = 1182 llcyky:
Hence, define on B =L x Y x M the continuous function 3¢/ (x, y, ) := gf’l(x)gg’l(y)gg’l(u), and note that by con-

struction |8 [, 5 < 18" ¢, (8-
We now compute for any /,n > 1,

|Fp(x*, n*) = Fr(xn, pn)| = /nyx yo 1) dut(y) — /f(xn,y Mn)dﬂn(y)‘

< B F* y, w)du*(y) — f Oy, Mn)dun(y)‘+26llfllcb(2)

IA
~—

g (x* vy, )du*(y)—[ ge”(xn,y,un)dun(y)‘
K Ke

+2Hf gEchb(B)"‘ze”f”Cb(Z)

IA

/Yg Xy, du*(y)—/Yg“(xn,y,un)dun(y)‘
+2¢ ”gé’l”cbwe) +2|f - g HC;,(BE) +2¢€ll flicy2)-

Thus, by the continuity of Fz: on B,

limsup|Fy (x”, 1%) = Fy s )| = 268 ¢, 5,y + 207 =8 5, + 260 fllcrir-

n—oo

Taking subsequent limits, first in [ — oo and then in € — 0 we conclude the proof. (]
Next, we paraphrase Theorem 4.33 of [44].

Theorem C.3 (Monotone class theorem). Let X be a metrizable space, and let F be a vector subspace of Bp(X)
including Cyp(X). Then F = Bp(X) if and only if F is closed under monotone sequential pointwise limits in By (X).

Proof of theorem C.1. Let F be the set of bounded Borel-measurable functions given by
={feBy(X xY xP(Y)) | Ff: X x P(Y) — R is Borel-measurable}.

It is clear that F is a vector subspace of By(X x Y x P(Y)), and by Lemma C.2 it contains C(X x ¥ x P(Y)). To show
stability under monotone pointwise limit, consider any sequence f, in F with f;, 1 f and f in Bp(X x Y x P(Y)). For
any measure u € P(Y), it follows from monotone convergence that

nlin;oan(x,M)=nlin;oflyfn(x,y,u)du(y)=/an(x,y,u)du(y)=Ff(x,u)-

Hence by the monotone class theorem, we get that ' = B,(X x Y x P(Y)), thatis F is Borel for any Borel bounded
function f.

For a Borel non-negative function f, it follows from approximation with bounded function and monotone convergence
that

(x, u) — Af(x,y,u)du(y)

is Borel, in particular the set {1 | f € L'(u)} is Borel. The case of a general Borel function f follows splitting f into f*
and f~. The proof is complete. ]

Corollary C.4. Let S be a Polish space and let V : S¥ — R be Borel-measurable. Then both Ey, 5{;’ tP(S) > R are
also Borel-measurable.
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C.2. Exponential approximation theorem in Polish spaces

Theorem C.5. Suppose X is Polish, V : X — R is Borel measurable such that
(C.1H / PVldpu < +o00 forany B> 0.
X

Then there exists continuous bounded functions V, : S — R such that

r—0

lim 10g[ eﬂlv_v)‘ld,u:() forany 8 > 0.
X

The argument is similar to the denseness of C,(S) in L?(S) spaces, and rely on Tietze’s extension theorem and Lusin’s
Theorem, see for example [44, Theorems 2.47 and 12.8] (note that any Polish space S is normal, and so these theorems

apply).

Proof of Theorem C.5. First, suppose that V is bounded. Then by Lusin’s theorem, for any € > 0, there exists a compact
set K¢ such that (S \ K¢) <e€.

By Tietze’s extension theorem, we obtain a continuous function V, such that V. = V on the compact set K, and
satisfying sup, ¢ | Ve (x)| < sup, g |V (x)|. Therefore, for any 8 > 0,

/eﬂ\V—Veld'u:/ eﬁ\V—Vsldﬂ+/ HV-Vel gy
X Ke S\Ke
=/ eod,u—}—/ AVVel gy <14 . 2PsuPres VIO,
Ke S\K¢

Note that the choices €, K, V. are independent of 8, and thus, by continuity of the logarithm,

e—0

lim log/ PV=Velgu =o.
X

Next, for the case of unbounded V, suppose (C.1) holds. Let V,, be the bounded truncation of V to the interval [—n, n],
ie.

V, = min{n, max{—n, V}}, neN.
It is clear that V), is bounded and lim,, ., |V — V,;|(x) — O pointwise in x € X. Moreover, |V — V,| <|V| foralln € N.

Hence, by the assumption on V and the dominated convergence,

lim | #V=Vldu=1 foranypg >0,

n—oo X

which implies that
n—od

lim log[ eﬂlv*v"‘duzo for any 8 > 0.
X

From the previous argument on bounded functions, we obtain, for each n € N, a sequence of bounded continuous functions
(Vi.e)e>0 such that

lim log/ ePVn=Voelg =0 forany B> 0.
e—0 X

Finally, since by convexity,

1 1
1og/ PV =Voel gy < Elog/ 2PV Vol gy 4 Elog/ 2BVa=Vol gy
X X X

we can find an appropriate sequence V), := V() ) such that

lim log/ PV=Vildp =0 forany >0,
r—0 X

thereby concluding the proof. (|



Large deviations for singularly interacting diffusions 539
Appendix D: Stochastic estimates and technical parts of Section 4
D.1. Basic facts on the Girsanov theorem and the Novikov condition
Theorem D.1 (Girsanov). Let W be an m-dimensional Brownian motion on a filtered probability space (satisfying the

standard assumption), with general initial law Law (W), let b : [0, T] x R™ — R™ be a Borel function. Consider the
SDE

dXt:b(t,Xt)dt“r‘th, tE[O, T],

(D.1.1)
Law(X) = Law(Wj).

If

(D.1.2) E[e% Jo |b(t,w,>\2dz] < oo,

then there exists a weak solution to (D.1.1). Its law PX s equivalent to the Wiener measure W (starting with the same
initial law of X¢) and satisfies,

dPX 1T r
) ::exp<—§/0 Ib(¢, W,)|2dt+/0 b(t, W,)-dW,).

Moreover, if Y is another weak solution to (D.1.1) (defined possibly on another probability space satisfying the standard
assumption), with law PY . such that

T
(D.1.3) / b, Y)[Pdt <co PY-as.,
0

then PY coincides with PX .
This result is classical, here we recall uniqueness, in the line of [25], Section 3.
Proof. Existence and the representation formula are a classical consequence of Girsanov’s theorem, which can be applied
thanks to Novikov’s condition (D.1.2). When the initial distribution pg is a Dirac delta, uniqueness follows from [48,
Theorem 7.7]. Uniqueness in the general case follows from conditioning X to be a single point. (]
Lemma D.2. Let W be an m-dimensional Brownian motion and let b : R™ — R be a Borel function such that
T 2
E[erO |b(t,Wy)| dt] < 00.
Then

E[eforh(t,W,)dW,] < ]E[eszT |h(r,W,)|2dt]%

Proof. The proof is classical, we sketch the idea: By Novikov’s criterion, the exponential local martingale

T T
exp<—%/0 |2b(t, Wt)|2dt—|—/0 (2b)(t, W,)-dW,)

is a true martingale, in particular it has expectation 1. Then it is enough to apply Holder inequality to get the required
estimate. ]

D.2. Definition of the log-densities in Section 4.1

Here we give the precise definition of Eév and &, in Section 4.1.

We recall that S = C([0, T]: RY) and W is the Wiener measure on S. For b : [0, T] x R? x P(R?) — R Borel
function, we define

T
V;,](x,u):/o }bz(xt,uf)}zdt, xeS, ueP().
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Note that Vbl is a Borel map (by Fubini theorem applied to the map (¢, x, u) — |b; (x;, ;L,)Iz). For w in P(S), if Vb1 (x, )
is finite for W-a.e. x, then we can define the stochastic integral

T
(D.2.1) /0 b (xe, poy) - dxy,

on the space (S, (G;);, W), where G; is the o-algebra generated on S by the W-negligible sets and by the projection
o, S = S = C([0, t]; Rd) on [0, t]; in particular G7 is the completion of B(S) with respect to W. Hence we can
define a map Vbz(-, w) : S — R which is a representative of the stochastic integral (D.2.1) and is measurable with respect
to B(S).

Now we define

1
/S(Evbl(x’ 1) — Vi (x, m) du i V) (), V(o w) € LS, ),

0 otherwise,

Ep(p) := wePS)

(for w which is absolutely continuous with respect to W, £(u) does not depend on the specific choice of Vbz(~, u)). Note
that, if R(u||W) < oo and E[e%VbI(W’“)] < 00, then Vbl(-, w) and Vbz(~, w) are in L' (p): indeed, by Lemma B.1,

1
5/ Vy (x, ) dp < R(ul|W) +1og/ e2 V0 W < oo,
S S
and, by Lemmas B.1 and D.2 (using elal < e 4 ¢=9),
1
5[|V£<x,m|dusanw>+1og(/ein(x’“>dW+/e‘ivf(x’“)dW)
S S S

< R(u||W) +1og<2/e%VJ(X»“> dW) < 00.
S

In Lemma D.3 we show that &, is Borel (at least on the set {x | R([|[W) < oo}).
Coming to EN . we recall that Wi, 1 <i < N, are independent d-dimensional Brownian motions on some filtered

probability space (€2, (), P) (under the standard assumption) and z{,vv is the empirical measure associated with W. We
assume on b that

[z <o Pas

Under this assumption, we can define the stochastic integral

T
(D.2.2) /0 b (xy, ) - dx

on the space (€, (H;);, P). Here @ = S x P(S) and P is the law of W! ® z’v\;,, or equivalently of Wi ® z'vVV for any
1 <i < N,under W. Also H, is the o-algebra on Q generated by the P-negligible sets and by 70,1 ® (7r[0,11)#, Where
o, S = S = C([0, ; Rd) is the projection on time [0, ¢] and (7r[o,:))# : P(S) — P(S;) is the corresponding image
measure map; in particular, 7 is the completion under P of B(S) ® B(P(S)). Hence we can define a map Vb2 N g x
P(S) — R which is a representative of the stochastic integral (D.2.2) and is measurable with respect to B(S) ® B(P(S)).
Note that, forevery 1 <i <N,

T
(D.2.3) Vbz’N(W[,zN)zf bi(W/ .z ) dW, P-as.
0

and that, P-a.s., V;’N(-, ziy) isin L1(z).
Now we define

1 .
£y = /S(EVbl(x,M)—Vbz’N(x,u)>du if Vy (o), VEN G ) e LS. ),

0 otherwise,

weP(S).

By Theorem C.1, the function Eév is Borel.
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Lemma D.3. Assume that E[e? vy W1 < 00 for every B > 0. Then the map
P(S) > > Ep(W)1R(uW)<oco s Borel.

Proof. The map

1
s / EV;(x,u)du
S

is Borel by Theorem C.1, so it is enough to show Borel measurability of

1 r du
F:u— /—Vbz(x,u)du LR(uW)y<co =E / be(xe, pug) - dWr —— (W) |1 R(u W) <co-
<2 0 dW

We start with the case of b in Cp,([0, T] x R? x P(RY)) (P(R?) being endowed with the weak topology). We take
a sequence I1" of partitions 0 =) <t <--- <t, =T on [0, T] with size tending to 0 in n. For each n, we call
b":[0,T] x S x P(S) — R the Borel function

bn(tv-x9 M) = Zb(ti9xtiv Mt,-)lte[t,-,t,-+1)

1

and I" : § x P(S) — R the Borel function defined by

I'"(yo ) =Y bt Vi th4) - Viy — Vio)-

]

Again by Theorem C.1, the map

dp
Fo:ip— E[I"(W, M)N(W)} LR (W) <oo
is Borel. Now, for each p with R(u||W) < oo, we have by Lemmas B.1 and D.2, for every 8 > 0,
2 _qn
B F (1) = Fu(u)| < log B[PV V=MW 4 R (| W)
— log B[P o 0:(Weuu)=b" €. Wk dWil] 1. R (10| W)
< log(ZE[ezﬁszT|br(W{;H[)*b’l(f,Wsll)lz'dl‘]) + R(u|[W).

Since b is continuous, b; (W;, ;) —b" (t, W, ) tends to O for every ¢ in [0, T') and every W and w. Hence, for every fixed
T n
B > 0, by dominated convergence theorem and boundedness of b, IE[eZ/32 Jo 1beWeape)=f" (0. W) >-d ] tends to 1 and so

1
limsup|F (1) — Fu(W)| < 5082+ R(uIW)).

By arbitrariness of §, F' is the pointwise limit of the Borel functions F,,, hence F is Borel (for b continuous and bounded).
The case of b Borel bounded follows from the case of b continuous bounded via a monotone class argument (cf. Theo-
rem C.3): the stability assumption needed for the monotone class theorem can be verified as in the proof of convergence of

F, to F. Finally, the case of general b (satisfying E[eﬁ v (W’“)] < oo for every B) follows approximating b with bounded
b™ and proceeding as in the proof of convergence of F), to F. The proof is complete. (]

D.3. Proof of Lemma 4.1 and relative entropy representation
In this subsection, we assume the setting at the beginning of Section 4.

Proof of Lemma 4.1. The SDE (4.1) is an SDE on R4V for the vector X", where the i-th component of the drift is
(t,x) —~ bfv (xi, ziv ). Note that, for this SDE, Novikov’s condition is satisfies, indeed

T i N r
E[e%ZzN:lfo \bfv(Wt,Zlvvv,,)IZdt] :E[eXp(jff |bfv(xt7Z1ny’,)|2dlelv\;z(X)>i| < 0.
S J0
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Girsanov’s theorem gives then the existence of a weak solution X, with law 0 1’;’,\,. The uniqueness in law condition (D.1.3)
reads here

N T . )
Z/o |th(le’Z£{t)|2dt < 00 Q}]’\]N—a.s.,
i=1

which is equivalent to (4.3). The representation formula of the law Q}[:]N in Girsanov’s theorem reads here (recall the
definition of Vb1 and Vb2 Nin 4.2))

4y,

N T N T
1 . : :
P (W):exp(—EE:/o oY (Wi )P de+ /0 bﬁ(w;,z%,t)-dw;>
i=1 i=1

1
=exp(—§N/SVblN(x,Z%)dz%(x)+N£V;&N(x,2%)d1%(x)>

= exp(=N & (zw)):

where we used (D.2.3) for the stochastic integral. The first formula in (4.4) is proved. The second formula (for the law
QgN of the empirical measure) follows from the first one by a standard argument from measure theory. ([l

Lemma D.4 (Relative entropy representation of £). Assume that

T
(D.3.1) EfezJo eWennPd] < og vy with R(u||W) < 0.
Then we have the following representation formula:

R(uw||WH)  if R(u||W) < oo,
(D32) RQuI) + &) = | RUAIW") I RO
+o00, otherwise,
where WH is the law of the process X" satisfying the SDE
dX; =b/(X\', we)dt +dW,

with initial law pg (the law W exists and is uniquely determined by Girsanov’s theorem D.1).
Moreover, when b is in the class FLip, the restriction R(u||W) < oo in (D.3.2) may be dropped.

Proof. When R(ut||W) = oo, the representation formula holds trivially (recall that £,(w) is finite for every ). Now fix
n with R(u||W) < oco. By the condition (D.3.1), we can apply Girsanov’s theorem, which gives the formula

dWH 1 [T r
—— (W) =exp ——/ |bt(Wt,/L,)|2dt+/ be(Wy, i) - dW,
dw 2 Jo 0

(D.3.3)

1
- exp<—5 VW, )+ VAW, u)).

In particular W and W* are equivalent and so u is absolutely continuous also with respect to W*. Hence we can compute
the relative entropy

du du dWH

1
= R(u|[W) — / (—EV,,‘ (W, 1) + VE(W, m) (W)
= R([W) + & (),

which is the desired representation formula.
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For b in FLip we have to prove that for every u,
(D.3.4) R(nIWH?) <00 = R(uIW) < oo.

Note that W/? is well-defined for every u when b is in FLip. Now, fix any u, and note that in particular b is bounded
and hence Girsanov’s formula (D.3.3) still holds. Moreover, for every 8 > 0 and i = 1,2, by boundedness of » and
Lemma D.2 we have,

B[] < oo,
Applying Corollary B.3 to the measures W and W*? we easily deduce (D.3.4). ]
DA4. L? (LYY-estimates

Khasminskii’s Lemma is classical, see for example [38], [59, Chapter 1, Lemma 2.1], [26, Lemma 13].

Lemma D.5 (Khasminskii’s Lemma). Let W be a d-dimensional Brownian motion starting from 0, let f : [0, T] x
R? — R be a non-negative Borel function and assume that

T
af = sup E/O f,x+Wyde < 1.

xeRd

Then it holds

T
1
sup E[exp[/ f@t,x+ W,)dtﬂ < .
xeRd 0 1 —of

Lemma D.6 (L7 (LY) estimates). Let W be a d-dimensional Brownian motion starting from 0. Take 1 < p,q < 00
satisfying

d 2
(D.4.1) —+Z<2
P q

Then there exists a constant C (depending on p, q, d and T) such that, for every f : [0, T] x R? — R non-negative Borel
function,

T
(DA4.2) sup / E[f(t.x + Wp]dt < Cllfll 500,
0

xeRd

This bound is classical (see e.g. [26, Lemma 11]), with an elementary proof that we recall here.

Proof. We use Holder’s inequality applied at ¢ and x fixed for the convolution with the Gaussian density p;:

E[f(t,x+W)] = fixpi(x) < | fillr el -

We recall that || p, ||L o< ct~4/2P for some constant ¢ depending on p and d (as one can see via the change of variable
x" =1~1/2x). Therefore, for every x, we get by Holder’s inequality,

/

T T T , 1/q
/ f(t,x—i—Wt)dtfc/ ||f,||Lp_t_d/2pdt§c||f||Lq(Lp)(/ 1~ /2”dt> for ¢ < oo
0 0 ! 2 \Jo

(note that (D.4.1) implies g > 1, so ¢’ < 00). As for g = 0o, we estimate similarly,

r T
fo f(t’x+W’)dtSC”ff”L;’“(Lf)/o (—4/2p g;

Now the assumption on p and ¢ is equivalent to dg’/2p < 1 for g < oo and to d < 2p for ¢ = co. Hence the time integral
of t=44'/2P i finite. Hence the bound (D.4.2) holds with C = c(fOT t—dd'/2p dt)l/‘/. The proof is complete. O

The previous bound can be easily generalized to the case of k independent Brownian motions, as in the following:
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Lemma D.7. Let W', ... Wk be k independent d-dimensional Brownian motions starting from 0. Take 1 < p1, ..., pk,
q < oo satisfying

d d 2

—+ =+ - <2

p1 Pk 9
Then there exists a constant C (depending on pi, ..., px.q,d and T) such that, for every f :[0,T] x Rk — R non-
negative Borel function,

T
k
(D.4.3) sup fo E[f(t.x1 + W, . .xe + W)]dr < CUFN L8121 (on 2y

X1,... xR

More generally, one can replace the above right-hand side by || f| 4 N for any permutation o of
t

{(1,..., k.

)4 P
(Liy gy C(Lg )

Proof. The proof is similar to the previous one. We write
E[f(t.xi +Wh . oxe+ WE)] = fix p&F o)
and use Holder inequality in the x; variable, to get
E[f(t,x1 + Wl x4 W,k)] <c| fiCxr, ... xk—ts -)”Lf/:t_d/zl’kp?k(xh ey Xk—1)-
Then we proceed similarly with the other variables and get
ELf(tx0+ Wi+ W)L < el fill g g2yt =200 o742

We then conclude on (D.4.3) as in the previous proof, taking

T /g
(D.4.4) C=Cr= c(/ £—4q'(1/2p1+++1/2pk) dt) =TV V/a—d/@py)—=d/Cpi)
0

for some constant ¢; > 0 independent of 7. The bound for a general permutation o follows from (D.4.3) applied to
f(XU—l(l),...,xo—](k)). O

Finally, we put together the previous bounds to obtain an exponential estimate for L7 (L?) functions (see [26, Corol-
lary 14] for a similar statement).

LemmaD.8. Ler W', ... WX bek independent d-dimensional Brownian motions starting from 0. Take 1 < p1, ..., px,
q < oo satisfying

d d 2
(D.4.5) R )
14! Pk g
Then there exists a constant ¢ > 0 (depending on pi, ..., px,q, T) such that, for every f : [0, T]1x R — R non-negative

Borel function with f € LI (LY --- (LY¥)---),

T
sup E[exp[fo f(f»x1+Wzl~~,x1<+Wfk)dtHECXP[C(IJr"f”l/(I_a) ny )]

X1 xp€RY LI (LYY LYk
witha=1—1/q—d/2p1) — - —d/(2px)-

Proof. We take

— -1/(1-w)
h= (2Cl “f“L;'(Lfll(Lfkk))) AT

)
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and lett; = hj A T, and m the first positive integer with #,, = T, in particular

1/(1—
m= [—W <TQerl g qom) O+ 1

With this choice of s, we have

tj+| q 1/‘1 1
C ) dt <C N
hj:(),s.lrl,,pml</tj ”f[”L!:ll (“'(L)]f/’:)"') > = h”f”L;I(Lf]l.4.(Lf£)...) )
Cj, being the constant in (D.4.4). As a consequence of Lemma D.7, we have
Lj+1
sup sup / E[f(t.x1 + wh—wl x4+ wk - W,",)]dr
J=0,ccom—1x,.. x,eRd Jij ! !
tit1 q 1/q 1
<C dt <-.
=h j—O,S.l.l.F)m—l(/tj ”ft”Lfll ('”(Lff)'“) ) 2
Hence, we can apply Lemma 4.7 and get
Lj+1
(D.4.6) sup sup ]E|:exp|:/ f(t,x1 + W,1 — W,l_, T W,k - W,k_)dt:|j| <2.
J=0,...om—1x .., xxeRd tj J !

Now we come back to the bound on the whole time interval [0, T']. We split the time integral over [0, T'] into the integrals
over [¢j, tj4+1] and use conditional expectation with respect to F;, _,: we have, for every x1, ..., x; € R4,

T
]E|:exp|:/ f(t,x1—I—Wl,...,xk—i—W,k)dtH
0
m-1 1j+1
=K l_[exp|:/ f(t,x1+W,1,...,xk+Wtk)dti|
j=0 :

Zj

m=2 Lj+1
=E l_[exp[/ Flex +W},---,xk+Wtk)dt}
j=0 '

Zj

lﬂ‘l
.E|:exp|:f f(t,x1+W1,...,xk+W,k)dti| ‘}',m_]i|:|

Im—1

(all exponentials are > 1 and so the above products make sense and we can use the rule E[XY] = E[XE[Y | Fs]] for X
Fs-measurable). Now we apply the Markov property and the bound (D.4.6) and get

o[ [ stn e Wi whyar]
exp Fle.xr+ W x4+ W) de
0

m-2 tj+1
=k Hexp[/ f(t,x1~|—W1,...,xk+Wtk)dt:|
j=0 i

Im
E[pU Pl W W W W,’;_])dtﬂ
tn—1

m—2 tjt1
§2E|:Hexp|:/ f(t,x1+W1,...,xk+Wtk)dt:|:|.
Jj=0 ti
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Iterating this argument on j, we get finally, for every x1, ..., x; € RY,

T T Qe /] Y14
E[exp[/ flxi+Wh o x4+ wE) drﬂ <om<p AR g0 :
0

which concludes the proof. O
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