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Abstract We present the results of uncertainty quantiﬁcation and sensitivity analysis applied to volcanic
ash dispersal from weak plumes with focus on the uncertainties associated to the original grain size
distribution of the mixture. The Lagrangian particle model Lagrangian Particles Advection Code is used to
simulate the transport of inertial particles under the action of realistic atmospheric conditions. The particle
motion equations are derived by expressing the particle acceleration as the sum of forces acting along its
trajectory, with the drag force calculated as a function of particle diameter, density, shape, and Reynolds
number. Simulations are representative of a weak plume event of Mount Etna (Italy) and aimed at
quantifying the eﬀect on the dispersal process of the uncertainty in the mean and standard deviation of a
lognormal function describing the initial grain size distribution and in particle sphericity. In order to analyze
the sensitivity of particle dispersal to these uncertain variables with a reasonable number of simulations,
response surfaces in the parameter space are built by using the generalized polynomial chaos expansion
technique. The mean diameter and standard deviation of particle size distribution, and their probability
density functions, at various distances from the source, both airborne and on ground, are quantiﬁed. Results
highlight that uncertainty ranges in these quantities are drastically reduced with distance from source,
making them largely dependent just on the location. Moreover, at a given distance from source, the
distribution is mostly controlled by particle sphericity, particularly on the ground, whereas in air also mean
diameter and sorting play a main role.
1. Introduction
Pyroclastic particles dispersal is certainly one of the most complex and impacting phenomena produced by
explosive volcanoes. In fact, depending on the particle size and properties, volcanic fragments can have a
residence time in the atmosphere ranging from few minutes up to months or even years, and therefore, they
can reach areas located thousands of kilometers away from the volcanic source [Sparks et al., 1997; Rose and
Durant, 2009]. The eﬀects of volcanic ash on the environment are also numerous and can represent serious
problems for the aﬀected populations and the nearby territories. Human health, industrial activities, farms,
and crops are some of the ﬁelds more heavily aﬀected by this treat as well as transports, both terrestrial and
in air, and communications networks [Barsotti et al., 2010; Durant et al., 2010; Wilson et al., 2014].
As a consequence volcanologists have deeply investigated the nature of pyroclastic fall deposits, the properties of pyroclastic particles, and the physical processes that govern the dispersal dynamics [Bonadonna et al.,
2015; Houghton and Carey, 2015]. With this speciﬁc aim, a number of numerical models, based on diﬀerent
physical and numerical formulations, have been developed and applied for simulating the dispersal and
deposition processes and to correlate them to the nature and properties of the associated ash clouds and
deposits (see, for instance, the consensus document of the 2nd IUGG-WMO Volcanic Ash Dispersal and Civil
Aviation [Bonadonna et al., 2014] for a list of current ash dispersal models).

©2016. American Geophysical Union.
All Rights Reserved.

PARDINI ET AL.

Despite such major eﬀorts the accurate prediction of pyroclastic particle dispersal, as well as the precise
reconstruction of past events, remains a major challenge due to several sources of aleatoric and epistemic
uncertainty [Bonadonna et al., 2014, 2015]. Some of them are associated to the unknown a priori textural
properties of particles such as shape, sphericity, and density (despite that these properties can be well
constrained after an eruption) and to the transient eruptive conditions of the pyroclastic mixture at the source;
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some others are associated to the nonlinear dynamics of the atmospheric and dispersal processes and to the
complex and still largely unknown mechanisms governing the microphysics and turbulence of this process.
Several investigations have been already carried out to analyze the inﬂuence of the main variables and parameters characterizing the dispersal process and the associated deposits. Some of these address the eﬀect of key
physical parameters or processes, such as that of Bonadonna and Houghton [2005], who investigated the eﬀect
of particle Reynolds number on the depositional dynamics, or the work by Biass et al. [2014], who investigated
the eﬀect of diﬀerent aggregation models on the dispersal and sedimentation processes.
In some other cases the investigation has been carried out by wide exploration of the variable space and
application of quantitative stochastic methods. This is the case, for instance, of Scollo et al. [2008], who investigated the inﬂuence of the main eruptive source parameters on the key features of two well-studied eruptions
of Mount Etna (Italy) and Mount Ruapehu (New Zealand) by using an advection-diﬀusion model and sensitivity analysis, and the work of Stefanescu et al. [2014], who investigated, by ensemble forecast and Monte Carlo
simulations, the eﬀect of uncertainty aﬀecting both source parameters and wind ﬁeld in the simulation of ash
dispersal of the 2010 Eyjafjallajökull eruption in Iceland.
In this work a Lagrangian particle dispersal model has been adopted to study the dispersal dynamics and
deposition of pyroclastic fragments (with a Gaussian distribution in the 𝜙 range [−4, 6]) with the speciﬁc aim
to quantitatively explore the extent that the uncertainty on particle sphericity and on the initial grain size
distribution (GSD) of the pyroclastic mixture aﬀects the airborne and ground GSDs. The dispersal code LPAC
(Lagrangian Particles Advection Code) [de’ Michieli Vitturi et al., 2010] has been chosen to describe the dynamics of inertial, multisize, and nonspherical particles under the action of a realistic complex wind ﬁeld, with a
horizontal speed between 5 and 20 m/s and the presence of atmospheric instabilities. Simulations have been
carried out for a weak plume case, with parameters representative of a recent eruption of Mount Etna and
by adopting a nonhydrostatic mesoscale meteorological model for the deﬁnition of a realistic background
ﬂow ﬁeld.
A full uncertainty quantiﬁcation (UQ) and sensitivity analysis (SA) have been then carried out by adopting a
generalized polynomial chaos expansion (PCEg) technique able, by greatly reducing the computational eﬀort,
to fully explore the parameter space by a large number of simulations. PCEg was ﬁrst introduced by Wiener
[1938], and it is a non-sampling-based method (in contrast to the Monte Carlo method) aimed at quantifying
uncertainty in dynamical systems. Since its introduction, PCEg has been extensively applied to ﬂuid and structural mechanics problems [e.g., Xiu and Karniadakis, 2002; Isukapalli, 1999], but just very few applications have
been made to volcanological processes [e.g., Dalbey et al., 2008; Madankan et al., 2012; de’ Michieli Vitturi et al.,
2015]. The code adopted to perform the UQ analysis is the DAKOTA toolkit (Design Analysis Kit for Optimization and Terascale Applications) [Adams et al., 2006], an open-source software developed at Sandia National
Laboratories providing a ﬂexible and extensible interface between analysis codes (in our case the LPAC code)
and iterative systems analysis methods (e.g., UQ, SA, optimization, and parameter estimation).
In the following, section 2 presents the main properties of the reference phenomenon investigated and
section 3 presents the physical and numerical formulation of the LPAC code and the way the GSD of the mixture is represented. The details of the UQ and SA methods are brieﬂy illustrated in section 4, whereas section 5
presents the results of some selected deterministic simulations as well as the main results of the stochastic
analyses performed. Finally, section 6 reports a summary of the study and its main outcomes.

2. The Mount Etna Reference Event
The analysis presented in this work has been performed for dispersal conditions representative of the event
of 24 November 2006, at Mount Etna, Italy (Figure 1). According to Spinetti et al. [2007] and Andronico et al.
[2014], this eruption took place at the Southeast Crater, one of Mount Etna’s summit craters, and it represented the most voluminous episode, in terms of mass of ash emitted, that occurred in 2006. This episode has
been subdivided by Andronico et al. [2014] into three main eruption phases: resumption, paroxysmal, and
conclusive. The resumption phase, which started at about 00:00 GMT on 24 November and was characterized
by increasing degassing and sporadic ash emission, was the precursor of a paroxysmal phase that started
at 2:00 GMT and stopped at 15:00 GMT, with a total duration of 13 h. The paroxysm consisted of powerful
Strombolian activity and lava fountains, and it reached a peak between 12:00 and 13:00 GMT. During this event
a weak volcanic plume rose up from the Southeast Crater reaching a maximum altitude of about 5 km above
PARDINI ET AL.
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Figure 1. The 24 November 2006 eruption captured by the Moderate Resolution Imaging Spectroradiometer ﬂying on
board NASA’s Aqua satellite (modiﬁed from http://eoimages.gsfc.nasa. gov/). In the inset is the volcanic plume as
observed from the center of Catania at around 11:00 GMT (photo by Boris Behncke, INGV-Sezione di Catania).

sea level (asl); simultaneously, a tephra fallout covered the southeast and south ﬂanks of Mount Etna. The
paroxysmal phase was followed by a conclusive one in which the ash emission stopped between 16:00 and
17:00 GMT on 24 November 2006. The ash cloud showed characteristic horizontal stripes oriented perpendicularly to the prevailing wind direction (see Figure 1) as observed also at other volcanoes (e.g., Klyuchevskaya
in Kamchatka and Eyjafjallajökull in Iceland). This phenomenon can be associated with Kelvin-Helmholtz (KH)
atmospheric instabilities formed by interaction between the volcanic plume and the atmosphere [Spanu et al.,
2013]. In favorable conditions, the presence of the volcanic plume can in fact modify atmospheric temperature proﬁle and allow the formation and growth of small atmospheric perturbations, perpendicular to the
wind direction, in rolling waves similar to breaking oceans waves, as that which occurred, for example, in the
eruption of 31 May 2012 at Popocatépetl volcano, Mexico.
The driving wind ﬁeld used for the numerical simulations has been generated by WRF (Weather Research
and Forecasting Model), a Eulerian fully compressible nonhydrostatic atmospheric model [Skamarock et al.,
2005]. Because the horizontal structures observed were oriented almost perpendicularly to the mean wind
direction, and the wind direction was nearly constant after 12:00 GMT, we have investigated the phenomenon
using two-dimensional simulations of the wind ﬁeld. In particular, the Eulerian wind ﬁeld was simulated over
a domain of about 40 km horizontally and almost 6 km vertically, with the outputs saved each 10 min. It also
covers a time interval of about 4 h. KH instabilities develop in the vertical range between 3300 and 4300 m asl
approximately 1 h after the beginning of the Eulerian simulation. The plots of the wind velocity components
(ux , uz ) at two diﬀerent instants of time are presented in Figure 2. Despite the characteristic and clear presence
of KH instabilities in the Eulerian wind ﬁeld, we have seen that these features do not signiﬁcantly aﬀect the
uncertainty analysis and results presented in this work.

3. The Lagrangian Particle Model LPAC
For the analysis presented in this work we used a Lagrangian particle model, named LPAC [de’ Michieli Vitturi
et al., 2010], to simulate the transport of pyroclastic particles under the action of the atmospheric ﬁeld
computed by the mesoscale model WRF, as explained in section 2. The equations of particle motion are
derived expressing the Lagrangian acceleration as the sum of the forces acting along its trajectory. Using a
simpliﬁed version of the Basset-Boussinesq-Oseen equation, the code allows to compute the trajectory of
each particle by assuming a one-way coupling with the wind ﬁeld in which the particle motion takes place.
This means that while the properties of the background atmospheric ﬁeld inﬂuence the motion of the
PARDINI ET AL.
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Figure 2. (a) Horizontal and (b) vertical components of the wind ﬁeld plotted 1 h after the beginning of the Eulerian simulation. (c) Horizontal and (d) vertical
components of the wind ﬁeld plotted about 3 h after the beginning of the Eulerian simulation. A Kelvin-Helmholtz instability is found to originate in
correspondence of the volcanic plume at ∼ 4000 m asl just after 1 h of simulation, due to the eﬀect of a perturbation in the potential temperature proﬁle
simulating the presence of a volcanic cloud.

particles, the particles do not have an active eﬀect on the characteristics of the wind ﬁeld. This assumption is
justiﬁed by the fact that particle concentration is low (approximately in the range 10−5 – 10−6 kg/m−3 , according to Corradini et al. [2008]). Indeed, a momentum coupling parameter, Πmom , deﬁned as the ratio between
the drag force FD exerted by the particles on the ﬂuid in a ﬁxed volume and the momentum ﬂux of the
continuous phase through the volume, can be expressed as [Crowe et al., 1998; Sommerfeld et al., 2008]
Πmom =

C
,
1 + St

(1)

where C is the mass concentration and St the particle Stokes number. Therefore, the value of Πmom is so small
that the momentum coupling eﬀects can be considered negligible and it is possible to adopt a one-way
coupling between the Eulerian and the Lagrangian ﬂow models. In addition, due to such low particle concentration in the ash cloud, collisions between particles can be neglected. For the same reason, aggregation and
fragmentation processes were also not considered.
3.1. Equation of Motion
The motion equation of a particle in a steady ﬂow at low Reynolds numbers is represented by the
Basset-Boussinesq-Oseen (BBO) equation:
mp

dv
= FD + FP + FBasset + FVM + FG .
dt

(2)

The left-hand side of equation (2) represents the variation of momentum of a particle having a mass mp and
a velocity v, while the right-hand side contains all the forces acting on the particle along its trajectory. These
are the drag force, FD , the pressure gradient force, FP , the Basset force, FBasset (this force accounts for the time
lag associated to the chaining in the boundary layer), the virtual mass force, FVM (associated to the inertia
added to a particle due to the its acceleration in a ﬂuid), and the body force, FG (only the gravity force is here
considered). If the moving particle has a diameter equal to D, the relative Reynolds number can be expressed
as follows:
D|u − v|
,
Re =
(3)
𝜈
where u and 𝜈 are the velocity and the kinematic viscosity of the carrier phase, respectively.
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For the application presented in this work, it can be shown that some terms of the general BBO equation can
be neglected. In particular, since the particles characteristic dimension is small compared to the characteristic dimension of the carrier ﬂow, the Faxen correction and other ﬂow curvature terms sometimes considered
in the virtual mass force FVM can be neglected [de’ Michieli Vitturi et al., 2010]. Also, the Basset history term
FBasset can be omitted; in fact, even if at low Reynolds number it increases the drag force, it has been demonstrated that its eﬀects are less important than originally thought [Dorgan and Loth, 2007]. For these reasons
equation (2) can be simpliﬁed as follows:
dx

⎧ dt = vx
⎪ dz = v
z)
⎪ (dt
(
)
,
⎨ 1 + 1 dvx = −CD 3 |u−v| ux − vx + 1 dux − 1 dp
2𝛾
dt
4
𝛾D
2𝛾 dt
𝜌p dx
⎪(
)
⎪ 1 + 1 dvz = −C 3 |u−v| (u − v ) + 1 duz − 1 dp − g
D 4 𝛾D
z
z
⎩
2𝛾
dt
2𝛾 dt
𝜌 dz

(4)

p

where vx and vz are, respectively, the horizontal and the vertical components of the velocity of the particle; ux
and uz are the corresponding components of the wind velocity ﬁeld in a Cartesian system, p is the pressure
acting on the particle; and g is the gravity acceleration. The ratio between the density of the particle and the
𝜌
density of the ﬂuid is herein expressed by 𝛾 = 𝜌p .
f

3.2. Drag Coeﬃcient
The main term controlling the coupling between the particles trajectories and the wind ﬁeld is the drag force,
and thus, a proper description of the drag coeﬃcient CD is required. However, the determination of the drag
coeﬃcient for spherical and nonspherical particles is a complicated and nonunivocally resolved task. It has
been clearly shown that the drag coeﬃcient of a particle is strongly related to its shape [e.g., Wilson and Huang,
1979], and thus recent studies have been focused on the development of new techniques in characterizing
the shape and the size of volcanic particles [Bagheri et al., 2015].
In this work we have chosen to express the CD as a function of the Reynolds number, as deﬁned in equation (3),
and of the sphericity of the particle [Ganser, 1993]. The advantage of this choice lies in the relatively simple
way to obtain an estimate of the CD from the shape of the ash fragments. According to this approach, the
diﬀerences in particle shapes are measured in terms of particle sphericity 𝜓 , deﬁned as the ratio of the surface
area of a sphere with equivalent volume to the actual surface area of the particle:
1

𝜓=

2

𝜋 3 (6Vp ) 3
Ap

,

(5)

where Vp and Ap are the volume and the surface area of the particle, respectively; 𝜓 = 1 means that the
particle is a sphere.
To take into account both the extremely wide range of Reynolds numbers experienced by a particle during its
motion and the shape of pyroclastic fragments, the Ganser formulation assumes that each isolated particle
experiences (i) a Stokes regime in which drag is proportional to the relative velocity between the particle and
the background ﬂuid ﬁeld and (ii) a Newton regime in which drag is proportional to the square of relative
velocity. As a consequence, two shape factors are introduced: the Stokes shape factor, K1 , and the Newton
shape factor, K2 .
In the case of Stokes ﬂow (i.e., Re ≤ 0.05), the drag coeﬃcient can be expressed as [Lee and Leith, 1989]
CD =

4Dg(𝜌p − 𝜌f )
3v 2 𝜌f

=

24
,
ReK1

(6)

where v is the magnitude of the ﬂuid velocity. The right-hand side expression in equation (6) is the usual
Stokes law modiﬁed for nonspherical shapes with the introduction of the shape factor, K1 , modeled by Lee
and Leith [1989] as a function of sphericity and expressed as follows:
K1 = (

1 2 − 12 −1
+ 𝜓 ) .
3 3

(7)

For the Newton regime (i.e., Re ≥ 1000), the so-called Newton shape factor (K2 ) is introduced through the
equation [Thompson and Clark, 1991]
CD = K2 CDS ,
(8)
PARDINI ET AL.
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where CD is the drag coeﬃcient of nonspherical particles and CDS is the drag coeﬃcient of a sphere, both
evaluated at a Reynolds number of 104 .
Using experimental results, K2 is estimated as a function of the sphericity as follows:
K2 = 101.8148(−log(𝜓)

0.5743 )

.

(9)

Based on this approach, a simple expression of the CD as a function of a generalized Reynolds number (ReK1 K2 )
is proposed in Ganser [1993] for spherical and nonspherical particles and valid for ReK1 K2 ≤ 105 , i.e.,
)
CD
0.4305
24 (
1 + 0.1118(ReK1 K2 )0.6567 +
=
,
3305
K2
ReK1 K2
1 + ReK
K

(10)

1 2

where K1 and K2 have the expressions reported in equations (7) and (9), respectively. The power of
equation (10) lies in his capability to estimate the drag coeﬃcient over a wide range of Reynolds numbers
as a function of sphericity. Such approach appears to be a good trade-oﬀ between ease of formulation and
accuracy of results.
3.3. Numerical Discretization
The simpliﬁed set of equation (4) has been numerically integrated using a fourth-order Runge-Kutta method.
In contrast with the original method presented in de’ Michieli Vitturi et al. [2010], the drag term has been herein
treated implicitly to improve the stability of the numerical scheme when using larger time steps. For the sake
of simplicity, we present here just the implicit temporal discretization of the velocity equation for a ﬁrst-order
scheme, i.e.,
)
(
(
)
1 vn+1 − vn
= DC un − vn+1 + O.T. ,
(11)
1+
2𝛾
Δt
where the terms
DC = −CD

3 |u − v|
4 𝛾D

and

O.T. = −g −

1
1 du
∇p +
𝜌p
2𝛾 dt

(12)

are treated explicitly.
Rearranging the terms of equation (11), we obtain
)
(
[
]
1 + 2𝛾1 vn + Δt DC un + O.T.
.
vn+1 =
1 + 2𝛾1 + DC ΔT

(13)

This equation allows to evaluate at each Runge-Kutta step k the changes in the velocity Δvk = vn+1
− vnk that
k
are combined linearly to produce the updated velocity at the new time step.
In addition to the implementation of an implicit scheme for the discretization in time, the LPAC code has been
further developed through the implementation of a local time-stepping technique. In this technique, for each
particle the global time step is divided into smaller local steps, dynamically reduced in order to avoid particles
moving in two nonadjacent computational cells in a single local time step. Vice versa, if the particle remains
in the same cell during the Runge-Kutta steps, the local time step is increased.
3.4. Grain Size Distribution
GSD is certainly one of the most important properties of volcanic particles, aﬀecting their transport, dispersal,
and deposition during the eruptive process. In this work the distribution of the pyroclastic particle size has
been described by using the well-known logarithmic Krumbein scale expressed in 𝜙 units, deﬁned as
(
)
Dmm
𝜙 = − log2
(14)
,
D0
where Dmm is the grain diameter in millimeters and D0 is a reference grain diameter equal to 1mm (please
note that coarser particles are associated with smaller values of 𝜙). In particular, the GSD of particles released
from the volcanic plume, i.e., the mass distribution deﬁned as a function of the diameter expressed in the
Krumbein scale, has been assumed as Gaussian in the mass fraction and characterized by a mean diameter,
𝜇in , and a standard deviation, 𝜎in .
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It is worth nothing that when dealing with volcanic particles, similar amount of mass of particles having a very
diﬀerent diameter in the Krumbein scale can be present in the atmosphere. This means, for example, that if
the range of ash diameters covers a scale from 10−6 m to 10−3 m (i.e., from about 10𝜙 to 0𝜙), the number of
particles with a diameter equal to 10−6 m needed to obtain the same mass of a single particle of diameter
10−3 m is of the order of 109 (assuming the same density for the two particle sizes). Such number of particles
results to be computationally unmanageable by any Lagrangian code. For this reason, we have not modeled
individual particles but packages, or parcels, of particles assuming that all the parcels have the same mass.
As a consequence, in the simulations presented in this work, each Lagrangian parcel released in the atmosphere is representative of a ﬁxed amount of mass of pyroclastic material composed of a variable number of
particles having the same size, similarly to what was done in Barsotti and Neri [2008]. Nevertheless, in order
to have a proper statistical description of the GSD during the dispersal and deposition processes, the order of
magnitude of the number of parcels simulated for each simulation is ≈ o(105 ).
Finally, particle density has been estimated as a function of the particle diameter, following the approach of
Bonadonna and Phillips [2003]. Pumice particles, for the sake of simplicity, the only one taken into account in
the present work, are highly vesicular fragments, so their density varies signiﬁcantly with the size. Typically,
smaller fragments, which are less vesicular, are more dense than the coarse ones. In detail, for smaller particles, i.e., those with a diameter greater than 7 in the 𝜙 scale, a density of 2500 kg/m3 has been assumed,
whereas for coarse fragments with a diameter smaller than 0 in the 𝜙 scale, a density of about 1000 kg/m3 has
been assumed. In the range [7𝜙, 0𝜙] particle density has been assumed to linearly decreases from 2500 kg/m3
to 1000 kg/m3 , this choice being based on previous studies for Etna eruptions [Scollo et al., 2007, 2008]. In
recent years, several other studies addressed the estimation of particle density as a function of particle size. In
Eychenne and Le Pennec [2010], samples from the 2006 subplinian eruption of Tungurahua volcano in Ecuador
are analyzed, suggesting a sigmoidal law for density of scoria and pumice with a plateau of 2600 kg/m3 for
clasts ﬁner than 1.5𝜙. In Douillet et al. [2014], an almost constant density of 2500 kg/m3 and 1400 kg/m3 have
been measured in the range [3𝜙, −4𝜙] for scoria and pumice particles from the East Eifel volcanic area. Nevertheless, we remark that in Scollo et al. [2008], a sensitivity analysis quantifying the eﬀect of several eruption
parameters on tephra dispersal is presented, classifying particle density as a “noninﬂuential” parameter. This
is also conﬁrmed by additional analysis we performed, where diﬀerent values for particles density have been
tested producing similar uncertainty quantiﬁcation results (see supporting information).

4. Uncertainty Quantiﬁcation and Sensitivity Analysis Techniques
Atmospheric dispersal models are aﬀected by numerous sources of uncertainty since their dynamics are
largely controlled by nonlinear processes and by initial and boundary conditions that cannot be accurately
predicted in advance. In this work UQ and SA have been performed to better describe the role and the eﬀects
of some of the uncertainties related to incomplete knowledge of the volcanological input parameters. In particular, we are interested in the uncertainties associated to the parameters representing the GSD of particles:
the mean diameter (𝜇in ), the standard deviation (𝜎in ) of the particle size distribution, and the sphericity (𝜓 ) of
the particles.
4.1. Uncertainty Quantiﬁcation Analysis
The technique adopted to perform the UQ analysis is the so-called generalized polynomial chaos expansion
(PCEg), which is included within the class of stochastic expansion method. In the context of UQ, the term
“chaos” simply refers to the uncertainty in the input, while the term “polynomial” is used because propagation
of uncertainties to the outputs is described by reconstructing the output of the model through polynomials.
Denoting with 𝝃 = (𝜉i1 , 𝜉i2 , … , 𝜉in ) the vector of input variables (n is the number of uncertain input variables) and with R the output of the model (response function), the ﬁrst step to perform the “expansion” is
to model the input variables through appropriate probability distributions. The polynomial reconstruction of
the response function R can be written as follows:
R(𝝃) = a0 B0 +

∞
∑
i1 =1

ai1 B1 (𝜉i1 ) +

∞ i1
∑
∑

ai1 i2 B2 (𝜉i1 , 𝜉i2 ) +

i1 =1 i2 =1

i2
∞ i1
∑
∑∑

ai1 i2 i3 B3 (𝜉i1 , 𝜉i2 , 𝜉i3 ) + … .

(15)

i1 =1 i2 =1 i3 =1

For practical applications, the polynomial expression of equation (15) must be truncated to a ﬁnite order P
and it can be rewritten as
P
∑
R(𝝃) ≃
𝛼j Ψj (𝝃).
(16)
j=0
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In equation (16) every term of the expansion is composed of the product between a multivariate polynomial, Ψj (𝝃), and a coeﬃcient, 𝛼j , and there is a direct correspondence between 𝛼i1 i2 i3 ,…,in and 𝛼j and between
Bn (𝜉i1 , 𝜉i2 , … , 𝜉in ) and Ψj (𝝃) (see equation (15)). A uniform probability distribution has been assumed for the
parameters describing the initial GSD. For this reason, following the Akey scheme [Adams et al., 2006], the
polynomial basis used by DAKOTA to construct the output functions is a Legendre basis.
The main computational eﬀort concerning the PCEg technique lies in the calculation of the coeﬃcients 𝛼j of
the polynomial expansion:
⟨
⟩
R, Ψj
1
R(𝝃)Ψj (𝝃)d𝝃.
𝛼j = ⟨ ⟩ = ⟨ ⟩
(17)
∫
2
Ψj
Ψ2j
To compute the integral in the right-hand side of equation (17), we have chosen to use a Gaussian quadrature
procedure, which is a suitable technique for problems with a low number of input variables as our work is.
Since no sources of anisotropy have been considered, the three dimensions of the problem, i.e., one for each
input variable considered, have been treated in the same way and with the same number of quadrature points.
Once the expansion coeﬃcients have been calculated, the polynomials are used as fast “emulators” of the
response functions of the Lagrangian code, in order to evaluate the variation of the output values for a wide
number of initial conditions, without running the simulations again.
4.2. Sensitivity Analysis
In addition, a variance-based SA was performed to quantify the global sensitivity indices of the response functions to the uncertain input parameters [Adams et al., 2006]. In contrast with some investigations, where the
term sensitivity is used in a local sense to denote the computation of the response derivatives at a certain
point, here the term is used in a global sense, i.e., to denote the investigation of variability in the response
functions. A large number of responses has been evaluated using the polynomial expansions to compute the
Sobol indices Si , i.e.,
Var𝜉i [E(R|𝜉i )]
,
Si =
(18)
Var(R)
where E denotes the expected value and Var the variance. With this notation, the numerator in equation (18)
is the variance of the expectation of the output function conditional to the variation of the ith input variable, while the denominator is the variance of the output function. The index Si represents how much of the
variability of an output R can be assigned to the variability prescribed to the generic input parameter, 𝜉i . In a
similar way, it is also possible to take into account interactions between couples or triplets of input variables
by calculating the indices of second or third order, respectively, as
Sij =

Var𝜉ij [E(R|𝜉ij )]
Var(R)

,

Sijk =

Var𝜉ijk [E(R|𝜉ijk )]
Var(R)

.

(19)

5. Model Application and Simulation Results
5.1. Simulation Setup and Input Data
The simulation of particle dispersal and deposition has been carried out in a domain with a horizontal extension of about 40 km and a vertical one of about 6 km, as shown in Figure 3. To better investigate the distribution
of the parcels during the process, the domain has been subdivided into four vertical stripes, and, in each
stripe, a distinction between the particles still in the atmosphere and those deposited on the ground has been
made, thus resulting in eight distinct subdomains (named Air 1–4 and Ground 1–4). Such a subdivision of
the domain clearly aﬀects the GSDs estimated by the model. However, it allows to have in each subdomain a
number of parcels suﬃcient to accurately estimate the statistical parameters of the GSDs and at the same time
to represent the main trends and dependencies of these values with distance from the source. The inlet portion of the left-hand side boundary of the domain represents the region from which the parcels are released.
Given the bent geometry of the Etna plume of 24 November 2006, the inlet is representative of the plume
conditions at about 2 km from the source along the direction of the wind. In other words the inlet represents
the portion of the eruptive column from which ash particles are released into the ash cloud. We assumed that
the inlet extends 1 km vertically, from 3300 up to 4300 m asl. The Lagrangian simulation covers a time interval
of 2 h, starting 1 h after the beginning of the Eulerian simulation carried out with WRF. Despite the eruptive
event of 24 November 2006 lasting about 13 h, we have seen after about 2 h that a quasi steady state of the
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Figure 3. Sketch of the computational domain in which the ash dispersal and deposition processes take place. The
ash particles are released from an inlet region of the left-hand side boundary with zero velocity and are uniformly
distributed. The domain is partitioned into eight domains resulting from the division of the whole domain into four
atmospheric subdomains (Air 1–4) and four ground subdomains (Ground 1–4).

aerial dispersal process is reached, and therefore this was assumed a suﬃcient time to estimate the mean
and the standard deviation of the GSD over the assumed domain, while the loading on the ground would
increase proportionally (considering a constant intensity of the wind). As mentioned above, KH instabilities
are well developed and they are approximately located in the same vertical range of the inlet (3300–4300 m).
The parcels are steadily released from the inlet every 10 s and every 50 m over the inlet section, with an initial velocity set equal to 0. This assumption on the initial velocity of the Lagrangian parcels is not restrictive
because, due to the small size of ash particles, the time required to reach a coupling with the wind ﬁeld is small
compared to the residence time in the considered atmospheric domain. We also remark that in this study we
have considered only particles released from the top of the plume and not particles lost from the edges of
the eruptive columns during their rise in the atmosphere, which would aﬀect the grain size distribution in the
very proximal region.
Since the dispersion and deposition of volcanic ash are mainly inﬂuenced by the GSD, the uncertain input
parameters we have chosen to investigate in this work are (1) the mean value of the initial GSD (𝜇in ), (2) the
standard deviation of the initial GSD (𝜎in ), and (3) the sphericity of particles (𝜓 ).
The choice of the ranges of variation of 𝜇in and 𝜎in has been made on the basis of the information reported
in literature about the reconstruction of the total GSD of weak plumes events at Mount Etna [Andronico et al.,
2008a, 2008b, 2014; Scollo et al., 2007; Barsotti and Neri, 2008; Barsotti et al., 2010]. Since the aim of this study
is to explore how the uncertainty on the original GSD aﬀects the estimates of the GSD in the air and deposits,
we have deﬁned variability ranges of the parameters able to cover their reconstructed variability as computed
for this type of events. For the sake of simplicity, we have also assumed the distribution of the parameters to
be uniform so that the mode and the mean values of the size distribution are equal and the initial value of the
skewness and kurtosis are equal to 0. Under these assumptions, we have chosen an initial normal distribution
in the Krumbein scale with a range of variations of the mean diameter (𝜇in ) from 0𝜙 to 2𝜙 and a range of
variations of its standard deviation (𝜎in ) from 1.3𝜙 to 1.7𝜙. In addition, in order to evaluate the eﬀect of the
particle nonsphericity on the dispersal process, a range of 𝜓 variation between 0.5 and 0.9 was assumed. This
range of variations corresponds to the measurements presented in Bagheri et al. [2015], where it is shown that
the sphericity of lapilli (2 mm < d < 64 mm) is larger (0.65–0.9) than that of ash particles (0.5–0.8). Here in
order to quantify independently the eﬀects of sphericity from those of other parameters, and to simplify the
analysis, the same value was associated to all particles sizes in each simulation carried out.
5.2. Results of Deterministic Simulations
Before carrying out the full UQ analysis, the results of a few Lagrangian simulations are illustrated. Figure 4
shows the particle distribution after 2 h from the beginning of parcels release, for a simulation with 𝜇in = 1𝜙,
𝜎in = 1.5𝜙, and 𝜓 = 0.7 (corresponding to the mean values of the parameter ranges described in the previous
section), with diﬀerent colors representing parcels of particles of diﬀerent size (red the smallest particles and
cyan the largest ones). Figure 4 (middle and bottom rows) shows the histograms of the size of the particles in
the four atmospheric subdomains (middle row, Air 1–4 of Figure 3) and in the ground subdomains (bottom
row, Ground 1–4 of Figure 3). In each panel the mean diameter and the standard deviation of the GSD are also
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Figure 4. (top row) Distribution of parcels in the atmosphere 2 h after the beginning of the parcels release. The color is
representative of the size of the particles: in cyan are shown larger particles and in red smaller particles. (middle and
bottom rows) GSD in the eight subdomains analyzed 2 h after the beginning of the dispersal process. Each plot reports
the number of particles as a function of the 𝜙 scale. Each plot reports also the mean and standard deviation of the
corresponding GSD.

reported. We can observe that the GSD strongly depends on the distance from the source and that even at the
same distance from the source, the distributions in the atmosphere and on the ground can be signiﬁcantly
diﬀerent. It is evident how the GSD becomes signiﬁcantly more ﬁne grained and well sorted with the increase
of distance from the source. In particular, at constant distance from the source, the GSD in the atmospheric
subdomain is ﬁner and less sorted compared to the GSD on the ground. Finally, we can see how only the
distribution in the aerial subdomains closer to the release (Air 1) is representative of the original one.
Three additional deterministic simulations were carried out by varying only one parameter at a time. Keeping 𝜎in and 𝜓 constant and equal to their mean value, Figure 5 shows, again 2 h after the beginning of the
release, the parcels dispersal for three diﬀerent values of 𝜇in (spanning the whole considered variability interval 𝜇in [0𝜙, 2𝜙]). From the plots it is possible to observe again that the mean values of the GSD calculated in
all the subdomains, with the only exception of the aerial subdomain closest to the source (Air 1 subdomain
in Figure 3), do not signiﬁcantly depend on the original mean grain size of the particles released in the atmosphere but instead largely depend on the distance from the source. Such a dependence is particularly evident
for the GSD computed on the ground whose mean value is almost independent of the mean value of the initial GSD. Consequently, the mean grain size measured in the air or on the ground in a particular subdomain is
not representative at all of the initial one. In contrast, it is possible to observe that the number of parcels, of
each size and in total in each subdomain, signiﬁcantly depends on the mean size of the initial distribution. As
expected, when 𝜇in is decreased, which means increasing the amount of coarser particles in the inlet ﬂow, the
number of parcels in the aerial and ground subdomains closest to the release increases, whereas the number
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Figure 5. Histograms of the parcel size distributions as computed in the eight subdomains 2 h after the beginning of
the parcels release. (top row) The aerial subdomains and (bottom row) the ground subdomains. The colors refer to the
mean values of the GSDs considered and are equal 𝜇in = 0𝜙 (red), 𝜇in = 1𝜙 (blue), and 𝜇in = 2𝜙 (green). All simulations
assume 𝜎in = 1.5𝜙 and 𝜓 = 0.7 (mean values of the ranges considered). In each plot are also reported the values of the
mean parcel diameters (𝜇out ) as computed by varying the inlet mean diameter (𝜇in ). Please note that the GSDs plotted
in blue are the same plotted in Figure 4 but with a diﬀerent number of bins.

of parcels in the other subdomains and the number of parcels able to reach the right-hand side boundary of
the domain decrease. In addition, considering that the same amount of parcels (and thus of mass) is released
during the three simulations, it is shown that when the mean diameter of the input distribution varies from
𝜇in = 0𝜙 to 𝜇in = 2𝜙, the mass of parcels deposited on the ground decreases by about 30% (from 85% to 60%
of the mass released), whereas the mass still in the atmosphere (in the considered domain) is almost doubled
(plus about 95%).
The eﬀects of the variation of the standard deviation of the initial GSD of the mixture are shown in Figure 6
in the same way as adopted in Figure 5. In this case the eﬀects of the variation are much smaller. In fact, even if
the initial sorting of the distribution shifts from 1.3𝜙 to 1.7𝜙, it is evident that there are no signiﬁcant variations
in the parcels size distribution both in air and on the ground.
Finally, the variation of particle sphericity in the range [0.5, 0.9] was investigated keeping all other parameters
equal to their mean value (see Figure 7). Similarly to the previous cases, it was shown that the characteristics
of the initial GSD are maintained only in the aerial subdomain close to the source (Air 1), whereas in the other
subdomains there is a quite evident change in particles size distribution. It is possible to observe also that
the increase of particle sphericity (implying a reduced drag and thus a lower capacity of the ﬂuid to transport
the particles) does not signiﬁcantly aﬀect the total number of parcels present in the whole domain (almost
100% of those initially released), but it has an important eﬀect on the size of the particle present in each of the
subdomains. This eﬀect is clearly reﬂected in the wider variation of the mean value of the GSD of the mixture
at a given distance from the source (both on ground and in air).
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Figure 6. Histograms of the parcel size distributions as computed in the eight subdomains 2h after the beginning of the
parcels release. (top row) The aerial subdomains and (bottom row) the ground subdomains. The colors refer to the mean
values of the GSDs considered and are equal to 𝜎in = 1.3𝜙 (red), 𝜎in = 1.5𝜙 (blue), and 𝜎in = 1.7𝜙 (green). All
simulations assume 𝜇in = 1𝜙 and 𝜓 = 0.7 (mean values of the ranges considered). In each plot are also reported the
values of the mean parcel diameters (𝜇out ) as computed by varying the inlet standard deviation (𝜎in ). Please note that
the GSDs plotted in blue are the same plotted in Figure 4 but with a diﬀerent number of bins.

5.3. Uncertainty Quantiﬁcation Results
While the results presented in section 5.2 give a ﬁrst estimate of the dependence of the GSD on the three
investigated parameters characterizing the initial GSD, a UQ analysis is needed to obtain a full picture of the
variability of the results and their sensitivities on the three input parameters.
As previously said, the UQ analysis has been performed by using a PCEg method. Three input variables have
been considered (𝜇in , 𝜎in , and 𝜓 ), and a uniform probability distribution was assumed for each of them. The
outputs have been analyzed at diﬀerent times but are here reported just after 2h since the beginning of the
Lagrangian simulation due to their full representativeness.
The quadrature order has been decided varying the number of quadrature abscissas until a convergence has
been reached. We started from a quadrature order of 3, and we stopped at a quadrature order of 7. For the
application presented in this work, good results are reached even with the lowest quadrature order. In fact,
by using a quadrature order of 3 or higher, the response values do not signiﬁcantly change and the error
committed, passing from a quadrature order of 3 to a quadrature order of 7, is approximately 0.001%.
The polynomials computed with the PCEg technique have been used to evaluate the variation of the output values for a large number of initial conditions. In particular, 10,000 samples have been evaluated on the
expansion for a likewise number of random input triplets to compute the cumulative distribution functions
of the probabilities of the parameters describing the grain size in the eight subdomains of interest. In detail,
seven cumulative probability levels (0.01, 0.05, 0.25, 0.5, 0.75, 0.95, and 0.99) have been ﬁxed and mapped
into the corresponding response levels.
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Figure 7. Histograms of the parcel size distributions as computed in the eight subdomains 2 h after the beginning of
the parcels release. (top row) The aerial subdomains and (bottom row) the ground subdomains. The colors refer to the
mean values of the GSDs considered and are equal to 𝜓 = 0.5 (red), 𝜓 = 0.7 (blue), and 𝜓 = 0.9 (green). All simulations
assume 𝜇in = 1𝜙 and 𝜎in = 1.5𝜙 (mean values of the ranges considered). In each plot are also reported the values of the
mean parcel diameters (𝜇out ) as computed by varying the particle sphericity (𝜓 ). Please note that the GSDs plotted in
blue are the same plotted in Figure 4 but with a diﬀerent number of bins.

Figure 8 shows the stochastic probability distribution functions (PDFs) and the cumulative distribution functions (CDFs) of the mean diameter of the GSD (𝜇out ) expressed in the Krumbein scale and computed in each
of the eight subdomains, both in the air and on the ground. In each plot the red curve represents the initial
uncertainty distribution, which has been set as uniform over the range [0𝜙, 2𝜙] (please note that the blue
curves in Figure 8a are not grain size distributions).
From Figure 8 it is possible to observe that the uncertainty aﬀecting 𝜇in is reﬂected only in the most proximal aerial subdomain (Air 1), whereas, moving away from the inlet, the mean diameter not only becomes
smaller but also the original uncertainty aﬀecting it is lost. This is well evident from the distribution of the
PDFs histograms of the mean diameter which are shifted to higher values of 𝜇out (which means ﬁner particles
according to the Krumbein scale) and whose dispersion decreases moving away from the inlet. Similarly, the
CDFs, moving away from the source, tend to become steeper and they are more peaked around a particular
value of 𝜇out , which increases moving downstream. For the speciﬁc eruptive conditions considered here, the
best representation of the variability of 𝜇in can be observed on the ground from 10 to 20 km from the source
(Ground 2).
In order to fully describe the eﬀect of the uncertainty on the GSD at the source, it is also important to investigate the role of the sorting of parcels, which is representative of the dispersion of the particle dimensions
around the mean value. In Figure 9 the PDFs and the CDFs of the standard deviation of the parcels distributions in the subdomains considered are reported, when a uniform PDF over the range [1.3𝜙, 1.7𝜙] (red
curves in the ﬁgures) has been assumed for 𝜎in at the release location. Once the parcels are released and transported in the domain, we observe that only the aerial subdomain closest to the source preserves the original
poor sorting variability, whereas in the other seven subdomains the parcels distributions tend to become
PARDINI ET AL.

GSD UQ IN VOLCANIC ASH DISPERSAL

550

Journal of Geophysical Research: Solid Earth

10.1002/2015JB012536

Figure 8. (a) Probability distribution functions (PDFs) and (b) cumulative distribution functions (CDFs) of the mean
diameter of the parcels size distributions in each subdomain. (top row) Subdomains Air 1–4 and (bottom row)
subdomains Ground 1–4. The red lines represent the distributions at the inlet, while the blue lines represent the
distributions computed in the subdomains. Blue dots have been added to the CDFs for the 5, 25, 50, 75, and 95%
probability levels. Please note that the curves in Figure 8a are not grain size distributions but probability distributions of
the mean diameter 𝜇out when uncertainty in 𝜇in , 𝜎in , and 𝜓 is considered.
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Figure 9. (a) Probability distribution functions (PDFs) and (b) cumulative distribution functions (CDFs) of the standard
deviation of the parcels size distributions in each subdomain. (top row) Subdomains Air 1–4 and (bottom row)
subdomains Ground 1–4. The red lines represent the distributions at the inlet, while the blue lines represent the
distributions computed in the subdomains. Blue dots have been added to the CDFs for the 5, 25, 50, 75, and 95%
probability levels. Please note that the curves in Figure 9a are not grain size distributions but probability distributions of
the standard deviation 𝜎out when uncertainty in 𝜇in , 𝜎in , and 𝜓 is considered.
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Table 1. Mean Value and Standard Deviation Referred From the PDFs Associated to the Number of Parcels (N) Present in
Every Subdomaina

N mean value
N standard deviation

Air 1

Air 2

Air 3

Air 4

Ground 1

Ground 2

Ground 3

Ground 4

3,517

1,843

907

593

10,693

7,693

1,689

525

182

693

489

338

4,807

2,164

656

259

a Values of number of parcels refer to the distributions 2 h after the beginning of the dispersal process.

moderately sorted; i.e., the standard deviation values decrease. In more detail, it is possible to say that moving away from the release, the aerial GSDs become ﬁner and more sorted, even if a signiﬁcant dispersion of
the sorting is retained. Vice versa, on the ground the situation is quite diﬀerent, since not only the input variability is rapidly lost (the deposit is moderately sorted from 0 to 10 km from the source and becomes well
sorted at larger distances), but, diﬀerently from the air, the slope of the CDFs curves, moving away from the
inlet, becomes almost vertical. From a ﬁeld perspective this means that while it is possible to approximately
reconstruct the input main diameter of the GSD by sampling the deposit at a speciﬁc distance from the source
(Ground 2, i.e., from 10 to 20 km from the inlet for the conditions here assumed), the input standard deviation
cannot be detected from any speciﬁc location of the deposit. In order to retrieve the input standard deviation of the GSD at the inlet, it is therefore necessary to take into account the overall ash deposit and, even in
this case, that the lack of information on the particles still suspended in the atmosphere can compromise the
accuracy of the extrapolation. Vice versa, the results conﬁrm that the GSD on ground is a strong function of
distance from the source and is characterized by decreasing uncertainty moving away from the inlet, in terms
of both mean value and standard deviation. In addition to the uncertainty analysis performed for the mean
and the standard deviation of the parcels distributions in the subdomains considered, the skewness of the
grain size distributions have also been analyzed (see supporting information). In this case, we observe that
Ground 1–4 GSDs are negatively skewed (toward coarse particles), while Air 1–4 GSDs are positively skewed
(toward ﬁne particles), with skewness increasing with increasing distance from the release.
Finally, it is useful also to analyze how the variability in the initial GSD aﬀects the number of parcels N transported in the diﬀerent regions of the investigated domain. Table 1 reports the mean values and standard
deviation of the number of parcels computed in the eight subdomains 2 h after the beginning of the dispersal. From the results, we can see that the number of the parcels in the air and on the ground decreases and
loses variability moving away from the inlet. The only exception is represented by the standard deviation computed in the subdomain Air 1 that is the closest to the source. It is important to be reminded that the values
reported in the table do not refer to the eﬀective number of ash particles but to the number of particle parcels
and thus correspond to the amount of mass. For this reason, the values reported in the table can be used to
understand how the total ash mass has been transported and deposited in the domain. Considering the total
number of parcels released during the simulation (about 30,000 over 2 h), and having supposed that all the
parcels have the same mass, it can be computed that 2 h after the beginning of the release, about 75% of the
total mass still in the domain is deposited on the ground, whereas the remaining 25% is still in the air. It was
also estimated that about 10% of the total mass released has left the domain from the right-hand side boundary. This conﬁrms again the fact that the information about the GSD of the parcels still in the atmosphere is
fundamental in order to retrieve an accurate initial GSD of the ash released from the volcanic plume.
5.4. Sensitivity Analysis Results
In order to have a clearer view of the dependence of the output variability on the uncertainty aﬀecting the
source GSD, a global SA was also performed. As mentioned above, the PCEg technique allows to use the
polynomial output functions as emulators of the Lagrangian code. In this way it was possible to perform an
extremely high number of Lagrangian results (about 10,000 samples) needed to perform the SA simply using
the polynomials.
The bar plots in Figure 10 show the main Sobol indices for the diﬀerent output quantities up to the third
order of interaction, as deﬁned by equations (18) and (19). This means that not only the eﬀect of each input
parameter on the variability of output quantities is considered, but also all the possible interactions between
the three input parameters are taken into account.
The plots show, overall and in a clear way, the leading role of the initial mean diameter of the GSD (𝜇in ) and of its
sphericity (𝜓 ).Thecontribution of the initial standard deviation (𝜎in ) is important just in the aerial subdomain
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Figure 10. Main Sobol Indices of the output values (a) of the parcels dispersal in the air and (b) of the parcels deposition
on the ground. The three numbers above each bar are the CFD values referred to levels 0.05, 0.5, and 0.95 for each of
the output quantities. See text for further explanations

closest to the source (Air 1, with speciﬁc reference only to the standard deviation of the GSD), whereas its
eﬀect on the three output quantities is minimal in all other subdomains, especially on the ground.
In detail, as far as the aerial subdomains are concerned, Figure 10a reveals that with the only exception of
the most proximal subdomain (Air 1), the initial mean diameter and the sphericity of particles appear as the
main variables in determining the mean diameter of the GSD, whereas the standard deviations are mainly
aﬀected by the initial mean diameter and standard deviation itself. Vice versa, the number of parcels is mostly
dependent on the initial mean diameter of the distribution. Similarly, as far as the ground plots are concerned,
Figure 10b reveals that apart from the proximal deposit (Ground 1) where both the mean diameter and the
sphericity show a signiﬁcant eﬀect on the three output quantities, the sphericity appears to be by far the
main control of the three considered quantities with the only exception of the number of particles in the two
subdomains located from 20 to 40 km from the source (Ground 3 and Ground 4).
The leading role of 𝜇in and 𝜓 in controlling the variability of the output quantities of interest has to be related
to the trend of the CDFs shown Figure 8. Above each bar of Figure 10 the CDF values corresponding to probability levels equal to 0.05, 0.5, and 0.95 are reported. These values allow to highlight the eﬀect of the input
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variability on the output quantities of interest (𝜇out , 𝜎out , and N). Inspection of the numbers shows that even
if the variability of the mean diameter and sphericity in particular seems to control the values of the output
quantities of interest (see Figure 10), the variability of 𝜇out , 𝜎out , and N becomes smaller the larger is the distance from the release region (the CDFs tend to become steeper and localized around a particular value as can
be seen in Figures 8 and 9). This means that the GSD observed in the subdomains becomes more independent
of the initial one the farther from the release is the observation. As an example, the variability of the mean
diameter of the GSD in each aerial subdomain seems to be controlled by both 𝜇in and 𝜓 . However, whereas
near the release (Air 1) 𝜇out presents a range of variability from 0.28𝜙 to 1.96𝜙, corresponding to probability
levels of 0.05 and 0.95, respectively, this variability is completely lost in the further subdomain (Air 4) where
𝜇out varies from 3.18𝜙 to 3.82𝜙, although the inﬂuence of 𝜇in and 𝜓 on the output variability is still present.
The leading role of particle sphericity in controlling the dispersal and deposition processes relies on the main
eﬀect it has on the drag coeﬃcient, CD , and thus on the inﬂuence of vertical atmospheric movements on the
particle residence time. For instance, for two particles with the same diameter (assumed here equal to 5×10−3
m) but diﬀerent sphericity, for instance, 𝜓 = 0.9 and 0.5, the CD jumps from CD ≃ 1 to CD ≃ 4, resulting in an
increase of the residence time of about 10%. Vice versa, a variation of the initial mean diameter of the GSD
does not signiﬁcantly aﬀect the value of the drag coeﬃcient but only the amount of particles of a given size
present, or deposited, at a given distance from the source.

6. Summary and Concluding Remarks
Pyroclastic particle dispersal in the atmosphere is a complex process aﬀected by numerous sources of uncertainties. Some of them are strictly related to the nonlinear physics of the process, while some others are instead
generated by the incomplete knowledge of the variables that characterize the eruptive conditions of the feeding plume. In this work we have presented a method able to quantitatively investigate the inﬂuence and role of
some uncertainties in key eruption source parameters. The method is based on the adoption of a Lagrangian
particle model able to describe the dispersal and deposition of particles under the action of a realistic atmospheric ﬁeld generated by a mesoscale nonhydrostatic model. UQ and SA were then carried out by adopting
a PCEg technique able to largely reduce the number of simulation runs and therefore the computational load
needed for these analyses.
The study focused on the unavoidable source of uncertainty aﬀecting the deﬁnition of the GSD of the pyroclastic mixture released from the volcanic plume. In particular, the adopted models allowed to quantify the
propagation of this uncertainty on the parameters describing the particle size distribution estimated at different distances from the release, both in the atmosphere and on the ground. Eruptive conditions adopted
referred to a weak plume event that occurred at Mount Etna on 24 November 2006, as representative of weak
plume conditions, although the analysis could be easily extended to plumes of larger scale.
Based on the outcomes of the UQ and SA, these are the main conclusions of the study:
1. Ash dispersal process is able to eﬀectively segregate particles of diﬀerent sizes due to their diﬀerent drag
with the atmosphere. As a consequence, for a given plume height, the GSD of the mixture is mostly a
function of distance from the emitting source, both airborne and on ground, independently from the
original GSD of the mixture (represented herein as a Gaussian distribution).
2. For a given distance from the source, GSDs (expressed as mean diameter and standard deviation) on ground
and in air are not equal. Airborne GSD is signiﬁcantly ﬁner and less sorted with respect to that estimated on
ground.
3. For a given distance from source, the GSD is mostly controlled by particle sphericity. Such control is stronger
on ground than in air where also the mean diameter and sorting of the initial GSD play a signiﬁcant role.
4. The uncertainty range in the mean diameter of the initial GSD of the mixture is signiﬁcantly reduced with
increasing distance from source. Such a reduction is more eﬀective on ground than in air.
5. The uncertainty range on the standard deviation of the GSD of the mixture is almost constant with increasing
distance from source in air, whereas it drastically reduces with distance on ground.
Such ﬁndings allow to identify the variables with a larger control on the phenomenon investigated and thus
deserving a deeper theoretical and laboratory investigation to better constrain the range of values to be used
in numerical simulations.
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The role of the input GSD as one of the main parameters governing ash dispersion and deposition has been
shown also in previous works. In particular, Scollo et al. [2008] listed the GSD at the volcanic vent as a key
factor inﬂuencing the dispersion and deposition of ash through the interaction with other factors, such as
plume height, diﬀusion coeﬃcient, and plume ratio (a dimensionless parameter that speciﬁes the bottom of
the particle release region as a ratio of the total height), and emphasizes its leading role especially far from
the source.
From a ﬁeld and observational perspective, the overall results indicate the diﬃculty in ﬁnding a region of the
domain whose GSD is fully representative of the GSD at source. As expected, aerial regions close to the source
appear to be the most representative, whereas on ground just the GSD at proximal median distance from
source appears able to resemble the mean diameter of the initial GSD but not the corresponding standard
deviation.
Moreover, simulation outcomes clearly show that GSDs in the atmosphere and deposited on ground can signiﬁcantly diﬀer even at the same distance from source. Signiﬁcant amounts of ﬁne particles can in fact remain
suspended in the atmosphere up to remarkable distances even for weak plume events. As a consequence, the
initial GSD of the mixture should be reconstructed integrating not only the ground values but also accounting
for the particles still suspended in the atmosphere.
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