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Abstract 12 

 13 

The present paper analyses the cost-optimal sizing and hourly control strategy of a hybrid heat pump 14 

system for heating application, composed by an electrically-driven air source heat pump and a gas 15 

boiler. These hybrid systems represent a promising solution for the energy retrofit of existing 16 

buildings and new installations, being able to increase the efficiency of monovalent systems, 17 

especially at low external temperatures. The use of thermal storage can furtherly minimize both the 18 

operating cost and the primary energy consumption, shifting the operation of the heat pump to the 19 

most profitable periods. In this work, the optimal control problem has been investigated by means of 20 

mixed-integer linear programming, considering an ideal forecast of external temperature and thermal 21 

load on given horizon periods (i.e. model predictive control). Achievable cost savings with respect to 22 

a traditional rule-based control strategy with no storage are presented as a function of both prediction 23 

horizon and storage capacity in a dimensionless form. A relation between prediction horizon length 24 

and optimal storage capacity is shown. An example of application of the method is illustrated, 25 

showing cost savings up to 8%. A sensitivity analysis on the storage tank losses, climatic conditions, 26 

generators efficiency, and energy prices is also presented, showing the cost saving potential in all 27 

these different conditions. 28 

 29 
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 32 

1 Introduction 33 

It is well known that the building sector is one of the main energy user in the European Union, 34 

being responsible for 25.4% of the final energy consumption [1], most of which is consumed for 35 

space heating purposes in residential buildings. The latter constitute the 75% of the EU’s building 36 

stock and nearly half of it has been built before the 1960s, without particular consideration of building 37 

envelopes and energy systems performance levels, thus it contributes to the higher energy 38 

consumption of the sector. In this context, hybrid systems can be considered an attractive solution to 39 

fulfil the EU Directive 2010/31/EU on energy performance of buildings, which states that all new 40 

buildings have to be nearly Zero Energy Buildings from 2018/2020 [2], as well as the EU Directive 41 

2012/27/EU on energy efficiency, being the heat source used by the heat pump considered as 42 

renewable [3]. These hybrid systems are composed by an electrically-driven heat pump coupled with 43 

a secondary heat generator, which can be either a gas boiler or an electrical heater. The generators 44 

can be operated, according to the chosen control strategy and system configuration, either 45 

simultaneously or alternatively [4]. This means that differently from monovalent heat pump systems, 46 

in hybrid systems the heat pump can be sized to cover a fraction of the maximum thermal load. In 47 

this way, the heat pump can be operated during the heating season with higher load factors, reducing 48 

the annual cycling losses [7] and increasing the seasonal performance factor (SCOP). Furthermore, 49 

thanks to the second generator, all the worst heat pump working conditions during the year (e.g., 50 

when the external temperatures get their lower values) can be avoided, increasing the overall system 51 
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performances. This explains the research efforts conducted over the last few decades on this kind of 52 

systems. Bagarella et al. studied the effects of both the cut-off temperature and the heat pump size on 53 

the annual energy performance of a hybrid heating systems for residential buildings [6,7]. They also 54 

compared two different system configurations (bivalent parallel plant vs. alternative parallel plant), 55 

in order to determine which one leads to the higher energy saving. Di Perna et al. studied 56 

experimentally the performances of a hybrid heat pump-gas boiler generator for heating purposes [8]. 57 

Li et al. analysed the effects of the operational strategy of a multiple sewage-source heat pump and 58 

gas boilers on the annual energy consumption and cost [9]. Scarpa et al. simulated the performances 59 

of a hybrid system for hot water generation, composed by a solar-assisted heat pump coupled with a 60 

gas burner [10]. Qi et al. provided an overview on the status and developments of hybrid energy 61 

systems [11].  62 

Furthermore, several studies have also been conducted on hybrid heat pump systems coupled with 63 

both active and passive thermal storage devices, since it has been proven that the latter can increase 64 

the system performances, especially when coupled with advanced optimization-based control 65 

strategies as model predictive control (MPC). Renaldi et al. presented the design and operational 66 

optimization of a residential heating system, composed by a heat pump coupled with a water thermal 67 

storage, by means of mixed-integer linear programming (MILP). They also compared the total cost 68 

of the heat pump system with that of a traditional gas boiler, showing a cost saving going from 5% 69 

up to 37%, according to the adopted emission system (radiator or floor heating system) [12]. Pardo 70 

et al. studied the optimal configuration of a hybrid cooling system composed by a ground source heat 71 

pump, an air source heat pump, and a storage device, showing that the electricity consumption of the 72 

hybrid system achieves 60% and 82% when compared with a system with only the air-source heat 73 

pump or the ground-source heat pump, respectively [13]. Yu et al. presented a review of the control 74 

strategy using thermal energy storage (TES) into different building systems [14]. 75 

Research on MPC has focuses on different aspects. Several studies have been conducted on the 76 

optimal control of passive storage devices, as building thermal mass or floor heating system [15-17], 77 

whose high inertia makes the adoption of MPC particularly appropriate. Other studies have focused 78 

on the demand-side potential, being the thermal storage device able to shift the heat pump operation 79 

towards times with low rate electricity prices [18-20]. Another important aspect is the optimal control 80 

problem formulation, since it is one of the most critical point in the design and practical 81 

implementation of the controller. Verhelst et al. studied the effects of different cost-function 82 

formulations on the optimal control of an air-water heat pump connected with a residential floor 83 

heating system, showing that the operating costs are strongly affected by problem formulation [21-84 

22]. Schütz et al. presented a comparison between different storage models adopted with mixed-85 

integer linear programming in order to define the cost-optimal control strategy of a monovalent 86 

heating system coupled with a TES [23]. Cole et al. studied the effect of the width of the control 87 

horizon on the performance of a MPC implemented in a building with passive thermal storage [24]. 88 

Oldewurtel et al. and Sturzenegger et al. showed a correlation between the prediction horizon and the 89 

building thermal mass, suggesting that the former should be chosen on the basis of the time constant 90 

of the building [25-26]. Halvagaard et al. showed the effect of the prediction horizon length on the 91 

performance of a water storage tank coupled with a solar panel for heating application, concluding 92 

that the controller performances are influenced by the prediction horizon until the system constraints 93 

(storage capacity, maximum solar panel power) become dominant, limiting the achievable cost-94 

saving [27]. In this context, the present study focuses on the optimal control of a hybrid heating 95 

system, composed by an air-to-water heat pump, coupled with a gas boiler and a sensible water-96 

storage tank for space heating application. The objective of the work is the application of the MPC 97 

on this typology of system and the evaluation of possible correlation between the predicted horizon 98 

and the optimal storage capacity. To the authors’ best knowledge, this topic has never been addressed 99 

in literature and can provide useful information for the design of such systems, in order to avoid an 100 

uneconomically oversized storage volume and to implement a more efficient predictive controller. In 101 

order to address the main issues concerning the present work, the following steps are considered. 102 



First, the hybrid generator model is presented. Heat pump performances, which is generally a critical 103 

issue, being strongly influenced by external temperature and load factor, are evaluated by means of 104 

an experimentally-validated expression. Then, in order to define the optimal system operation, a MPC 105 

approach using mixed-integer linear programming (MILP) is presented. To fully investigate the 106 

potential of the MPC applied to the system under investigation, underling the effects of both the 107 

storage capacity and the prediction horizon, an ideal reference case, in which the storage device is 108 

considered perfectly insulated is firstly analysed. Several simulation runs have then been performed, 109 

varying both the storage capacity and the forecast window over which the control strategy is 110 

optimized. Results are compared, in a dimensionless form, to those of a baseline case without thermal 111 

storage. Afterwards, starting from the optimal solution of the ideal case, the effects of both the storage 112 

losses and the external temperature profile have been taken into account and a reference trade-off 113 

solution for the storage capacity with heat losses has been identified. Finally, starting from this latter 114 

case, a sensitivity analysis to energy prices and efficiencies of the generators has also been conducted. 115 

 116 

2 Methodology  117 

2.1 Systems overview and modelling 118 

A schematic diagram of the system is reported in Fig.1. A hybrid generator composed by an air-to-119 

water electrically-driven heat pump with variable capacity control units coupled with a gas boiler was 120 

considered. The two generators are operated in parallel mode, being this one the most widespread 121 

solution in existing applications [5]. In the baseline case (Fig.1 in black), without thermal energy 122 

storage, a control unit establishes which generator should be activated to meet the load, on the basis 123 

of minimum-cost criteria and the operating ranges of the generators. A thermal storage tank is then 124 

considered connected in parallel to the hybrid generator (Fig.1 in red), with the purpose of decoupling 125 

energy generation from energy distribution, taking advantages of the best possible working conditions 126 

for the heat pump. For this purpose, a predictive controller is implemented to define the cost-optimal 127 

control strategy of both generators and the storage tank. The typical time-step adopted both for 128 

modelling the system components and implementing the control actions is an hour.  129 

 130 

 131 
Figure 1: System layout. 132 

 133 

2.1.1 Heat pump model 134 

As suggested by several technical standards (see, for instance, EN 15316-4-2) the so-called second-135 

law efficiency (𝜂𝐼𝐼) is used to evaluate the heat pump performance. The latter reads: 136 

 137 

𝐶𝑂𝑃 = 𝜂𝐼𝐼𝐶𝑂𝑃𝑖𝑑              (1) 138 



 139 

where 𝐶𝑂𝑃𝑖𝑑 is the coefficient of performance of a reversed Carnot cycle, calculated by means of the 140 

source and sink temperatures as: 141 

 142 

𝐶𝑂𝑃𝑖𝑑 =
𝑇𝑠𝑖𝑛𝑘+273.15

𝑇𝑠𝑖𝑛𝑘−𝑇𝑠𝑜𝑢𝑟𝑐𝑒 
              (2) 143 

 144 

The evaporation temperature (𝑇𝑠𝑜𝑢𝑟𝑐𝑒 ) is considered equal to the external air temperature (𝑇𝑒𝑥𝑡), 145 

while the condensation temperature depends on the service provided. If the heat pump is operated to 146 

charge the storage, the condensation temperature (𝑇𝑠𝑖𝑛𝑘) is considered equal to the maximum storage 147 

temperature (𝑇𝑠
𝑚𝑎𝑥), otherwise, when the heat pump directly serves the load, it is considered equal to 148 

the distribution supply temperature (𝑇𝑠𝑢𝑝𝑝
𝐿 ). To evaluate the second low efficiency 𝜂𝐼𝐼, the effects of 149 

both the lift between the source and sink temperatures and the part load conditions must be taken into 150 

account. The latter, by means of its load factor 𝐿𝐹𝐻𝑃, is considered equal to the ratio between the 151 

thermal power delivered by the heat pump �̇�𝐻𝑃 and its maximum power �̇�𝐻𝑃
𝑚𝑎𝑥. To this end, the 152 

following dimensionless parameters are introduced: 153 

 154 

𝛽 =
𝑇𝑠𝑖𝑛𝑘+273.15

𝑇𝑠𝑜𝑢𝑟𝑐𝑒+273.15
               (3) 155 

𝐿𝐹𝐻𝑃 =
�̇�𝐻𝑃

�̇�𝐻𝑃
𝑚𝑎𝑥               (4) 156 

 157 

The second low efficiency is represented by means of a polynomial, based on a fit of experimental 158 

data (details on the experimental characterization of the heat pump performances are reported in 159 

Appendix A): 160 

 161 

𝜂𝐼𝐼 = 𝑐0 + 𝑐1𝛽 + 𝑐2𝐿𝐹𝐻𝑃 + 𝑐3𝛽2 + 𝑐4𝛽 ⋅ 𝐿𝐹𝐻𝑃   (5) 162 

 163 

In this way, the heat pump performances can be finally evaluated throughout the operative range and 164 

for each value of the source and sink temperatures, combining Eq. (2) and Eq. (5) as: 165 

 166 

𝐶𝑂𝑃 = (𝑐0 + 𝑐1𝛽 + 𝑐2𝐿𝐹𝐻𝑃 + 𝑐3𝛽2 + 𝑐4𝛽 ⋅ 𝐿𝐹𝐻𝑃) ⋅
𝑇𝑠𝑖𝑛𝑘

𝑇𝑠𝑖𝑛𝑘−𝑇𝑠𝑜𝑢𝑟𝑐𝑒 
             (6) 167 

 168 

2.1.2 Gas boiler model 169 

In the present work, the boiler performance is modelled by means of a constant efficiency (𝜂𝑏𝑜𝑖𝑙) over 170 

the whole operative range. 171 

 172 

2.1.3 Thermal storage tank model 173 

The water storage is modelled as a perfectly-mixed storage tank located outside of the heated volume 174 

of the building. Under these assumptions, the evolution of the state of charge of the storage tank can 175 

be calculated from the following energy balance: 176 

 177 

𝜌𝑉𝑐
𝑑𝑇𝑠

𝑑𝑡
= �̇�𝐻𝑃,𝑆 − �̇�𝑆,𝐿 − �̇�𝑙𝑜𝑠𝑠               (7) 178 

 179 

where 𝜌 is the water density, 𝑉 the storage volume, 𝑐 the specific heat of water, �̇�𝐻𝑃,𝑆 is the heat 180 

delivered by the heat pump to the storage, �̇�𝑆,𝐿 is the energy delivered per unit time by the storage to 181 

the load, and �̇�𝑙𝑜𝑠𝑠 are the heat losses to the surrounding ambient. The latter are calculated as: 182 

 183 

�̇�𝑙𝑜𝑠𝑠 = 𝑈𝐴(𝑇𝑠 − 𝑇𝑒𝑥𝑡)               (8) 184 

 185 



where (𝑈𝐴) is the overall heat transfer coefficient of the storage, which is considered proportional to 186 

the size of the tank when different storage capacities are taken into account. Moreover, the assumption 187 

of direct inflow within the storage tank has been made. During the charging process, the water within 188 

the storage is heated by the mixing process with the hot water coming at constant temperature (equal 189 

to the maximum storage temperature) from the condenser of the heat pump.  190 

 191 

2.1.4 Thermal load 192 

Being the present work focused on the control strategy of the hybrid generator, we consider the 193 

thermal load (�̇�𝑙𝑜𝑎𝑑) only as a boundary condition of our problem, which we assume to be known in 194 

advance on a given horizon. This means that the storage tank capacity comes down to be the only 195 

source of flexibility of the system. To this end, the thermal energy required by a single dwelling on a 196 

typical winter day is considered. The thermal load is evaluated as a function of the external 197 

temperature (𝑇𝑒𝑥𝑡) by means of the energy signature method (see annex B of standard EN 15603:2008 198 

[28]), whose parameters have been chosen in such a way that the thermal load reaches the design 199 

value (�̇�𝑙𝑜𝑎𝑑
𝑑𝑒𝑠 ) when the external temperature gets to the design outdoor temperature (𝑇𝑑𝑒𝑠) and 200 

becomes zero at the switch-off temperature (𝑇𝑜𝑓𝑓), at which building gains and losses are balanced 201 

and the heating system is turned off. 202 

 203 

�̇�𝑙𝑜𝑎𝑑(𝑡) = �̇�𝑙𝑜𝑎𝑑
𝑑𝑒𝑠 (1 −

𝑇𝑒𝑥𝑡(𝑡−𝜙)−𝑇𝑑𝑒𝑠

𝑇𝑜𝑓𝑓−𝑇𝑑𝑒𝑠
)               (9) 204 

 205 

Moreover, to take into account the time delay between the heat demand and the evolution of the 206 

outdoor temperature, a characteristic time shift (𝜙) of the building has been introduced, according to 207 

[29,30]. 208 

 209 

2.1.5 Climatic data 210 

To evaluate the thermal load and implement the predictive control strategy, a forecast model of the 211 

external temperature needs to be used. The latter can be assumed with a sinusoidal profile, which can 212 

be conveniently extended to match any temperature evolution by the Fourier series method: 213 

 214 

𝑇𝑒𝑥𝑡(𝑡) = �̃�𝑒𝑥𝑡 + 𝛥𝑇 sin (
2𝜋

24
𝑡 + 𝜙)              (10) 215 

 216 

where 𝑡 is the hour of the day and �̃�𝑒𝑥𝑡, 𝛥𝑇 and 𝜙 are respectively the mean value, the amplitude and 217 

the phase shift of the daily outdoor temperature profile. 218 

 219 

2.2 Control strategy  220 

2.2.1 System without TES (baseline case) 221 

 222 

In the baseline case, a rule-based control (RBC) strategy applies: the cost-optimal control strategy is 223 

obtained by operating at any time the more cost-effective generator. To this end, a control unit 224 

compares the COP of the heat pump with a COP of economic equivalence (𝐶𝑂𝑃𝑒𝑞), calculated on the 225 

basis of the cost of energy and the efficiency of the gas boiler. Defined 𝑝𝑒 [€/kWh] and 𝑝𝑔𝑎𝑠 [€/kWh], 226 

respectively, as the prices of electricity and natural gas, the 𝐶𝑂𝑃𝑒𝑞 is defined as: 227 

𝐶𝑂𝑃𝑒𝑞 =
𝑝𝑒

𝑝𝑔𝑎𝑠
𝜂𝑏𝑜𝑖𝑙               (11) 228 

 229 



If the heat pump economic performance is higher than that of the condensing boiler (𝐶𝑂𝑃 > 𝐶𝑂𝑃𝑒𝑞) 230 

and it has enough capacity to supply the required thermal load, the heat pump is operated and the 231 

boiler is switched off, otherwise, the heat pump is turned off and all the energy is supplied by the 232 

boiler. 233 

 234 

2.2.2 System with TES 235 

When the storage tank is considered, differently from the rule-based control (RBC) strategy of the 236 

baseline case, the target of the control action is to find at each time step how to operate the two 237 

generators in order to minimize the operating cost of the system from the present to the end of the 238 

available prediction horizon, hence considering not only the required thermal load at a given time, 239 

but also the information about the future. To this end, a model predictive control (MPC) is 240 

implemented and an optimization problem is formulated and solved within a finite optimization 241 

window at each control time step. Details on the optimal control problem (OCP) formulation are 242 

reported in section 3. 243 

 244 

2.3 Simulation 245 

To fully explore the potential of the system and underline the relation between the predictive control 246 

strategy and the storage capacity, several simulation runs have been performed and compared, 247 

varying both these parameters. A periodic daily thermal load has been imposed, also assuring the 248 

equivalence between initial and final state of the storage tank. This has been done with the two-fold 249 

aim of avoiding results affected by transient conditions and to underline how the chosen prediction 250 

horizon affects the control strategy and consequently the achievable cost-saving. 251 

 252 

3 Optimal control problem formulation 253 

 254 

Model predictive control is a method of control, which, compared to traditional controllers (see for 255 

instance PID controller), is able to evaluate the control action taking into account not only the state 256 

of the system at the considered control time-step, but also information about future events that can 257 

affect the system behaviour. In the present work, perfect forecasts of the external temperature have 258 

been considered. At each time-step (in our case, one hour long), the control action is evaluated solving 259 

an open loop optimal control problem, in which an objective function is minimized over a finite 260 

control horizon of N hours. Once the OCP is solved, only the first element of the control trajectory is 261 

implemented by the controller and the state of the system is evaluated according to the implemented 262 

control action, then moving the system to the next control time-step during which the same process 263 

is repeated.  264 

In the present paper, the cost of the energy produced by the two generators to meet the building 265 

thermal demand over the control horizon N is adopted as the objective function. The control variables 266 

are the hourly j-th values of the load factors of both the heat pump (𝐿𝐹𝐻𝑃,𝑗) and the gas boiler (𝐿𝐹𝐵,𝑗, 267 

defined as the ratio between the thermal power delivered by the boiler and its maximum thermal 268 

power �̇�𝐵
𝑚𝑎𝑥), over the considered horizon, the thermal power delivered by the storage tank (�̇�𝑆,𝐿,𝑗), 269 

and the two binary variables 𝛿𝐿 and 𝛿𝑆, describing the working state of the heat pump. If the heat 270 

pump is charging the storage tank, then 𝛿𝑆 = 1 and 𝛿𝐿 = 0, and vice-versa otherwise. 271 

 272 

𝑚𝑖𝑛 𝐽 = ∑ (
𝑝𝑒𝑙�̇�𝐻𝑃

𝑚𝑎𝑥

𝐶𝑂𝑃𝐿,𝑗
𝐿𝐹𝐻𝑃,𝐿,𝑗𝛿𝐿,𝑗 +

𝑝𝑒𝑙�̇�𝐻𝑃
𝑚𝑎𝑥

𝐶𝑂𝑃𝑆,𝑗
𝐿𝐹𝐻𝑃,𝑆𝑗𝛿𝑆,𝑗 +

𝑝𝑔𝑎𝑠�̇�𝐵
𝑚𝑎𝑥

𝜂𝑏𝑜𝑖𝑙
𝐿𝐹𝐵,𝑗) Δ𝑡𝑁

𝑗=1               (12) 273 

 274 

with 𝐶𝑂𝑃𝐿,𝑗 and 𝐶𝑂𝑃𝑆,𝑗 the heat pump coefficients of performance related to the two different 275 

operating conditions. 276 

In this way, two mutually exclusive operating conditions can be taken into account, introducing the 277 

following constraint on those binary variables: 278 



 279 

𝛿𝐿,𝑗 +  𝛿𝑆,𝑗 = 1 ∀ 𝑗 ∈ [1, 𝑁]  (13) 280 

 281 

It should be noticed that, due to the product between the control variables (the binary variables and 282 

heat pump load factors), the problem formulation is not linear. Notwithstanding this, using classical 283 

linearization techniques, the problem can still be formulated as a mixed-integer linear programming 284 

problem. 285 

To take into account the operative range of both generators, the following constraints are imposed. 286 

The heat pump is considered able of modulating its capacity down to a given fraction of its maximum 287 

value (𝐿𝐻𝐻𝑃
𝑚𝑖𝑛). Furthermore, we also consider that the heat pump cannot be operated if the external 288 

temperature is below a chosen threshold value (𝑇𝑐𝑢𝑡𝑜𝑓𝑓). On the other hand, the gas boiler is 289 

considered capable of modulating its capacity with a constant efficiency at whatever load factor from 290 

0 to 1. 291 

 292 

𝐿𝐻𝐻𝑃
𝑚𝑖𝑛 ≤ 𝐿𝐹𝐻𝑃,𝑗 ≤ 1       𝑖𝑓 𝑇𝑒𝑥𝑡,𝑘 ≥ 𝑇𝑐𝑢𝑡𝑜𝑓𝑓               (14) 293 

𝐿𝐹𝐻𝑃,𝑗 = 0                     𝑖𝑓 𝑇𝑒𝑥𝑡,𝑘 < 𝑇𝑐𝑢𝑡𝑜𝑓𝑓               (15) 294 

0 ≤ 𝐿𝐹𝐵,𝑗 ≤ 1         ∀ 𝑗               (16) 295 

 296 

Furthermore, we consider that the thermal energy required by the load must always be supplied, 297 

leading to: 298 

 299 

�̇�𝐻𝑃
𝑚𝑎𝑥𝐿𝐹𝐻𝑃,𝑗 + �̇�𝐵

𝑚𝑎𝑥𝐿𝐹𝐵,𝑗 + �̇�𝑆,𝐿,𝑗 = �̇�𝑙𝑜𝑎𝑑,𝑗             ∀ 𝑗              (17) 300 

 301 

As usual in optimization contexts, the differential equation (6) describing the evolution of the storage 302 

temperature is implemented as a state constraint. This is done to take into account boundary 303 

conditions on the storage temperature and to avoid withdraws from the storage when its temperature 304 

is below the supply water temperature required by the emission system (𝑇𝑒𝑚). A condition is 305 

introduced to ensure that the thermal energy delivered by the storage during the whole time-step (Δ𝑡) 306 

does not exceed the useful energy stored. The upper and lower bounds (𝑇𝑠
𝑚𝑎𝑥, 𝑇𝑠

𝑚𝑖𝑛) of the storage 307 

temperature are set respectively equal to the maximum supply temperature that the heat pump can 308 

provide and the value of the outdoor temperature. 309 

 310 

 311 

𝑇𝑠,𝑗
𝑚𝑖𝑛 ≤ 𝑇𝑠,𝑗 ≤ 𝑇𝑠,𝑗

𝑚𝑎𝑥   ∀ 𝑗               (18) 312 

�̇�𝑆,𝐿,𝑗Δ𝑡 ≤ 𝜌𝑉𝑐(𝑇𝑠,𝑗 − 𝑇𝑒𝑚)    ∀ 𝑗               (19) 313 

�̇�𝑆,𝐿,𝑗 = 0    𝑖𝑓 𝑇𝑠,𝑗 < 𝑇𝑒𝑚   ∀ 𝑗               (20) 314 

 315 

4 Performance indexes  316 

To enforce the model applicability, results are presented in dimensionless form by means of the 317 

following performance indexes. The dimensionless storage capacity (SC) is considered as the ratio 318 

between the maximum useful energy that can be stored (𝐸𝑢𝑠𝑒𝑓𝑢𝑙
𝑚𝑎𝑥 ) and the daily energy required by the 319 

load (𝐸𝑙𝑜𝑎𝑑
𝑑𝑎𝑖𝑙𝑦

): 320 

 321 

𝐸𝑢𝑠𝑒𝑓𝑢𝑙
𝑚𝑎𝑥 = 𝜌𝑉𝑐(𝑇𝑠

𝑚𝑎𝑥 − 𝑇𝑒𝑚)               (21) 322 

𝐸𝑙𝑜𝑎𝑑
𝑑𝑎𝑖𝑙𝑦

= ∑ �̇�𝑙𝑜𝑎𝑑,𝑗
24
𝑗=1 Δ𝑡               (22) 323 

𝑆𝐶 =  
𝐸𝑢𝑠𝑒𝑓𝑢𝑙

𝑚𝑎𝑥

𝐸𝑙𝑜𝑎𝑑
𝑑𝑎𝑖𝑙𝑦                (23) 324 



 325 

A parameter which identifies the storage state of charge (SoC) is defined as: 326 

 327 

𝑆𝑜𝐶(𝑡) =  
𝐸𝑢𝑠𝑒𝑓𝑢𝑙(𝑡)

𝐸𝑢𝑠𝑒𝑓𝑢𝑙
𝑚𝑎𝑥   (24) 328 

 329 

with 𝐸𝑢𝑠𝑒𝑓𝑢𝑙(𝑡) the storage energy content at time 𝑡, evaluated by using 𝑇𝑠(𝑡) instead of 𝑇𝑠
𝑚𝑎𝑥 in Eq. 330 

(21). 331 

The prediction horizon N is normalized taking one day as the reference scale for time (𝜏𝑜 = 24ℎ): 332 

 333 

𝜏 =
𝑁

𝜏𝑜
               (25) 334 

 335 

Finally, the global cost saving (CS) is evaluated for each case as the relative difference between the 336 

cost of heating in the considered case and the cost of heating in the baseline case without the thermal 337 

storage device:  338 

 339 

𝐶𝑆 = 1 −
𝑐𝑜𝑠𝑡 𝑜𝑓 ℎ𝑒𝑎𝑡𝑖𝑛𝑔 

(𝑐𝑜𝑠𝑡 𝑜𝑓 ℎ𝑒𝑎𝑡𝑖𝑛𝑔)𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
               (26) 340 

 341 

 342 

5 Application of the method 343 

A hybrid heat pump-boiler generator coupled with a sensible TES to be installed in a dwelling with 344 

an underfloor heating system is modelled in accordance with the method described in the previous 345 

paragraphs. The heating load of the building is 6 kW at the design external temperature 𝑇𝑑𝑒𝑠 = −5 °𝐶 346 

and a room temperature of 20 °C, while it becomes zero at the switch-off temperature 𝑇𝑜𝑓𝑓 = 18 °𝐶. 347 

The mean external temperature is 8.5 °C and the amplitude of its sinusoidal profile is 6.5 °C. The 348 

daily thermal energy need is 91 kWh, evaluated on the basis of the load profile resulting from Eq. 349 

(9).  The emission system is considered as flow controlled; this means that the heat flow is supposed 350 

to be controlled varying the flow rate, while the supply temperature from the hybrid generator or from 351 

the storage tank is kept constant. To this end, the emission supply water temperature is considered 352 

constant and equal to 35 °C. The generation supply temperature is considered equal to the maximum 353 

storage temperature when it is supplied by the heat pump to the storage tank and equal to the emission 354 

supply temperature when it is supplied either by the heat pump or by the gas boiler directly to the 355 

thermal load. Moreover, the heat pump (nominal power: 8 kW) is considered able to modulate its 356 

load factor down to 0.2, while the threshold value below which the heat pump is turned off is chosen 357 

equal to 5 °C. The maximum storage temperature is considered equal to 45 °C. The boiler is sized to 358 

meet the load demand at any time (peak power: 6 kW) and it is able to modulate its power output at 359 

a constant efficiency, set equal to 0.96. Simulations were run over a period of a week with a time 360 

resolution of 1 hour and a prediction horizon N equal to the control horizon. The employed values of 361 

N are 1, 3, 6, 9, 12, and 24 hours. All the simulations have been carried out firstly in an ideal reference 362 

scenario, in which the storage tank is considered as perfectly insulated. The electricity price is 363 

considered equal to 0.20 €/kWh and the one of natural gas equal to 0.08 €/kWh. Afterwards, a 364 

sensitivity analysis on both the level of insulation of the storage tank, the profile of the outdoor 365 

temperature, and the electricity price have been conducted.  366 

In the present section, results are presented in the following way. Firstly, referring to the ideal 367 

reference case, the effects of the storage capacity and width of forecast window are analysed, 368 

highlighting how they affect both the achievable cost saving and the system performances. 369 

Afterwards, a sensitivity analysis is performed on the values of thermal losses, external temperature 370 



profile, and energy prices. Table 1 summarise the characteristics of the building load demand and of 371 

the generators. 372 
 373 

Parameters  Value 

Peak load demand [kW] 

Building time-shift [h] 

Daily energy demand [kWh] 

Design outdoor temperature [°C] 

Switch-off outdoor temperature [°C] 

HP nominal power [kW] 

Outdoor temperature threshold value [°C] 

Boiler nominal power [kW] 

Boiler efficiency 

 

 
  

 

 

 

 

 

 

 

 

 

 

 

 

   

6 

6 

91.2 

-5 

18 

8 

5 

6 

0.96 

Table 1: Characteristics of the building load demand and of the generators. 374 

 375 

5.1 Impact of storage capacity and width of the forecast window on the maximum achievable 376 

cost saving for the ideal reference case 377 

Fig. 2 shows, for the ideal reference case (𝑈𝐴 = 0), the achievable cost saving as a function of both 378 

the dimensionless storage capacity (SC) and forecast window (𝜏). It can be seen that, regardless of 379 

the value of 𝜏, an increase in the storage capacity always leads to a reduction in the energy cost. 380 

Nevertheless, this positive effect rapidly tends to saturate, as soon as the storage capacity gets close 381 

to the daily energy load. It can also be observed that the predictive ability affects the cost-saving in a 382 

more substantial way compared to the storage capacity. A saturation effect on the achievable cost 383 

saving with the length of the prediction horizon is also noticed. This effect can be explained 384 

considering how the forecast capability affects the cost-effectiveness of the control strategy. Thanks 385 

to the forecast, the controller is capable to schedule the generators on the basis of the prediction of 386 

both the load and the external temperature profiles, and consequently of the heat pump efficiency. As 387 

a result, if a TES is present, the controller can operate a load-shift to exploit the most profitable 388 

working conditions of the heat pump. To this end, the heat pump is forced to work during the hours 389 

of the day with the highest outdoor temperature, to anticipate the production of a fraction or all the 390 

thermal energy required by the load at the hours of the day when the outdoor temperature gets its 391 

lower values and the heat pump is less effective than the gas boiler. Moreover, it should be noticed 392 

that an increase in the length of the forecast window increases the controller capability to detect the 393 

worst conditions of the day, which in turn affects the amount of energy that should be shifted. 394 

Consequently, an increment in the value of 𝜏 corresponds to an increment in the amount of energy 395 

that should be shifted. Notwithstanding this, the amount of energy that can be shifted is strictly 396 

connected to the capacity of the TES, and for this reason a saturation effect on the cost saving occurs 397 

as the forecast window increases, since, once the energy that should be shifted equals the TES 398 

capacity, no further load-shifting is allowed and consequently no further cost saving will occur. 399 

Indeed, a strong correlation between the storage capacity and the predictive ability is pointed out. 400 

This means that the predictive ability should be taken into account in the choice of the storage capacity 401 

and vice-versa, in order to avoid an uneconomically oversized storage volume and, to the other hand, 402 

to implement a more efficient predictive controller. 403 



 404 
Figure 2: Cost saving (CS) as a function of the storage capacity (SC) for different predictive abilities ().  405 

 406 
The above-mentioned correlation, shown in Eq. (27), has been obtained considering the optimal 407 

storage volume (𝑆𝐶𝑜𝑝𝑡), as this storage capacity corresponds to a cost saving equal to 95% of its 408 

maximum value for each value of 𝜏. In other words, storage volumes higher than 𝑆𝐶𝑜𝑝𝑡 produce a 409 

cost-saving increment lower than 5% (red line in Fig. 2). 410 

 411 

𝑆𝐶𝑜𝑝𝑡 =   0.43 ⋅ (1 − 𝑒−6.25⋅(𝜏−0.1))  (27) 412 

 413 

Results are shown in Fig. 3, where the optimal values of the storage capacity defined above and the 414 

corresponding optimal cost savings are plotted against the width of the prediction horizon (𝜏). In this 415 

way, once a prediction capability has been chosen, the corresponding 𝑆𝐶𝑜𝑝𝑡,  can be immediately 416 

assessed and, consequently, the maximum achievable cost saving, according to Eq. (28). 417 

 418 

𝐶𝑆 =   𝐶𝑆𝑚𝑎𝑥 ⋅ [0.19 ⋅ (1 − 𝑒−6.17⋅(𝜏−0.1)) ] (28) 419 

 420 

𝐶𝑆𝑚𝑎𝑥 is a theoretical cost saving that would be achieved if the heat pump always supplied all the 421 

load with its maximum efficiency. The latter value is considered as the COP occurring during the 422 

best hour of the day, with the highest predicted outdoor temperature and at full load conditions.  423 

 424 



 425 
Figure 3: Achievable cost saving and SCopt as a function of the predictive ability ().  426 

 427 

 428 

5.2 Analysis of the optimal control strategy in a reference case 429 

Let us now define a reference case with a given storage capacity and predictive ability, to illustrate 430 

the optimal control strategy (next, on the same case, we will perform the sensitivity analysis). As 431 

reference scenario (RS), we choose SC=0.375 and 𝜏=0.375, being a possible trade-off between 432 

investment and achievable cost saving (see Fig. 2). Figs. 4-5 compare the control strategy of the RBC 433 

adopted in the baseline case, without storage device, with that of the MPC for the reference case. In 434 

the baseline case, the heat pump is operated most of the time, when the outdoor temperature is above 435 

the cut-off value and the COP is higher than 𝐶𝑂𝑃𝑒𝑞. The gas boiler is then operated to match the load 436 

during the night, when the heat pump would work in its worst operative conditions and the thermal 437 

load reaches its higher values. On the other hand, when a storage device is considered within the 438 

system and a predictive control strategy is adopted, the operations of both generators drastically 439 

change (the share of the daily thermal load covered by the boiler drops from 35.3% to 20%). In fact, 440 

almost all the thermal energy required by the load is now produced by the heat pump, using more 441 

cost-effective working conditions. The different operation of the gas boiler can also be noticed, being 442 

mainly operated to deliver energy to the building during the hours in which the heat pump charges 443 

the storage, in view of the night-time load. In fact, during the night, the gas burner is turned off and 444 

all the load is supplied by the storage tank. 445 

 446 



 447 
Figure 4: Optimal control of the generators of the hybrid system in the baseline scenario. 448 

 449 

 450 
Figure 5: Optimal control of the generators of the hybrid system in the reference scenario with MPC.  451 

 452 

5.3 Impact of the storage losses 453 

To investigate how the level of storage insulation affects the system performances, further simulations 454 

have been conducted, considering the water-storage tank insulated in a way that the average daily 455 

heat losses are no more than 3%, 5%, 8%, and 10% of the maximum useful energy that can be stored. 456 

Results are shown in Fig. 6. Differently from the reference scenario in which the storage device is 457 

considered perfectly insulated and the achievable cost saving tends to saturate with the storage 458 

capacity, when thermal losses are considered, an optimal cost-saving point occurs, after which the 459 

cost saving decreases. This is due to the fact that the energy required by the generation system for 460 

balancing the thermal losses increases proportionally with the storage volume; also, the useful energy 461 

that can be stored increases, but it is limited by the maxim energy that the heat pump can provide, 462 

which depends on both the heat pump capacity and the period of time during which the heat pump 463 

works in profitable conditions. Consequently, while the useful energy tends to saturate, the energy 464 

required to compensate the thermal losses monotonically increases as the storage capacity increases, 465 

leading to a less cost-effective performance of the system. 466 

 467 



 468 
Figure 6: Cost saving as a function of the storage capacity, for different values of the average daily thermal losses.  469 

 470 

5.4 Impact of the external temperature profile 471 

Considering as reference case, being a good practical trade-off solution, the configuration derived in 472 

the previous analysis with 3% storage losses, storage capacity SC=0.375, and prediction horizon 473 

𝜏=0.5, the effects of the outdoor temperature profile have been analysed, varying both its mean value 474 

between 5.5°C and 10°C with 1.5 °C step and its amplitude between 0 °C and 7.5 °C. The daily 475 

energy demands related to the adopted values of the mean outdoor temperature are equal to 101.4 476 

kWh, 96.3 kWh, 91.2 kWh and 86.1 kWh, respectively. The sensitivity analysis, reported in Fig. 7, 477 

shows that, for low amplitudes, the cost saving increases only at low outdoor temperature mean 478 

values. In fact, the controller uses the thermal storage only if some hours of the day have a temperature 479 

lower than 5 °C (i.e., heat pump cut-off), as the advantages arising from operating the heat pump 480 

during the hours with high outdoor temperatures are less significant compared to the COP degradation 481 

due to the higher supply temperature needed to charge the storage (𝑇𝑠
𝑚𝑎𝑥 instead of 𝑇𝑒𝑚). At high 482 

average temperatures and low amplitudes, the outdoor temperature is always above the cut-off value 483 

and the most profitable operative strategy coincides with the no-TES configuration. 484 

Tables 2-4 show the load-share between the two generators, which is reported for both the studied 485 

configurations and for three different values of the amplitude of the outdoor temperature (low, 486 

medium, and high). We note that the advantages of using the TES configuration is related to the lower 487 

load fraction delivered by the boiler and the higher use of the thermal storage. 488 

Table 2 shows the minor deviation with respect to the no-TES configuration. Only in the case of 489 

�̃�𝑒𝑥𝑡 = 5.5 °C and Δ𝑇 = 1 °C we note a 50% reduction in the energy delivered by the heat pump 490 

directly to the load, while no differences are observed between the two configurations if the outdoor 491 

temperature remains above the cut-off value. In this case, the total load share covered by the heat 492 

pump globally rises, moving from 62% to 77%, the energy delivered by the heat pump directly to the 493 

load decreases from 62% to 31%, and the storage rises its contribution from 0% to 46%. 494 

The load-shifting advantages are more relevant in the cases shown in Tables 3 and 4. In the case of 495 

�̃�𝑒𝑥𝑡 = 8.5 °C and Δ𝑇 = 4 °C, the boiler share and the energy delivered by the heat pump directly to 496 

the load are reduced of 5% and 30%, respectively. In the case of �̃�𝑒𝑥𝑡 = 10 °C and Δ𝑇 = 4 °C, the 497 

load-share directly covered by the heat pump decreases from 100% to 48%, while the heat load 498 

delivered by the thermal storage is equal to 37%. The boiler meets the 15% of the energy demand, as 499 

the heat pump cannot meet the load during the charging phases of the storage. 500 



Finally, as shown in Table 4, when an even higher amplitude is considered (Δ 𝑇 =  7.5 °C), the cost 501 

saving increases as the mean outdoor temperature increases. In these cases, a high value of the mean 502 

temperature entails low values of the daily thermal loads and, consequently, low load factors and 503 

COP values, if heat is directly supplied to the building. In these conditions, the presence of a storage 504 

device allows the operation of the heat pump at the most profitable external conditions and with high 505 

load factors, thus reducing the daily operating cost of the system.  506 

 507 

 508 

 509 
Figure 7: Impact of the external temperature profile on the achievable cost saving with respect to the NO-TES configuration. 510 

 511 

 512 

�̃�𝒆𝒙𝒕 

[°C] 

𝑬𝒍𝒐𝒂𝒅
𝑫𝒂𝒊𝒍𝒚

  
[𝐤𝐖𝐡] 

Load share without TES Load share with TES 

Heat Pump Boiler 
HP to 

Load 
HP to TES Boiler 

5.5 101.4 62 38 31 46 23 

7 96.3 100 0 100 0 0 

8.5 91.2 100 0 100 0 0 

10 86.1 100 0 100 0 0 
Table 2: Load share between the two generators for the configuration with and without TES - Amplitude 𝛥𝑇 =  1  °C. 513 

 514 

�̃�𝒆𝒙𝒕 

[°C] 

𝑬𝒍𝒐𝒂𝒅
𝑫𝒂𝒊𝒍𝒚

  
[𝐤𝐖𝐡] 

Load share without TES Load share with TES 

Heat Pump Boiler 
HP to 

Load 
HP to TES Boiler 

5.5 101.4 55 45 39 31 30 

7 96.3 63 37 40 40 20 

8.5 91.2 80 20 50 35 15 

10 86.1 100 0 48 37 15 
Table 3: Load share between the two generators for the configuration with and without TES - Amplitude 𝛥𝑇 =  4  °C. 515 



 516 

�̃�𝒆𝒙𝒕 

[°C] 

𝑬𝒍𝒐𝒂𝒅
𝑫𝒂𝒊𝒍𝒚

  
[𝐤𝐖𝐡] 

Load share without TES Load share with TES 

Heat Pump Boiler 
HP to 

Load 
HP to TES Boiler 

5.5 101.4 56 44 38 34 28 

7 96.3 64 36 47 36 17 

8.5 91.2 64 36 40 41 19 

10 86.1 72 28 48 37 15 
Table 4: Load share between the two generators for the configuration with and without TES - Amplitude 𝛥𝑇 =  7.5  °C. 517 

 518 

5.5 Impact of the cost/efficiency coefficient 519 

Since the optimal trajectory of the control variables 𝐿𝐹𝐻𝑃,𝑗 and 𝐿𝐹𝐵,𝑗 (with 𝑗 = 1, . . , 𝑁) is strongly 520 

influenced by the coefficients of the cost function, which represent, for each considered technology 521 

(heat pump or gas boiler), the ratio between the prices of the energy vector in input to the system and 522 

the efficiency of the technology itself, a sensitivity analysis on the values of these coefficients has 523 

also been conducted. To this end, Eq. (12) has been reformulated as: 524 

 525 

min
𝐿𝐹𝐻𝑃,𝑗,𝐿𝐹𝐵,𝑗

𝐽 =
𝑝𝑔𝑎𝑠

𝜂𝑏𝑜𝑖𝑙
∑ (𝑘

𝑝𝑒𝑙

𝑝𝑔𝑎𝑠

𝜂𝑏𝑜𝑖𝑙

𝐶𝑂𝑃𝑗
𝑄𝐻𝑃

𝑚𝑎𝑥𝐿𝐹𝐻𝑃,𝑗 + 𝑄𝐵
𝑚𝑎𝑥𝐿𝐹𝐵,𝑗) 𝛥𝑡𝑁

𝑗=1                (29) 526 

In this way, we can consider either different energy price scenarios or different efficiencies for one 527 

or both the generators of the hybrid system, simply varying the value of the parameter k. For instance, 528 

the case with k=1.1 can represent either an increase of 10% of the electricity price or of the gas boiler 529 

efficiency, or a reduction of 10/1.1=9.1% of the heat pump COP or of the natural gas price. As 530 

reference case for the comparison of the results, the same configuration used for the previous analysis 531 

on the outdoor temperature profile is adopted. The results, reported in Tab. 1, highlight that cost 532 

savings significantly increase when k decreases, thus for a low ratio of electricity versus natural gas 533 

price or a high ratio of heat pump COP versus boiler efficiency. In other words, the potential of the 534 

hybrid system, when coupled with an optimally-controlled storage device, is exploited when the 535 

system powered by electric energy is much more convenient to be operated than the one burning 536 

natural gas, thanks to energy prices or to technological performances. It is interesting to observe that 537 

a reduction of the electricity price can be obtained with the introduction in the system of a renewable 538 

technology, such as photovoltaics, whose production of electrical energy can either be used directly 539 

to feed the heat pump or the electrical load of the building or be sold to the grid. In this latter case, 540 

the electricity price can be seen as the lost revenue for using that energy to feed the heat pump rather 541 

than selling it. Since the PV production varies over time, the resulting energy price profile will also 542 

be subject to the same variations, enabling the predictive control strategy to be even more effective. 543 

 544 



 545 
Figure 8: Impact of the cost/efficiency coefficient on the achievable cost saving. 546 

 547 

6 Conclusions 548 

The cost saving potential of an optimally-controlled hybrid generator composed by an air-to-water 549 

heat pump coupled with a gas boiler and a water-storage tank has been investigated. A model 550 

predictive control has been implemented to define the optimal control strategy of both generators. 551 

Furthermore, to fully explore the potential of the predictive controller, highlighting the relationship 552 

between the predictive ability and the storage capacity, the effects of different combinations of these 553 

parameters have been simulated in an ideal reference case scenario, in which the storage tank has 554 

been considered perfectly insulated. Results showed a reduction of the energy cost up to 8% with 555 

respect to a baseline scenario without storage capacity. Moreover, we showed a saturation effect of 556 

the cost saving with both the storage capacity and the predictive ability. A correlation between the 557 

optimal values of these two parameters has been highlighted. This correlation can be a handy design 558 

tool to determine the maximum prediction window useful to exploit a given storage volume or, vice-559 

versa, the maximum useful storage volume with a given prediction window. 560 

With the obtained optimal values of storage capacity and predictive ability, a sensitivity analysis of 561 

cost savings with respect to thermal losses of the storage tank has been performed. The effects of 562 

different external temperature profiles and of costs/efficiencies of the energy generators have been 563 

analysed as well. The hybrid system, coupled with an active thermal storage, can be an effective 564 

solution for demand side management, when MPC is implemented in the system (a specific analysis 565 

on the aspect of demand-response has been performed in [31]). Further control strategies and 566 

integration with solar technologies (thermal and photovoltaics) and electrochemical storage will be 567 

investigated in future works, looking for analogous correlations between optimal system sizing and 568 

prediction capabilities. 569 

 570 
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 581 

            Nomenclature 582 

 583 

𝐶𝑂𝑃   Heat pump coefficient of performance 584 

𝐶𝑂𝑃𝑖𝑑  Ideal heat pump coefficient of performance 585 

𝐶𝑂𝑃𝑒𝑞  Coefficient of performance of economic equivalence 586 

𝐶𝑆  Cost saving [%] 587 

𝐶𝑆𝑚𝑎𝑥  Maximum theoretical cost-saving [%] 588 

𝑐  Specific heat of water [kJ/kgK] 589 

𝐸𝑙𝑜𝑎𝑑
𝑑𝑎𝑖𝑙𝑦

  Daily energy demand [kWh] 590 

𝐸𝑢𝑠𝑒𝑓𝑢𝑙
𝑚𝑎𝑥  Maximum storage energy [kWh] 591 

𝐿𝐹𝐵  Boiler load factor  592 

𝐿𝐹𝐵
𝑚𝑎𝑥  Maximum boiler load factor  593 

𝐿𝐹𝐵
𝑚𝑖𝑛  Minimum boiler load factor 594 

𝐿𝐹𝐻𝑃  Heat Pump load factor  595 

𝐿𝐹𝐻𝑃
𝑚𝑎𝑥  Maximum heat pump load factor  596 

𝐿𝐹𝐻𝑃
𝑚𝑖𝑛  Minimum heat pump load factor  597 

𝑁  Prediction horizon [h] 598 

𝑝𝑒  Electricity price [€/kWh] 599 

𝑝𝑔𝑎𝑠  Gas price [€/kWh] 600 

�̇�𝐵  Thermal power delivered by the boiler to the load [kW] 601 

�̇�𝐵
𝑚𝑎𝑥  Maximum boiler thermal output [kW] 602 

�̇�𝐻𝑃
𝑚𝑎𝑥  Maximum heat pump thermal output [kW] 603 

�̇�𝐻𝑃,𝐿  Thermal power delivered by the heat pump to the load [kW] 604 

�̇�𝐻𝑃,𝑆  Thermal power delivered by the heat pump to the storage [kW] 605 

�̇�𝑆,𝐿  Thermal power delivered by the storage to the load [kW] 606 

�̇�𝑙𝑜𝑎𝑑  Load demand [kW] 607 

�̇�𝑙𝑜𝑎𝑑
𝑚𝑎𝑥  Peak load demand [kW] 608 

�̇�𝑙𝑜𝑠𝑠  Storage losses to the surrounding [kW] 609 

𝑆𝐶𝑜𝑝𝑡  Best storage capacity  610 

𝑆𝑜𝐶  Storage state of charge 611 

𝑇𝑐𝑢𝑡𝑜𝑓𝑓 Cut-off temperature [°C] 612 

𝑇𝑑𝑒𝑠  Design temperature [°C] 613 

𝑇𝑒𝑚  Emission system temperature [°C] 614 



𝑇𝑒𝑥𝑡  Outdoor temperature [°C] 615 

�̃�𝑒𝑥𝑡  Mean outdoor temperature [°C] 616 

𝑇𝑜𝑓𝑓  Switch-off temperature [°C] 617 

𝑇𝑠  Storage temperature [°C] 618 

𝑇𝑠
𝑚𝑎𝑥  Maximum storage temperature [°C] 619 

𝑇𝑠
𝑚𝑖𝑛  Minimum storage temperature [°C] 620 

𝑇𝑠𝑖𝑛𝑘  Sink temperature [°C] 621 

𝑇𝑠𝑜𝑢𝑟𝑐𝑒  Source temperature [°C] 622 

Δ𝑇  Amplitude of the outdoor temperature profile [°C] 623 

Δ𝑡  Time-step [h] 624 

𝑡  Time [h] 625 

𝑈𝐴  Global heat transfer coefficient of the storage tank [W/K] 626 

𝑉  Storage tank volume [m3] 627 

                    628 

Greek letters 629 

𝛽  Lift between the source and sink temperatures 630 

𝛿𝐿  Binary variable 631 

𝛿𝑆  Binary variable 632 

𝜂𝐼𝐼  Heat pump second law efficiency 633 

𝜂𝑏𝑜𝑖𝑙  Boiler efficiency 634 

𝜌  Water density [kg/m3] 635 

𝜏  Dimensionless time horizon 636 

𝜏𝑜   Reference time horizon [h] 637 

𝜙  Building time shift [h] 638 

 639 

 640 
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Appendix A. Experimental characterization of the heat pump performances 723 

 724 

To characterize the heat pump behaviour, an experimental campaign has been conducted in a climatic 725 

chamber, in which the heat pump operation has been investigated under different working conditions. 726 

The set-up of the experimental apparatus in the climatic chamber is reported in Fig. A.1. 727 

 728 

 729 
Figure A.1: Experimental apparatus in the climatic chamber. 730 

 731 

A.1 Set-up of the experimental apparatus 732 

An 8-kW heat pump is connected by means of a primary hydraulic circuit to a hydraulic separator, 733 

from which a secondary hydraulic circuit is derived, to connect the hydraulic separator to a cold-734 

water storage tank, which emulates the building thermal load. The flow rate in the primary circuit is 735 

kept constant and equal to 1.2 m3/h, while its temperature can be varied, acting directly on the heat 736 

pump electronic controller. In the secondary circuit, the flow rate can be varied between 0.3 and 0.6 737 

m3/h, operating one or both the circulators located downstream of the manifold, according to the 738 

building thermal load to be simulated. Part of the ongoing flow from the manifold is then sent to the 739 

water storage tank, which is kept at a constant temperature of 10 °C by means of a chiller, while the 740 

other part of the flow by-passes the storage by means of a three-way valve. The water exiting the 741 

storage tank is properly mixed with the by-passed flow, in order to achieve the desired return 742 

temperature to the manifold and, consequently, to the heat pump. Furthermore, to emulate different 743 

outdoor temperature conditions, the temperature inside the climatic chamber has been varied by 744 

means of an air handling unit. All the system control implementation and data acquisition are realized 745 

by the software LabViewTM. All the measurement errors are within the limits allowed by standard 746 

EN 14511-2:2011 [32]. 747 

 748 

A.2 Test conditions 749 

To emulate different heat pump working conditions, the supply temperature, the external temperature 750 

profile, and the required thermal power have been varied in the ranges: 30-55 °C, 0-11 °C, and 4-10 751 

kW. 752 

 753 

A.3 Correlation 754 

As suggested by several technical standards (see, for instance, EN 15316-4-2 [33]), the so-called 755 

second-law efficiency (𝜂𝐼𝐼) is used to evaluate the heat pump performance. The latter reads: 756 

 757 

𝐶𝑂𝑃 = 𝜂𝐼𝐼𝐶𝑂𝑃𝑖𝑑               (A.1) 758 

 759 

where 𝐶𝑂𝑃𝑖𝑑 is the coefficient of performance of a reversed Carnot cycle (temperatures in kelvins): 760 

 761 



𝐶𝑂𝑃𝑖𝑑 =
𝑇𝑠𝑖𝑛𝑘

𝑇𝑠𝑖𝑛𝑘−𝑇𝑠𝑜𝑢𝑟𝑐𝑒 
               (A.2) 762 

 763 

The source temperature (𝑇𝑠𝑜𝑢𝑟𝑐𝑒 ) is considered equal to the air temperature inside the climatic 764 

chamber (𝑇𝑒𝑥𝑡), while the sink temperature is considered as the mean between the supply and the 765 

return water temperature from/to the manifold connected to the heat pump. Finally, to evaluate the 766 

second low efficiency 𝜂𝐼𝐼, taking into account the effects of both the lift between the source and sink 767 

temperatures and the part load conditions, the polynomial correlation (A.5) has been used, based on 768 

the dimensionless parameters: 769 

 770 

𝛽 =
𝑇𝑠𝑖𝑛𝑘

𝑇𝑠𝑜𝑢𝑟𝑐𝑒
               (A.3) 771 

𝐿𝐹𝐻𝑃 =
�̇�𝐻𝑃

�̇�𝐻𝑃
𝑚𝑎𝑥              (A.4) 772 

 773 

𝜂𝐼𝐼 = 𝑐0 + 𝑐1𝛽 + 𝑐2𝐿𝐹𝐻𝑃 + 𝑐3𝛽2 + 𝑐4𝛽𝐿𝐹𝐻𝑃  (A.5) 774 

 775 

𝛽 is the ratio between the source and sink temperatures and is correlated to the compression ratio of 776 

the heat pump compressor, while 𝐿𝐹𝐻𝑃 is the load factor of the heat pump. The latter is correlated to 777 

the compressor frequency and it is considered equal to the ratio between the thermal power delivered 778 

by the heat pump �̇�𝐻𝑃 and its maximum power �̇�𝐻𝑃
𝑚𝑎𝑥). 779 

Finally, the coefficients of the polynomial expression, reported in Tab. A.1, have been obtained 780 

minimizing the difference between the measured electrical powers absorbed by the heat pump during 781 

the tests and the ones evaluated by means of the above correlation. 782 

 783 

c0 = −19.42 c1 = 33.71 c2 = 1.33 c3 =  −14.42 c4 = −1.081 
Table A.1: Coefficients of the polynomial expression (A.5). 784 

 785 

Results are reported in Fig. A.2 and show a good agreement between the measured COP values 786 

(15600 experimental points) and the ones evaluated by the correlation, under the same operative 787 

conditions. 788 

 789 

 790 
Figure A.2: Correlation vs. experimental COP (red continuous: 10% relative error bounds; red dashed: 5% relative error bounds). 791 


